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Introduction.

It seems to be natural in differential geometry to conjecture that many
theorems proved under the condition that the underlying manifolds are com-
pact can be extended to manifolds with complete Riemannian metric under
some suitable additional conditions.

Now, it is clear that for any smooth function f on a compact manifold
there is a point p such that V/,f(»)=0 and I} ;f(p) is negative semi-definite.
It is also clear that if a smooth function f(x) on a real line R has an upper
bound, then for any ¢>0 there is xe< R such that f/(x) and f7(x) are <e.
This simple fact, however, can not be extended in general to a complete Rie-
mannian manifold. That is, there is a complete Riemannian manifold M and
a bounded function f on M such that m(p) = { XXV, V,;f(p); | X]| =1} is always
larger than a > 0. This example can easily be constructed on R? with metric

dr*4-g(r)d6? (in the polar coordinate expression). Let f(r, )= ]‘(1*):)1:7,2 .

Since
PUA(=F 7 fdxida) = (rydr-+—5 (g (rdo?,

one can choose a suitable function g(#) so that it satisfies (a) g(r) is smooth
and g =7r for 0=r<1/2, (b) g() is a solution of g'(»)/g(r)=2c/f'(r) (for

example g(»)= eijTc(l~r)2/r dr) for r = 1. In this example, one can see easily
1

that the sectional curvature has no lower bound.

In this paper, there will be proved first of all a generalization of this ex-
ample, that is:

THEOREM A. Let M be a connected and complete Riemannian manifold
whose sectional curvature K(X, Y) has a lower bound i.e. K(X, Y)= —K,. If
a smooth function f on M has an upper bound, then for any ¢ >0, there is a
boint pe M such that || grad f(p) || <e and m(p)=max {X*XV.V,f(p); | X]|=1}
<e.

For an application of this theorem, an isometric immersion of M into the
Euclidean N-space RY will be considered. It is clear that if M is compact,
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then for any isometric immersion ¢ of M into RY, there are a point p and a
unit normal & at ¢(p) such that the second fundamental form at ¢(p) with
respect to & is positive definite.

In our case, we have the following theorem :

THEOREM B. Let ¢ be an isometric immersion of a connected and complete
Riemannian manifold M into R¥. Assume that the sectional curvature of M
has a lower bound. If there is a unit vector n at the origin of RY such that

<o), ny/llep) Il =d6>0

for all pe M, then there exist a point p, and a unit normal vector & at ¢(py)
such that the second fundamental form at @(p,) with respect to & is positive
definite.

From this theorem, we can see immediately the following:

COROLLARY C. Let ¢ be an isometric immersion of a connected and com-
plete Riemannian manifold M into RY. If o(M) is a minimal submanifold in
RY, then for any wunit vector n at the origin of RY and for any positive 0,
there exists a point p such that {e(P), nd/| )| <.

The author would like to acknowledge the kind advice of Professors M.
Obata, T. Nagano and T. Takahashi.

1. Geodesic spheres and their second fundamental forms.

Let M be a connected and complete Riemannian C~-manifold of dimension
n and g(f) be a geodesic going from g(0)=p to g(h)=¢q. The parameter ¢
represents the arc length. Assume that g(¢) is not a conjugate point of p
with respect to the geodesic g for any 0 <t=<h and that g(t); 0<t<h does
not intersect itself. Let S, (a)={X e T,(M); | Xl =a} and T,=dg(t)/dt. Then,
T, = S;(D).

Since g(#) is not a conjugate point for any 0 <t <h and g(t), 0=t < h does
not self-intersect, there exists a neighborhood V of T, in S,(1) such that
Exp,: (0, h+e) X V—M is a diffeomorphism for sufficiently small ¢ >0, where
Exp,(t, X)=Exp,tX.

Putting S,(a) = Exp,{S,(&) "\ (0, h+¢) X V' }, S,(a) is an (n—1)-dimensional
submanifold of M for every 0 <a=<h. Let W=Exp,{Q©, A+e)xV}.

