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§1. Preliminary.

Let K be a simply connected CW-complex whose cohomology groups are

as follows
H(K)=H¥K)=H¥K)=H*K)=7Z and HK)=0 for other 7.

In this paper we shall consider conditions under which K has a homotopy type
of a compact C=-manifold without boundary. By using Novikov-Browder
theory? we can partially solve the above problem. By an orientation of K we
mean a pair of generators of H¥K) and H™(K)®. Since K is homotopy equi-
valent to a CIW-complex S*\Ue*\U ¢! we can associate with K elements a < n,(S*)
and Ber,(S*Ue®) which are d-images of the generators of ny(K, S* and
m..(K, S*\Ue®) carried by the orientation of K respectively. Here 0 denotes the
boundary homomorphism: 74 (K, S*)—r,(S*) and 7z,(K, S*\Ue®)—m, (S5*\Ue)
respectively. Let A:S"—S* be the Hopf map and let r be the element of
7,(S* such that 2[A7+7z=[¢,, ¢, 1®. It is known that z,(S* is isomorphic to
the direct sum of Z and Z,, which are generated by [4A] and 7 respectively.
Hence we can replace a by two integers a, b (0 < b < 11) such that @ =a[h]-+br.
In this paper the case b=0 shall be treated in which case. we can replace
by numerical invariants. Let K, be the CW-complex which is obtained by
attaching ¢® to S* by a representative of a[h], and let ¢,: K,—K, be a map
which is the identity on S* and of degree a on ¢ Obviously, K, = P,(Q), the
quaternion projective plane. Denote by &, ($*— P,(Q)=K,) the canonical S*-
bundle. Then let &, be the bundle induced by ¢,, and by the same symbol
&, we denote also the total space of this bundle. We consider the group =,,(K,)
and the diagram

1) Concerning Browder’s theorem and another application, see [3] and [5].
2) We suppose that an orientation of et is fixed.
3) [f] denotes the homotopy class of f, and [ ,] Whitehead product.
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7(Ea)

P,

7, (S?) - 7, (Ky) E— 7, (K S*) — T1(S %)
1 aa. Ja aa

71,(S?)

E

where the horizontal line is the homotopy exact sequence of the pair (K, S%),
the vertical line is that of the bundle &, and £ is the suspension homomor-
phism which is an isomorphism and satisfies 0,01,0F =identity. We know
that 7, (SH = Z,;, 7, (SH=Z,,+7Z, generated by [h] o E*[h] and 7o E°®*r, and
(K, SY = Z+Z,, generated by [y, ¢,], and y, ok, where 3, & ny(K,, S is
the class of the characteristic map of the cell 8, 8= E*[h] for : =,,(D*, S7)
=7,,(S™ and [, 7], is the relative Whitehead product. Since the above E is an
isomorphism 7,,(K,) is isomorphic to the direct sum of 7,,(S*) and Im j, = Ker 0,.
We have also 0,[%a, tsdr = —[0aXa ts1=—al[h], ¢,]=—2a([h] o E}[R]) by use
of Lemma (4.6) of [2], and 9,(x, o &)= a(h] o E*[k]). Therefore the following
lemma is obtained.

LEMMA 1.1. The group =, (K,) is isomorphic to Z,s;+Z-+Zp,. The summands
are generated by elements p,, 2, and vy, respectively which are characterized as
follows :

i) p, is the i-image of a (fixed) genevator of w(S,)=Z,;

i) 04(2s)=0,(ra)=0

i) o(2) = [Yar tudr+2(xa 0 B) and ju(va) = (24/0.)(xa o ), where p,= (24, a).

By virtue of this lemma we can associate numerical invariants (a, m, [, n),
0=m<15 0=n<p,), of integers with K where a=a[h] and B=m - p,+
[-A,+n-v,. We shall call K a complex of type (a, m, [/, n). In James has
proved

LeMMmA 1.2. If K is of type (a, m, [, n) then

etUet=aeb, e*Uet=I[e* in H¥K)

where e** denotes the oriented generator carried by each cell.

