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§1. Introduction and summary.

In his book [I], J. L. Doob proved that every stochastic process continuous
in probability has a standard separable measurable modification. This theorem
plays a fundamental role in the sample path approach of stochastic processes.
The aim of our paper is to give a more concrete formulation to this important
fact to make it easier to visualize the probability law of the sample path.

In Section 2 we shall introduce the space M= M(T) of canonical measurable
Sfunctions on the time interval 7. The space M = M(T) contains bad functions
such as the Dirichlet function that takes 1 on rationals and 0 elsewhere. Since
we have a good function f=0 equivalent to the Dirichlet function, this can
be discarded from M without any essential loss. We shall pick up at least
one good function, called canonical measurable function here, from among each
equivalent class in M and consider the space M= M(T) of all canonical func-
tions in behalf of M. By definition a canonical function takes one of its
general approximate limits at each point. All continuous functions are in M
and if a function in M is equal to a continuous function almost everywhere on
T, they are equal everywhere on 7. A similar fact holds for functions with
no discontinuities of the second kind. These facts suggest that M is suitable
for the function space in which the path of a reasonable stochastic process is
ranging.

In Section 3 we shall define a ¢-algebra 8= ®@(M) of subsets of M which
will determine a measurable structure in M. & is generated by all sets of the
following types

® {feM:f®H<a},
(iii) {feM: Larctanf(t)dt <a}.

where a ranges over reals, t over T and | over all compact intervals in 7.
The scaling “arctan” was used in the integral to make it converge. We shall
write Bx= Bx(M) and B,= B,(M), respectively, for the s-algebra generated
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by the sets (i) only and that generated by the sets (ii) only. The space
C=C(T) of all continuous functions, the space D= D(T) of all functions with
no discontinuities of the second kind and the space L? = L?(T") of all canonical
functions with finite p-th norm are B,-measurable and so 4-measurable.

In Section 4 we shall discuss canonical stochastic processes. Let {X, (),
t= T} be a stochastic process defined on (2, &, P). The sample path X.w)
is a function of w ranging in the function space R7 in general. {X,} is called
canonical if X.(w)e M for every w and if the map: w— X.(w) from £ into
M is measurable (&, #). In other words, the sample path X.(w) is an (M, B)-
valued random variable. We shall prove that every canonical process con-
tinuous in probability is measurable in the pair (f, ) with respect to the pro-
duct measure df dP and also separable relative to closed sets with respect to
every countable dense subset of 7. The (standard) canonical modification is
defined in the same way as Doob’s separable measurable modification, but our
meaning of ‘“standard” is more strict than Doob’s. It will be proved that
every stochastic process continuous in probability has one and only one (in a
reasonable sense) canonical modification.

In Section 5 we shall discuss probability measures on M. Let {X,(w)} be
a canonical process continuous in probability. Then the sample path X.w)
is an (M, ®)-valued random variable on (2, &, P). The probability law of
X.(w) defined as usual will be a complete @-regular probability measure p on
M which satisfies

.1 mreM: |fH)<oo}=1 teT,
q. 2 lim p{fe M: |f(s)—fH)]|>e} =0 e>0, teT.
s=t
The finite-dimensional marginal distribution m,,..,, of over {t, ..., ¢,} is de-
fined by

Mag i E) = p{f € ME(S), -, [N EEY .
The system of all such marginal distributions will satisfy
(m. 1) m{(—oco, o)} =1 teT
(m. 2) lsij? me{(x, ¥): |x—y]|>e} =0 e>0, teT

in addition to Kolmogorov’s consistency condition. Conversely, if we are given
such a system of finite dimensional probability measures {m,,. .}, we can
construct one and only one p with (I". 1) and (I". 2) whose marginal distribu-
tions are the given {m,,,.,,}. It is to be noted that the finite-dimensional
marginal distributions determine the probability measure g not only on @,
out also on @, provided the conditions (. 1) and (m. 2) are satisfied.
REMARKS. We shall list some notations and definitions which will be used
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repeatedly in this paper.

T stands for a real interval, bounded or unbounded and open, closed or
semi-closed. It indicates the time interval. The o¢-algebra of all Borel subsets
of T is denoted by ®(T).

An open subset of 7 means a subset of T open in 7T, not in (—oo, c0).
Similarly for a closed subset.

R and R stand respectively for the open real line (—oo, o) and the closed
one [—oo, co]]. B(R) denotes the system of all Borel subsets of R. Similarly
for ®(R) and B(R™).

A subset E of T is always assumed to be measurable and |E| denotes the
Lebesgue measure of E.

I, I, etc. stand for bounded subintervals of 7.

Jrar stand for the system of all compact subintervals of 7' expressible as.
the intersection of 7 with a rational interval R, and &F..: fer the system of
all non-empty sets expressible as a finite sum of compact intervals in J,u.
Both are countable systems. Every E with |E{<oco can be approximated in
measure by sets in F ..

