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Introduction

Iwasawa and Tate $[8, 15]$ reconstructed the theory of Hecke’s L-function
as a theory of the $\zeta$ -function, attached to a number field $k$ , with a character
of the idele class group of $k$ . Since then, it has been expected to generalize
this theory to the case of the $\zeta$ -function of a simple algebra over the rational
number field $Q$ . Let $A$ and $G$ be the adele ring and the idele group of a
simple algebra over $Q$ respectively. Fujisaki $[2, 3]$ solved the problem for
the $\zeta$ -function with an abelian character of $G$ . The theory of Fujisaki includes
the results of Hey and Eichler $[7, 1]$ . Godement [4] showed the possibility
of applying the Iwasawa-Tate method to the $\zeta$ -function, attached to a division
algebra, with a “ non-abelian character ‘’ of $G$ . Tamagawa [14] developed the
theory of Euler product. He determined an explicit form of the local $\zeta$ -func-
tion, attached to a simple algebra, with a zonal spherical function. And he
proved that the $\zeta$ -function of a division algebra, defined as an infinite product
of local $\zeta$ -functions, satisfies a functional equation. From the theory of Maass
[9] on the Dirichlet series corresponding to a non-holomorphic automorphic
function on upper half-plane, we can extract a theory of the $\zeta$ -function, at-
tached to the total matric algebra of degree 2 over $Q$ , with a zonal spherical
function.

On the other hand, Hecke [6] gave the theory of constructing Dirichlet
series with Euler product and functional equation out of a modular form.
Shimura [12] generalized this theory to the case of the automorphic form of
Hilbert type by means of the Iwasawa-Tate method. In other words, the $\zeta-$

function of a quaternion algebra, with a spherical function, not necessarily of
class 1, was treated.

The purpose of the present paper is to prove that the $\zeta$-function of a
total matric algebra over $Q$ is defined as an infinite product of local $\zeta$ -func-
tions, is meromorphic on the whole z-plane and satisfies a functional equation,
if the ” character ” is a zonal spherical function determined by a certain
automorphic function on $G$ (cf. \S 6, Theorem).
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We shall sketch the contents of the paper. Let $p$ be a prime number or
$\infty$ . We denote by $A_{p}$ the completion at $p$ of the total matric algebra over $Q$

of degree $n$ . The group of all invertible elements in $A_{p}$ is denoted by $G_{p}$ .
For a zonal spherical function $\omega_{p}$ on $G_{p}$ relative to a maximal compact

subgroup of $G_{p}$ , we introduce a local $\zeta$ -function at $p,$ $\zeta_{p}(z, \omega_{p})$ , with a certain
weight function $\phi_{p}$ (cf. (1.1)). The weight function $\phi_{\infty}$ is defined by

$\phi_{\infty}(x)=\exp(-\pi tr(x^{t}x)),$ $x\in A_{\infty}$ .

For the proof of the theorem, we need a trick, suggested by Shimura [12]

(pp. 270-272). We consider another local $\zeta$ -function at $\infty$ with a modified
weight function of the form

$\psi_{\infty}=w\phi_{\infty}$ , $w=\sum_{s=0}^{n}M_{s}c_{0}c_{s}$ .

Here, the $M_{s}$ are real numbers, and the $c_{s}$ are the functions on $A_{\infty}$ defined by

$\det(x^{t}x-T1_{n})=\sum_{s=0}^{n}(-1)^{s}c_{s}(x)T^{s},$ $x\in A_{\infty}$ ,

where $T$ is an indeterminate.
We choose $M_{s}$ so that the Fourier transform of $\psi_{\infty}$ is equal to $\psi_{\infty}$ . In \S 2,

\S 3 and \S 4, we shall show that it suffices to take

$M_{s}=(-1)^{s}\frac{(s+2)!}{2}\frac{1}{(2\pi)^{s}}$

by rather technical computations. The starting-point is Proposition 2, cited
from Maass [10], p. 4. In \S 2, we reduce the problem to that of finding a
sequence $N_{s}(s=0,1, 2, )$ which satisfies the linear equations

$\sum_{s=0}^{m}B_{s}(t, m)N_{s}=\left\{\begin{array}{l}0\\(-1)^{m}N_{m}(t=0)\end{array}\right.$

$(1\leqq t\leqq m)$ ,

for all non-negative integers $m$ . The coefficients $B_{s}(t, m)$ are defined induc-
tively, but it is difficult to express them in a simple formula by $s,$

$t$ and $m$ .
In \S 3, we calculate two auxiliary integrals. Making use of the one, we com-
pute $B_{s}(m, m)$ in Proposition 8, \S 4. On the other hand, Proposition 9 enables
us to express in some sense the coefficients $B_{s}(t, m)$ by $B_{s}(m-l, m-l)$ . We
see, in Proposition 10, that a sequence $N_{s}=(s+2)$ ! satisfies the above equa-
tions. The other integral in \S 3 is a means to calculate the local $\zeta$ -function
at $\infty$ with the modified weight function thus obtained (Proposition 11).

In \S 5, we define a function on $A$ of type $Z$ by $(Z1)$ , $\cdot$ .. , $(Z5)$ . This de-
finition is analogous to that of Tate [15] except $(Z5)$ . Then, we define a
global $\zeta$ -function with a weight function of type $Z$. The condition $(Z5)$ allows
us to apply the Iwasawa-Tate method to the global $\zeta$-function, as is seen in
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Proposition 12.
In \S 6, we state the theorem. For the proof, we first construct the func-

tion $\psi$ of type $Z$ by the usual weight functions at $ p\neq\infty$ and by the modified
weight function at $\infty$ . We deduce a functional equation of

$\prod_{p}\zeta_{p}(z, \omega_{p})$

from that of the global $\zeta$ -function with the weight function $\psi$ .

Notations

As usual, $Z,$ $Q,$ $R$ and $C$ are the sets of all integers, rational numbers,

real numbers and complex numbers respectively. For a real number $x$ , we
denote by $[x]$ the largest integer $n$ which satisfies $n\leqq x$ . For a complex
number $z,\overline{z}$ is the complex conjugate of $z$ .

Let $p$ be a prime number or $\infty$ . For $ p\neq\infty$ , we denote by $Q_{p}$ the field of
all $p$-adic numbers, and by $Z_{p}$ the ring of all $p$-adic integers. We put $Q_{\infty}=R$ .
Let $x$ be an element of $Q_{p}$ . In the case $ p\neq\infty$ , we denote by $\{x\}_{p}$ the main
part of the $p$-adic expansion of $x$ . So, if we expand $x$ in the form

$x=\sum_{i\geqq n_{0}}a_{i}p^{7i}$ , $0\leqq a_{i}\leqq p-1$ , $a_{n_{0}}\neq 0$ ,

then we have
$\{x\}_{p}=\sum_{i<0}a_{i}p^{i}$ .

We put $ord_{p}(x)=n_{0}$ and $|x|_{p}=p^{-\circ rd_{p^{(x)}}}$ . In the case $p=\infty,$ $|x|_{\infty}$ means the
usual absolute value of $x$ .

Let $R$ be a commutative ring. We denote by $M_{n}(R)$ the ring of all matrices
of degree $n$ over $R$ . For an element $x$ of $M_{n}(R)$ , the symbols $tr(x)$ and ${}^{t}x$

mean the trace of the matrix $x$ and the transposed matrix of $x$ respectively.
If $R$ has an identity, $GL(n, R)$ denotes the group of all matrices in $M.(R)$

whose determinants are the invertible elements of $R$ . The neutral element of
$GL(n, R)$ is denoted by $1_{n}$ .

Let $S$ be a set, and $T$ be a subset of $S$ . The characteristic function of $T$

on $S$ is denoted by $\chi_{T,S}$ , and sometimes by $\chi_{T}$ , if there is no fear of confusion.
When $S$ is a finite set, we denote by $\# S$ the number of all elements of $S$ .

Let $S$ be a topological space. We shall frequently use the following nota-
tions.

$C(S)$ : the set of all complex valued continuous functions on $S$ .
$L(S)$ : the set of all functions in $C(S)$ with compact carrier.
When the space $S$ has a measure, $L_{1}(S)$ denotes the set of all complex

valued integrable functions on $S$ .
Let $A$ be a ring, and $f$ a function on $A$ . For an invertible element $a$ of
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$A_{A}^{\prime}we$ define operators $L_{a}$ and $R_{\zeta\iota}$ by

$(L_{\zeta\iota}f)(x)=f(a^{-1}x)$ , $(R_{a}f)(x)=f(xa)$ , $x\in A$ .

\S 1. Local $\zeta$-functions

Let us put $A_{p}=M_{n}(Q_{p})$ , and for $ p\neq\infty$ . $O_{p}=M_{n}(Z_{p})$ . $A_{p}$ is a locally com-
pact topological ring, and $O_{p}$ is an open compact subring of $A_{p}$ . We define
a unitary character $\chi_{p}$ of $A_{p}$ by

$\chi_{p}(x)=\left\{\begin{array}{l}exp(2\pi\sqrt{-1}\{tr(x)\}_{p})\\exp(-2\pi\sqrt{-1}tr(x))\end{array}\right.$

$(p\neq\infty)$ ,

$(p=\infty)$

for $\chi\in A_{p}$ . We have $\chi_{p}(O_{p})=1$ . Obviously, $\chi_{p}(xy)=\chi_{p}(yx)$ for every $x,$ $y\in A_{p}$ .
$A_{p}$ is self-dual by the mapping

$A_{p}\times A_{p}\ni(x, y)\rightarrow\chi_{p}(xy)\in C$ .
We denote by $dx$ a Haar measure of $A_{p}$ . Then, we have

$d(ax)=d(xa)=|\det a|_{p}^{n}dx$

for every element $a$ of $A_{p}$ such that $\det a\neq 0$ . The Fourier transform of a
function $\varphi_{p}$ in $L_{1}(A_{p})$ is denoted by $\hat{\varphi}_{p}$ :

$\hat{\varphi}_{p}(y)=\int_{A_{p}}\varphi_{p}(x)\chi_{p}(xy)dx$ for $y\in A_{p}$ .

We normalize the measure $dx$ in such a way that the total volume of $O_{p}$ is
equal to 1 for $ p\neq\infty$ , and that $dx=\prod_{i.j}dx_{ij}$ for every element $x=(x_{tj})$ of $A_{\infty}$ .