For example, let 2,(Q) be the quaternion projective 3-space P,(Q) with the
orientation ((e*)?, (¢*)’). Then 24(Q) is a complex of type (1,0,1,0), because
a=1=1 by lemma 1.2 and m =0. Here m =0 follows from 0, 0 0 =0: 7,(P,(Q),
Py(Q)) = 7, (PQ)) —73(S?) and v, =0.

It is important for our purpose that the Poincaré duality holds in H*(K),
that is, ¢*\Ue® = 4-¢'. Thus the above lemma implies

ProrosITION 1. If K is of type (a, m, I, n), then Poincaré duality holds in
H*(K) if and only if = +1.
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§2. Stable vector bundles over the complex K of type (a, m, [, n).

It is easily seen that a stable vector bundle over K is uniquely determined
by it’s Pontrjagin classes. In our case Pontrjagin classes may be considered
as a triple (p,, p,, p;) Of integers. Then by an elementary argument of vector
bundles (see we can show

LEMMA 2.1. There exist a basis of KOK) &,(K), &,(K), &(K) such that

§K)=( 0, a(K)), &EK)=(0, 6, B, &E)=(0,0, 240),

where a(K) and B(K) are integers which are determined mod 240, up to homo-
topy type of K.

By using the product formula for Pontrjagin classes and we
obtain

PROPOSITION 2. A triple of integers (p,, Ds, Ds) is Pontrjagin classes of a
stable vector bundle over K if and only if

p,=2r, Do = ar(2r—1)-+6s
and
Ds = 240t + s B(K)+ra(K)-+12ris+2alr(r—1)+-alr(r—1)(r—2)4/3

for some integers v, s, t.
Now we shall determine a(K) and B(K). Since, for k=1, 2, 3, my,4u(SY)®
is isomorphic to the cyclic group Zp, where p,=24, 240, 504 for k=1, 2, 3
respectively we can put [f]=c[h,]® for a map f: S¥**1S¥ Tlet Y, be
the CW-complex S¥\Ue¥*+# which is obtained from attaching e¥*# to S¥ by f.
Concerning KO(Y,)® we have
LEMMA 2.2. There exist elements 7%, 5§ of KO(Y,) whose Pontrjagin classes
are
Py =(N/2—1)1e¥, Py;s(nf) = 26"
P9 =0, Puyuie(n)=U/2+2k—1)1 azeV+4

where a,=1 for even k, a,=2 for odd k and A,=(—1)°cBy(N/2+2k—1)a,".
And any n of KO(Y,) is represented by a linear combination of ni and 7.

PrOOF. Since the J-homomorphism J: KO(S**)— 7 yi4-1(S?) is onto (=1,
2, 3) we may consider Y, as the Thom complex of a N-vector bundle & over
S** whose k-th Pontrjagin class is a; - ¢ - (2k—1)1. Then the proof is established
by using the formula [1, Corollary 5.41].

By using Lemma 2.2 we can easily obtain

LEMMA 2.3. Let a € Type1(SY) (k=1,2,3). Then ais zero if and only if

4) N is sufficiently large and we suppose N = 0 mod 8.

5) hy denotes a generator of my, ., _,(S¥) and ¢ is an integer.

6) KO(Y.) is the group consisted of stable vector bundles over Y..
7) By is the k-th Bernouille number.
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Pyy(n)=0mod (2k—1+N/2) a, for any p of KO(Y,), where Y, means the

complex SN\ajeN“".

Now let Y be the CW-complex Ss(je“ (Cf1=Ql+n24/(a, 2Hh,). Since K
is of type (a, m, [, n) there exists a map P: K—Y such that the restriction
P|S* is constant and P is of degree one on each cells &% ¢'%.. Therefore it is
clear that P,(&,(K)), P,(&,(K)) coincide with those of the bundle induced by P
from 7$ in the case of [Lemma 2.2, ¢ = (2{+(n24/(a, 24))), k=1 and N=8. Hence
we have

LEMMA 24. B(K)=—102I+n24/(a, 24)) mod 240.