A function f is always assumed to be a real measurable function defined.
on 7. f may take +co on a null set.

{f < c} denotes the set {te T: f(t)<c}.

“arctan” is abbreviated as “atn”. This gives a homeomorphism from R
onto [—m/2, =/2].

(X, 8) stands for a measurable space.

Let (X, 8) and (Y, C) be measurable spaces. A map f:X— Y (into) is said’
to be measurable (B,C) if f~{(C)D B i.e. if fY(C)e B for every CeC. [ is.
said to be measurable (B) or B-measurable in case ¥Y=R or B and C= B(R)
or B(R).

The basic probability space is denoted by (&, &, P). & is always assumed’
to be P-complete. In other words, every subset of a set with P-measure 0
belongs to &. The generic element in £ is denoted by w.

Let &, be a o-subalgebra of &. The P-completion of F,, denoted by F¥
is defined to be the o-algebra that consists of all A= & with the property:

JA,, A, F, such that A,Cc AcC A, P(A4,—A)=0.

Notice that not every P-null set belongs to F¥.

An (X, ®)-valued random variable X is a function of o such that the map
o— X(w) is (&, B)-measurable. The probability law of X, denoted by Py, is
defined by

y(B)=P{w: X(w)e B} =P(XY(B)) if X-(B)e X Y(3)*.

Py is a complete B-regular probability measure on X. The Py-completion of %



The canonical modification of stochastic processes 133

is denoted by $7x. P{w: X < B} may be meaningful for a set B $Px, but
we do not define P, for such B.

An (R, 3(R))-valued random variable X(w) is called a real random variable
if P(Xe R)=1. X/ (w)is written as X(¢, w) without explanation. The ¢-algebra
generated by the sets {w: X (w)<a, tT, a= R} is denoted by B[X,, te T]
or BLX].

§2. Canonical measurable function.

Let M = M(T) stand for the space of all real measurable functions defined
on 7. We shall introduce some notions following Saks [2] The parameter
of regularity of E, denoted by a(E), is defined to be the supremum of |E|/|I|,
I ranging over all intervals DE. We shall write En7t (E, tends to t regularly),
if teE, for every n, if the diameter of F tends to 0 and if inf a(£,)>0.

ac R is called a general approximate limit of f< M at t if for every neigh-
borhood U of a, we have E,—1t such that

eUYNE,
The set of all general approximate limits of / at ¢ is denoted by L(f, f). The
approximate upper limit of f at t, denoted here by f#(#), is defined to be the
infimum of b = R such that for every E,—1t we have

lim
n

= [{/>0NE. _ .
b =Y
we set f(f)= —oco, if there is no such b. The approximate lower limit f(t) is
defined similarly. It is a well-known important fact [2] that f(¢)= Jf(®) a.e. on
T. 1Tt is easy to see
PROPOSITION (2.1). f(t) (f(t)) is the largest (least) element in L(f, t) and so
L(f, t) is non-empty. L(f, t) consists of a single point for almost every t < T.
Let &,,(t) denote the class of all sets £ T such that EC (t—1/m, t-+1/m)
and that w(E)>1/n and &, (¢) the class of all sets in F.,. with the same
property. The following proposition that will be useful later can be proved
by a routine.
PROPOSITION (2.2).
() ae L(f, 1) if and only if for every >0, we can jind E,—1 such that

lEl‘Tj latnf(s)—atna|d5<5) n:]-; 2’ ct
n Eqp

(i) atn f(t)=sup inf sup —Tgrl—fgatn f(s)ds

m ESEmplt)
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Ema(t) can be replaced by Fn,(t). atnf(l) is also expressed similarly.

DEFINITION. f& M is called a canonical measurable function, if f(£)e L(f, t»
for every t=T. M= M(T) denotes the space of all canonical functions.

We shall use M in behalf of #7. This is justified by the following

PROPOSITION (2.3). For every f & M we have at least one g& M equal to |
a.e. on T. All such g’s can be obtained by taking any point in L(f,t) for the
value of g at each t.

“f—=g a.e.” is a strong condition in M as is seen in the following pro-
positions (2.4), (2.5) and (2.6).

PROPOSITION (2.4). The following conditions on f, g M are equivalent,
where U is an open subset of T.

() f=ga.e on U,

(1) L(f, t)=1L(g,t) for every te U,

(iii) f=g on U,

(iv) f=gon U.

Let C=C(T) denote the space of all continuous functions. Then it is.
obvious that CC M.

PROPOSITION (2.5). Suppose feC, ge M and U is open in T. Then we
have

i) f=f=f: L(f, 1) is a single point for every te U,

() g=(=)f a.e. on U= g=(=)f everywhere on U,

(iti) g=f a.e. on U = g=f everywhere on U.

The case f=const in (ii) will be useful later.

Let D= D(T) denote the space of all functions having no discontinuities.
of the second kind. We assume f< D to be right or left continuous at every
jump point and continuous at the end points (if any). It is clear that D M.