We set

(1.1) $\phi_{p}(x)=\left\{\begin{array}{l}\chi_{Op}(x) (p\neq\infty),\\exp(-\pi tr(x^{t}x)) (p=\infty)\end{array}\right.$

for $x\in A_{p}$ . Then, we have $\phi_{p}\in C(A_{p})\cap L_{1}(A_{p})$ and $\hat{\phi}_{p}=\phi_{p}$ .
Put $G_{p}=GL(n, Q_{p}),$ $U_{p}=GL(n, Z_{p})$ for $ p\neq\infty$ and $U_{\infty}=O(n, R)$ . Inducing

to $G_{p}$ the topology of $A_{p},$ $G_{p}$ is a unimodular locally compact group, and $U_{p}$

is a maximal compact subgroup of $G_{p}$ . $U_{p}$ is an open subset of $G_{p}$ for $ p\neq\infty$ .
Let $Z_{p}$ be the centre of $G_{p}$ .

We denote by $du$ the Haar measure on $U_{p}$ , such that the total volume of
$U_{p}$ is equal to 1. A non-zero function $\omega_{p}$ in $C(G_{p})$ is called zonal spherical
function relative to $U_{p}$ , or simply spherical function, if the condition

(1.2) $\int_{U_{p}}\omega_{p}(gug^{\prime})du=\omega_{p}(g)\omega_{p}(g^{\prime})$ for all $g,$ $g^{\prime}\in G_{p}$

is satisfied. For spherical functions, we refer to [5], [11], [13], [14]. We
have $\omega_{p}(1_{n})=1$ . A spherical function $\omega_{p}$ is called positive-definite, if it satis-
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fies the condition

$\int_{o_{p^{\times}}}\int_{o_{p}}\omega_{p}(gh^{-1})f_{p}(g)\overline{f_{I)}(h)}dgdh\geqq 0$

for all $f_{p}\in L(G_{p})$ , where $dg$ is a Haar measure on $G_{p}$ . We denote by $\Omega_{p}$ the
set of all spherical functions, and by $\Omega_{p}^{+}$ the totality of positive-definite
spherical functions. If $\omega_{p}$ is a positive-definite spherical function, then we
have

$|\omega_{p}(g)|\leqq 1$ , $\overline{\omega_{p}(g)}=\omega_{p}(g^{-1})$ for all $g\in G_{p}$ .
Moreover, we denote by $\tilde{\Omega}_{p}$ the set of all $\omega_{p}$ in $\Omega_{p}$ which satisfy the condition

$\omega_{p}(\zeta g)=\omega_{p}(g)$ for all $\zeta\in Z_{p}$ , $g\in G_{p}$ .
We note that the above definitions and properties of spherical functions

are valid when $G_{p}$ is a general unimodular locally compact group and $U_{I^{j}}$ is a
compact subgroup of $G_{p}$ .

Spherical functions are parametrized by $n$ complex numbers as follows.
Let $T_{p}$ be the set of all upper triangular matrices in $G_{p}$ whose diagonal ele-
ments are integral powers of $p$ or positive numbers according as $ p\neq\infty$ or
$ p=\infty$ . Every element $g$ of $G_{p}$ can be written uniquely in the form:

$g=ut,$ $u\in U_{p},$ $t\in T_{p}$ , or $g=t_{1}u_{1},$ $t_{1}\in T_{p},$ $u_{1}\in U_{p}$ .
With $n$ complex numbers $s_{1},$ $\cdots$ , $s_{n}$ , we associate a character $\alpha_{s_{1},\cdots,\S n}$ of $T_{p}$ :

$\alpha_{s_{1},\cdots,s_{n}}(t)=\prod_{i=1}^{n}|t_{ii}|_{p}^{-s_{i+(i-1)}},$ $t=(t_{ij})\in T_{p}$ .

The character $\alpha_{s_{1,}}$ is extensible to a function on $G_{p}$ by putting

$\alpha_{s_{1},\ldots,s_{n}}(ut)=\alpha_{ss_{n}}J,\ldots,(t)$

for $u\in U_{p},$ $t\in T_{p}$ . Then, the function $\omega_{s_{1},\cdots,\epsilon n}$ on $G_{p}$ , defined by

$\omega_{s_{1},\cdots,s_{n}}(g)=\int_{U_{p}}\alpha_{s_{1},\ldots,s_{n}}(g^{-\iota}u)du$ , $g\in G_{p}$ ,

is spherical. Conversely, for every spherical function $\omega_{p}$ on $G_{p}$ , there exist
complex numbers $s_{1},$ $\cdots$ , $s_{n}$ such that $\omega_{p}=\omega_{s_{1},\cdots,*n}$ . By the above definition,

we have $\omega_{s_{1},\cdots,s_{n}}=\omega_{\overline{s}_{1},\cdots,\overline{s}_{n}}$ and

(1.3) $\omega_{s_{1},\ldots,s_{n}}(g)|\det g|_{p}^{z}=\omega_{s_{1}+z,\ldots,s_{n}+z}(g)$ .
We denote by $S_{n}$ the symmetric group of degree $n$ . Spherical functions

$\omega_{s_{1},\cdots,s_{n}}$ and $\omega_{s_{1}^{\prime},\cdots,s_{n}^{\prime}}$ coincide with each other, if and only if

$s_{\sigma(i)}\equiv s_{i}^{\prime}$ $(mod$ . $\frac{2\pi\sqrt{-1}}{\log p})$ , $i=1,$ $n$

for some element $\sigma$ of $\mathfrak{S}_{n}$ , where $2\pi\sqrt{-1}/\log p$ means zero for $ p=\infty$ . In
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particular, $\omega_{s_{1},\cdots,s_{n}}=1$ , if and only if

$s_{\sigma(i)}\equiv i-1$ ($mod$ . $\frac{2\pi\sqrt{-1}}{\log p}$), $i=1,$ $\cdots$ , $n$

for some $\sigma\in \mathfrak{S}_{n}$ . The condition

(1.4) $\sum_{i=1}^{n}s_{i}\equiv\frac{n(n-1)}{2}$ $(mod.\frac{2\pi\sqrt{-1}}{\log p})$

is necessary and sufficient for $\omega_{s_{1n}},\cdots$, to be in $\tilde{\Omega}_{p}$ . If a spherical function
$\omega_{s_{1},\cdots,\$ n}$ belongs to $\Omega_{p}^{+}$ , then we have

(1.5) $\overline{s}_{i}\equiv n-1-s_{\sigma(i)}(mod.\frac{2\pi\sqrt{-1}}{\log p})$ , $i=1,$ $n$

for some $\sigma\in \mathfrak{S}_{n}$ .
We normalize the measure $dg$ on $G_{p}$ so that for $ p\neq\infty$ , the total volume

of $U_{p}$ is equal to 1, and that for $ p=\infty$ , we have

$dg=2^{n}du(\prod_{i=1}^{n}t_{ii}^{-t}dt_{ii})(\prod_{i<j}dt_{ij})$ ,

where $g=ut,$ $u\in U_{\infty},$ $t=(t_{ij})\in T_{\infty}$ .
Let $\omega_{p}$ be a spherical function on $G_{p}$ . Let $\phi_{p}$ be the function on $A_{p}$ as

(1.1). The following proposition is a special case of a result of Tamagawa
[14].

PROPOSITION 1. If $\omega_{p}=\omega_{s_{1},\cdots,\iota_{n}}$ , then the integral

$\zeta_{p}(z, \omega_{p})=\int_{a_{p}}\phi_{p}(g)\omega_{p}(g^{-1})|\det g|_{p}^{z}dg$

converges for ${\rm Re} z>{\rm Max}_{i}({\rm Re} s_{i})$ . The function $\zeta_{p}(z, \omega_{p})$ of $z$ is continued to a
meromorphic function on the whole z-plane, which is called the local $\zeta$ -function
at $p$ with weight function $\phi_{p}$ . We have

$\zeta_{p}(z, \omega_{p})=\left\{\begin{array}{l}\prod_{i=1}^{n}(1-p^{s_{i}}p^{-z})^{-1}\\\pi^{-\frac{n}{2}z+\frac{1}{2}\sum_{i=}s_{i}}\prod_{i=1}^{n}\Gamma(\frac{z-s_{i}}{2})n_{1}\end{array}\right.$ $(p=\infty)(p\neq\infty),$

.

Now, we ask if the infinite product $\prod_{p}\zeta_{p}(z, \omega_{p})$ converges in some region of

z-plane, if it is continued to a meromorphic function on the whole z-plane
and if it satisfies a functional equation under some assumptions on $\{\omega_{p}\}_{p\leqq\infty}$ .
When $n\neq 1$ , these questions shall not be solved by the immediate application
of the Iwasawa-Tate method to the idele group of $M_{n}(Q)$ . As was suggested
by Shimura [12] pp. 270-272, we need another local $\zeta$-function at $\infty$ , with a
slightly modified weight function, which will allow us to apply that method.
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Let $X=(X_{ij})$ be an $(n, n)$ matrix of $n^{2}$ indeterminates $X_{lj}$ ; let $w(X)$ be a
polynomial of $X_{ij}$ over $C$. We define a function $w$ on $A_{\infty}$ by

$A..\ni x\rightarrow w(x)\in C$ ,

which will be called the polynomial on $A_{\infty}$ . The Gauss transform $w$“ of a
polynomial $w$ on $A_{\infty}$ is defined by

$ w^{*}(x)=\int_{A}w(x+y)\phi_{\infty}(y)dy\infty$ ’
$x\in A_{\infty}$ .

The function $w^{*}$ is a polynomial on $A_{\infty}$ . Put $\tilde{w}(x)=w^{*}(-\sqrt{-1}^{\iota}x)$ . Then, we
get easily

$ w\phi_{\infty}=\tilde{w}\phi_{\infty}\wedge$ .
We adopt a modified weight function of the form $w\phi_{\infty}$ .

Actually, we use a polynomial of more restricted type as follows. Let $T$

be an indeterminate. We define a polynomial $c_{s}$ ($s=0,$ $\cdots$ , n) on $A_{\infty}$ by

$\det(x^{t}x-T1_{n})=\sum_{s=0}^{n}(-1)^{s}c_{s}(x)T^{s}$ , $x\in A_{\infty}$ .

In particular, $c_{0}(x)=(\det x)^{2},$ $c_{n}(x)=1$ . We put

(1.6) $\psi_{\infty}=w\phi_{\infty}$ , $w=\sum_{s=0}^{n}M_{s}c_{0}c_{s}$ , $M_{s}\in R$ .
Then, we have

$\left\{\begin{array}{l}\psi_{\infty}(uxv)=\psi_{\infty}(x) for u,v\in U_{\infty},x\in A_{\infty},\\\psi_{\infty}(x)=0 for x\in A_{\infty},detx=0.\end{array}\right.$

In the following sections, we shall seek a function $\psi_{\infty}$ of the form (1.6) satisfy-
ing the requirements

i) $\hat{\psi}_{\infty}=\psi_{\infty}$ ,
ii) the local $\zeta$ -function at $\infty$ with the weight function $\psi_{\infty}$ is not identi-

cally zero.