The following lemma is well-known.

LEMMA 1. Let xeSy(a), 0<a<h. For any curve C joining p and x in
W, the length of C is no less than a.

The following lemma is an immediate consequence of [Lemma 1.

LEMMA 2. For any poinis x € S,(a) and y € Sy(h) and for any arc C join-
ing x and y in W, the length of the arc C is no less than h—a.

Let X, be a unit vector field that is displaced parallel along g and is tan-
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gent to S,(a) and S,(h) at g(a) and g(h) respectively. We consider the varia-
tion of the geodesic g by the vector field X in the same way as in §1 of [1]
The following Lemma is clear from the Lemma in §1 of and Lemmal
2 above.
LEMMA 3. The first and second variations of arc length are

h
%(0)=0, LY¥0) = H(X, X)—H (X, X)——LK(T, X)dt =0,

where K(T, X) is the Riemannian sectional curvature corresponding to the 2-
plane T A X and Hy(X, X) is the second fundamental form for Sy(a) at g(a)
corresponding to the unit normal T, evaluated at the tangent vector X.

Let ds?=di*+g,sd0*d@f be the metric of M in the polar coordinate expres-
sion with radius ¢ and with center p. Since (¢, 6%, ---, "7') can be considered
as a coordinate of W, one can see by an elementary calculation that

1085 (aoe(x)d0FX) = —H X, X),

for every X & T(Sy(h). Since H(X, V)= H,zd0“(X)d0*(Y), HX, Y) can be
considered as a 2-tensor field around ¢ in M. That is, for any X, Y e T (M),
H X, Y) is defined by H,s(g)d0*(X)d6(Y).
On the other hand,
FrH)(x) = %ﬁggﬁ—(x)daadﬁﬂ .
Thus,
Freg)(X, X)(= X XV j42)(q) = 2{dt(X)}*—2hH(X, X)),

for every X e T,(M).
LEMMA 4. Notations being as above, if the sectional curvature K(X,Y) of
M has a lower bound, i.e. K(X, V)= —K,, K,>0, then

TV 5(g)(X, X) = 2{1+h[K(h—a)—Hyu(X, X)1},

where X =X, is the vector field that is displaced parallel along the geodesic g.
This Lemma is an immediate result of

2. Bounded functions of M.

Let M be a connected and complete Riemannian manifold of dimension »
and f a C?function on M with an upper bound. Let b=supf. For a fixed
point p, we assume without loss of generality that f(p)=0.

Considering the graph I' = {(f(x), x); x € M}, I" is a closed submanifold of
RXM, where R is the real line with natural Riemannian metric and RXM is
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the product manifold with product metric.

Though many relations exist between M and RxX M, we shall use only the
following in the remainder of this paper;

LEMMA 5. Let m be the projection from RXM onto M. Q) If g’ is a geo-
desic in RXM, then so is g==ng’ in M. (i) Let y, x be two points of a geo-
desic g’ in RXM. x 1is a conjugate point of y with respect to g’ if and only if
w(x) is a conjugate point of =(y) with respect to the geodesic wg’. (iii) Let
(B, v) and (a, x) be two points of RXM and g’ a geodesic segment from (&, y)
to (a, x); then L(g")?= L(zg’)*+(k—a)?, where L(g’) and L(xg’) are length of g’
and wg’ respectively.

Proor. Let (I, x, ---, x™ be a local coordinate of R XM which is a product
of local coordinates of R and M. Thus, the equations of a geodesic are
al
v =0 )
d2xt 1y dxf dx®
W—{‘{]k}dis,‘*dsl‘:o .................... (2)
A=i=n)

where {].ik} is the Christoffel’s symbol of M and s’ is the arc length. Thus,

(1) follows from the equality (2).

