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Differential equations on convex sets
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Introduction

Recent developments in the theory of semi-groups of nonlinear trans-
formations in Banach or Hilbert spaces have sharply brought into focus the
fact that these theories must be developed for semi-groups on convex sets
in order to achieve their full scope. Motivated by the results of [1], [6] and
[10], the purpose of this note is to establish existence of solutions of a Cauchy
problem of the form

@ —%%—::g(u, t, u)=x,

where the function g is only defined on a set of the form CX[0, a] for some
convex set C in a Banach space. The methods used are not new (see, €.g.,
[3] [8], but the main result seems to have gone unnoticed and serves to
clarify some of the theory of semi-groups of nonlinear transformations and
the related theory of accretive mappings in Banach spaces.

Simple (but basic) existence theorems for (1) are established in Section 1.
Section 2 contains applications of these results to the theory of nonlinear
pseudo-contractive and accretive operators. For aesthetic reasons, applications
to the semi-group theory (where one must deal with “multi-valued” mappings)
are not given here.

§1. Existence and Uniqueness

The main topic of this section is existence. Uniqueness is established
only in simple cases of interest. Let X be a real Banach space and C be a
closed convex subset of X. We begin by establishing a local existence theorem
of some generality. Denote by B,(x) the closed ball of radius » in X centered
at x. Consider the set

1Ly K=®B,x)NnC)x[0, a].

* The preparation of this paper was sponsored in part by the Office of Naval
Research under Contract NONR 233(76). Reproduction in whole or in part is permitted
for any purpose of the United States Government.
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The Cauchy problem to be treated has the form

(12) =3 D D), u®=xeC,

where 2 is a continuous positive-valued function on K and f: K—C.

In order to describe appropriate assumptions, we need a few definitions.
First, a function mapping a subset of a Banach space Z into a Banach space
W is called demicontinuous if it is continuous from the (relative) strong topol-
ogy on its domain into the weak topology of W. Next, let X* be the dual
space of X. Set

1.3 , yy=inf {£X(): §* e X* and £¥() = y|*= E*]*) .

In (L.3), “inf” can be replaced by “min.” The following properties of ¢,
will be used freely in the sequel: (a) {ay+x, ¥>=a|y|?+<x, »>, (b) {Bx, r¥>
=7rp<{x,¥> for yf=0, and (¢) {z+x, ¥> < ||z|||¥]|+<{x, ¥>. The first result is:
THEOREM 1. Let 1 be continuous and f demicontinuous on K. Assume
there are constants c,, ¢, >0, L, M and a function g: [0, co)—[0, co] satisfying

1.4 g is monotone increasing, 131}101 g(s)=0,
such that

(1.5 =Aw, =c, >0  for (w, e K
(1.6) 1fw, Wil =M for w, e K

and

1.7 Sz a)—=f(, P, u—v) = g(la—pl +lz—ul+ | y—vD+Llu—v|*

whenever (z, ), (¥, B) € K, u, ve B, (x) \C. Then has a strongly continuous,
weakly continuously differentiable solution u on [0, b] where

— p=1l v
b—021m1n (W’ aCl> .

REMARK. Whenever we speak of a solution of an equation of the form
(1), we will mean a strongly continuous, weakly continuously differentiable
function » on some interval [0, b] (or [0, b)). The nature of (1.7) is dictated
by the desire to cover the cases (i) f is Lipschitz continuous, (ii) f is pseudo-
contractive and locally uniformly continuous, (iii) f is pseudo-contractive,
demicontinuous, and X* is uniformly convex, under one assumption. See
Section 2, especially Lemma 2.6.

PROOF OF THEOREM 1. We begin by rewriting (1.2) as the system
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@ 2= -,  uO=x

(1.8)
dt -1 —
b G=0wn, =0

and then rewrite in integral form

u(e) = xe~+ | "0 flu(a), ta))da
(L9) °1
=, s,

The systems and are equivalent for strongly continuous, weakly
continuously differentiable functions. Moreover, [1.8) and [(1.2) are equivalent.
In particular, if u(z), t(z) is a solution pair of [1.8), then ¢=1t(r) may be in-
verted to obtain z=7(f) and u(z(?) is a solution of [1.2).