PROPOSITION (2.6). Suppose fe D and ge M. If f=g a.e. on T, then

i) geD,

(ii) The set of continuily points of g is the same as that for f: g=f on

that set and g(t)=f(t+) or f(t—) elsewhere.

§3. The o-algebras 8,, $; and $.

The space M of all canonical functions on 7T is topologized by the follow-
ing pseudo-metric:

: dt _ )

olf, 9= lamf—amg®| %, (atn= arctan);
o(f, =0 does not always imply y=g but only f=g a.e. (see Propositions.
(2.4), (25) and (2.6)). The p-convergence is equivalent to the convergence in
measure on every compact subset of 7. The space C of all continuous func-
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tions is p-dense in M. It is easy to see that the pseudo-metric space M(p) is
complete and separable. Referring to the p-topology, we can define p-open sets,
p-Borel sets, p-continuous functions, lower semi-continuous (p) functions etc.

Let 8,= 8,(M) denote the s-algebra of all p-Borel sets in M. Another
characterization for 4, will be given in (3.11).

A second o-algebra By = Bx(M) is defined to be the ¢-algebra generated
by

ifeM: fiH<a}, teT, acR.

There is no inclusion relation between these two ¢-algebras, as we can see
in Theorems (3.12) and (3.13). Therefore we shall introduce a third o¢-algebra
B=3(M). Itis the join 8,V Bg, the least s-algebra containing both, so that
every B,- or Br-measurable set or function is @B-measurable. @ is the o-
algebra we refer to in discussing probability measures on M.

The following notations will be used in this section.

AE, )= j _atn f(s)ds E bounded

S(E, f)=sup f(s), sek
L(E, ) =1inf f(s), seE
a(E)=sup (1+s?), seE E bounded.

ProPOSITION (3.1). A(E, f) is p-continuous in f for E fixed.

ProoF. |A(E, )—A(E, 9)| = a(E)p(/, 8-

THEOREM (3.2). Let U be a non-empty open subset of T, I" the class of all
Ec U with |E|<oco and I''=1" ™ Yrat. Then we have

atn SU. = sup AE D) _ g ALL)
ger | E] rerr ||

and a similar identity for L(U, f). S(U, f) (L(U, 1)) is lower (upper) semi-con-
tinuous (p) and so B-measurable in f for U fixed.

ProoF. We shall discuss S(U, f) only. First we shall prove that the fol-
lowing conditions are equivalent, where ¢ is a constant.

(@) atnf=c on U,

(b) AE,f)ZLc|E| for every Ec T,

(© AU, f)=scll| for every I .
(@)= (b)=>(c) is obvious. Assuming (c), we have f <c¢ a.e. on U by the density
theorem and so f=<c on U by Proposition (2.5) (ii). Hence (c) implies (a).
Thus (a), (b) and (c) are equivalent. This proves the identity in the theorem.
As A(I, f) is p-continuous in f by (3.1), S(U, f) is lower semi-continuous (p).

COROLLARY (3.3). Let U be a non-empty open subset of T. Then {fe M:
f=con U} and {feM:f=c on U} are p-closed and so B-measurable.
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THEOREM (3.4). C € B,.

ProoF. We shall discuss the case T=[0, 1] only. Let U,, be the inter-
section of the interval ((i—1)/n, (i-+1)/n) with T, where i ranges over —1<1
< n+1 so that U,; is non-empty. As each f=(C is bounded and uniformly
continuous on 7T, we have

c=nun U {rem:sw..n="it, woanzE1

n i k=-m
The set in the bracket is p-closed by (3.3) and so C & B,.
THEOREM (3.5). D € B,.

Proor. We shall discuss the case T=[0,17 only. As every feD is
bounded on 7T, we have

Dc\JB,, B,={feM:|f|I£n on T}.

B, is p-closed by (3.3). If we can prove that the set /', (r, #’) defined by the
condition on fe M:

© << <y Vi fllu-)<r, [>T
is p-open for r </, then we have
B,—D=B,~"\UNIr,v") 7, v/ rational
r<r' k

and so

It remains only to prove that I',(r,r’) is p-open. Consider the following con-
dition on fe M:

(¢ iE, E,, -+, E,, C T such that

1) |E;|>0 1=1,2,---,2k

(i)  AEu-p f)<atnr-|Ey.,|, A(E.u f)>atnr-|E,l 1=1,2,--,k
(iii) E,<E,< - < Ey, namely

a, < a, < -+ < ay, for every a; € E;, 1 <1< 2k.

As A(E, f) is continuous in fe M by (3.1), (¢/) determines a p-open set as a
union of p-open sets. To prove that I',(r, r") is open, it suffices to show the
equivalence of (¢) and (¢’). As A(f, E)=zatnr-|E| implies the existence of
te E with f(t)=r, (¢/) implies (c). Suppose (c) holds. Recalling f(t,) e L(f, t;)
for f= M, we have a neighborhood U, of ¢, for each 1 such that

HA<r N Upiea| >0, {F>7NUsl >0 i=1,2, 0 k.
Write E,;.; and E,; for these ¢{-sets. Then the sets {FE;} satisfy. (i) and (ii)
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in (¢’). By taking all U; small enough, we can assume U, < U, < --- < Uy,
Therefore E;, 1=1, ---, 2k satisfy (iii) in (¢’). Thus (c) implies (¢’). This com-
pletes the proof.

