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Smale theory enables us to give a handlebody presentation for a simply-
connected closed oriented differentiable m-manifold (m = 6) and to establish a
diffeomorphism between two such manifolds by proving that they are h-
cobordant. In consequence we can achieve the determination of differentiable
manifolds with a certain homotopy type, by firstly fixing up explicit handle-
body presentations and secondly considering h-cobordism classes among them.

In this note we perform this for simply-connected closed oriented differentia-
ble m-manifolds such that homology groups are trivial except in dimensions
k, m—k and for which certain cohomology operations vanish, where m =2n,
k=n—1, n=6, or m=2n+1, k=n—1, n=7.

Chief results will be stated as Theorems 1, 2 and 3. However, in order to
have a proper understanding of the form of our theorems, we pick up here
some results in them:

Let M be a simply connected closed oriented differentiable 2n-manifold
(n=6,n=4,6,7mod8) such that homology groups are trivial except in dimen-
stons n—1, n+1 and that S¢*(H*(M**; Z,))=0. Then M?®* is diffeomorphic to
a connected sum of an S™-bundle over S™, copies of S*1x S and a homo-
topy sphere. In case n=7 mod8, this presentation is unique up to diffeomor-
phism.

Let M*%1 be a simply connected closed oriented differentiable (2n-1)-manifold
(n=7, n=6, 7 mod 8) such that homology groups are trivial except in dimen-
sions n—1, n+2 and that OHY(M*»*; Z,))=0. Then M+ is diffeomorphic
to a connected sum of an S*'-bundle over S"*?, copies of S*1x S*™? and a
homotopy sphere. In case n=6 mod 8, this presentation is unique up to diffeo-
mov phism.

1. Presentations.

Let M™ be a simply-connected closed oriented differentiable m-manifold
(m =7) such that
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VA qg=0,m,
HM™;z)=y Z+Z+ - +Z g=k, m—k (E<m—Fk),
0 otherwise,
where 3< k< m/2.

Let us consider a presentation of M™ by “elementary ” manifolds.
According to Smale [9], there exists a nice function f on M™ whose

critical points are a,, a,, g, -+, a,, by, b,, -+-, b, by, such that
f(a,)=index of a,=0,
fla;))=1index of a,=F 1=12,--,7,

f(b;)=index of b;=m—Fk 1=12,-,7r,
f(by) =1index of b,=m.
It follows that M™ has a decomposition by handles corresponding to critical
points :
M™=D™J(D¥ X DP~*)\U .-- \U(DEX D"\ (DX D¥YJ.--\J(D»* x DU D™
(ay) (ay) (a,) (by) b (by)

where » denotes the Betti number of dimensions %2, m—£Z.

In this case the handle corresponding to a; (resp. b;) represents a homology
class in H,(M™; Z) (resp. H,_,(M™; Z)), which will be denoted simply by a;
(resp. b;). Then qay, a,, -+, a, (resp. by, b, ---, b,) represent a basis of H(M™; Z)
(resp. H,_.,(M™; Z)).

Let af, af, ---, a. € H(M™; Z) be another basis characterized by the property

Q) ajo bj=20y,
where a} o b; denotes the intersection number of a; and b;. Define
W=f"10, m/2]=D™\J(Df X DP")\U ... U(D¥kx Dr¥%),
then a,, a,, ---, a, and af, a4, ---, a. are bases of H(W; Z)= H(M™; Z). Let
fe:SPF—=IntW =12, .,71,
be mappings such that
[fiSH]=a; 1=1,2,-,7,

where [ f,(S*)] denotes the homology class represented by f;(S¥). By Whitney’s
imbedding theorem [15], we may suppose that f; (i=1, 2, ---, r) are imbeddings
and

[ SONFSH=0  i#j.
Let N(f)) be a tubular neighbourhood of f,(S*) in Int W (1=1,2, ---, r) such
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that
N(fINNGTp=0 1%#].
N(fy) is a D™ "*-bundle over S*: (N(f,), S*, D™% p). Let

be a boundary connected sum of N(f,), N(f,), ---, N(f,) which is realized in
Int W connecting N(f,) and N(f;., by imbedded D'Xx D™! (1=1, 2, ---, r—1).
Then W is an m-dimensional submanifold of W which is a handlebody whose
handles represent homology classes af, aj, ---, a, in W. The inclusion maps

OW—W—Int W, oW-—W—Int W

are homotopy equivalences, because the inclusion map W— W is a homotopy
equivalence [9; Lemma 4.2]. Hence W—Int W defines an A-cobordism between
0W and 0W. Since 0W and oW are simply-connected (m—1)-manifolds (m—1
=5), by Smale’s theorem, we have

W—Int W=0WxI=0WxI,

which implies that W is diffeomorphic to W [9; Theorem 4.1]. Therefore,
replacing W by W, we have a decomposition as follows :

M™—Int D™= (N(fOUN(fH - UN(f,))\J (DP*X D¥)\J --- J (D" X DY) .
Attaching maps of handles D *x Df (1=1, 2, ---, r) will be denoted by

8::0DP* X DE—o(N(fol -+ UN(S)
=0ON(fD% - §IN(f) .

