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The well-known theorem of Beth on definability can be extended in dif-
ferent directions. One was pursued by Svenonius [1], another by Kueker
[2]. By using the extended form of preservation theorems developed in
Motohashi [5], Weglorz [4], we shall get an extension of Beth’s theorem of
a new kind in this paper.

§0. Preliminaries

We shall use the ordinary set-theoretical and model-theoretical notations
(see [3], [6D. In this paper, we shall be concerned with the first order pre-
dicate calculus with equality =, (abbr. by f.p.c), L, L/, ---, will be used to
denote f.p.c. For L, M(L) is the class of all the first order structures related
to L.

Let M= \LJM(L). For L, L', LC L', LN L’ have obvious meanings. L,

denotes the f.p.c. without logical constants. Therefore M(L,) is the class of
all non empty sets. Let LC L/, We M(L"), then N[ L means the reduct of A
to L, |%| is the universe of %A, and A=|A|. If 7, 74 -, 'm are non logical
constants, then L(y,, ---, y») is the f.p.c. having 7,, -, r» as non logical con-
stants in addition to those of L. For %, B M(L) and f<|B|', f is said to
be an embedding of U to B if fis an injection and the image of A by f is the
substructure of B. For A e M(L), L&) means the diagram language of .

We assume that the reader is familiar with the notion of special models
(see Morley-Vaught [3).

§1. Main theorem

An operation M defined on M?* is said to be a morphism on models (m.o.m.)
if e, B)C|B|'"™ for A, Be M.

For m.o.m. M and L, we define 4,(H) by the set of all formulas F(v,, v,,
o, vy € F(L) such that A = Fla,, a,, -+, a,] implies B = F[ f(a,), fla,), -+, flay)],
for any %, Be M(L), fe MO, B), {a, a,, -+, a,y & |A|™.

DEFINITION. Let M be a m.o.m.
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M is natural if it satisfies the following conditions:

() HMUBCHU L, B[ L) for any N, Be ML), L L.

(b) t,=t,e 4, (M) for any terms t,, £, in L.

(¢) For any f.p.c. L, %, B M(L) and f= MU, |B|), we have fe MO, B)
if and only if (%, @Qaeiy N Az () C Th (B, (@) acin

(d) For any f.p.c. L and %, B M(L) such that % and B are special and

one of the conditions: A= or A< w or 2:3<w, is satisfied, we have

M, B) + ¢ if and only if ThAN4, (M) ThSB.

Define #;, M,, and H, as follows:

For 9, Be M, M, B) (resp. H,N,B), M, B)) is the set of all the isomor-
phisms (resp. homomorphisms, embeddings) of A to B if A, Be M) for
some L, and H;(, B)=¢ (resp. M, B) =, M, B)=¢) otherwise.

Then, H;, M, and M, are examples of natural morphisms on models and
A (M) =F), 4,(M;)= the set of formulas in L equivalent to positive
formulas and 4,(M,)=the set of formulas in L equivalent to existential
formulas.

THEOREM. Suppose L L/, T is a theory in L’ and M is natural.

@ If MU, B)y=MN] L, B] L) for any models N, B of T, then for any
formula F(v,, vy, -+, V) € Ay (M), there is a formula G(vg, vy, <+, V) € A1(H)
such that

T+ (VUO)(VUI) (V'Un)(F(UU, Tt 'Un><—>G<?)0, R vn)) .

AD  If H, B) = MU L, B L) for any models ¥, B of T such that =B,
then for any formula F(vy, vy, -+, v,) € A (M), there are Gi(v,, -, v)E 4 (M),
j=1, -+, m such that

T“_;\:’L/l (VUO) (an)(F(vm Tt Un) «> Gj(vo, Tty Un)) .

Proor. (I) Suppose the hypothesis of (I) is satisfied. Let F(v,, ---, v,)
e Ay (M).

Let X be the set of formulas G(v,, -+, v,) € 4,(HM) such that T F(v,, ---,
Un) = Gy, -+, Vn).