THEOREM (3.6). The p-th norm | fll, A=p=<o0) is lower semi-continuous
(o) in feM.

PrROOF. The set {feM:|fleZc}is {feM:—c=f<conT} and so p-
closed by (3.3). Hence | f|~ is lower-semi-continuous (p) in f. Suppose p<co.
Consider first the functions

Ff=| e BRSO A n=1,2,

Since the p-convergence is equivalent to the convergence in measure on every
compact subset of T, F,(f) is p-continuous in f for each n. But F,(/)T 1|,
as n—oo and so ||f]|, is lower semi-continuous (p).

COROLLARY B.7). LP={feM:|f|,< o} e B,.

THEOREM (3.8). For t fixed, f(t) and f(t) are B,-measurable in fe M.

Proor. This follows at once from Propositions (2.2) (ii) and (3.1).

Now we shall discuss the measurability of f(t) and J(&) in the pair (¢, f)
eTXxXM. Let 8(T)R B, denote the product o-algebra. It is the same as the
o-algebra a(Tx M) of all Borel subsets of TXx M with respect to the product
topology.

ProprosITION (3.9). Suppose I=[u—e,v+e]C T and EC(—e, e). Then E,
={st+t:seE}CI for te[u,v] and AE, f)1is continuous in (¢, f)e [u, v]x M.

Proor.

| AE,, )~ ACE,, 8)]

= |A(E;, ))—AEs N+ AE, /)—AE,, 9)|
< jE i iatnf(e)lde+jl|atnf(0>-am g(0)]do

T

=5 |EAE | +aDo(f, 2

— 72f |E,-s A El4-a(D)p(f, &

_)O; as lt—s[‘{“,o(f; g)—_>0 .

THEOREM (3.10). Both f(t) and f(t) are measurable (B(T)R B,) in the pair

& NHeTxXM.
Proor. We shall discuss the case T'=[u, v) only. Let {/,=[u, v,]} be
a sequence of intervals such that

M1>u2>“.-——)u’ U1<v2<"‘_'>v.
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It suffices to show that

(K, NHNeTxM: fH<cte B(TYR B, .

This set is the union of the following sets
{uyx{feM: fu)<c}, {tHel,xM:fH<cy, p=12 ..

The first set is measurable ((T)®8,) by (3.8). It is therefore enough to
prove that f(¢) is measurable (B(I,)® B,) in (¢, f) € [, x M for each p. Notic-
ing that [u,—1/m,, v,4+1/m,JC T for some big m, we have
atn f(t)=sup inf sup A(E, f)/|E] tel,feM
)

n m<myg ESFpm(0
by (2.2) (ii). As A(E, f) is continuous in (¢, /) € [, XM by (3.9),
f(t) is measurable (B(I,)Q®B,) in (,, f) e I, X M.
Now we shall prove some facts that will show the difference between 3,
and Bg. First we shall prove

THEOREM (3.11). B, is generated by the sets
{fe M:jatnf(t)dt< a}
I

where I ranges over all compact intervals — T and a ranges over R.
PrOOF. Let @’ denote the g-algebra generated by the sets above. It is
obvious by (3.1) that 8’ 8,. To prove the opposite inclusion relation, it is

enough to prove that p(f, g) is #’-measurable in f for g fixed. For this pur-
pose it suffices to show that

F(H = latn fy—atm g0 4 L

is ®’-measurable for every compact interval IC T, because p(f, g) is the limit
of a sequence of functions of this form. Let [=1,\JI[,\J---UI,, be a non-

overlapping decomposition of [/ into n compact intervals with equal length
and set

ROES T]];; ;"f atn f(s)ds ,

Ing
1 .
)= - f atn g(s)ds, tel,, i=1,2 -, n.
|Iml Ing
By the density theorem we have, as n-— oo,

o (D—atn f(t), ¢ ()—atng(t) a.e.on I.

FuH = 10—l 155 = F() a8 n—oo.

Observing
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1
Ff)=3| ;-] atmfs)ds
'i l m,l Ing

L i‘lg:'tz”

n

— Wi;lﬁf atn g(s)ds

Ing
we can see that F,(f) is #’-measurable, so that F(f) is also $’-measurable.
THEOREM (3.12). Bx—B, is not empty.
Proor. Take a point ¢, strictly inside of 7" and consider the set

A={fe M:f(ty)=1}.
Ae By is clear. We shall prove A« 8,. Consider two functions f,, f, & M
fiHh=1 for t<t, =0 for t>1,
fH=1 for t<t, =0 for t=t,.