(For this relation between the connected sum and the boundary connected

sum, see [6])
The homotopy type of M™—Int D™ is obviously given by

Mm™—Int D™= (St SEV - vV SHUer*Uept\U ... Uemn*,
Now to simplify the situation let us put the hypothesis:
(H1) M™—Int D™= StV SEV - VSEV SPENV SPEEN ey SR
Let g; denote the map §;=g;|0D;*x0:
810D EX 0—-dN(f)E - $ON(Sf) 1=12,--,r.

Since k < m—Fk, the sphere bundle over sphere (ON(f,), S* S %1, p,) admits a
cross section, which implies

ON(f3) = (S*\v Smr1)\Jgmt,
Therefore by we have
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{gz} = ﬂ'm—}c—l(aN(fl)# #aN(f'r))
=1 (STV SEV o VSTV SPFV SPETLY e v SETET)
=2 TS+ Z+Z+ - +Z.
Let g;: S™*1— p74(x,) (x; € S*) be a natural imbedding of S™*' in N(f;) =1,
2, ---, ), then it follows from and () that g; is homotopic to e,.

In order that these homotopies can be realized by isotopies, let us put the
following hypothesis :

(H2) 3kz=m+3.
Then, according to Haefliger’s theorem [3], there exists an imbedding

g1: D™ *— Nl - UN(p),
which bounds g,(0DP*x 0):

D™ ) NON(DE - #ON(f,)) =&{(@D™*) = g,0Dr*x 0).

We may take that (D *x 0)\U g{(D™*%\Ug/(D™ %) is the natural sphere im-
bedded in M™—D™ Making use of Smale’s theorem, it is easily verified that
the closure of the complement of a tubular neighbourhood of Z{(D™ %) in
N(fon --- UN(f,) is diffeomorphic to N(f,) § N(f3)l --- U N(f,). Hence there exists
an imbedding

gL D™ P N(foh - UN(f),

which bounds g,(0D7* X 0), such that

gID™ YN EYD™ ) =0.
By repeating this method, we obtain imbeddings
gi:D™P—=NUDH--UN(f)  i=12-,7,
such that
D™ YN ON(f)4E - $ON(/,) =gi{(0D™ ") =g,0Dy* X 0),

gD NGO =0 1]

and that (D% x 0)\Jg/{(D™*) is the natural sphere imbedded in M™—Int D™.
By Whitney’s theorem, we may assume that

fSHNE;D™ =0  i#j
and that f4(S* and g/(D™%) intersect regularly at one point.
Let (B, S*, D™ %, p), (B’, S™*%, D*, p') be disk bundles over spheres. Total

spaces B, B’ are oriented differentiable m-manifolds with differentiable struc-
ture defined by the natural differentiable structures of S* D™ % S™-% and D*.
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Let B\ B’ denote the oriented differentiable m-manifold obtained as a quotient

space of the disjoint sum B\U B’ by identifying p~Y(D¥ = D* x D™ * (D*C S%)

and pi(D™®=Dm*x D* (D™*CS™%* in such a way that (x, ¥)=(y, x)
(xe D* ye= D™%. By B is called the plumbing manifold of B and B’

Let N(g,) be a sufficiently thin tubular neighbourhood of (Dr*x0)

UgyD™* in M™—D™ (1=1, 2, ---,7). Then there exists a natural imbedding
(N(f) VY N(g) b (N(f) v N(g) i - B (N(f) v N(g,)) — M™—Int D™

which is a homotopy equivalence. This implies that (M™—Int D™—Int (N(fy)
Vv N(gD)h -~ U(N(f,) ¥ N(g,) defines an h-cobordism between o(M™—Int D™)
and IN(fD))V (N(f) ¥ N(g)& -+ #0(N(f,) ¥ N(g»). Therefore, making use of
Smale’s theorem, the following proposition holds:

PROPOSITION 1. Under the hypotheses (Hl) and (H2), we have

M™—Int D™= (N(f1) ¥ N(g)) B (N(f) ¥V N(g)H - HIN() Vv N(gp) -
As shown in [8], d(B v B’) is homeomorphic to Sm1:
(B v B’ € om1,

where 0?2 (q=5) denotes the group of differentiable structures on S? [6]. Now
let us put the hypothesis:

(H3) For any B, B/, 9BV B)=S™1,

where B, B’ represent N(f.), N(g,) respectively. This hypothesis is equivalent
to the existence of a closed oriented differentiable m-manifold M’ such that

M—IntD"=Bv B’ .