\S 2. Some properties on determinants

In \S 2, \S 3 and \S 4, we consider only functions on $A_{\infty}$ or $G_{\infty}$ , so we omit
the suffix $\infty$ . Let $w$ be a polynomial on $A$ . For integers $i,$ $j(1\leqq i, j\leqq n)$ ,

we define an operator $\partial/\partial(ij)$ by

$\frac{\partial w}{\partial(ij)}(x)=\frac{\partial w(x)}{\partial x_{ij}}$ , $x\in A$ .
Put $\Delta=\sum_{i,j}(\partial/\partial(ij))^{2}$ .

We cite the following proposition from Maass [10], p. 4.
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PROPOSITION 2. For every polynomial $w$ on $A$ , we have

$w^{*}=\sum_{k=0}^{\infty}\frac{1}{(4\pi)^{k}k!}\Delta^{k}w$ .
Since $\Delta^{k}w=0$ for suffciently large $k$ , the right-hand side of the above relation
is a finite sum.

Put $c_{\mu}=0$ for $\mu>n$ .
PROPOSITION 3. We have

$\Delta(c_{r}c_{s})=2\{(r+1)^{2}c_{r+1}c_{s}+(s+1)^{2}c_{r}c_{s+1}+4\sum_{t=0}^{r}(-r+s+2t+1)c_{r-t}c_{s+t+1}\}$

for integers $r$ and $s$ such that $0\leqq r,$ $s\leqq n$ .
We need some preliminaries for the proof of the proposition. We denote

by $I_{n}$ the set of integers $\{$ 1, $\cdots$ , $n\}$ . Let $s$ be a non-negative integer; let
$\{i_{1}$ , $\cdot$ .. , $i_{s}\}$ and $\{j_{1}$ , $\cdot$ .. $j_{s}\}$ be two indexed sets of $s$ integers in $I_{n}$ .

Suppose $x$ is an element of $A$ . If $i_{1},$ $\cdots$ , $i_{s}$ are mutually different and
$j_{1},$ $\cdots$ , $j_{s}$ are also mutually different, we denote by

$d(i_{1}\cdots i_{s};j_{1} j_{s})(x)$

the minor of $\det x$ formed by removing $i_{1},$ $\cdots$ , $i_{s}$ -rows and $j_{1},$ $\cdots$ , $j_{s}$ -columns;
we put

$e(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})(x)=sign(i_{1}\cdots i_{s})$ sign $(j_{1}\cdots j_{s})d(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})(x)$ .
If $i_{\alpha}=i_{\beta}$ or $j_{\alpha}=j_{\beta}$ for different integers $\alpha,$ $\beta$ such that $1\leqq\alpha,$ $\beta\leqq s$ (in parti-
cular, when $s>n$), we set

$d(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})(x)=e(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})(x)=0$ .
From the definition of $c_{s}$ , we obtain the equality

(2.1) $c_{s}=\sum_{(s)}d(i_{1}\cdots i_{s};j_{1}\cdots j_{s})^{2}$ ,

where $\sum_{(s)}$
means $\sum_{i_{1}<\cdots<i_{S}}$

$J_{1}<\cdots<J_{s}$

Suppose $i_{1}<\ldots<i_{s},$ $j_{1}<\ldots<j_{s}$ . Let $i$ and $j$ be integers in $I_{n}$ . Put

$\mu=\#\{i_{\alpha} ; 1\leqq\alpha\leqq s, i_{\alpha}<i\}$ , $\nu=\#\{j_{\alpha}j1\leqq\alpha\leqq s, j_{\alpha}<j\}$ .
Then,

(2.2) $e(ii_{1}\cdots i_{s} ; jj_{1}\cdots j_{s})=(-1)^{\mu+\nu}d(ii_{1}\cdots i_{s} ; jj_{1}\cdots j_{s})$ .

Therefore, we obtain the relation

(2.3) $\frac{\partial}{\partial(ij)}d(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})=(-1)^{i+j}e(ii_{1}\cdots i_{s} ; jj_{1}\cdots j_{s})$ .

$t$ follows from these results that
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(2.4) $\Delta c_{s}=2(s+1)^{2}c_{s+1}$ .
Indeed, by (2.1) and (2.3), we have

$\Delta c_{s}=\sum_{i.j}\sum_{(s)}\frac{\partial}{\partial(ij)}\{2d(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})(-1)^{i+j}e(ii_{1}\cdots i_{s} ; jj_{1}\cdots j_{s})\}$

$=2\sum_{i.j}\sum_{(s)}d(ii_{1}\cdots i_{s} ; jj_{1}\cdots j_{s})^{2}$

$=2\sum_{\mu,\nu=1}^{s+1}\sum_{i_{1}<\cdots<i_{\mu-1}<i<i_{\mu}<\cdots<i_{S}}d(ii_{1}\cdots i_{s} ; jj_{1}\cdots j_{s})^{2}$

$j_{1}<\cdots<J_{\mu-1}\triangleleft<j_{\nu<\cdots\triangleleft}S$

$=2(s+1)^{2}c_{s+1}$ .
This completes the proof of (2.4).

We write $d(x)=\det x,$ $d(ij)=d(i;j)$ . The equality

$e(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})=\frac{1}{d^{s-1}}\left|\begin{array}{lll}d(i_{1}j_{1}) & \cdots & d(i_{1}j_{s})\\\vdots & & \vdots\\ d(i_{s}j_{1}) & \cdots & d(i_{s}j_{s})\end{array}\right|$

holds for $s\neq 0$ . So we have for $s\neq 0$

(2.5) $\sum_{\mu=1}^{s}(-1)^{\mu+\nu}d(i_{J}j_{\nu})e(i_{1}\cdots i_{l^{f}}\cdots i_{s} ; j_{1}\cdots\hat{j}_{\nu}\cdots j_{s})\wedge$

$=\sum_{\nu=1}^{*}(-1)^{\mu+\nu}d(i_{\alpha}j_{\nu})e(i_{1}\cdots i_{\alpha}^{\wedge}\cdots i_{s} ; j_{1}\cdots\hat{j}_{\nu}\cdots j_{s})$

$=de(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})$ .

LEMMA 1. Let $a(i, j)$ be a polynomial on $A$ for every $i$ and $j$ in $I_{n}$ . Then,

we have

$\sum_{i.j}(-1)^{i+j}a(i, j)\frac{\partial c_{s}}{\partial(ij)}$

$=2\sum_{(s+1)}\sum_{\mu.\nu=1}^{s+1}(-1)^{\mu+\nu}a(i_{\rho r},j_{\nu})d(i_{1}\cdots i_{\mu}^{\wedge}\cdots i_{s+1} ; j_{1}\cdots j_{\nu}^{\wedge}\cdots j_{s+1})$

$\times d(i_{1}\cdots i_{s+1} ; j_{1}\cdots j_{s+1})$ .
In particular,

$\sum_{i.j}(-1)^{i+j}d(ij)\frac{\partial c_{s}}{\partial(ij)}=2(s+1)dc_{s+1}$ .

PROOF. Making use of (2.1), (2.3) and (2.2), we get the equalities

$\sum_{i,j}(-1)^{i+j}a(i,j)\frac{\partial c_{s}}{\partial(ij)}$

$=2\sum_{i,j}(-1)^{i+j}a(i, j)\sum_{(s)}(-1)^{i+j}d(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})e(ii_{1}\cdots i_{s} ; jj_{1}\cdots j_{s})$
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$=2\sum_{\mu,\nu=1}^{s+1}(-1)_{i,J_{1<<^{i}<j<j_{\nu}<<}^{1<<_{j_{\nu}}-1<i<i<.\cdot.\cdot\cdot<_{j_{S}^{?}}}}^{\mu+\nu}.\cdot.\cdot.\cdot\sum_{\mu_{-1}\mu.s}a(i, j)d(i_{1}$

... $i_{s}$ ; $j_{1}$ ... $j_{s})d(ii_{1}$ ... $j_{s}$ ; $jj_{1}$ ... $j_{s})$

$=2\sum_{(s+1)}\sum_{\mu,\nu=1}^{s+1}(-1)^{\prime J+\nu}a(i_{\alpha,}, j_{\nu})d(i_{1}\cdots i_{\mu}\cdot\cdot i_{s+1} ;\wedge. j_{1}\cdots\hat{j}_{\nu}\cdots j_{s+1})$

$\times d(i_{1}\cdots i_{s+1} ; j_{1}\cdots j_{s+1})$ .
They give us the first part of Lemma 1. As to the second part, we put
$a(i, j)=d(ij)$ in the first part, then the result follows readily from (2.5).

LEMMA 2. For integers $\alpha$ and $\beta$ in $I_{n}$ , we have

$\sum_{i,j}(-1)^{i+j}d(i\beta)d(\alpha j)\frac{\partial c_{s}}{\partial(ij)}=2d(\alpha\beta)d_{C_{s+1}}-d^{2}(-1)^{\alpha+\beta}\frac{\partial c_{s+1}}{\partial(\alpha\beta)}$ .

PROOF. From Lemma 1 and (2.5),

$\sum_{i,j}(-1)^{i+j}d(i\beta)d(\alpha j)\frac{\partial c}{\partial(ij}S\overline{)}$

$=2\sum_{(s+1)}\sum_{\mu,\nu=1}^{s+1}(-1)^{\mu+\nu}d(i_{\mu}\beta)d(\alpha j_{\nu})d(i_{1}\cdots i_{\mu}\cdots i_{s+1}\wedge ; j_{1}\cdots\hat{j}_{\nu}\cdots j_{s+1})$

$\times d(i_{1}\cdots i_{s+1} ; j_{1}\cdots j_{s+1})$

$=2d\sum_{(s+1)}\sum_{\nu=1}^{s+1}d(\alpha j_{\nu})e(i_{1}\cdots i_{s+1} ; j_{1}\cdots j_{\nu-1}\beta j_{\nu}\cdots j_{s+1})d(i_{1}\cdots i_{s+1} ; j_{1}\cdots j_{s+1})$

$=2d\sum_{(s+1)}(-\sum_{\nu=1}^{\iota+1}(-1)^{1+\nu+1}d(\alpha j_{\nu})e(i_{1}\cdots i_{s+1} ; \beta j_{1}\cdots\hat{j}_{\nu}\cdots j_{s+1}))$

$\times d(i_{1} i_{s+1};j_{1}\cdots j_{s+1})$

$=2d\sum_{(s+1)}(d(\alpha\beta)d(i_{1}\cdots i_{s+1} ; j_{1}\cdots j_{s+1})-de(\alpha i_{1}\cdots i_{s+1} ; \beta j_{1}\cdots j_{s+1}))$

$\times d(i_{1}\cdots i_{s+1};j_{1} j_{s+1})$ .
The last expression is equal to

$2d(\alpha\beta)dc_{s+1}-d^{2}(-1)^{\alpha+\beta}\frac{\partial_{C_{s+1}}}{\partial(\alpha\beta)}$

by (2.3). This completes the proof of Lemma 2.
LEMMA 3. Let $r$ be a positive integer and $s$ be a non-negative integer.