Now, assume T\U X \J{7F(v,, ---, v,)} is consistent.

Then there is a model B of T and b, ---, b,y € |B/|** such that
B &= 7F[b,, -+, b,] and B = G[b,, ---, b,] for any G(v,, -+, v,) 2. Let 2/ be
the set of formulas H(v,, ---, v,) such that B’ = H[b,, -+, b,1 and 7H(v,, ---, v,)
= A (H).

Then by the definition of 2 and 27, TV X" \U{F(v,, -+, v,)} is consistent.
So, there is a model %A’ of T and {a,, -+, a,» € [N |** such that W = F[a,, -
a,] and A’ = H[a,, -+, a,] for any H(v,, ---,v,)e2’. Then ThQ[ L, a, -

’

.
H
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an) N Arcagyyan () T Th (B[ L, by, +++, by).

Then by [3], there are two special models %, B of T such that A=B or
A<w or B<w and A>W, B>B.

Therefore Th (A L, a,, -+, ap) N\ drcagrmand( M) C Th (B[ L, by, -+« , by).

By (d): we get 'jn((%[_ L’ Aoy **+ an)r (%!—_L’ bO’ Tt bn)) + ¢

Let fe M L, ay -+, ay), B[ L, by, -+, b,)), then fe MU L, Bl L) and
fla)="b, 1=0,---,n by (a), (b). Since MO, B)=HN[ L, B[ L), we have
fe MmN, B).

As we have F(v,, - ,v,) € d;.(M) and AE Fla,, a,, -, a,], we get
B E F[ f(ay), f(a,), -+, f(a,)] by the definition of 4,.(%). So, we obtain
B = F{b, b, -, b,]. But this contradicts B = 7F[b,, by, -+, b,].

Therefore T\U X \U {F(v,, -+, v,)} is inconsistent.

By the compactness theorem and the definition of %, we get G(v,, -+, v,)
€ 4;(H) such that

T'—=(Yoo)(Yvy) - (VU )(F (g, =+ 5 Vn) > G(vo, -+, V)

(II) Suppose the hypothesis of (II) is satisfied. Let F(vy, v, -+, vp)E 4 (H).

Let 2= {7(vy) -+ (Yo )(F (Vg -+, 1) > G(vg, -+, Vo)) 2 G0y, +++, vp) € A (M)}
Assume that TU Y is cons\istent.

Let € be its model, and 7/=Th €. Let %, B be arbitrary models of T’
and fe MU L, B[ L). Then by (a), we have f = H(|%|, |B|). Hence by (c),
Th L, @uciog N doap(H) CTh (B[ L, f(@))eciw- By [3] we get two special
models %A, B, of 7 such that 9%, >, B,>B and ¥, =B, or A, <w or B< w.
Hence, Th ([ L, @)scioy N drap(H) C Th (B,[ L, f(a))eciqwy and 9, =B, because
W, =B,

By (@), SHOL[ L, Qucrnir Bil L, (@aciu) # ¢ Let g€ MALT L, Qacrrs
(B, L, f(a))aciw)- Then by (a), (b), we get gl |A|=Ff and g M, L, B, L).

By the hypothesis of (II), N, [ L, B, L) =H,, B,). Hence g M, B,).

By (¢) Th ¥, @)aciwi; N dray(H) C Th (B, 2(a)ecqy-

Therefore Th (U, @)eeim N dza(H) C Th (B, f(@)acm-

By (¢), f = M, B). We conclude HUT L, B[ L) =H, B) for any models
AN, B of T7.

By (I) there is a G(v,, -+, v,) in 4,(M) such that T+ (Yv,) --- (Vv )(F (v,,
o Un)HG('UO, Tt vn))

Hence € = (Vvg) --- (VU )(F (g, -+, V) G(v,, -+, v,)). But this contradicts
the fact that € is a model of 2. Hence T\U 2 is inconsistent.

By the compactness theorem, there are G;(vy, vy, -+, V) € 4 (M), j=1, -+, m

m.

such that T+ \ (Yv)(F(vo, -+, va) © G50y, =+, V3)). q.e.d.