Then we obtain the following proposition.
PROPOSITION 2. Under the hypotheses (H1), (H2) and (H3), we have a pre-
sentation of M™:
M™=M % M4 - M, 45" Sregm,

where M, is a closed oriented differentiable m-manifold obtained from the
plumbing manifold of D™ *-bundle over S* and D*-bundle over S™* by attach-
ing D™ to the boundary (=1, 2, ---, 7).

2. Lemmas.

Dimensions which satisfy m—Fk >k and are as follows:
) modd=9, k=[m/2] (.e. m—k=Fk+1),
an meven=12, k=@m/2)—1 (.e. m—k=Fk+2),

(I1D) modd=15 k=[m/2]—1 (i.e. m—k=Fk13),
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etc.
The classification of differentiable manifolds of case (I) is considered in [11],
[137. In the following let us consider the cases (II), (II).

The following lemma is easily verified.

LEmMMA 1. (@) If m is odd, k=[m/2], then the hypothesis (H1) is always
satisfied.

(i) If m is even =8, k=(m/2)—1, then the hypothesis (HL) is equivalent to

Sq2=0,
where Sq*: H¥(M™ ; Z,) — H**(M™ ; Z,).
(iil) If m is odd =11, k=[m/2]—1, then the hypothesis (H1) is equivalent to
®=0,
where @ : H¥(M™; Z,)— H*P¥(M™; Z,) is the cohomology operation of the second
kind [1].

Let (B, S™*, D% p) be the D*bundle over S™* whose characteristic map
is p € my-r-,(SO(R)). Let B’ denote the closed oriented differentiable m-manifold
obtained from two copies of B glueing their boundaries by the identity map.
Then B’ is the total space of the S*bundle over S™* whose characteristic

map is ¢4 (w): (B, S™*, S¥, p’), where ¢y : 7, 4-1(SO(R)) — 7 pr,-(SO(k+1)) is the
natural homomorphism. It is obvious that

B’'—Int D™= p/-}(D™-*¥)\U B ,
Hence we have the following lemma.
LEMMA 2. B/'—Int D™= (S*X D™ %) v B.
Similarly for (B”, S* D™, p")y and (B’//,S* S™% p’//) with the same
characteristic map in 7,_,(SO), we have the following lemma.
LEMMA 3. B///—Int D™= B\ (S™ % x D¥).
According to Bott [2], we have

Z, k=12 mod 8,
0 k=3,56,7 mod38.
Thus, by Lemma 2, the following lemma holds:
LEMMA 4. The hypothesis (H3) is satisfied for k=3,5, 6,7 mod 8.
In order to consider the cases =1, 2 mod 8, we need the {following lemma,
due to Seiya Sasao.
LEMMA S. Let K=(S*\Vv S™ % \Je™ be the CW-complex B B'/o(BY B)
£
formed from the plumbing manifold BN B’ of total spaces of D™ *-bundle over
S* and D*-bundle over S™* (k< m—Fk) by shrinking its boundary 3(B¥ B') to
a point and let {g}=g'+g"+ecm, (S*V S™ ") =n, (SO+7,(S™"H+Z (g’
€ Tpi(SP, g/ €7,y (S™F), e Z). Then we have g”=J(a), where « is the

Tp-1(S0) =
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characteristic map of B and J:m, (SO(m—k))—m,_ (S™*) is the Whitehead J-
homomor phism.

PrOOF. Let T(B) be the Thom complex of B and let j: B\ B’/d(Bv B’)
—T(B) be the map defined by j|Int B=identity and j(B¥v B—Int B)= (one
point). Since k< m—EFk, T(B)sz"}j)em, which implies j(S*) is homotopic to

zero in T(B). Hence it is easy to see that there exists a homotopy equivalence
K/S*—T(B). This completes the proof.
Now let us introduce a following condition on N(f;) given in section 1:

[T] N(f) ¢=1,2, .--,r) are trivial in cases k=1,2 mod 8.

Since, as proved by J.F. Adams, J:rx,.,(SO(m—Ek))—x,_,(S™*) is monomor-
phism in these cases, Lemma S shows that the condition [T] is homotopy
type invariant.

Then we have the following lemma which is a direct consequence of
Lemma 2.