Then,

$\sum_{i.j}\frac{\partial c_{r}}{\partial(ij)}\frac{\partial c_{s}}{\partial(ij)}=4(-r+s+1)c_{r}c_{s+1}+\sum_{i,j}\frac{\partial c_{r-1}\partial c_{s+1}}{\partial(ij)\partial(ij)}$ .

PROOF. We have first by the use of (2.1) and (2.3)

$\sum_{i,j}\frac{\partial c_{r}\partial c_{s}}{\partial(ij)\partial(ij)}$

$=2\sum_{i,j}\sum_{(r)}d(i_{1}\cdots i_{r} ; j_{1}\cdots j_{r})(-1)^{i+j}e(ii_{1}\cdots i_{r} ; jj_{1}\cdots j_{r})\frac{\partial c_{s}}{\partial(ij)}$ .
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On the other hand, when $i_{1}<\ldots<i_{r},$ $j_{1}<\ldots<j_{r}$ , the relations (2.5) give
us the equalities

$e(ii_{1}\cdots i_{r} ; jj_{1}\cdots j_{r})$

$=\frac{1}{d}d(ij)d(i_{1}\cdots i_{r} ; j_{1}\cdots j_{r})+\frac{1}{d}\sum_{\nu=1}^{r}(-1)^{\nu}d(ij_{\nu})e(i_{1}\cdots i_{r} ; jj_{1}\cdots j_{\nu}^{\wedge}\cdots j_{r})$

$=\frac{1}{d}d(ij)d(i_{1}\cdots i_{r} ; j_{1}\cdots j_{r})-\frac{1}{d^{2}}\sum_{\mu,\nu=1}^{r}(-1)^{\mu+\nu}d(ij_{\nu})d(i_{\mu}j)$

$\times d(i_{1}\cdots i_{\mu}\cdots i_{r} ;\wedge j_{1}\cdots]_{\nu}^{\wedge}\cdots j_{r})$ .
Accordingly, we can convert the sum

$\sum_{i,j}\frac{\partial c_{r}\partial c_{s}}{\partial(ij)\partial(ij)}$

into the sum of two expressions:

(2.6) $\frac{2}{d}\sum_{(r)}\sum_{t,j}d(i_{1}\cdots i_{\gamma} ; j_{1}\cdots j_{r})^{2}(-1)^{i+j}d(ij)\frac{\partial c_{s}}{\partial(ij)}$ ,

(2.7) $-\frac{2}{d^{2}}\sum_{(r)}\sum_{\mu\nu=1}^{r}\sum_{i,j}(-1)^{i+j}d(i_{J\nu})d(i_{\mu}j)\frac{\partial c_{s}}{\partial(ij)}$

$\times(-1)^{\prime x+\nu}d(i_{1}\cdots i_{\mu}^{\wedge}\cdots i_{r};j_{1}\cdots\hat{j}_{\nu}\cdots j_{r})d(i_{1} i_{r};j_{1}\cdots j_{r})$ .
The expression (2.6) is reduced, by Lemma 1, to

$4(s+1)c_{r}c_{s+1}$ .
Taking into account Lemma 2, we again devide (2.7) into the sum of two
expressions:

(2.8) $-\frac{4}{d}\sum_{(r)\mu},\sum_{\nu=1}^{r}d(i_{\mu}j_{\nu})c_{s+1}(-1)^{\mu+\nu}d(i_{1}\cdots i_{\mu}\cdots i_{r} ; j_{1}\cdots\hat{j}_{\nu}\cdots j_{r})\wedge$

$\times d(i_{1}\cdots i_{r} ; j_{1}\cdots j_{r})$ ,

(2.9) 2 $\sum_{(r)}\sum_{\mu,\nu=1}^{r}(-1)^{\mu+\nu}(-1)^{i_{\mu}+j\nu}\frac{\partial c_{s+1}}{\partial(i_{l}j_{\nu})}d(i_{1}\cdots i_{\mu}\cdots i_{r};j_{1}\cdots j_{\nu}^{\wedge}\cdots j_{r})\wedge$

$\times d(i_{1}\cdots i_{r} ; j_{1}\cdots j_{r})$ .
By the relations (2.5) and (2.1), we have

$(2.8)=-4r\sum_{(r)}d(i_{1}\cdots i_{r} ; j_{1}\cdots j_{r})^{2}c_{s+1}=-4rc_{r}c_{s+1}$ .
Further, Lemma 1 gives us the relations

$(2.9)=\sum_{i,j}(-1)^{i+j}\{(-1)^{i+j}\frac{\partial c_{s+1}}{\partial(ij)}\}\frac{\partial c_{r-1}}{\partial(ij)}=\sum_{i,j}\frac{\partial c_{r-1}}{\partial(ij)}\frac{\partial c_{s+1}}{\partial(ij)}$

Summing up these results, we get
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$\sum_{i,j}\frac{\partial c_{\gamma}}{\partial(ij)}\frac{\partial c_{s}}{\partial(ij)}=4(-r+s+1)c_{r}c_{s+1}+\sum_{i,j}\frac{\partial c_{r-1}\partial c_{s+1}}{\partial(ij)\partial(ij)}$ .

This completes the proof.
PROOF OF PROPOSITION 3. We have

$\Delta(c_{r}c_{s})=\{\Delta(c_{\gamma})c_{s}+c_{r}\Delta(c_{s})+2\sum_{i,j}\frac{\partial c_{r}}{\partial(ij)}\frac{\partial c_{s}}{\partial(ij)}\}$

$=2\{(r+1)^{2}c_{r+1}c_{s}+(s+1)^{2}c_{\gamma}c_{s+1}+\sum_{i,j}\frac{\partial c_{r}}{\partial(ij)}\frac{\partial c_{s}}{\partial(ij)}\}$ .

So it is enough to prove the formula

(2.10) $\sum_{i,j}\frac{\partial c_{r}}{\partial(ij)}\frac{\partial c_{s}}{\partial(ij)}=4\sum_{t=0}^{r}(-r+s+2t+1)c_{r-t}c_{s+t+1}$ ,

which we shall show by induction on $r$ .
We have by Lemma 1.

$\sum_{i,j}\frac{\partial c}{\partial(ij}0\frac{\partial c_{s}}{\partial(ij)}\overline{)}=2d\sum_{i,j}(-1)^{i+j}d(ij)\frac{\partial c_{s}}{\partial(ij)}=4(s+1)c_{0}c_{s+1}$ .

This is the formula (2.10) for $r=0$ . Let $r\geqq 1$ . Suppose

$\sum_{i,j}\frac{\partial c_{r-1}}{\partial(ij)}\frac{\partial c_{s}}{\partial(ij)}=4\sum_{t=0}^{\gamma-1}(-r+s+2t+2)c_{r-1-c^{C_{s+t+1}}}$ .

We get from Lemma 3

$\sum_{i,j}\frac{\partial c_{r}}{\partial(ij)}\frac{\partial c_{s}}{\partial(ij)}=4(-r+s+1)c_{\gamma}c_{s+1}+4\sum_{t=0}^{r-1}(-r+s+2t+3)c_{r-1-\iota^{C_{s+t+2}}}$

$=4\sum_{t=0}^{r}(-r+s+2t+1)c_{r-t}c_{s+t+1}$ .

This concludes the proof of Proposition 3.
On the ground of Proposition 3 and Proposition 2, we next define two

sequences.
Sequence A. We shall define $A_{\iota}^{k}(s)$ for all integers $k,$ $l$ and $s$ . For $k,$ $1,$ $s$

not satisfying $k\geqq l\geqq 0$ and $s\geqq 0$ , we put

$A_{\iota}^{k}(s)=0$ .
For $k,$ $l,$ $s$ satisfying $k\geqq l\geqq 0$ and $s\geqq 0$ , we define $A_{\iota}^{k}(s)$ inductively by

$\left\{\begin{array}{l}A_{0}^{0}(s)=1\\A_{\iota}^{k}(s)=A_{\iota}^{k-1}(s)(k-l)^{2}+A_{\iota-1}^{k-1}(s)(s+l)^{2}+4(-k+2l+s)\sum_{\mu=0}^{l- 1}A_{\mu^{-1}}^{k}(s).\end{array}\right.$

Sequence B. We shall define $B_{s}(t, m)$ for all integers $s,$
$t$ and $m$ . For $s,$

$t$ ,

$m$ satisfying $0\leqq s,$ $t\leqq m$ , we put
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$B_{s}(t, m)=\frac{1}{1+\delta_{t,m}}W_{t+m-s}\{A_{t-s}^{t+m-s}(s)+A_{m-s}^{t+m-s}(s)\}$ ,

where $\delta_{t,m}$ is the Kronecker’s symbol and $W_{k}=(-1)^{k}/k$ !. For $s,$ $t,$ $m$ not
satisfying $0\leqq s,$ $t\leqq m$ , we put

$B_{s}(t, m)=0$ .
We explain the r\^ole of these sequences in the following Proposition 4 and

Proposition 5.
PROPOSITION 4. Let $s$ be an integer such that $0\leqq s\leqq n$ . For every non-

negative integer $k$ , we have

(2.11) $\Delta^{k}(c_{0}c_{s})=2^{k}\sum_{\iota=0}^{k}A_{\iota}^{k}(s)c_{k-l}c_{S+\iota}$ .

In particular, $\Delta^{k}(c_{0}c_{s})=0$ for $k>2n-s$ .
PROOF. Since $A_{0}^{0}(s)=1,$ $(2.11)$ is valid for $k=0$ . Suppose

$\Delta^{k-1}(c_{0}c_{s})=2^{h-1}\sum_{l=0}^{k-1}A_{\iota}^{k-1}(s)c_{k\leftarrow 1-\iota^{C_{s+l}}}$ .