Let s, s and [ be arc length from (k, ), y and % along g’, 7g’ and R
respectively. Then, [= As’ and s=as’ from the equalities (1) and (2). It fol-
lows that s’2=1[2-+s? because of the fact that A?4a?=1 (obtained from ds’2
=ds?+}-dl?).

As for (ii), one can see this easily by the Jacobi equation.

For each positive integer & and a fixed point p in M, consider a point
po=(kb, p) and a geodesic segment 2, from P, to I' which attains the distance
between p, and I'. Let (f(q), ¢») be another end point of 2.

LEMMA 6. Notations being as above, there is no conjugate poini of p, on
Zy with respect to py.

Proor. Let 2,(t) be the geodesic parametrized by the arc length and set
50 =D &) =@ @) &[0, LD =2, It is easy to show that g(5);
0 <t<l; is not a conjugate point of b, with respect to 2%

Assume 2,(l;) is a conjugate point of b, with respect to g Take a point
&l +¢) on the line obtained by extension of g,. Since I" is a differentiable
submanifold of RX M, there exists a sufficiently small ¢ >0 such that the e&-
sphere of center 2,(/z+¢) is in contact with I at one point 2,(l4). Since g,(})
is a conjugate point, there is a geodesic segment 2’ from p, to g,(/t+¢) such
that L(g,) <!I,+e. Let § be a point of intersection of /' and g’. Since
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dist. (&', 244 +¢)) > ¢ we have dist. (p,, &) <1,. This is a contradiction.

Now, notations being as above, n(g.(f)) is not a conjugate point of p with
respect to g,=mxg; for any 0<? =], and g, does not intersect itself. Let T,
be the unit tangent vector of g, at p. There is a neighborhood W, of T,
such that Exp, is a diffeomorphism from (0, 4,4 0;) X W, into M, where h,=
L(zgy). Set ¢(x)=Exp,'(x) for x € Exp,{(0, hy+0») X W} and define the func-
tion' Fi(x) by

Fi(x)=kb—VIZ—[$) 2.
There is no difficulty in verifying the following:
LEmMMA 7. (D) f(x)_S_Fk(x) and f(gy) = F(qy) for every k=1.

) L GTIgI@ | 1 TIg19a@ 1¢19@)
(i) OrFG =5 ppth X o CIehiele

Proor. From (iii) of Lemma 5, we see that /2 < (R0—f(x))*+|¢(x)|2. Thus,
FX) S kb—17—]Px) 2. (i) follows from this. (ii) is a direct calculation.
Assume K(X, V)= —K,; then, combining with Lemma 4, we see that

TIi)aaX, X)= (VVFk)(qk)(X, X)

=75 f( ){1+hlc[K0(hlc a)—H, (X, X)1}
1 2| w2
+“(m3—hk||X“ s k=2.

Since all g, are geodesic segments from p to g, in M, all g,(a) are points
of Sy(@)={Exp,X; |X|=a}. For sufficiently small a, S,(a) is a differentiable
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submanifold of M. Let m=min {H/(X, X); ¢ S,(a), | X||=1}. Then,

1 2 i
FVig)X, X)= W{Kohk —‘(aK0+m)hk+l}+m e 3

for all | X||=1.
LEMMA 8. Notations being as above, if hy is bounded for k-— oo, then there

exists a point g. in M such that (grad f)(ge) =0 and FVf)(g-) is negative semi-
definite.
Proor. Since grad f(g,) = grad Fi(q,), we see that

| grad f(g) | = W—th‘(Tk) e, 4)

Since {h,} is bounded, there exists a subsequence {g;,} which converges to g..
Thus, from the equality (4) and the inequality (3), we have that (gradf)(g.)

=0 and (FVf)(g-) is negative semi-definite.
Thus, in the remainder of this section, assume that A;—oco for k—co.

Since K, >0, we see that K,hi —(aK,+m)h,+1=0 for sufficiently large k.