As o(f1, f2)=0, either both of f,, f, arein A or none of f,, f, is in A, if Ae3B,.
But f,e A and f,& A. Therefore A & B,.

THEOREM (3.13). B,— By is not empty.

ProoF. Take a compact interval I T and consider the set

A={fe M:jlatnf(s)ds:m}.

It is obvious by (3.11) that A= 8,. We shall prove A& B,. Suppose Ac Bg.
Then we have a countable subset @ of T with the following property.

.19 geM, feA g=f on Q = geA.

Since |Q|=0, we have an open neighborhood?U of @ with [U|<|I]|/2. Con-
sider two functions f,, f,& M

fi=a on T (a=tan1)
f{=a on U, =0  elsewhere.

fie A is clear. Since f,= M, we have fs= M such that f,—=f, a.e. Since

fi=fi=a a.e.on U, fy=aon U by (25) (iii). Therefore f,=f,=a
on . But f,= A. Therefore f,= A by[3.14] Thisis a contradiction, because

jlatnfs(sms:flatnfz(s)ds: \UNIIZ1U|<|T]/2.

§4. Canonical stochastic process.

A stochastic process {X (w), tc T, wc 2, F, P)} is defined to be a family
of real random variables indexed by the time parameter ¢ ranging over 7.
Fixing @ and changing ¢ in X,(w), we have a function of t = T which is an
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element of R7. This is denoted by X.(w) and is called the sample path of
the process corresponding to w. X.w) is considered a function of w ranging
in RT in general. Let @[ X] be the c-algebra (of subsets of 2) that is gener-
ated by the sets

{w: Xw)<a}, te T, acER.

BX]C g is obvious.
{X,} is said to be continuous in probability if

lim P{| X,— X,| >e}=0 &>0,teT,
Lind]

or equivalently if
lim E{|atn X;—atn X,|} =0 teT,

T

where E(Y):fQY(a))P(dw). This can also be stated as follows:

atn X, is continuous in ¢ with respect to the norm in LY(2, &, P).

If this condition is satisfied, then atn X, is uniformly continuous on every
compact EC T with respect to this norm. Therefore we have 6§ =0(F, ¢) for
&> 0 such that

“.1) [t—s| < d, t, se E= E{|atn X;—atn X,|} <e.

DEFINITION (4.2). A stochastic process { X/ w),t< T} is called canonical, if
the following two conditions are satisfied :
(C. 1) X(w)e M for every w2
(C. 2) The map w— X.(w) from £ into M is measurable (&, 8), i.e. X."{(B)CZF.
(M and @ were defined in the previous sections.) In other words, X.(w) is an
(M, #)-valued random variable, so that we can define the probability law of
X.(w) which is a complete @-regular probability measure on M (see Remarks
in Section 1). As it is easy to see

X'Bp=93[X,teT],
(C. 2) can be replaced by a weaker condition:
(C. 29 X (B F.

THEOREM (4.3). (Measurability of canonical processes). Let {X,(w)} be a
canonical process and m the product (complete) measure of the Lebesgue measure
on T and the measure P on 2. Then X,(w) is measurable (B(T)XF™) in the
pair (1, w)e TX 2.

Proor. First we shall prove the measurability of X.(w)(f), where the top
bar means the approximate upper limit introduced in Section 2. As the map

w— X(w) is measurable (F, $) by (C. 2), the map (¢, w)— (¢, X.(&)) is measur-
able (B(TYRF, B(T)x B). By Theorem (3.10), the map (¢, f)— f(t) is measur-
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able (B(T)& B,) and so measurable (B(T)X #). Composing these two maps,
we can see that (f, w)— X.(w)(t) is measurable (B(T)® F) and so measurable
(B(TYR F™), namely that X.(w)(f) is measurable (B(T)QF™) in the pair (¢, ).
Similarly for X.(w)(¥). As it is obvious that X.(o)(#) = X(w)= X.(w)®) for every
pair (f, ), we get the measurability (#(T)QZF™) of X, () in the pair (f, w),
observing

m{(t, @) : X(@)() < X(0)B}

:552({1‘6 T: X (o)1) < X(@)(t)} | P(dw)
by Fubini’s theorem
=0 by X(w)e M.

THEOREM (4.4). (Separability of canonical processes continuous in probability).
Every canonical process {X(w)} continuous in probability is separable relative
to closed sets with respect to every countable dense subset Q of T.

PrOOF. Let us write Y (w) for atn X,(w). Let ... be the set system
introduced in Remarks in Section 1 and @ a countable dense subset of [—r/2,

/2],
First we shall find, for each pair (F, 0) € F.a: X O, a sequence of non-over-
lapping decompositions of E into intervals

E=1,\Il,\J I 0 n=1,2 -,
and a system of points
"€ LunQ, 1=12,.,pm),
with the following property :
(4.5) L' Y (@)~0|dt=1im 3| Y(ru 0)=0| | Ii|  a.e. on Q.
Since E is compact, we can take d(e)=d(L, ¢) in to get
(4.1 [t—s|<de), t,seE = E(|Y,—Y,D<e.