LEMMA 4/. The hypothesis (H3) is satisfied for k=1,2 mod8, if the con-
dition [T] holds. '

Let (B;, S™*, S* p) be the S*bundle over S™* with characteristic map
i € T -1 (SO(k+1)), which admits a cross section (=1, 2, .-+, 2¢). Then the
following lemma holds.

LEMMA 5. If there exists a (q X g)-matrix with integer coefficients (&;5)

such that
det (Ez]) - il ’

e 11 &1 o Sug <31
Here | — a1 §22 -+ &g Ha
Haog | Ea1 €2 g Hq! >

then we have
B,.2B,% - #B,=By,% Byt £DB,,.

Proor. Let (B; S™* D¥%, p,) denote the D¥*-bundle over S™* associated
with B,(i=1, 2, ---, 2¢) and let W be a boundary connected sum of B,, B,, -+, By:
W=B.4B,Y - uB,.

7 has the homotopy type of SP~*\/ Sp%\/ ... \y Sm~%, Let a, denote the homo-
logy class of H,,_,(W; Z) represented by zero section of B; (=1, 2, ---, ¢) and

let —
h;: S™* Int W 1=1,2,--,¢

be mappings such that
q .
[hi(sm—k)]___glgﬁaj i=1,2-,q.
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Since B; admits a cross section (i=1,2, ---, q), we may suppose that ; (i=1,
2, -+, q) are imbeddings such that

h(S™ N h(S™H =0  i#j.
Let N(h,) be a tubular neighbourhood of 4,(S™%) in Int W (i=1,2, -, ¢q) such
that
Nh)ANGhY=0  i#j.

Then it is easy to see that
N(h;) = By 1=1,2,-,¢q.
Denote by W the boundary connected sum of N(h,), N(h,), -+, N(hy) in Int w:
W=N)U Nh) Y - WNh)C W .

Since the natural inclusion map W— W is a homotopy equivalence, W—Int W
defines an h-cobordism between 9 and 0W. The lemma then follows by
Smale’s theorem.

In case m—k=0 mod4, m even, k=(m/2)—1 or m—k =0 mod 4, m odd,
[m/2]—1, according to Kervaire [5], we have

Tm-p-1(SOR+L) = Z .

Let us denote p,=n;p (1=1,2, ---,2q), where p is a generator of w,_;_,
(SO(k+1)). Then the following lemma holds:

LeMMA 6. In case m—Fk =0 mod 4, m even, k= (m/2)—1 or m—k =0 mod 4,
m odd, [m/2]—1, we have

B, ¢B, % - #Bq:BqH#quﬂF #qu,
if and only if
G.C.D.(ny, ny, -, ny) = G.C.D.(Ngy1y Ngrgs =+ 5 Nag)

PrOOF. Let @; be a generator of H™%B,; Z) dual to a; (i=1,2, ---, 29).

Then the Pontrjagin class of B; is given by

p(m«rc)u(gi) =cndy
where
12 m—k=8,

c=1 2A@&-DY m—k=4j, jodd =3,
2Zj—D! m—k=4j, jeven =4,
(cf. [7], [10]). Thus it follows that
Pon-w1{By) = cna;

where «; is a generator of H™*(B,; Z) represented by a cross section.
Now suppose that there exists a diffeomorphism
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h: Bq+1#Bq+2# #qu""BlﬁBz# e g qu
then we have

q .
h*(aj): g&i]‘alﬁ_i ]j= 1, 2’ e, q .

where a; (resp. ag.;) is an element of H™*(B,# B, & --- ¥ B,; Z) (resp. H™ *( By,
# By ¥ - $B,,; Z)) represented by a cross section of B, (resp. B,,;). Obviously
we have
(k) det (§;;) = +1.
Since
PP n-0n(Bi %+ 8 B)) = Dim-rorua(Bysr § -+ # Bag) »
it follows that

Mgy 11612 - Eug [ 1
(k) Ngra | Ea1 &g oo qu N,
nzq / qu qu qu nqa .

Conversely if there exists a matrix (£;;) which satisfies (xx), (s+#x), then B %
-+ # B, and B, - #B,, are diffeomorphic by [Lemma 5 On the other hand,
the existence of such matrix is equivalent to

G.C.D.(ny, nyy -, ng) = G.C.D.(Ngs1s Ngany =++ 5 Nag) «

3. Classification of 2n-dimensional case.

Let M?* be a simply-connected closed oriented differentiable 2n-manifolds
(n=6, n==1,5 mod 8) such that

Z q=0, 2n
HWM*™; Z)y=y Z+Z+ - +Z qg=n—1, n+l1,
0 otherwise,
Se*H (M ; Z,)) =0,

and that the condition [T] holds in cases n=2,3 mod 8. Then, by
2, Lemmas 1, 4 and 4/, M?* has a presentation by a connected sum of elemen-
tary manifolds.