By means of Proposition 3, we devide $\Delta^{k}(c_{0}c_{s})$ into the sum of the following
three expressions:

$2^{k}\sum_{\iota=0}^{k-1}A_{l}^{k-1}(s)(k-l)^{2}c_{k-l}c_{s+l}=2^{k}\sum_{l-- 0}^{k}A_{\iota}^{k-1}(s)(k-l)^{2}c_{k-\iota^{C_{s+l}}}$ ,

$2^{k}\sum_{\iota=0}^{k-1}A_{\iota}^{k-1}(s)(s+l+1)^{2}c_{k-1\leftarrow\iota}c_{s+\iota+1}=2^{k}\sum_{\iota=0}^{k}A_{\iota-1}^{k-1}(s)(s+l)^{2}c_{k-\iota^{C_{s+l}}}$ ,

$2^{k}\sum_{\mu=0}^{k-1}A_{l}^{k_{k}-1}(s)\cdot 4\sum_{t=0}^{k-1-\mu}(-k+2\mu+s+2t+2)c_{k-1-\mu-\iota^{C_{s+\mu+t+1}}}$ .

Put $l=\mu+t+1$ , then the third expression is equal to

$2^{k_{\sum}^{k-1}}$ $\sum^{k}A_{\mu}^{k-1}(s)\cdot 4(-k+2l+s)c_{k-l}c_{s+l}$

$\mu=0l\Leftarrow\mu+1$

$=2^{k}\sum_{\iota=0}^{k}4(-k+2l+s)\sum_{\mu=0}^{l-1}A_{\mu}^{k-1}(s)c_{k-l}c_{s+l}$ .
Thus,

$\Delta^{k}(c_{0}c_{s})=2^{k}\sum_{\iota=0}^{k}\{A_{\iota}^{k-1}(s)(k-l)^{2}+A_{l-1}^{k-1}(s)(s+l)^{2}+4(-k+2l+s)\sum_{\mu=0}^{l-1}A_{\mu}^{k-1}(s)\}c_{k-\iota^{C_{s+t}}}$

$=2^{k}\sum_{\iota=0}^{k}A_{\iota}^{k}(s)c_{k-\iota^{C_{s+l}}}$ .

Since $c_{\mu}=0$ for $\mu>n$ , we get the second part of the proposition.
PROPOSITION 5. For real numbers $N_{s}(0\leqq s\leqq n)$ , we have
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$\sum_{s=0}^{n}(-1)^{s}N_{s}\frac{c_{0}c_{s}}{(2\pi)^{s}}\sim=\sum_{0\leqq\rho\leqq\sigma\leqq n}$ { $\sum_{s=0}^{\sigma}B_{s}(\rho, \sigma)N_{s}\}\frac{c_{\rho}c_{\sigma}}{(2\pi)^{\rho+\sigma}}$ .

PROOF. Since $\Delta^{k}(c_{0}c_{s})=0$ for $k>2n-s$ ,

$(c_{0}c_{s})^{*}=\sum_{k=0}^{2n-s}\frac{1}{k!(4\pi)^{k}}\Delta^{k}(c_{0}c_{s})$

$=\sum_{k=0}^{2n-s}\sum_{\iota=0}^{k}\frac{1}{k!(2\pi)^{k}}A_{\iota}^{k}(s)c_{k-\iota^{C_{s+l}}}$

by Proposition 2 and Proposition 4. On the other hand,

$d(i_{1}\cdots i_{s} ; j_{1}\cdots j_{s})(-\sqrt{-1}^{c_{X}})=(\sqrt{-1})^{n-s}d(j_{1}\cdots j_{s} ; j_{1}, .. i_{s})(x)$ ,

so
$C_{s}(-\sqrt{-1}t_{X)=(-1)^{n-s}c_{s}(x)}$

Hence, we get

$(-1)^{s}\frac{c_{0^{C_{s}}}}{(2\pi)^{s}}\sim^{\prime}=\sum_{k=0}^{2n-s}\sum_{l---()}^{k}\frac{(-1)^{k}}{k!}A_{l}^{k}(s)\frac{c_{k-l}c_{s+l}}{(2\pi)^{k+s}}$ .

Put $\rho=k-l,$ $\sigma=s+l$ . Since $c_{\mu}=0$ for $\mu>n$ , it follows that

$(-1)^{s}\frac{c_{0}c_{s}}{(2\pi)^{s}}\sim=\sum_{\rho=0}^{n}\sum_{\sigma=s}^{n}W_{\rho+\sigma-s}A_{\sigma-s}^{\rho+\sigma-s}(s)\frac{c_{\rho}c_{\sigma}}{(2\pi)^{\rho+\sigma}}$

$=\sum_{\sigma=s}^{n}\sum_{\rho=0}^{\sigma}+\sum_{\rho=s+1}^{n}\sum_{\sigma=s}^{\rho-1}$ .
Recalling that $A_{\alpha}^{\beta}(s)=0$ for $\alpha<0$ , we rewrite the second sum in the last ex-
pression as follows:

the second sum $=\sum_{\sigma=s+1}^{n}\sum_{\rho=s}^{\sigma-1}W_{\rho+\sigma-s}A_{\rho-s}^{\rho+\sigma-s}(s)\frac{c_{\rho}c_{\sigma}}{(2\pi)^{\rho+\sigma}}$

$=\sum_{\sigma=s}^{n}\sum_{\rho=0}^{\sigma-1}W_{\rho+\sigma-s}A_{\rho^{+\sigma-s}}^{\rho_{-s}}(s)\frac{c_{\rho}c_{\sigma}}{(2\pi)^{\rho+\sigma}}$ .
Thus, we get

$(-1)\frac{0^{C_{S}}}{2\pi)^{s}}\sim_{{}_{S}C}\overline{(}=\sum_{\sigma=s}^{n}\sum_{\rho=0}^{\sigma}\frac{1}{1+\delta_{\rho,\sigma}}W_{\rho+\sigma-s}\{A_{\rho^{+\sigma-s}}^{\rho_{-s}}(s)+A_{\sigma^{+\sigma-s}}^{\rho_{-s}}(s)\}\frac{c_{\rho}c_{\sigma}}{(2\pi)^{\rho+\sigma}}$

$=\sum_{\sigma=s}^{n}\sum_{\rho=0}^{\sigma}B_{s}(\rho, \sigma)\frac{c_{\rho}c_{\sigma}}{(2\pi)^{\rho+\sigma}}$ .

Now, Proposition 5 readily follows from this.
Thus, from Proposition 5, we shall obtain a polynomial $w$ on $A$ of the

form (1.6) such that $\tilde{w}=w$ , if we get a sequence $N_{s}(s=0,1, 2, )$ which
satisfies the equations
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(2.12) $\sum_{s=0}^{m}B_{s}(t, m)N_{s}=\left\{\begin{array}{l}0 (1\leqq t\leqq m),\\(-1)^{m}N_{m} (t=0)\end{array}\right.$

for every non-negative integer $m$ . But it is difficult to express the coefficients
$B_{s}(t, m)$ in a simple formula by $s,$ $t,$ $m$ , immediately from the definitions of
sequences A and B. We shall keep this difficulty out of the way in the fol-
lowing sections.

\S 3. Certain integrals

In this section, we calculate the integrals

$\int_{A}c_{0}(x)c_{s}(x)\phi(x)dx$ , $\int_{G}c_{0}(g)c_{s}(g)\phi(g)\omega_{s_{1,\prime}s_{n}}(g^{-1})dg$

for later use.
We first consider differential operators on $G$ . Let $\varphi$ be a differentiable

function on $G$ . For integers $i$ and $j(1\leqq i, j\leqq n)$ , we define an operator $D_{tj}$ by

$(D_{ij}\varphi)(g)=\sum_{/x=1}^{n}g_{i\mu}\frac{\partial\varphi(g)}{\partial g_{j\mu}}$ , $g=(g_{ij})\in G$ .

Let $s$ be an integer such that $0\leqq s\leqq n$ . Put $k=n-s$ . Let $L_{a\beta}$ be a differ-
ential operator on $G$ for every $\alpha$ and $\beta(1\leqq\alpha, \beta\leqq k)$ . We put

$|L_{1k}^{kk}L^{k1}L..\cdot\cdot.\cdot.\cdot$

.
$L_{11}|=\sum_{\sigma\subset- \mathfrak{S}_{k}}sign(\sigma)L_{\sigma(k)k}\cdots L_{\sigma(1)1}$ .

We define a differential operator $D_{s}$ by

$D_{s}=\sum_{i_{1}<\cdots<i_{k}}\left|\begin{array}{lll}D_{i_{k}t_{k}}+(k-1)\cdot & \cdots & D_{i_{k}i_{1}}.\\\vdots & \ddots & \vdots\\\vdots & & D_{i_{2}i_{2}}+1\\D_{i_{1}i_{k}} & \cdots & D_{i_{1}i_{1}}\end{array}\right|$ .

PROPOSITION 6. The operator $D_{s}$ commutes with the translations $R_{a}$ and $L_{u}$

for all $a$ in $G$ and $u$ in U. Moreover, we have

$ D_{s}\phi=(-2\pi)^{n-s}c_{s}\phi$ .
PROOF. Let $g=(g_{ij})$ and $a=(a_{ij})$ be elements of $G$ . Put $h=ga$ . Let

$(a^{-1})_{i,j}$ be the $(i, j)$ element of the matrix $a^{-1}$ . Then, we have

$(D_{ij}R_{a}\varphi)(g)=\sum_{\mu=1}^{n}g_{i/1}\frac{\partial\varphi(ga)}{\partial g_{j\mu}}=\sum_{\mu=1}^{n}g_{i\mu}\sum_{\nu=1}^{n}(\underline{\partial}_{\partial}\frac{\varphi(g)}{g_{j\nu}})_{g=h}a_{\mu\nu}$ .

Hence,

$(R_{a}^{-1}D_{ij}R_{a}\varphi)(g)=\sum_{\mu,\nu,\sigma=1}^{n}g_{i\sigma}(a^{-1})_{\sigma\mu}\frac{\partial\varphi(g)}{\partial g_{j\nu}}a_{\mu\nu}=\sum_{\nu=1}^{n}g_{i\nu}\frac{\partial\varphi(g)}{\partial g_{j\nu}}=(D_{ij}\varphi)(g)$ .
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Thus, we get $D_{ij}R_{a}=R_{a}D_{ij}$ , hence $D_{s}R_{a}=R_{a}D_{s}$ .
Let $u=(u_{ij})$ be an element of $U$ . Put $h=u^{-1}g$. Similarly as above, we

have

$L_{u}^{-1}D_{ij}L_{u}\varphi=\sum_{\alpha.\beta=1}^{n}u_{i\alpha}(D_{\alpha\beta}\varphi)u_{j\beta}$ .

We consider the $(n, n)$ matrices $(D_{ij})$ and $(L_{u}^{-1}D_{ij}L_{u})$ . Then, the following rela-
tion holds:

(3.1) $(L_{u}^{-1}D_{ij}L_{u})=u(D_{ij})u^{-1}$ .