The main tool of our proof is the following simple lemma.

LEMMA 1.10. Set T:Min( el ll+M s ac). Let w:[0,71=B®HNC and
h:[0, y1—[0, al, where y <T, be continuous. Then

u(?) = xe~*+ j o’ew-ﬂ fw(a), h(a))da

4 1
=], e, way
are defined on [0, y], u: [0, y]—B.(x)NC, t:[0, y]1—[0, al. Moreover,

lw @l = x| +M+MT

()| =1/c,
Jor 0=7c=<7.
PrOOF. The assertions concerning ¢ follow at once from (1.5) and y=<T=ac,.
Concerning u, we first observe

fw(a), KMa)) eC

implies
[“ewosw(@), nayda
0
f Te(“‘”dz'
0

. . 3 . T
lies in the weak convex closure of C, which is C. Now f e*2dag—=1—e"", SO
0

J "o puia), ha)da
u(z) =xe "1 —e7)->°

1—exp(—1)
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is a convex combination of elements of C and thus lies in C. Moreover, since
Ww(a), a)) € K for 0= a =y, we have

Ju(@) =) = A—e x4+ [ 1|01 fawi@), haplda

=d—e)(xl+M),
by SO
lu(m)— x| = A—e™ )| xll+M) = (|| x| +M)
=T(lx|+M) =

The simple but important fact that u(z) € C seems to have been missed
by other authors, and is the main novelty of our proof. The estimate on
lu'(z)|| is trivial,

To complete the proof of Theorem I we set up the following scheme:
Let n be a positive integer and define functions u,, f{, on [—T/n, T] by

t()=0 for —1/n<7t<0
(11D (@
U (t)=x for —-1/n<z=0
[ t(0) = [ 2una—en), tula—en) e 0<c<T
0
() .
| Un(7) = xe‘”rf e f(uy(a—ey), tila—e))da 0=t=T
0

with ¢, =T/n. The implications of Lemma 1.10 here are that u,, ¢, are de-
fined on [0, 7] by (1.11) (b) and take values in B, (x) " C and [0, a], respec-
tively. Moreover,

(1.12) lun@I =k, |@I=KR

for R =max (|x| +M-+MT, ciY. The sequence {t,}{ is uniformly bounded and
equicontinuous on [0, 7]. Thus it has a uniformly convergent subsequence
{tup}. Define w;p(z) =€ (Unp(t)—Upa(?))||®. By [8, Lemma 1.3] (which we
use hereafter without comment), the Lipschitz continuity of w;,, and
we have

11D w0 = 207 (e nc) acpT—En)
—[WUnc(T—€n)s tncr(T—Encin))s Unii(T)—Unx(T) D
= 2% g (r;(t)+2Lwy(7)
for almost all 7, 0=¢=<T, where
735(7) = [ En(T —€n(p) — tnc(T —Ena) |
[ tnip (T —Eniin) —Unp(D)

F | Ui (T —Ena) — Una(D -
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In view of and the uniform convergence of {f,},

lim sup 7;(z)=0,

Jok—0o 0ST=T

so (1.13) and (1.4) give

(1.14) 4 wuSBut2lu,, aeinc,
where lim 8;,=0. However, w;;(0) =0 and [(1.14) imply
drk—oo
oL oLT 1
(1.15) wi(t) = (%)ﬁjk = (Q—L—)Bm .

Thus lim w;,(z) =0 uniformly on 0=z =<7, and lim u,(z) =u(zr) exists uni-
§rk—00 J—oo
formly. If #(z)=1lim"t, (), then clearly u(z), #(z) are solutions of on
Jo0
[0, T]. Finally, (1.5) implies

T 1

M=, ), ey w2 T/
so t=1(z) can be inverted to find z =z(t) for 0=t < T/c, at least. The proof
is complete.