Next we shall determine a(K). Let 2,(Q) be the quaternion projective
n-space with the orientation e, (¢%)? ---, (). Since the tangent bundle of
P(Q) has the cohomology class 1-+14e*+97¢54428¢**+ --- as it’s total Pontrjagin
class the restriction of it on 2,(Q) is represented by our notation such as

T(PQN P(Q) = TE(Po(QN+E(P(Q))  mod £,(P4(Q)) -

Then we have

LEMMA 25. If K is of type (a,0, [, n) a(K)=0 mod 240.

Proor. 1If K is of type (1,0, 1, 0) we may consider K as P,(Q). Therefore
a(K)=0 by the above. Now if K is of type (q, 0, [, n) there exists a map;
F: K— P, (Q) such that I is of degree 1 on ¢* a on ¢® and al on ¢*? respec-
tively, because by easy computations it is seen that the composition map - ¢,
(defined in §1) is extendable over K as above. Hence by comparing the Pon-
trjagin classes of FY(&,(P,(Q))) with that of &£(K) we have a(K)=0.

Let ¢ be a correspondence: z,,(K,)—Z,,, defined by ¢(g)=a(K), where K
denotes the CW-complex which is obtained from attaching ¢'2 to K, by a map
g of m,(K,). It can be easily seen that ¢ is a homomorphism. By Lemma 2.5
we have that ¢(4,) = ¢(v,) =0. Hence the problem is to determine ¢(g,). Con-
sider the iterated suspension E?: 7,,(S*)—m,,(S*)=7Z,,[0]. We suppose

EVq=m[o] for a = 7,,(S*) and let Y, be the CW-complex S4C)e“. Our prob-
lem is to find the third Pontrjagin class of an element & of KO(Y,) whose
first Pontrjagin class is 2¢*. By using the formula chE2 = E?ch and Lemma
2.2 (take Y, =E*?Y,) we obtain P,(&)=me*> mod 120¢'®. On the other hand, since
15a =0, we have 15p,(&)=0, i.e. 15m =0 mod 240. Hence we have p, (&)= me'?
mod 240. By choosing the generator of z,,(S*) whose E'*-image is 16[¢] we

obtain
LEMMA 2.6. ¢[ ¢,]1=16 and a(K)=16m mod 240 if K is of type (a, m, [, n).

§3. Reducibility of Thom complexes.

Let K be a CW-complex S*\Ue*\Ue'? and let K, be the 4i-skelton of K.
Let & be a stable vector bundle over K and let T: be the Thom complex of
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&. Now we may consider that Te, Tey, Ter, have a CW-decomposition as
follows

¢ -
Te= TEllcg U ey, T{—‘lkz = TE\}QU eNt8 Te= Tg,klU oN+8\ ) gNt12

Now we seek the conditions for reducibility of T¢, i.e. ¢ =0. Let j, be the
inclusion homomorphism : 7wy, (Teike) — Tyl Teies Teiny) =Tx+1:(S¥*8). By
23 j¢)=0 is equivalent to that py..(n)=0 mod(N/2+45)!2 for any 7 of
KO(T¢) such that 5|Te,, =0. Under this condition there exists an element ¢’
of 7y (Ter,) such that i(¢’)=¢ where i is the inclusion homomorphism :
Tye1(Teiny) = Tyas(Tey)-  Since we have that 7y o(Teiks Temy) = Tar1o(SY) =0
¢ is a monomorphism. Thus ¢ =0 is equivalent to ¢’=0. Let j, be the inclu-
sion homomorphism : 7y,.,(Te 1) = Tys1:(Terer SY) = T4, (SVH). Again by Lem-
ma 2.3 j(¢)=0 is equivalent to py,.(n)=0 mod (N/2+5)!2 for any z of
KO(T¢) such that the restriction 7 |S? is trivial. Under these conditions (j,(¢)
=7,(¢’)=0) consider the part of the homotopy exact sequence of the pair
(Teiryr ST,