On the other hand, we have

$(D_{i_{l}jf}\cdots D_{i_{1}j_{1}}\varphi)(g)=\sum_{\mu_{1},\cdots,\mu\iota=1}^{n}g_{i\iota/\prime\iota}\cdots g_{i_{1}\mu 1}\frac{\partial^{\iota}\varphi(g)}{\partial g_{j_{l}\mu t}\cdots\partial g_{j_{1\beta 1}}}$

for $i_{1}\neq j_{2},$ $\cdots$ , $i_{1}\neq j_{\iota}$ ; $\ldots$ ; $i_{l-1}\neq j_{l}$ . The auxiliary symbols $\Delta_{ij}$ are used instead
of $D_{ij}$ , to indicate by their composition the same result for every $i_{1},$ $\cdots$ , $i_{lr}$

$j_{1},$ $j_{l}$ :

$(\Delta_{i\prime j_{l}}\cdots\Delta_{i_{1}j_{1}}\varphi)(g)=.\sum_{\mu_{1,\prime}\mu\iota=1}^{n}g_{i_{l/l}}1$ $g_{i_{1}u_{1}}\frac{\partial^{\iota}\varphi.(g)}{\partial g_{j_{l}\mu\iota}\cdot\cdot\partial g_{j_{1}\mu 1}}$

(cf. Weyl [16], p. 39). Then, we have by (3.1)

$\sum_{i_{1}<\cdots<i_{k}}|L_{-1}^{-1}\Delta_{i_{k}}L\cdot\cdot..\cdot L_{u}^{-1}\Delta_{i\dot{x}_{i}k_{k}}L\dot{L}_{u}^{u}\Delta^{i_{1}i_{i^{1_{1}}}}L^{u_{u}}\cdot L_{u}^{-1}\Delta_{\iota_{k}^{1}}L^{u_{u}}|=\sum_{i_{1}<\cdots<?_{k}}|\Delta_{i_{i_{k}^{1}}i_{i^{1_{1}}}}\cdot.\cdot.\cdot$

.
$\Delta_{i_{k}^{1}}\dot{\Delta}\Delta^{ii_{i_{k}^{k}}}|$

From this relation, we can derive the result $L_{u}^{-1}D_{s}L_{u}=D_{s}$ by the same argu-
ment as in Weyl [16], p. 40.

Next, a formal computation gives us the formula

$\sum_{j_{1}<\cdots<j_{k}}\left|\begin{array}{lll}g_{i_{1}i_{1}} & \cdots & g_{i_{1}j_{k}}\\\vdots & & \vdots\\ g_{i_{k}j_{1}} & \cdots & g_{i_{k}j_{k}}\end{array}\right|$ $|_{\frac{}{\partial g_{j_{1}j_{k}}}\frac{\partial}{\partial g_{i_{k}j_{k}}}}^{\frac{\partial}{\partial g_{ij_{1}}\partial^{1}}}|$

$=\left|\begin{array}{lll}\sum_{\mu=1}^{n}g_{i_{1}\mu^{\frac{\partial}{\partial g_{i_{1}\mu}}}} & \cdots & \sum_{\mu=1}^{n}g_{i_{1}\mu^{\frac{\partial}{\partial g_{i_{k^{\beta}}}}}}\\\sum_{\mu=1}^{n}g_{i_{k}\mu^{\frac{\partial}{\partial g_{i_{1}\mu}}}} & \cdots & \sum_{\mu=1}^{n}g_{i_{k}\mu^{\frac{\partial}{\partial g_{i_{k^{J}}}}}}\end{array}\right|$ .

So we have
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$(D_{s}\phi)(g)=\sum_{i_{1}<\cdots<i_{k}}\{\left|\begin{array}{lll}\Delta_{i_{1}i_{1}} & \cdots & \Delta_{i_{1}i_{k}}\\\vdots & & \vdots\\\Delta_{i_{k}i_{1}} & \cdots & \Delta_{i_{k}i_{k}}\end{array}\right|\phi\}(g)$

$=\sum_{i,J_{1<\prec^{i}}^{1<..<_{j_{k}^{k}}}}\left|\begin{array}{lll}g_{i_{1}j_{1}} & \cdots & g_{i_{1}j_{k}}\\\vdots & & \vdots\\ g_{i_{k}j_{1}} & \cdots & g_{i_{k}j_{k}}\end{array}\right|\cdot\{|_{\frac{\partial}{\partial g_{i_{1}j_{k}}}}^{\frac{\partial}{\partial...g_{i_{1}j_{1}}}\frac{\partial}{\partial g_{ij_{k}^{1}}\partial g_{ij}\partial_{k}^{k}}}|\phi(g)\}$

$=(-2\pi)^{k}$$\sum_{k,J_{1}<\cdots\triangleleft}i_{1}<\cdot\cdot\prec i_{k}\left|\begin{array}{lll}g_{t_{1}j_{1}} & \cdots & g_{i_{1}j_{k}}\\\vdots & & \vdots\\ g_{i_{k}j_{1}} & \cdots & g_{i_{k}j_{k}}\end{array}\right|\phi(g)$

$=(-2\pi)^{n-s}c_{s}(g)\phi(g)$ . $q.e$ . $d$ .
LEMMA 4. Let $\alpha_{1},$

$\cdots$ , $\alpha_{n}$ be complex numbers. Let $\varphi$ be a function on $G$

which is expressed in the form
$\varphi(g)=t_{11^{1}}^{\alpha}\cdots t_{nn}^{\alpha_{n}}$ for $g=tu,$ $t=(t_{ij})\in T,$ $u\in U$ .

Then, for $\alpha_{i}\neq-1(l\leqq i\leqq n)$ ,

$ D_{s}\varphi=\sum_{i_{1}<\cdot\cdot<i_{k}}\{\prod_{\mu=1}^{k}(\alpha_{i_{\mu}}+\mu-1)\}\varphi$ .
PROOF. We have for $i\geqq j$

$(D_{ij}\varphi)(g)=\sum_{\mu}g_{i\mu}\frac{\partial\varphi(g)}{\partial g_{j\mu}}=\sum_{\sigma,\tau,\mu}g_{i\sigma}u_{r\sigma}u_{\tau\mu}\frac{\partial\varphi(g)}{\partial g_{j\mu}}$

$=\sum_{\tau}t_{ir}\frac{\partial t_{11}^{a_{1}}\cdots t_{nn}^{\alpha_{n}}}{\partial t_{j\tau}}=t_{i\gamma}\frac{\partial t_{11}^{\alpha_{1}}\cdots t_{nn}^{\alpha_{n}}}{\partial t_{jj}}$ .

In particular,
$D_{ij}\varphi=0$ for $i>j$ ,

$ D_{ii}\varphi=\alpha_{i}\varphi$ .
From them, we obtain the result:

$D_{s}\varphi=\sum_{i_{1}<\cdots<i_{k}}$ I $ D_{i\iota_{k}+(,.k.\cdot.-1.)..\cdot.\cdot.\cdot.D_{:}}D_{i^{k_{1}}i_{k}}^{:}\cdot\cdot\cdot\cdot D_{i^{k_{1}}i_{1}}^{ii_{1}}|\varphi$

$=\sum_{i_{1}<\cdots<i_{k}}\{\prod_{\mu=1}^{k}(D_{i_{\mu}i_{l}}+\mu-1)\}\varphi$

$=\sum_{i_{1}<\cdots<i_{k}}\{$ $\prod_{1_{\backslash },\mu=}^{k}(\alpha_{i_{\beta}}+\mu-1)\}\varphi$ . q.e. d.

PROPOSITION 7. We have

i) $\int_{A}c_{0}(x)c_{s}(x)\phi(x)dx=\overline{(}2\frac{1}{\pi)^{2n-s}}\left(\begin{array}{l}n\\s\end{array}\right)n!\frac{(n+2)}{(s+2)}!$ ,
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ii) $\int_{G}c_{0}(g)c_{s}(g)\phi(g)\omega_{s_{1},\ldots,s_{n}}(g^{-1})dg$

$=\overline{(}2\frac{(-1)^{s}}{\pi)^{2n-s}}\int_{G}\phi(g)\omega_{s_{1},\ldots,s_{n}}(g^{-1})dg\{\prod_{i- 1}^{n}s_{i}\}\sum_{i_{1}<\cdots<i_{k}}\prod_{\mu=1}^{k}(s_{t_{\mu}}-i_{\mu}-2+\mu)$

for ${\rm Re} s_{i}<0$ .
PROOF. i) Let $g$ be an element of $G$ . We put $\varphi(g)=|\det g|^{-(n+2)}$ . Then,

$\int_{A}c_{0}(x)\phi(gx)dx=(\det g)^{-2}|\det g|^{-n}$ $\int_{A}c_{0}(x)\phi(x)dx=\frac{n!}{(2\pi)^{n}}\varphi(g)$ .

On the other hand, we have by Proposition 6

$D_{s}R_{x}\phi=R_{x}D_{s}\phi=(-2\pi)^{n-s}R_{x}(c_{s}\phi)$ for $x\in G$ .
From these results, we get

$(-2\pi)^{n-s}\int_{A}c_{0}(x)c_{s}(gx)\phi(gx)dx=\overline{(}2\frac{n!}{\pi)^{n}}(D_{s}\varphi)(g)$ ,

hence

$\int_{A}c_{0}(x)c_{s}(x)\phi(x)dx=(-1)^{n-s}\frac{n!}{(2\pi)^{zn-s}}(D_{s}\varphi)(1_{n})$ .

So it is enough to prove the formula

$(D_{s}\varphi)(1_{n})=(-1)^{n-s}\left(\begin{array}{l}n\\s\end{array}\right)\frac{(n+2)}{(s+2)}!$ .
We have

$\varphi(g)=(t_{11}\cdots t_{nn})^{-(n+2)}$ for $g=tu,$ $t=(t_{ij})\in T,$ $u\in U$ .

Applying Lemma 4 to the function $\varphi$ , we obtain

$ D_{s}\varphi=\sum_{i_{1}<\cdot\cdot\prec i_{k}}\{\prod_{\mu--1}^{k}(-n-2+\mu-1)\}\varphi$

$=(-1)^{k}\left(\begin{array}{l}n\\k\end{array}\right)\{\prod_{\mu=1}^{k}(n+3-\mu)\}\varphi$

$=(-1)^{n-s}\left(\begin{array}{l}n\\s\end{array}\right)\frac{(n+}{(s+}!\varphi$ .