It follows
1 2
TV Hg)X, X)= ““(kfl")?{Koh?c ——(aKO—}—m)hk—l—l}—}—(k—_hl’“)Tbs— ------ 3

By the assumption f(»)=0 and the definition of /; we see that [, < kb and
thus we can show easily that f(g,) =0 for all k>=1.

Since 1, < dist. (b, (F(g;), g;), one obtains

(kb—f(g)*-+hi = (Rb—f(g)*+hj.
Thus, A} —h3 = 2R0(f(g)—1(@)—(f(gr)*—S(g)»-

Since h;—co, for £—co, there exists &’ for every % such that %/ >k,
hw=h, and hy. <h, for every k”, k<k”<FEk. If f(q)>f(g), then by the
above inequality, we see that h, > h,. Thus, one can choose a subsequence
{k;} such that () k; <l Gi) Ay, = by, (D) Ay < by, for any kb <k <k,
and (iv) f(qki-i-l) 2][(%%)

Since

(ki+1b_f(Qki+1))2+ h%“.l é (kz+1b—f(Qk1,))2+hlzcz
we see easily that
h%i+1"‘hlzci é 2kz+1b(f<ka+1)—f(Qk7,)> .
It follows that

oo

5 P 20 5 (g )@ = 2.

i=1 i+l

Thus,
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(hkz +1 h?“)

EMS

is absolutely convergent.
LEMMA 9. Notations being as above, E k(k—H) ————=-h} 1s absolutely convergent.

PROOF. Since hj, = hj, for any k; = k < k;4, One obtains that

1 1 &1 1
o P~ = 2 ()

I

M

. oo L ki+1—1 1

& 1 .
It follows that zik'(k:ﬁ‘)_ h} is absolutely convergent.
LEMMA 10. For any k> 1, there is k> b such thet k<& 0.
k+1

PROOF. Assume there is £k, such that i} > - log kb

oo 77777@]2‘;77 o) #_
& kA1) T2, Rlogk T

for any k =k, Then,

Proor orF THEOREM A. It is easy to show that |grad f(q,c)ng(Tflﬁb—,

From inequality (3),

1 hs
FVf)g)X, X)=- (h— Db AKohi —(aK,+m)hy+1} 4 —5— (F— 1)3b3 ,
for sufficiently large k.

From Lemma 10 above, there exists a subsequence {k;} such that hj;=
(k;+1)/log k;. It follows that

y Py kA1
P (‘/Zrl)b =M %, Db log £,

(k;4+DK, tim ki+1
(k;—Dblog k; " jie (R;—1)%0%log k;

=0

=0.

hm TV H) @)X, X) = hm

‘This completes the proof of Theorem A.

From this proof, one can see more precisely the following :

THEOREM A’. Let f be a C2-function on a complete and connected Rieman-
nmian manifold having an upper bound. Assume that the sectional curvature
has a lower bound. Then, for an arbitrarily fixed point p and for any &> 0,
there exists a point q depending on p such that (i) |grad f(@)|<e, (i) TV (g
X, X)<e for |Xl|=1 and (ii1) f(g) = /(D).
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3. Isometric immersions of a complete and connected Riemannian
manifold.

As an application of A or A/, one considers an isometric immer-
sion ¢ of a complete and connected Riemannian manifold M into Euclidean
space RV with natural Euclidean metric. In this section, B will be
proved.

Assume there exists a unit vector n at the origin of RY such that
{plx), nd/)| e(x)|=a’ for a fixed a’ > 0. Let R¥! be the subspace of R¥ which
is orthogonal to n. Set p=p(x)=¢(x) and denote by p’ the R¥!-component
of p.

Assume without loss of generality that {p, n)*—a’?(p’, p’>=1 for every
p=p(x), x& M. For a positive a, a’>a >0, set

fa(a) = =P (), nd++a*p'(x), p'(x)>+1.