According to Kervaire [5], we have isomorphisms and exact sequences as
follows :

75(SOB)) = m,(SO(6)) =0 .
In case n=0 mod 8, n =38,

T (SOn—1)=2Z,+2Z,,  7,(S0m)=2Z,+Z,+Z,,
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[4
0 = 7,(SO(—1)) —— 7,(SO()) — Z, — 0.
In cases n=2, 6 mod 8, n=10,

T (SOn—1))=Z,,  w (SOm) = Z,,

A (SOM—1Y) — s 7.(SOm) — 0.

In cases =3, 7, mod 8, n=7,

T,(SOn—1) =7, T,(SOn) = Z,

4
0 — 7,(SO(—1)) —— 7,(SOM)) — 0 .
In case n=4 mod 8, n=12,

T (SOn—=1)=2Z,, 7, (SOm)=Z,+Z,,

[4
0 — 7, (SO(—1)) — 7, (SOM)) — Zy — 0 .
Denote by B,, (resp. B, ) the total space of the S**-bundle over S** with
characteristic map mp (resp. mp+m’p’) € t4m,(SO(n—1)), where p (resp. p, p’)
is a system of generators of ¢,x,(SO(n—1)). Then we have closed oriented

differentiable 2n-manifolds as follows :
In case n =26,

S7x Ss.
In case n=0 mod 8, n=8,
B m,m’=0 or 1.
In cases n=2, 6 mod &, n =10,
B, —1=m<2.
In cases n=3, 7 mod 8, n=7

B, meZ.
In case n=4 mod 8, n=12

B, m=0,1.

These manifolds are our elementary manifolds. By Lemmas 5, 6, the following
relations hold :
In case =0 mod 8, n=8,

Bm,m’ # Bm”,m”' - Bm,m’ # Bm+m",m’+m”' .
In cases n=2, 6 mod 8 n=10; n=3, 7 mod 8 n=7; n=4 mod 8, n=12,
Bmlﬁ Bmz# #qu: Bm# BO# #BO m= GC-D(mp My, ooy mq) .

The groups #? have been determined by Kervaire-Milnor [67:
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02=0, 0 =2,, 0¥ = Zs,5+2,, 0=27,, V=7, 0¥°¥=7,;
etc.
Therefore we obtain the following theorem.
THEOREM 1. Let M? be a simply-connected closed orviented differentiable
2n-manifold n=6, n=1, 5 mod 8 such that

Z q=0, 2n,
HM®*™; Zy=\ Z+Z+ - +Z q=n—1, n+1,
0 otherwise,
Sq(H (M Z) =0

and that the condition [T] holds in cases n=2, 3 mod 8. Then M has a pre-
sentation as follows:
In case n=6,

M2=(S"XS®ES"XS)E - £(S"XS%).

This presentation is unique.
In case n=0 mod 8, n=38,

M= By (ST X S*NE o (ST X ST ES =0 or 1,

or BO,I # Bl,() # (S‘n+1 X Snwl) # . #(S’n+1 X Sn—-l) ﬁ §2n .

In cases n=2, 6 mod 8, n=10,

M= B, #(S™ X St 1) £ ... £ (S X Sn——l)#gzn 0<m<2.

In cases n=3,7 mod 8, n=7,
M2n:Bm#(Sn+l><Sn—1)# #(Sn+1x5n~l)#§2n m=0.

This presentation is unique modulo 6.
In case n=4 mod 8, n=12,

M = B, #(S™1 X Sn) 4 ... §(SnHx Snh) #SN% m=0, 1.

In above all cases, §* < O

COROLLARY 1. The topological manifold S"X S® admits a unique differ-
entiable structure.

COROLLARY 2. In case n=06, homotopy, homeomorphy and diffeomorphy
classification are the same.

Since rational Pontrjagin classes are invariants of combinatorial structures
compatible with differentiable structures [12], we have

COROLLARY 3. In cases n=3, 7 mod 8, n=7, the compatible combinatorial
structures are characterized by Betti numbers and Pontrjagin classes.
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4. Classification of (2n-+1)-dimensional case.