With regard to uniqueness, we content ourselves with noting two simple
facts.

THEOREM 1.16. Let the assumptions of Theorem I be satisfied with the
additional condition that A(u, t) =k for some positive constant k. Then solutions

of are unique.

Proor. The proof is trivial. Let u, v be solutions of (1.2). Then, by
.7,

w?id),‘* HU“‘UHZ = 2<u/(t)_vl(t)’ u(t)_v(t)>
= —2kflu@®—v@®I*+2LE|u@®—v®]? a.e. in ¢,

so u(0)—v(0) =0 implies u(@®)—v(#) =0 for t=0.
REMARK. The condition f: K—C is not required for Theorem 1.16.
COROLLARY 1.17. Let the assumptions of Theorem I be satisfied and f be
independent of t. If 2 has the property that

*Zi = @@, ),  H0)=0

has a unique solution for each continuous u:[0, T]—CN\B.(%), (e.g., if 2 1is
independent of t) then the solution of (1.2) is (locally) unique.

PrROOF. As remarked earlier, (1.2) and (1.8) are locally equivalent. By
Theorem 1.16, (1.8) (a) has a unique solution if f is independent of t. Then
t is obtained uniquely (by assumption) from (1.8) (b). The proof is complete.
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Hereafter the discussion is restricted to the autonomous case for clarity.
The results developed below are of especial interest for applications.

It is convenient to restate the regularity condition in the autonomous
case.

DEFINITION 1.18. Let 2< X. R(2) denotes the set of mappings f: 2 —X
with the following properties: (i) f is demicontinuous, (ii) f is bounded on
£, and (iii) there is a constant L and a function g: [0, c0) —[0, co] satisfying
(1.4) such that

{F@—=f(), u—v) = glz—ul+| y—vID+Llu—v|®

for all z,y,u,ve 2. R,(2) denotes the set of functions f:2-—X such that
each x& £ has a neighborhood B,(x) for which f& R(2 N B,(x)).

THEOREM 1.19. Let C be a closed convex subset of X and fe R(C). If
f0C) S C, where 0C is the boundary of C, then for each x € C there is a positive
number a such that

(1.20) Dy —u,  wO)=x

has a solution on [0, a].

PrROOF. Assume first that 0C=C. In this case, if x= C there is a neigh-
borhood B,.(x) such that fe R(B,(x) \C) and Theorem I applies directly with
A=1 K=(B,(x)"C)x[0,1]. Thus the only nontrivial case is if C has interior,
because then we do not require f(C)ZC. Assume xcintC. Then there is
a neighborhood B.(x) such that B.(x)c C and fe R(B,(x)). In this situation
we may again apply Theorem I directly (by taking X as the set C of Theo-
rem I). The difficult case is if x=0C. Again, there is a neighborhood B,(x)
such that fe R(C N B.(x)), and hence there are constants M, L such that

1.21) lf@I=M  for ze CN\B,(x)
and
(1.22) (fw)—f@), w—z) = Llw—z|*  for w,z€ CNB,(x).

We will approximate the problem (1.20) by approximating both x and f as
follows: Choose x,€intC, 0 <y <1, and consider

(123 G =rfH—pr—u,  uO=y

for yeint (CN\B,(x)). As in the case x<int C above, (1.23) has a solution
u(t, y,% on some interval [0, a] for y<int(CN B,(x)). The estimate (1.21)
implies