As E is a finite sum of compact intervals, E can be decomposed into non-
overlapping intervals with length < d(e), say

E=LVULVU . \UJ,.

Since @ is dense in T, QI; is non-empty. Take a point r, from QN I,.
Then we have
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E[|[ 1Y.—01ds—SIvGo—0111

]

|Ye—01=1Y(ra—0]|ds ]

=3E[f,

<SE[[ |Yi~X()lds].

As Y(w) is measurable (B(T)R F™) in (s, o) by (4.3), we can exchange
the order of E and f. Using (4.1), we get

E[|f 1¥,~01as- S1Y6o-01 11

|<<lEl
‘Writing I, and »; for e=2-" as [,; and r,; respectively, we have
E[%)Upl Ys—ﬁfds—;l Y(rni)— 0| | 1ni

‘which implies
Writing Q(F, ) for the set of all w for which holds and setting

D =NAE, 0, EcF 0O

]<oo,

we have P(£2,)=1, because F:xX0O 1is countable. To prove our theorem, it
suffices to show that for every we £,, every closed FC[—=/2, n/2], every
open UC T and every te U, if Y (w)eF for r QN U then Y (w)< F; notice
here that atn gives a homeomorphism from [—co, co] onto [—x/2, #/2]. For
this purpose it is enough to find, for every ¢ >0, r € Q » U such that

| Y (w)—Y(0)|<e,
because F is closed. As X.w)= M, we have X(w)e L(X., 1) and so we can
find £ & G..: such that t € £ U and that
1Y@~ Yi@)lds < /3

IEl 2 s t
by virtue of (2.2) (i). Since Y (w)e[—=n/2, n/2] and O is dense in
this interval, we can find § = ® such that
(4.6) | Y w)—6|<e/3.
“These two inequalities will imply

71 -
|E|

As we 2, and E € Frar, We can use to get n such that

~jE|Ys(w)—e|ds<2s/3.

"lélﬁ’;[ Y7 0)—0| 1] < 2¢/3.
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As |E|=3|1,|, we can find ¢ such that
t | Y (70 0)— 0] < 2¢/3,
which, combined with implies
| Y(rny 0)—Y (@) <e.

Asrp, e QNI CcOQNECQnNU, r=r,; is what we wanted to find out. This
completes the proof.

Let {Xw)} be a stochastic process. A canonical stochastic process {S,(w)}
(defined on the some probability space) is called a canonical modification of
{(X(@)} if

P{X,=S5,}=1 for every t= T.

CANONICAL MODIFICATION THEOREM (4.7). Ewvery stochastic process { X, (w)}
continuous in probability has a canonical modification. If we have two such
modifications {S,} and {S;/} for the same process, then we have

P{S,=S,’  for almost every t} =1
in addition to the automatic property:
P{5,=S5/}=1 for every teT.

PrOOF. We shall discuss the case T'=[0, 1] only, because a small change
in the proof will take care of the other cases. The metric p in M= M(T)
can now be replaced by a simpler one

olf, = [ latn f(h)—atn g(®)]dt,

which induces the same topology and therefore the same o¢-algebras 4, and
B(= B,V Bg). Let us write Y, Y,* and V, respectively for atn X, atn X,
and atn U,. By (4.1) we can take d =0d(¢) for ¢ >0 such that

4.17) |s—t|<d, s, teT=E(Y—Y:)<e.

It is harmless to assume that d(¢) | 0 as ¢ | 0.
Let us consider for each n=1, 2, ..., a finite decomposition of [ into non-
overlapping compact intervals:

[: Inl V [nz \/ eV Inp(n)’ Ilml < 5(2-71)
and a corresponding step processes
th<w) - X(tm', (U) for Im'r 1= 1: 2: Ty p(n) ’

where t,; is a point in [, say the left end point.
(XM w), X.»(w) is a Borel measurable function of X(¢,; w), i1=1, 2, ---, p(n)
and X(t,; w), j=1, 2, ---, p(n+1) and so measurable (F). X,"(w) is also mea-
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surable (B(TYQR B[ X]) in (¢, w) and
E[p(X.", X. 1]
< [ EUYo—Yo|Jde <2,

Therefore we have

E[Xp(X", X)] < eo,

It follows from this that there exists an R-valued function W,/(®w) measurable
in (¢, w) e Tx £ such that
) j |arc tan X,"(w)—arc tan W (w)|dt—0
T
for almost every w = £,
(i) X (w)— W w) for almost every (f, w)= T X 2.

Since X,(w) is continuous in probability, it follows from (ii) that
(iii) for almost every f fixed, we have

Wyw)= X,(w) for almost every we 2.
By Fubini’s theorem we get
J 1t [Wi@)| = 00} | Pldo)

:ij{w: | Wiw)| = co}dt

:jTP{w: | X(0)] = co}dt
=0.
Therefore W.(w)e M for almost every w. Let

Uw) = W/(w) (=the approximate upper
limit of W.w) at ).