Jj=1
REMARK. The condition (c) is not necessary in the proof of ().
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§2. Some corollaries

In this section, we assume that P is an (n+1)-ary new predicate symbol
which is not in L, and we set L'=L(P). Let T be atheory in L’. Then by
applying the theorem (1), ) to M, M,, M, we can get the following six
corollaries.

COROLLARY 1 (Beth’s theorem). The following three conditions are equi-
valent :

(i) For any models N, B of T, N[ L=B[ L implies A="1.

(ii) For any models N, B of T, if f is an isomorphism of N[ L to B[ L,
then f is an isomorphism of A to B.

(iii) For some formula G(vy, -+, v,) in L, we have

T+ (Vvo) o (an)(P(Uo, Tty vn) «> G(Uo, ttty vn)) .

COROLLARY 2 (Svenonius’ theorem). The following three conditions are
equivalent ;
(1) For any models N, B of T such that N=B, N[~ L =B L implies A=21B.
(ii) For any models N, B of T such that N=B, if f is an isomorphism of
N[ L to B[ L, then f is an isomorphism of A to B.
(iii) For some formulas G;j(vy, vy, -+, V), j=1,2, -, m in L

T U (V00(V03) o+ (00 XP W, Vs -+ ) G0 V3 -+, ).

COROLLARY 3. The following two conditions are equivalent:

(i) For any models N, B of T, if f is a homomorphism of N[ L to B[ L,
then f is a homomorphism of A to B.

(ii) For some positive formula Gy, -+, v,) in L,

T+ (Vvo) o (an)(P(VO! Tt vn) « G(vo: "ty vn)) .

COROLLARY 4. The following two conditions are equivalent:

(1) For any models %A, B of T such that A=W, if fis a homomorphism of
N[ L to B[ L, then f is a homomorphism of A to B.

(i) For some positive formulas Gy, -+, v,), j=1, .-, m in L,

T X/l (VUO) vee (an)(P(on ] Un) « Gj(vo’ o Un)) :

From now on, we assume that T is a universal theory in L’ (i.e. the
class of models of T is closed under substructure).

LEMMA. Suppose F(v,, ---, v,) ts a universal formula in L and G(v,, -+, v,)
is an existential formula in L. If T (Nup) -+ (YU )(F(Vy, -+, Vn) = GV, -+, Vp)),
then there is an open formula H(v,, ---,v,) in L such that T+~ (Nvy) -



494 N. MoToHASHI

(VU )(F(y, -+, v) © H(wg, -+ . vp)).

The proof of this lemma can be easily carried out by the standard method.
(See [6].

COROLLARY 5. The following three conditions are equivalent:

(1) For any models %, B of T, W[ LCB[ L implies ACB.

(ii) For any models W, B of T, if f is an embedding of NI L to Bl L,
then f is an embedding of AU to ‘B.

(iii) For some open formula H(v,, -, v,) in L,

T (Vvo) (an)(P(Um ) vn) b H(vm R vn)) .

PRroOoOF. It is obvious that (iii) implies (ii), (ii) implies (i), and (i) implies
(ii). Assume (ii). Then by the theorem (I), there are two existential formulas
F(vy, -+, v), G(vg, -+, v,) such that T (Vv,) -« (Yo )P0y, ) Vy) & F(vg, -+, V)
and T (Vo) -+ (Y0, )(7 P, -+, V) © G0y, -+, V).

Then by lemma, (iii) follows. g.e. d.

COROLLARY 6. The following three conditions are equivalent:

(1) For any models W, B of T such that A=W, A LB L implies NCB.

(i) For any models U, B of T such that N=W, if f is an embedding of
AL to B[ L, then f is an embedding of A to B.

(ili) For some open formulas H;(v,, -+, vy), =1, -, m in L, we have

m

T+ \/ (VU()) (an)<P<v01 Ty Un) - Hj(vm Tt vn)) .

i=t
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