(1.24) l7f@+A—p)ry—2l < M+|xol +lx) +7 =M,

for ze B, (x) \C. It follows that if y e int (C\ B,.(%)) and u(, 7, ) is defined
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on [0, a], a<r/(4M,), then u(®, 7, ) CN\B,,(x) for 0=<t=<a. Moreover, it
follows that if ¢ <7/(4M)), y € int (C B,,.(®), u(t, v, y) is defined on [0, a] and
u(a, 1, ) € int (CN\ B,(x)), then u(t, y, y) may be continued to a solution on
[0, a+d] for some 6>0. Hence, if we can show u(q, 7, y) € int (C "\ B(x))
whenever y € int (CN B,,(x), a =r/(4M,), and u(t, 7, ) is defined on [0, a], it
follows in a standard way that u(t,7,)y) may be defined on [0, r/(4M,)].
Assume u(a, 7, ¥) & int (CN\B,(x)), where u(t, 7, y) is defined on [0, a], a=<r/(4M,),
and y €int (CN B, (x)). Then u(a, 7, y) € 0(C N\ B,(x) and u(a, 7, ¥) € CN\B, (%)
imply u(a, 7, ) €0C. Set z=u(a, 7, y). Since z does not meet the open con-
vex set int C, there is an element &* € X* such that

(1.25) EX(w) < £*(2) for weint C.
Clearly, [1.25) implies
(1.26) Ex(w) < £%(2) for weC.

Set v(t)=u(t, v, y). We have, for 01 <aq,
w27 2= 0@ = v+ [ G @N+A—p)r—v(9ds

=v)+(a—Oyf@+A—p)x,—z]+(a—De®),

where

o = (@=1)"* [ OO D)+ E—vNds
has the property

(1.28) w- lilrn et)=0,
tla

since v is continuous, f is demicontinuous, and v(a) =z. Now choose w = v(t)
in [1.26), replace z according to [1.27), divide by (a—1) >0, let ¢ increase to q,
and use to find 0= &*(yf(2)+1—p)x,—2) or

(1.29) & 2) = E*(rf(D+1—1)xo) .

However, z € 0C implies f(z) € C (by assumption), so x,€int C, 0 <y <1 imply
(f@+A—px)eint C. Thus and are contradictory, and z< aC
is not possible. We conclude that if 0 <y <1, y €int (Cn B,.(x)), then u(, 7, »)
is defined for 0<t<r/(4M,) and takes values in int(C) B,,(x). We next
show that if {(r,, ¥.)} is a sequence such that 7,1, y,€int C and y,—zx,
then u(t) =lim u(t, r,, y,) exists uniformly in ¢ on [0, r/(4M,)], so that u(t) is
a solution of on [0, 7/(4M,)]. By virtue of [1.21), and one

has, for almost all ¢,
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ot 7, wy—utt, 9, D= —2lutt, 7, w)—utt, 7, NI
+ 2 (fludt, v, w)—fu@, 9, YN+G—n) fult, 7, )
+—7)%, ul@, v, w)—ult, n, I
= 2(rL—-Dlut, y, w)—ult, 7, |

and it follows that

ludt, y, w)—udt, 5, M = e u, y, w)—u0, 7, N

(e(TL—l)L_ 1)
+lr—nl(M+ “%H)*’GTL”:D“’ -

@L-Dt_
= oDty | —g | M+ - C

Thus u(t, y, ) is Lipschitz continuous on [0, »/(4M,)] X (0, 1) X int (C N B,/(x)),
and the proof is complete.

REMARK. The above proof, in the case int C=+ 0, required only the case
C=X of Theorem I, which is (more or less) known. This proof employed a
crucial observation of H. Brezis, which allowed a strengthening of Theorem
1.19 over an earlier version, and for which the author is indebted.

Under various conditions, the local solutions of Theorem 1.19 may be
extended to global solutions. The most common and useful cases are covered
in the next result.

THEOREM II. Let C be a closed convex subset of X and fe R,(C). Let f
satisfy f(@C) = C and either

(i) there is a constant K such that

O—f), 2=y = K|x—ylI*  for x,y€C,

or
(i) There is a positive-valued continuous function ¢: [0, 00) —[0, co) such
that | fx))| £ ¢(Ixl) and [ (@(o)ds diverges.
Then
(1.30) B fwy—u, O =x

has a unique solution on [0, oo) for each x < C.