Then U(w)e M for almost every w and (i) implies that
PR2)=1 for Q' ={w:Uw)e M, p(XNw), Ulw))—0}.

As p(X™(w), f) is equal to a Borel measurable function of X(¢,;, w), i1=1, 2,

-+, p(n) for each fe M, it is measurable (¥) in w. Therefore p(U.w), f) is
also measurable (&) in w, because

o(Udw), /)= 1im p(X."w), ) for w < 2/

Qe PW@)=1.
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This shows that the set {w: U.(w) = No(f, ")} (N(f, N={geM:po(g, [)<r})is
measurable (¥). As 4, is generated by the sets Ny(f, 1), >0,/ M, {w: U(w)
€ B} is measurable (F) for Be 8,.

We shall modify {U/(w)} at each point t to get a canonical modification
{S(w)}. Fix the time point ¢ for the moment. Observing

§ 1 V@)=Y dsZ [ |V @)—Yiw)lds = p(Uw), X"@)),
we have

{ | Vi@)~Yi@)|ds= lim L] Y (@)~ Y @)ds  for we Q,
where  is a compact interval — 7. This shows that the left side is measur-
able (9). Noticing P(2)=1, we have

BT} v =il v

Since X"(w) (and so Y w)) is measurable (B(TYR F) in (s, w) and X, (w) (and
so Y, (w)) is measurable (&) in w and so measurable (B(T)R F) in (s, w), we
can use Fubini’s theorem to get

1 1 .
E[f\vevilds]=— 3 [ EOV—vilds<e,  if [1]<d(o).
Taking a sequence {[,} with te I, and |I,| < d(2"), we have
1 -7
E[%llnl'u Vi—Yilds]< D2 < oo

Write 2, for the set of all ® for which the infinite series converges. Since
each term is measurable (%) as we mentioned above, 2, is measurable (&)

and P(2,)=1. It is easy to see by (2.2) (i) that

X(w)e L(U., for we 2,.
Set
X/(w) for w e £,

Ut((l)) fOI‘ (I)EAQ"‘QL.

Define S(w) at each point < T in such a way.
Now fix w. By our construction we have

U{wye M and S w)e L(U., 1) for every = T.
By (2.3) we have
S(wye M and S, w)=U/lw) for almost all ¢.

This implies p(S.(w), U{w))=0. Since that is true for every w, we have



146 K. Ito

{w:S(w)e B} ={w:U(w) € B} for Be 8,.
But the right side belongs to & as we mentioned above. Therefore we have
S B F.

Since 2, F, S{w) is measurable (¥) for each ¢ fixed by the definition.
This shows
{w:S.€eB,,}ed for B, ,={f:f(H)<a}.

As By is generated by B,,, te T, a= R, we have

{w:S.eBleg, Be 84
namely
S (Br)CF.
Therefore
S B =SBV S (BT F.
Thus we have proved that {S,(w)} is a canonical process. It is obvious by the
construction that P(S,= X,)=1 for each . Therefore {S,} is a canonical modi-
fication of {X,}.

Now we shall prove the uniqueness. Take any arbitrary canonical modi-
fication {S(w)}. {X,™(w)} is measurable (BH(T)RX F) in (¢, w) by the definition.
{S{w)} is measurable (B(T)R F) in (¢, ) by Theoreml (4.3). Therefore we can
use Fubini’s theorem to get

E[p(S., X = j _E[|atn S,—atn X;*| Jdt

_—_LE[latn X,—atn X,”|]dt

<2™ -0 as n—oo,

Since p(X."(w), U(w))—0 a.e. on £, we can use the bounded convergence
theorem to get
Elp(X." U(w))]—0 as n-—oo.
“Therefore
E[p@, U)1=0.

But p(S., U)=0 for every w. Thus we get
Elo(S., S)y]=0

i.e. P[S{w)=S{w) for almost every t]=1. This completes the proof.
A canonical modification {S,} of {X,} is called standard if

SHRC B X, TeTT,
‘where @[ X,teT] is the o-algebra of subsets of 2 generated by the sets
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{w:X,<a},aeR, teT.

STANDARD CANONICAL MODIFICATION THEOREM (4.8). Ewvery stochastic pro-
cess X,(w) continuous in probability has a standard canonical modification. It
is unique in the same sense as in 4.7).

PROOF. Let &, denote B[ X, & T ] . Then {X,} is considered a stochastic
process continuous in probability on (22, &,, P). Therefore we have a canonical
process {S(w)} on (2, &,, P) such that P(S,= X,)=1 for each . {S(w)} can
be considered a canonical process on (2, &, P). S. (B)C F, =B X, (=T is
now obvious, namely {S,} is a standard canonical modification of {X,;}. The
uniqueness part is contained in theorem (4.7).