The meaning of this function is clear, if one changes the equality of the
definition to ({p, n)>+f(xX)2—a2(p’, p’>=1. Let p,= p(x,) for some fixed point
xoe M. It is easy to see that {p(x); fo(¥) =f.(x,)} is contained in a compact

Fig. 2.

subset K for any a, 0 <a<a’—¢’. Thus, there is a real number a such that
az p(x), p(x)> g—;— for any x satisfying f,(x) =f.(%,). Choose such a number

a and fix it throughout the remainder of this paper. Put f(x)=s,(x)—f(x,)-
Clearly, f(x) has an upper bound and f(x,)=0.
By the definition of f(x), one has directly that
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@Kpup D) — <, W <Piyy 1)

Vi if =—<sp n>+

at (o BS—Ch , _ o L
G T T B < m < (s DY —<Dy W

—(bw Y=< MYy YDy BY— <Dy mY<s, W)}

where p,=V;p, p;; =V Vp for some coordinate neighborhood of M. Let F[i,-
be the first and second terms of V/,//;f and R,; the third term. Let N be the
normal vectors of M in RY, where £=1, 2, ---, N—n. ¢
Since p; ;= Hy;N, we see easily that A(X, X)=H,X X =3 H(X, X){N, i,
where £ e ¢ £ ¢ ¢
a*p+a*p, nyn

e

V@, py+1

For X, | X||=1, we have that

R(X, X)= A= CX, my)(By By —< Py my

va 2||2> e+1
’_(<X’ p>'“<p’ 7’L><X, n>)2 ’
where R(X, X):Rinin.
By the definition of f(x) and A’, there exists a sequence {x,} in
M such that f(x,) =0 and

a <X, P>—<P’ n><X’ 7’L>
Valpearrr 10 O

lim (77 ()X, X =lim % He, (X, X)XV, i) -+lim Re,(X, X)=0, ...

lim || grad f(x,)]| =1lim max{ (X, n)+

=00, X1

for X T,,(M) and [ X|=1, where the tangent space T,,(M) at x, is identified
with the subspace of R¥ by the immersion ¢.
Thus, we have only to show that R, (X, X)=d’ >0 for sufficiently large n.
Let X be the R¥-l.component of X. Thus, X = n+X, 1=1<(X, n> and then
(X, py—<b, nYX, ny =<(X, py. It follows that

HPHZ (1<K, ”>2)(<P by —<p, W'+, >—(<X, DY—<(p, nY{X, n))?

= A=) (1= 2+ g ) =<K, b0y,

2HPIIZ

where p=<{p, ny/|pll and p,=p/|pl|l. Since (X, py < | X|>=1—p2, one obtains
that

T
RO 02 i B 0 gapge =),
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for all xe M. Since f(x,)=0, we see that a?||p(x,)||2<1/2. It follows that
1/a?|p||2—p2=0 >0 for all x,.

Assume that 1—22 is not larger than ¢” >0 for every x, and for every
element of T, (M) satisfying || X|=1. Then, there is a subsequence {x,} of
{x,} such that, for every x,, there exists X, € T,,(M) and 1—<X,, n)? con-
verges to 0 for n’—oco. Put A, =<{(X,, n). Without loss of generality, we as-
sume 4,,=0. Since X, converges to n, one obtains that lim ||grad f(x,)|=1,
contradicting the equality (5). Thus, there exists an ¢>0 such that 1—2229>0
for sufficiently large n and for all X e T, (M) satisfying | X||=1. It follows
that

_@lpal*0e__
Vap)F+1
)23 -
Ve pGl-1

R, (X, X)= for a sufficiently large n.

Since ||p,|| is bounded,

=C for some positive constant. Thus,

we see that

lim (77 )X, X) 2 lim 33 Heo(X, XK, r#y++Coe

It follows that X H, (X, X)XN, #n) is negative definite for sufficiently large n,
£ ¢ 3

since X (N, #m)yH,, is the second fundamental form with respect to the normal
§ € §

vector N at x, with the coefficient <]\7, N> :(];7, my. This completes the proof
£
of B.
Tokyo Metropolitan University
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