Let M?**1 be a simply-connected closed oriented differentiable (2n-+1)-
manifold n =7, n=+1, 5 mod 8) such that

Z q=0, 2n+1,
HM>» 2= Z+Z+ - +Z g=n—1, n+2,
0 otherwise,
OH M+ 5 Z,)) =0
and that the condition [T] holds in cases n =2, 3 mod 8. Then, by

2, Lemmas 1, 4 and 4/, M?**! has a presentation by a connected sum of elemen-
tary manifolds.
According to Kervaire [5], we have isomorphisms and exact sequences as
follows :
s (SOO) = 2oy,  w(SO(TN) =2Z,+2,,
Cx
75(SO6)) — 7(SO(T) — Z, — 0.

In case n=0 mod 8, n=8,

T i(SOM—1) 2 Z,+2Z,,  mp(SOM) = Z,+Z,+2Z, ,

Cx
0 — 7,01(SO(n—1)) — 7,,4.,(SO(n)) — Z, — 0.
In cases n =2, 6, mod 8, n=10,

77-'7;-!-1(50(”—'1)) = Z+Zz ’ 7Z'n+1(SO(7’1«)) =Z ’

{x
T 41 (SO(M—1)) — 7,4,(SO(M)) — 0.
Tn case =3 mod 8, n=11,

ﬂ-n—Fl(SO(n_‘l)) = le ’ ﬂ:n+1(SO(n>) = Zz ’

x
T, (SO(n—1)) — 7,4, (SOM)) — Z, — 0.
In case n=4 mod 8, n=12,

T (SOn—1) = Z,+Z, , T (SOM) = Z,+7,,

4
0 = 11 (SO(—1)) — 71, (SO()) — 0 .
In case n=7 mod 8, n=15,

T (SO—1) = Z,,+Z,, T (SOM)) = Z,-+ 27, ,
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4]
T (SO(—1)) — 7,0, (SON)) — Z, — 0.

Denote by B, (resp. B,.) the total space of the S*!-bundle over S**?
with characteristic map mp (resp. mp-+m’'p") € t47,,(SO(n—1)), where p (resp.
0, p) is a system of generators of (y7,.,(SO(n—1)). Then we have closed
oriented differentiable (2n-+1)-manifolds follows:

Tn cases n=0, 4 mod 8, n=28,

B m, m’=0 or 1.

In cases n=2, 6 mod 8, n=10,

B, medl.
In case n=3 mod 8, n=11,
Sn+2><Sn—1_
In case n=7 mod 8, n=7,
B, m=0, 1.

These manifolds are our elementary manifolds. By Lemmas 5, 6, the follow-
ing relations hold:
In cases =0, 4 mod 8, n =8,

Bm,m' # Bm”,m"' - Bm,m’ ¥ Bm+m”,m’+m"’ .
In cases n=2, 6 mod 8, n=10; n=7 mod &, n=7,
BmL#BmZ# #qu: Bm#BO# #Bo m=G.C.D. (mD My, =o- mq) .

Therefore we obtain the following theorem.
THEOREM 2. Let M** be a simply-connected closed oriented differentiable
(2n+1)-manifold (n=7, n=+=1, 5 mod 8) such that

Z q=0, 2n+1,
HM>», 2=y Z4+Z+ - +Z g=n—1, n+42
0 otherwise,

O(H (M= ;5 Z)=0

and that the condition [T7] holds in cases n=2, 3 mod 8 Then M?**! has a
presentation as follows:
In cases n=0, 4 mod 8, n=38,

Men+l — Bm,m’#(sn_‘.z X STk . (S X Sn—l)#§2n+l m, m'=0 or 1,
or Bo,1#B1,of-T'(S"+2 X Snﬂ)ﬁ #(sz X Sn—l)#§2n+1 .
In cases n=2, 6 mod 8, n =10,

M2n+1: Bm#(s'n+2 e S’n—l)# #(Sn+2 X Sn—l)ﬁ§2n+l m ?1 0 .
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This presentation is unique modulo 621,
In case n=3 mod 8, n=11,

Mentt = (Sn+2 x Sn—1)#(S7+2 Sntyg ... #(S7H2 Sn—1)#§2n+1 .
This presentation is unique modulo 6%+,
In case n=7 mod 8, n=>7,

Mo+l — Bm#(5”+2 % Sn—l)# #(Sn-ﬂ % Sn—l)#§2n+1 m=0, 1.
In above all cases S+ < g+,

COROLLARY 4. In cases n=2, 6 mod 8, n =10, the compatible combinatorial
structures are characterized by Betti numbers and Pontrjagin classes.

COROLLARY 5. In case n=3 mod 8, n=11, homotopy and homeomorphy
classifications are the same, which are characterized by Betti numbers.