PROOF FOR CASE (i). By Zorn’s Lemma, there is a maximal solution u of
(1.30) on an interval [0, b), or [0, b] with b < oo, which is not a proper restric-
tion of a solution on another interval with left end point 0. The interval
must have the form [0, b), for if u is on [0, b] then Theorem 1.19 allows one
to solve
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d
= fo—v, w0 =u®)
on an interval [0, a], a >0, and defining
u(t) te [0, b]
v(t—Db) te[b, b+a]

u(t) =

extends u to a solution on [0, b+a]. If u is defined on [0, b) only, b < o0, we

will show li]m u(f) exists, which trivially allows extension of u# to a solution
tlo

on [0, b7, contradicting maximality. Hence » =oo. Consider numbers ¢, 7, =0
such that t+7+0 <b. We have, for almost all ¢,

f% lu(t-+r+0)—ult+2)|* = —2|ul+7+0)—u(t-+7)|?
2 F Ut T4 ) —f -+, ult+T-+8) —ult+0)
= 2K—Dult+7+0)—ut+o)|?,
and hence
(1.3 lut+c+0)—ut+o)| < e®Pulc+0)—u()| .

Now u is continuously weakly differentiable, so u is strongly differentiable
almost everywhere. Let = be a point of strong differentiability of u. Then
dividing by d>0 and letting § | 0 we have

(1.32) lw @+ = e®PHu ()] .

Hence max (e®2% 1) lim sup ||u’(z)|| is a Lipschitz constant for u on [0, b) and
|0

lim u(t) exists. The proof is complete.

t1o

The proof for case (ii) of Theorem II is similar, only differing in the proof
of the existence of li]m u(f) if u is defined on [0, b). In this case one obtains
t1d

a bound on |u| first using
d d
dt leull = “ dt (e'u) "

= e’ f = e'ple*eful)
S0
d

LG

where v=e'ul|, and then a bound on % follows at once. See, e.g., [7, pp.
26-307].

The local uniqueness of solutions of [(1.30) follows from Theorem 1.16 and
fe R,(C), and this extends to global uniqueness in the usual way.
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§2. Applications to Accretive Operators

Let 2 X. A function f: 2 — X is called pseudo-contractive in if
@) |+ =) —r(fw— )] = lu—v]  for r=0,u,ve Q.
It is known that is equivalent to
2.2) {fW)y—fW), u—v) = |lu—vl? for u,ve 2,

see [6] In turn, [2.2) is usually described by saying the map u—u—f(u) is
accretive, i.e. f is pseudo-contractive if and only if I—f is accretive. In
F. Browder proved the following theorems :

THEOREM 2 OF [4] Let X be a uniformly convex Banach space, B a closed
ball in X, G an open set in X containing B. Let f be a pseudo-contractive
mapping of G into X such that f maps the boundary of B into B. Suppose
also that f is demicontinuous and either (a) f is uniformly continuous in the
strong topology on bounded subsets of X, or (b) X* is uniformly convex. Then
f has a fixed point in B.

THEOREM 3 OF [4]. Let X be a uniformly convex Banach space, C a closed
bounded convex subset of X, G an open subset of X which contains C and such
that C has positive distance from X—G. Suppose [ is a nonexpansive mapping
of G into X which carries the boundary of Cinto C. Then f has a fixed point
in C.

The following theorem generalizes these results by eliminating the open
set G containing C. Moreover, we remove the restriction that B is a ball in
the first result above, and allow C to be unbounded. See for other
generalizations.

THEOREM 2.3. Let C be a closed convex subset of the uniformly convex

space X. Let fe R(C) satisfy

24 SW—f@), u—vy = u—vl*  for u,veC
and floC)cC. If
(2.5 I—f is unbounded on each unbounded subset of C,

then [ has a fixed point in C.
Before proving this theorem, let us show how Theorems 2 and 3 above

are subsumed.

LEMMA 2.6. Let h: 2 — X satisfy (h(w)—h@), u—v) < K|u—v|? for u,ve 2
and some fixed number K. If h is bounded on £ and either (a) h is uniformly
continuous on £, or (b) X* is uniformly convex, then there is a number L and
a function g:[0, co) —[0, co] satisfying le? g@) =0 such that:
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(AR —h(3), u—v) < g(lz—ul -+ y—vI)+Lllu—v|*.