Tr1lT ey S™) _a"’ Taa(SY) - Tys(Tery) -
1

Let ¢” be an element of 7y,,,(S¥) such that i(¢”)=¢’. Since 0 is trivial, ¢’=0
is equivalent to ¢”=0. And moreover ¢” =0 is true if and olny if py (%)
=0 mod (N/245)!2 for any 5 of KO(Ts) by Thus we have

PROPOSITION 3. T is reducible if and only if chy,s(n) is integral for all
7 of KO(T¥).

Now by the formula ch®y,(7) = Q:(ch(F)- A7(&)) for 7 € KOK)® we have
Chyjre()) = Asm~+ Aychy(7)+ Ach(7)+chy(7) for some integer m and 7 € KO(K)
where A, = — A(&), A,= A, — A& and A, =248 A5 — A& — A(&”.
Since KO(T:) is one to one corresponded to KO(K) by @k, the integrality of
chypie(y) for all npe KO(T¢) is equivalent to that of Aym+ A,chy(7)+ Ach,(7)
chy() for all 7 € KO(K). Any 7 of KO(K) is represented by a linear combina-
tion of &(K) (1=1, 2, 3) so that we can replace 7 by &(K) ¢=1, 2, 3). On the
ohter hand, from easy computation we have

chy(§,(K)) = 2e*, chy(E(K)) =0, chy(§(K)) =0,

chy(§(K)) = (a/6)e’, chy(§(K)) = —¢F, chy(§(K) =0,

che(&,(K)) = ((4al+6a(K))/6)e'®, chy(E.(K)) = (BU)/5De', chy(§s(K)) = 2e™.
Thus is transformed to

PROPOSITION 3’. T(&) is redusible if and only if the following three classes
are all integer classes which are divisible by 2.

8) R-R theorem.
9) A;(&) denotes i-th A-genus.
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Ae)+ A, —24,8)ALE),  (BEK)/5He+AE)et,
and

((4al+6a(K))/6 Ne'*—(a/6)A,(£)e*+2(A (&) — Ay(&))e* .
Now let us put p,(&)=xe*, p(&)=ye®, p,(&)==ze'*. Then we have
A(8) =(—x/24)e', A,(8)=(Tax—4y)/2" - 45)¢°
and
A8) = ((44xyl—16z—31alx)/2' - 32 . 5. T)e2.

In our case, by [Proposition 2, [Proposition 3 is transformed to
PROPOSITION 4. Let K be type of (a, m, [, n) and let & be r&L -+s&} +1&3.
Then T, is reducible if and only if the following relations are satisfied.

B =107l mod 240
5ar*(2—r)+9alr+6a(K)+4al+6s/ =0 mod 1440
35alr’—21alr*+(14al+126sl+6a(K)),+6sB(K )-+2° - 45t =0 mod 28.3*.5.7.

At last for applications of Novikov-Browder theory we must find conditions
under which index formula holds for £ dual of & of KO(K), i.e.

I(K)= La(ﬁn ﬁz ﬁs) = (62253—1351p~2+2p~§)/35 +5-7.

Since [(K)=0 is trivial in our case, from and € = —7&,(K)—s&,(K)
—t&(K) for &€ =7r&(K)+sE,(K)+1£,(K) we can obtain
PROPOSITION 5. Index formula for & is satisfied if and only if

140alr*—294aly®+(124al+180a(K)+62 - 7% - si),+186s5(K)+2° - 32 - 531t =0 .

Thus by combining Propositions 1, 2, 4 and 5 we can obtain an application
of Browder theory to K.
Tokyo Women’s Christian College
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