5. Uniqueness.

Let B be the total space of a S*!-bundle over S**' and B the total space
of the D™-bundle over S»*! associated with B(n=3,5, 6,7 mod 8). Suppose that

B (S x Sy ¥ ... g (ST X Sy #§2n
=BH S X ST E - F(S™H XS,
where S = ¢*», Then there exists a diffeomorphism
o B X S"Hg - £(S™ X S H—Int D>

N B#(Snﬂ N Sn—l) # ‘ﬁ; (Sn+1 X S"‘l)—Int D
such that
Sen — pen \J D™,
¢/
where
¢ =¢|d(BES XS - #(S™1 X S H)—Int D).

Let W be the closed oriented differentiable (2n-+1)-manifold with boundary
obtained from two copies of BU(S""'Xx D"H--- (S X D" glueing their
boundaries by ¢. Then obuiously we have

oW =_8=.
It is easy to see that
J Z g=0
HW; Zy=1 Z+Z+ - +Z q=n, n+1,
0 otherwise.

Each element of H,(W; Z) is represented by an imbedded n-sphere whose nor-
mal bundle is trivial, since r,_,(SO(n+41))=0. Therefore, by surgery [6], S
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bounds a contractible manifold. Hence we obtain the following lemma.
LEMMA 7. In cases n=3, 5, 6, 7 mod 8§,

B#(S»H X S™ 1) ¥ ... # (S x SnY) #§2n

=B (S X Sn—l)# e B (SHX Sn-y, §2n = g
implies
Sen — Son
Now let B’ be the total space of a S '-bundle over S»*2, then we obtain

the following lemma similarly.
LEMMA 8. In cases n=3, 5, 6, 7 mod 8§,

B # (Sm+2 Sn—l) # # (Sme Sn~1)#§2n+l

=B (St x St & ... f (S X S, Sent1 = gentt ,
implies
Sent1 — Gon+t

By Lemmas 7 and 8, we have the following theorem.

THEOREM 3. (i) The presentation in cases n=3,7 mod 8, n=7 of Theorem
1 is unique.

(ii) The presentation in case n=6 mod 8, n =10 of Theorem 2 is unique.

(ili)y The presentation in case n=3 mod 8, n =11 of Theorem 2 is unique.

COROLLARY 6. In case n=3 mod 8, n=11, the topological manifold S™*?
X S™1 admits exactly the same number of differentiable structure as S+,

COROLLARY 7. (i) In cases n=3, 7 mod 8 n=7 the topological manifold
S+l Sl admits at least differentiable structures of ovder of 6*".

(i) In case n=6 mod 8, n=10, the topological manifold S™*? x S"! admits
at least differentiable structures of orvder of 6.

Let us consideér a diagram

7 (SO(n—1)) o 7,(SO(m))
4.~ |7 |7
P
7Z'q+l(sn_1> - 7rn+q—1<S n—l) — 7rn+q(sn) ’

where
Pa - [a’ (n—lj )

P=—J4, EJ=—Jis.

Let B, be the total space of the S*!-bundle over S¢*! with characteristic map
tx(A) € w,(SO(m)). Then, according to Whitehead-James [147], B; and B,, have
the same homotopy type, if and only if

2= 41X,
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where [:Jr,(SO(n—1)) — Jz,(SO(n—1))/Pr ., (S™Y). Since J: m(SO(7)) — m,,S7)
=7,+27Z,+7Z, is injective, B, in case n=7 of has a different homo-
topy type as S® X S¢. Hence by [Theorem 2 and Lemma & we have

COROLLARY 8. The topological manifold S® X S¢ admits exactly 16256 differ-
entiable structures.

Similarly, B,,, B, and B, in case n=28 of have different
homotopy types as S°®xX S7 On the other hand, by the method in the proof
of it is proved that (S°x SH#51 =5 x S7, §1¢ = §* implies S1e=S1.
Hence by we have

COROLLARY 9. The topological manifold S° X S7 admits exactly 2 differ-
entiable structures.

6. Some more complicated cases.

Let M* be a torsion free, (n—2)-connected closed oriented differentiable
2n-manifold (n =6, n=1, 5 mod 8) such that

SqCH™ (M ; Z) =0

and that the tubular neighbourhood of any imbedding of S»*! in M?* is trivial
in cases n=2, 3 mod 8. (It is easy to see that this triviality condition is homo-
topy type invariant by the following argument and Lemma S of section 2.)
Then, by Smale’s theorem, M?* has a decomposition by handles:

M= D\ (Drt x DpYy U .. \J (D21 X DY\ (DR X DP)\ -
V(D X DI)J (DT X DY\ - J (Dt X DH\Y D,

where r (resp. r’) is the Betti number of dimensions n—1, n41 (resp. n). Let
ay, Aoy -+, G € Hy ((M*>; Z), by, by, -+, b, € Hyt(M®™; Z) be bases whose inter-
section numbers are

a;ob;=20;;.