PrROOF. We prove the lemma under the condition (a). The proof for (b)
is similar, and uses the fact that if X* is uniformly convex, then the map

x—&*e X*, where &*(x)=|x|*=|&*|?% is uniformly continuous on bounded
sets. We have

Ch@—h(9), u—v) = Ch@)— h(w)+h(v) = h(3)+hw)— (), u—v)
< | A2 —ha) |u—v] + [ h@)— A |t —v] + K u—o]*
= é*(llh(z)—h(u)u“r [ A(W) —R(ND+E+Du—v]?.

Setting g(») =sup {|A(z)—AW)|*: lu—z|| =7 and u, z< £}, the result follows.
Thus, if f satisfies the conditions of Theorem 2 or Theorem 3, then
fe R(C). Moreover, if C is bounded, then (2.5) is vacuously satisfied.
PrROOF OF THEOREM 2.3. Under the assumptions of Theorem 2.3, we may
apply Theorem II to obtain a solution u of

if;} =fw—u, u@)=zcC

on [0, co). Define S(t): C—C by SEx=u(t). One easily checks that S(#)S(z)
= S(t+7), SOx=x and |SE)x—S®)y|| £ |lx—y|. Moreover, %~S(t)x
tone decreasing in t. It follows that S(¥)x is bounded in ¢ for fixed x (since
IS(ta)x] —co implies [ ASE)0)— St = |-g-St)x

these conditions on S, Browder [3] proved there is a point x,& C such that
Sx,=x, for t =0. Hence

is mono-

—oo by assumption). Under

0= TCZZT S@)xo= (S x) =SB x, = f(x0)— %, ,

and x, is a fixed point of f.

REMARK. Theorem 2.3 above also contains Theorems 5 and 6 of [4] as
simple special cases.

An interesting result of a similar nature is:

THEOREM 2.7. Let C be a closed convex subset of X and fe R,(C). Let
w, € be real numbers such that

(2.8) e>0, ew <1
and
2.9) =), x—=y) S (@+D|x—y|*  for x,yeC.

If f(0C) S C, then for each ve C there is an element x < C such that
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A4-x—ef(x) =x—e(f(X)—x)=v.

Proor. Fix v C and consider the function

2.10) o) =5+ —plrjv.

Clearly < R,(C) and f satisfies f(dC)<S C. Also

211) FO=F), x=3> £ 170+ Dlx—yI2,
and thus
(212) {(F@=0)— (D=, =) < —rlx—3]*,

where £ =(1—e(l4-¢)"Y(w+1)) is positive by (2.8). Theorem II now supplies a
solution u on [0, o) of

d -
S =fw—u,  u0)=z

for each z= C. Define S(¢): C—C by S(t)z =u(t) as before. Again S(0) is the
identity and S(®)S(z) =S(t+7). This time, however, (2.12) yields

—fFHS(t)x—-S(t)yllz = —2e|SMx—SO Y|,
S0
.13) ISOx=SO Y| = e llx—v| .

Hence S(#), t >0, is a strict contraction mapping of C into C and has a unique
fixed point. Define x(t)e C for t>0 by S@®)x(t)==x®). Since (S¢t/n)*=S®),
x(t/n)=x(), and x(mt)=x(t) for positive integers m, n and t > 0. Thus x(m/n)
is independent of m, n, the fixed point of S(f) is the same for all rational ¢,
and, by continuity, for all £. Let S()x,==x, for t>0. As before, f(x,)=x,
which reduces at once to (14¢)x,—ef(x,) =v. The proof is complete.

REMARK. [|S@E)x—x,|| = |SOx—SE)x,| < e || x—x,| implies lim S{)x= x,
for all xe C. o

For some of the implications of Theorem 2.7, see [2].

University of California, Los Angeles
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