This proves i). The proof of ii) is similar to that of i). We write $\omega,$
$\omega^{\prime}$ and

$\alpha^{\prime}$ instead of $\omega_{s_{1\$ n}},\cdots,,$ $\omega_{s_{1}-2,\cdots,*n-2}$ and $\alpha_{s_{1}-2,\cdots,s_{n}-z}$ . For ${\rm Re} s_{i}<0$ , we have

$\int_{G}c_{0}(h)\phi(gh)\omega(h^{-1})dh$

$=\int_{G}c_{0}(g^{-1}h)\phi(h)\omega(h^{-1}ug)dh$ $(h\rightarrow g^{-1}u^{-1}h)$
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$=\int_{U}(\int_{G}c_{0}(g^{-1}h)\phi(h)\omega(h^{-1}ug)dh)du$

$=(\det g)^{-2}\omega(g)\int_{G}(\det h)^{2}\phi(h)\omega(h^{\rightarrow 1})dh$

$=\omega^{\prime}(g)\pi^{i1}\frac{1}{2}\sum_{=}(s_{i}-2)\prod_{i-- 1}^{n}\Gamma(\frac{-s_{i}+2}{2})n$

$=\frac{(-1}{(2\pi)})_{\overline{n^{n}}}\int_{G}\phi(h)\omega(h^{-1})dh$ { $\prod_{i=1}^{n}s_{i}\}\omega^{\prime}(g)$

by (1.2), Proposition 1 and the relation $\Gamma(z+1)=z\Gamma(z)$ . Applying the operator
$D_{s}$ , we get the relation

$(-2\pi)^{n-s}\int_{G}c_{0}(h)c_{s}(h)\phi(h)\omega(h^{-1})dh$

$=\frac{(-1)^{n}}{(2\pi)^{n}}\int_{G}\phi(h)\omega(h^{-1})dh$ { $\prod_{i=1}^{n}s_{i}\}(D_{s}\omega^{\prime})(1_{n})$ .

Thus, it remains to prove the formula

$(D_{s}\omega^{\prime})(1_{n})=\sum_{i_{1}<\cdot\cdot<i_{h}}\prod_{\mu^{-1}}^{k}(s_{i_{I}}u-i_{\mu}-2+\mu)$ .

We call $\lambda$ the right-hand side for brevity. Setting $\varphi(g)=\alpha^{\prime}(g^{-1})$ , we have

$\varphi(g)=t_{11^{-2}}^{S1}\cdots t_{nn}^{sn-(n+1)}$ fcr $g=tu,$ $t=(t_{ij})\in T,$ $u\in U$ .
Consequently, it follows from Lemma 4 that

$ D_{s}\varphi=\sum_{i_{1}<\cdots<i_{k}}\{\prod_{\mu=1}^{k}(s_{i_{\mu}}-(i_{\mu}+1)+\mu-1)\}\varphi=\lambda\varphi$ .
Considering $L_{u}D_{s}=D_{s}L_{u}$ , we get

(3.2) $(D_{s}L_{u}\varphi)(g)=\lambda(L_{u}\varphi)(g)$ .
On the other hand,

$\omega^{\prime}(g)=\int_{U}\alpha^{\prime}(g-1u)du=\int_{U}\varphi(u^{-1}g)du=\int_{U}(L_{u}\varphi)(g)du$ .

Hence, integrating the both sides of (3.2) on $U$, we obtain

$(D_{s}\omega^{\prime})(g)=\lambda\omega^{\prime}(g)$ , and $(D_{s}\omega^{\prime})(1_{n})=\lambda$ .

\S 4. A self-reciprocal function on $A$ .
We return to the equations (2.12). The result of the preceding section

enables us to calculate the coefficient of the form $B_{s}(m, m)$ .
PROPOSITION 8. For non-negative integers $s$ and $m$ such that $s\leqq m$ , we have
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$B_{s}(m, m)=\left(\begin{array}{l}m\\s\end{array}\right)(-1)^{s}m!\frac{(m+2)!}{(s+2)!}$ .

PROOF. The proposition is trivial for $m=0$ , so we suppose $m\geqq 1$ . Pro-
position 5 gives us the relation

$\frac{(-1)^{s}}{(2\pi)^{s}}\int_{A}c_{0}(-’-1^{t_{X}}+y)c_{s}(-\sqrt{-1}\iota_{\chi+y)\phi(y)dy}=\sum_{\sigma=s}^{n}\sum_{p=0}^{\sigma}B_{s}(\rho, \sigma)\frac{c_{\rho}(x)c_{\sigma}(x)}{(2\pi)^{\rho+\sigma}}$ ,

where $x$ is an element of $A$ . Taking $x=0$ , we get the equality

$\frac{(-1)^{s}}{(2\pi)^{s}}\int_{A}c_{0}(y)c_{s}(y)\phi(y)dy=\frac{1}{(2\pi)^{2n}}B_{s}(n, n)$ .

The integral of the left-hand side is equal to

$\frac{1}{(2\pi)^{2n-s}}\left(\begin{array}{l}n\\s\end{array}\right)n!\frac{(n+2)}{(s+2)}!$

by Proposition 7, i). From these results, we obtain readily

$B_{s}(n, n)=\left(\begin{array}{l}n\\s\end{array}\right)(-1)^{s}n!\frac{(n+2)}{(s+2)}!$ . q. e. $d$ .

The following proposition allows us to express in some sense the coeffi-
cients $B_{s}(t, m)$ by $B_{s}(m-l, m-1)$ .

PROPOSITION 9. There exist, for integers $m$ and $k(0\leqq k\leqq[m/2])$ , a se-
quence of real numbers $E(m, k;1)(l=0, \cdots , k)$ , and for integers $m$ and $k(0\leqq k$

$\leqq[(m-1)/2])$ , a sequence of real numbers $F(m, k ; 1)$ $(l=0, \cdots , k)$ , which satisfy
the following conditions

$E(m, k;0)=1$ ,

(4.1) $\{\frac{m!}{(m-2k)!}\}^{2}B_{s}(m-2k, m)$

$=\sum_{l=0}^{k}E(m, k;l)\{\prod_{i=0}^{2k-1-2l}(2m-2l-s-i)\}B_{s}(m-1, m-1)$ ,

$F(m, k;0)=-1$ ,

(4.2) $\{\frac{m!}{(m-2k-1)!}\}^{2}B_{s}(m-2k-1, m)$

$=\sum_{\iota=0}^{k}F(m, k;l)\{\prod_{i=0}^{2k-2\iota}(2m-2l-s-i)\}B_{s}(m-l, m-l)$ ,

for every integer $s$ such that $0\leqq s\leqq m$ .
LEMMA 5. For integers $t$ and $m(1\leqq t\leqq m)$ , there exists a sequence of

integers $L(t, m;\mu)(\mu=0,1, 2, )$ , which satisfies the conditions
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$L(\uparrow n, m;\mu)=0$ ,

$t^{2}B_{s}(t-1, m)=-(t+m-s)B_{s}(t, m)+\sum_{\mu\geqq 0}L(t, m;\mu)B_{s}(t+\mu, m-\mu-1)$ ,

for every integer $s$ such that $0\leqq s\leqq m$ .
PROOF. In the case $t=m$ , we have

$-(2m-s)B_{s}(m, m)=-(2m-s)W_{2m-S}A_{m-s}^{2m-s}(s)$

$=W_{2m-1-s}\{m^{2}A_{m-s}^{2m-1-s}(s)+m^{2}A_{m-1-s}^{2m-1-s}(s)\}$

$=m^{2}B_{s}(m-1, m)$

by the definitions of sequences $A$ and $B$ . Putting $L(m, m;\mu)=0$ , we get the
proof in the case $t=m$ . In the case $1\leqq t\leqq m-1$ , we have similarly

$-(t+m-s)B_{s}(t, m)$

$=-(t+m-s)W_{t+m-s}\{A_{t-s}^{t+m-s}(s)+A_{m-s}^{t+m-s}(s)\}$

$=W_{t+m-s-1}\{m^{2}A_{t-s}^{t+m-s-1}(s)+t^{2}A_{t-s-1}^{t+m-s-1}(s)-4(m-t)\sum_{\mu=0}^{t-s-1}A_{\mu}^{t+m-s-1}(s)$

$+t^{2}A_{m-s}^{t+m-s-1}(s)+m^{2}A_{m-s-1}^{t+m-s-1}(s)+4(m-t)\sum_{\mu=0}^{m-s-1}A_{\mu}^{t+m-s-1}(s)\}$

$=W_{t+m-s-1}[t^{2}\{A_{l-I-s}^{t-1+m-s}(s)A_{m-s}^{t-1+?n-s}(s)\}$

$+m^{2}\{A_{t-s}^{t+m-1-s}(s)+A_{m1-s}^{t+\underline{m}-1-s}(s)\}+4(m-t)\sum_{\mu=r-s}^{m-s-1}A_{\mu}^{t+m-s-I}(s)]$

$=t^{2}B_{s}(t-1, m)+\{(1+\delta_{t,m-1})m^{2}+4(m-t)\}B_{s}(t, m-1)$

$+4(m-t)\sum_{\mu\geqq 1}B_{s}(t+\mu, m-\mu-1)$ .

Thus, it is enough to set

$\left\{\begin{array}{l}L(t,mj0)=-\{(1+\delta_{t,m-1})m^{2}+4(m-t)\}’\\L(t,m.\mu)=-4(m-t)\end{array}\right.$

for $\mu\geqq 1$ .

PROOF OF PROPOSITION 9. In the case $m=0$ , we need only to prove the
existence of the sequence $E,$ $i$ . $e$ . to put $E(O, 0;0)=1$ . In the case $k=0$ , set
$E(m, 0;0)=1,$ $F(m, 0;0)=-1$ . The equality

$m^{2}B_{s}(m-1, m)=-(2m-s)B_{s}(m, m)$

means the validity of the proposition.
Let $m\geqq 1$ . Assume that we have already proved the proposition in the

case $0,$ $\cdots$ , $m-1$ with arbitrary $k$ and in the case $m$ with a fixed $k$ . We shall
prove the proposition in the case $m$ with $k+1$ .

By lemma 5, we have
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$(m-2k-1)^{2}B_{s}(m-2k-2, m)=-(2m-2k-1-s)B_{s}(m-2k-1, m)$

$+\sum_{\mu\geqq 0}L(m-2k-1, m;\mu)B_{s}(m-2k-1+\mu, m-1-\mu)$ .

Multiply the both sides by $\{m!/(m-2k-1)!\}^{2}$ . Put

$M(m, k;\mu)=\{\frac{m!(m-2k-1+\mu)!}{(m-2k-1)!(m-1-\mu)!}\}^{2}L(m-2k-1, m;\mu)$ .