Let W denote the handlebody as follows:
W= D>»\J(Di™* x DyH)\J - J (D771 X D)

U(Dp X D\ - U (D X DpYC M,
then we have

W=Sr 1y Sty . v Sy Spv STV - v ST
Let
firS™l=Int W i=1,2,,7,

hy;: S*—Int W 1=12, ..., 7’

be mappings such that
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[fi(sn_l)]:ai 1:1’ 21 e, b

and that [4;(S™] (¢=1,2, ---, ") is a basis of H,(W; Z). By Whitney’s imbed-
ding theorem, we may assume that f; (i=1,2,-.-,7) and h; (=1, 2, ---, 7’) are
imbeddings and that

FS"HNf(S"H=0  i#],

FAS"H NS =10

hi(S™ N h(D¥*)=h,(D") 1=1,2,.,7,

hDE)NR(DE)=0  i#],
where hy: D™ —Int W— 3 £(S™) is an imbedding and D7 (resp. Dn) denotes
the upper (resp. lower)ziemi-sphére of S*. Let N(f) (=12, ---,7) and N(;)
(i=1,2, -, be tubular neighbourhood of f; and h; respectively such that

N(FINNp=0 i#],

N(f) N (Nhp\J h(D*)) =0,

N NN CTh(D™  i+7.

Then W’ = hy(D*)\J N(h,)\J --- U N(h,.) is a handlebody. Since the natural im-
bedding
N(fOUN(IY - YN(FOU W —Int W

is a homotopy equivalence, W—Int (N(f)h --- Y N(f,)ll W’) defines the A-cobordism
between oW and dN(f)4 --- 8ON(f,)¢0W’, which implies by Smale’s theorem
that

W=NUDUN(HIH - U NI W .

Hence the following decomposition holds :
M2 —Tnt D = (NCDH - ENUIH W) D Dy - U (D x D).
We may suppose that the handle D7 x Dz~! represents b; (1=1, 2, -+, 7). Let
gt 0D X DI ' —ON(f)# --- $IN(f oW’ i=1,2, -, r

be attaching maps of handles (D7 X D7), then, since W’ == S, g,|0D3+x0
is homotopic to a natural imbedding of the fibre in the total space. Making
use of the method as in section 1, it follows that

Mgn—h'lt Dgn:(N(fD \% Bl)t] H(N(f,)\\/B7)h W/ ’

where B; is the total space of a D?»'-bundle over S** (i=1,2,.--,7). By
Lemmas 4 and 4/, we have d(N(f) ¥V B)=S*"1 (1=1, 2, -.-, r), which implies
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oW’ = S,

Therefore we obtain the following theorem.

THEOREM 4. Let M?® be a differentiable manifold as above, then we have a
connected sum decomposition

MQ":A/I/ﬂ M// s

where M’ is a differentiable manifold as in Theorem 1 and M” 1is an (n—1)-
connected closed oriented differentiable 2n-manifold.

Let M2t be a torsion free, (n—2)-connected closed oriented differentiable
@2n+1)-manifold =7, n==1, 5 mod 8) such that

Sq2(Hn—1(M2n+1 ; Zz)) — O s Sq2<Hn(M27l+1 ; ZZ)) — 0 ,
DH™ M5 Z)) =0

and that the tubular neighbourhood of any imbedding of S»~! (resp. S™ in M?*
is trivial in cases n =2, 3 mod 8 (resp. in case n =1 mod 8). Then the follow-
ing theorem holds.

THEOREM b. M» =M & M",

where M’ is a differentiable manifold as in [Theorem 2 and M’ is a torsion free,
(n—1)-connected closed oriented differentiable (2n+1)-manifold.

The proof is similar as that of So we omit it.

Particularly, by and [11; Theorem 7], we have the following
theorem.

THEOREM 6. Let M be a torsion free, 5-connected closed oriented differ-
entiable 15-manifold whose Steenrod operations and the secondary operation @&
vanish. Then we have

M =B} B, #(S* X SO% - $(S* X SO$(SEX SN - £(S® x ST %S5,
(815} € 915 /m’ (655 7)) m’ odd,
e 61 /(m’ /2)(0*5(0r)) m’ even,

where B, is a differentiable manifold in case n=7 of Theorem 3, B, is the
total space of a S"-bundle over S*® whose characteristic map is m’c (o”) (o’ : @
generator of w,(SO(7)) and 0*%(0r) is the subgroup of 0'° consisting of elements
which bound m-manifolds. This presentation is unique.

Uniqueness follows from [11; Theorem 7], making use of the surgery
as in section 5.
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