REMARK. Doob’s definition of the standard property is

{w:S,+X,}ed[X,, te T]P for every ¢.
This means

SNB)C B X, T T

in our case. We required more than this.

§5. Probability measure on M.

Let {X(w), te T, w s 2, F, P)} be a canonical process. Then the probability
law of the sample path X.(w) viewed as an (M, #)-valued random variable
(see Remarks in Section 1), is a complete B-regular probability measure on M
satisfying

1) p{ffHeRrt=1, teT.

Conversely, if we have such a probability measure g on M, then {&,(f)=/(),
teT, fe M, 3% 1)} is a canonical process for which the probability law of
the sample path is the measure p.

If {X,} is continuous in probability, then the probability law of the sample
path satisfies

2) lim (/2 /(O] >} =0, e>0,t<T.

It is obvious that {&,(f)} is also continuous in probability under the condition
I'.2).

Let m,,.,, be the marginal distribution of ¢ over the time points ¢ -1,
namely

(5'1) mtr-vtn(E) = /’t{f. (f(tl)’ R f(tn)> = E }: E S5 .@[ﬁn] .

This is the joint distribution of the process {&} (or {X,}) over (¢,---t,). Let
M denote the system of all marginal distributions. It is obvious that
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(m.0) M satisfies Kolmogorov’s consistency condition.

(I'.1) and (I".2) are formulated in terms of K as follows.
(m.1) m(R)=1, teT,

(m.2) immg{(x, y): |x—y|>e}=0, >0, teT.
g’

Our problem is to determine g from ..

THEOREM (5.2). For every M with (m.0), (m.1) and (m.2), there exists one
and only one complete B-regular probability measure p with (5.1).

PROOF OF EXISTENCE. Let £ be R” and ®(RT) the o-algebra generated
by the sets {w e R7:w(t)<a}, te T, ac R. Since (m.0) is assumed, we can
construct a complete regular (®(R7)) probability measure P on £ such that

Plw:(o(ty) - o(ty)} € E} =y (E)

by Kolmogorov’s theorem. Then {X,(w)=w(), (€T, 0c(2, F, P)} (EF:EB(]?T)P),
is a stochastic process continuous in probability by (m.1) and (m.2). By the
canonical modification theorem (4.7) we have a canonical process {S/(w)} such
that P{St——_— X{)} —_— 1, tE T-

Then the probability law Pg of the sample path S.(w) is a complete $-
regular probability measure on M such that

Ps{f:(ft), - [N EE}
= Myy.0,(E) .

PROOF OF UNIQUENESS. We shall consider the case 7T={0,1] only; the
other cases can be treated similarly. Suppose that two complete @-regular
measures on M (say g and y) satisfy

(5'3) ﬂ{f: (f(tl), ] f(tnD S E} = V{f: (f(tl)’ AR f(tn)) S E }
= mtl...tn(E) .
This is equivalent to

(53 § B, - faudn)=§ FOw, -, ftwdn

where F ranges over all continuous functions on R”.
Let us write f(J) for Latn f(Hhdt. Then @, is generated by {f:7()< a},

ae R, I being a compact interval, by virtue of theorem (3.11). By is gener-
ated by {f:f(t)<a}, aeR, teT. Therefore B(=3B,V Bx) is generated by
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all such sets. or (5.3") shows that g and » are equal on B,. To prove
that they are equal on @, it is enough to prove that

G4 J GLAUD, - AL, ft, -, ftludr)

= [ LA, =, JL), St [t)1a)

where p,qg=1, 2, ---, {I,} range over all compact intervals, {¢{;} range over T
and F ranges over all continuous functions on R?*9. The stochastic processes

X(H=r0, feM 3"
Yﬁ(f):f(t): fE (M’ EV’ V)

are canonical processes continuous in probability. Therefore we have 6(¢) >0
for every ¢ >0 such that

(5.5) |t—s| < d(e)
= | Jatn f()—atn ()| u(df) < ¢

= j atn fh—atn fs)|v(df) <e by (53).

Fix a compact interval I, consider its decomposition into non-overlapping
intervals

I=1, LI - Iy ] <027

for each n and let f,; be the left and points of [,;, Using the measurability
of X,(f) in (¢, f) (4.3)), we can get

§ 2| 1D—2am ol ful ) < £2 111 < oo
Therefore
pAf  JD=lim SHatn f(2,)] L] } =1.
Applying this to I=1,, I,, ---, I, we have
pAf: fIy=lim Satn f(t*,)| I} = 1.
We have the same result for y, i.e.
v (/)= lim Satn f(t%,)| %]} =1.

Notice here that we can take the same t*,; and I*,; for ¢ and v by virtue of
(5.5). By (6.3") we have
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jMG[; atnf(tkni)llknil’ f(th>: k= 1’ e P h= 1’ o qjﬂ(df>
= [ GISatn )1 I5, S, k=1, b, h=1, -, )
Letting n—co, we have (5.4). This completes the proof.
Aarhus University, Denmark
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