Then, we have

$\{\frac{m!}{(m-2k-2)!}\}^{2}B_{s}(m-2k-2, m)$

$=-(2_{\backslash }m-2k-s-1)\{\frac{m!}{(m-2k-1)!}\}^{2}B_{s}(m-2k-1, m)$

$+\sum_{\mu\geqq 0}M(m, k;\mu)\{\frac{(m-1-\mu)!}{(m-2k-1+\mu)!}\}^{2}B_{s}(m-2k-1+\mu, m-1-\mu)$

$=-(2m-2k-s-1)\sum_{\iota=0}^{k}F(m, k;l)\{\prod_{i=0}^{2k- 2l}(2m-2l-s-i)\}B_{s}(m-l, m-l)$

$+\sum_{\mu\geqq 0}M(m, k;\mu)\sum_{l=0}^{k-\mu}E(m-1-\mu, k-\mu;l)\{\prod_{i=0}^{2k-2\mu-1-2l}(2m-2-2\mu-2l-s-i)\}$

$\times B_{s}(m-1-\mu-l, m-1-\mu-l)$ .

The last equality comes of the assumptions (4.2) in the case $m,$ $k$ , and (4.1) in.
the case $m-1-\mu,$ $ k-\mu$ . And the right-hand side is equal to the expression

$\sum_{\iota=0}^{k}-F(m, k;l)\{\prod_{i=0}^{2k+1-2l}(2m-2l-s-i)\}B_{s}(m-l, m-1)$

$+\sum_{\mu=0}^{k}M(m, k;\mu)\sum_{\iota=\mu+1}^{k+1}E(m-1-\mu, k-\mu;l-1-\mu)$

$\times\{\prod_{i=0}^{2k+1-2l}(2m-2l-s-i)\}B_{s}(m-l, m-1)$ ,

hence to the expression

$\sum_{\iota=0}^{k}-F(m, k;l)\{\prod_{i=0}^{2k+1-2l}(2m-2l-s-i)\}B_{s}(m-l, m-l)$

$+\sum_{l=1}^{k+1}$ { $\prod_{\mu=0}^{l-1}M(m, k;\mu)E(m-1-\mu, k-\mu;l-1-\mu)\}$

$\times\{\prod_{i=0}^{2k+1-2l}(2m-2l-s-i)\}B_{s}(m-l, m-l)$ .

We put
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$E(m, k+1;l)=\left\{\begin{array}{l}-F(m,k.\cdot l)+\sum_{\mu=0}^{\iota- 1}M(m,k\cdot.\mu)E(m-1-\mu,k-\mu.l-1-\mu)\\\sum_{\mu=0}^{\iota- 1}M(m,k\cdot.\mu)E(m-1-\mu,k-\mu.\cdot l-1-\mu)\end{array}\right.$ $(l=k+1)(0\leqq l\leqq k),$

.

Then, we have $E(m, k+1;0)=1$ and the relation (4.1) in the case $m,$ $k+1$ .
Similarly, by Lemma 5 and the relation (4.1) in the case $m,$ $k+1$ and the

assumption (4.2) in the case $m-1-\mu,$ $ k-\mu$ , we can prove the existence of the
required sequence $F(m, k+1;1)$ . This concludes the proof.

PROPOSITION 10. For integers $t$ and $m(0\leqq t\leqq m)$ , we have

$\sum_{s=0}^{m}B_{s}(t, m)(s+2)!=\left\{\begin{array}{l}0 (1\leqq t\leqq m),\\(-1)^{m}(m+2)! (t=0).\end{array}\right.$

PROOF. Put $N_{s}=(s+2)$ !. By the relation (4.1), we have

$\{\frac{m!}{(m-2k)!}\}^{2}\sum_{s=0}^{m}B_{s}(m-2k, m)N_{s}$

$=\sum_{\iota=0}^{k}E(m, k;l)\sum_{s=0}^{m}\{\prod_{i=0}^{2k-1-2l}(2m-2l-s-i)\}B_{s}(m-1, m-l)N_{s}$

for integers $m$ and $k(0\leqq k\leqq[m/2])$ . On the other hand, we get by Proposi-
tion 8 and the definition of the sequence $B$

$B_{s}(m-l, m-l)N_{s}=\{\left(\begin{array}{l}m-l\\s\end{array}\right)(-1)^{s}(m-l)!N_{m-l}$
$(s>m-l)(s\leqq m-l).$

’

Therefore,

$\sum_{s=0}^{m}\{\prod_{t=0}^{2k-1-2l}(2m-2l-s-i)\}B_{s}(m-1, m-l)N_{s}$

$=\sum_{s=0}^{m-l}[\{\prod_{i=0}^{2k-1-2l}(2m-2l-s-i)\}\left(\begin{array}{l}m-l\\s\end{array}\right)(-1)^{s}](m-l)$ ! $N_{m-l}$

$=[\frac{d^{2k-2l}}{dx^{2k-2l}}\{\sum_{s=0}^{m-l}\left(\begin{array}{l}m-l\\s\end{array}\right)x^{2m-2l-s}(-1)^{s}\}]_{x=1}(m-l)$ ! $N_{m-l}$

$=[\frac{d^{2k-2l}}{dx^{2k-2l}}\{x^{m-l}(x-1)^{m-l}\}]_{x=1}(m-l)$ ! $N_{m-l}$

$=\{(m!)^{2}N_{m}0$

($m>2k$ or $m=2k,$ $l>0$),

$(m=2k, l=0)$ .
Hence, recalling that $E(m, k;0)=1$ , we obtain

$\{\frac{m!}{(m-2k)!}\}^{2}\sum_{s=0}^{m}B_{?}(m-2k, m)N_{s}=\left\{\begin{array}{l}0 (m>2k),\\(m!)^{2}N_{m} (m=2k).\end{array}\right.$

Similarly, we have by (4.2)
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$\{\frac{m!}{(m-2k-1)!}\}^{2}\sum_{s=0}^{m}B_{s}(m-2k-1, m)N_{s}=\left\{\begin{array}{l}0 (m>2k+1),\\-(m!)^{2}N_{rn} (m=2k+1).\end{array}\right.$

These results show that

$\sum_{s=0}^{m}B_{s}(t, m)N_{s}=\left\{\begin{array}{l}0\\(-1)^{m}N_{m}\end{array}\right.$

$(t=0)$ .
$(1\leqq t\leqq m)$ ,

$CoROLLARY$ . Put

$\psi=w\phi,$ $w=\sum_{s=0}^{\tau n}(-1)^{s}\frac{(s+2)!}{2}\frac{c_{0}c_{s}}{(2\pi)^{s}}$ .
Then, the function $\psi$ on $A$ is self-reciprocal; $i$ . $e$ . we have

$\hat{\psi}=\psi$ .
PROOF. By Proposition 5 and Proposition 10,

$\tilde{w}=\sum_{0\leqq\rho\leqq\sigma\leqq n}$ { $\sum_{s=0}^{\sigma}B_{s}(\rho, \sigma)\frac{(s+2)!}{2}\}\frac{c_{\rho}c_{\sigma}}{(2\pi)^{\rho+\sigma}}$

$=\sum_{0\leqq\sigma\leqq n}(-1)^{\sigma}\frac{(\sigma+2)!}{2}\frac{c_{0}c_{\sigma}}{(2\pi)^{\sigma}}=w$ .

So, $\hat{\psi}=w^{\wedge}\phi=\tilde{w}\phi=w\phi=\psi$ . $q$ . $e$ . $d$ .
The next task is to find an explicit expression of the local $\zeta$-function at

$\infty$ with the weight function $\psi$ .
PROPOSITION 11. Put $\omega=\omega_{s_{1},\cdots,\epsilon_{n}}$ . The integral

$\int_{G}\psi(g)\omega(g^{-1})|\det g|^{z}dg$

converges for ${\rm Re} z>{\rm Max}_{i}({\rm Re} s,\cdot)$ , and is equal to

$\frac{1}{(2\pi)^{2n}}\zeta(z, \omega)\prod_{i=1}^{n}(z-s_{i})(z-s_{i}-1)$ .

PROOF. We have by (1.3)

$\omega_{s_{1},\cdots,s_{n}}(g^{-1})|\det g|^{z}=\omega_{s_{1}-z,\cdots,s_{n}-z}(g^{-1})$ .
So it is enough to prove

$\int_{G}\psi(g)\omega(g^{-1})dg=\frac{1}{(2\pi)^{2n}}\int_{G}\phi(g)\omega(g^{-1})dg\prod_{l=0}^{n}s_{i}(s_{i}+1)$

for ${\rm Re} s_{i}<0$ . Now, by proposition 7, ii), the equality

$\int_{G}(-1)^{s}\frac{c_{0}(g)c_{s}(g)}{(2\pi)^{s}}\phi(g)\omega(g^{-1})dg$

$=\frac{1}{(2\pi)^{zn}}\int_{G}\phi(g)\omega(g^{-1})dg$ { $\prod_{i1}^{n}s_{i}\}\sum_{i_{1}<\cdots<i_{k}}\prod_{\mu=1}^{n}(s_{i_{\mu}}-i_{\mu}-2+\mu)$
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holds for ${\rm Re} s_{i}<0$, where $k=n-s$ . Therefore, we need only to prove the
formula

(4.3) $\sum_{k=0}^{n}\frac{(n-k+2)!}{2}\sum_{\iota_{1}<\cdots<i_{k}}\prod_{\mu=1}^{k}(s_{i\mu}-i_{\mu}-2+\mu)=\prod_{i=1}^{n}(s_{t}+1)$ .

Let $\lambda_{n}$ be the left-hand side of (4.3). It is obvious that

$\lambda_{1}=3+(s_{1}-2)=s_{1}+1$ .
And we show that $\lambda_{n+1}=\lambda_{n}(s_{n+1}+1)$ . Indeed,

$\lambda_{n+1}=\sum_{k=0}^{n+1}\frac{(n-k+3)!}{2}\sum_{1\leqq i_{1}<\cdots<i_{k}\leqq n+1}\prod_{\mu=1}^{k}(s_{i_{\mu}}-i_{\mu}-2+\mu)$

$=\frac{(n+3)!}{2}$

$+\sum_{k=1}^{n+1}\frac{(n-k+3)!}{2}\{\sum_{k-1\leqq n}\prod_{\mu=1}^{k-1}(s_{i_{/J}}-i_{\mu}-2+\mu)\}(s_{n+1}-n-3+k)$

$+\sum_{k=1}^{n}\frac{(n-k+3)!}{2}1\leqq l_{1}<\cdot<i_{k}\leqq n\sum_{\sim}\prod_{\mu=1}^{k}(s_{t_{\mu}}-i_{\mu}-2+\mu)$

$=\frac{(n+3)!}{2}+\underline{(n+}_{2}\underline{2)!}(s_{n+1}-n-2)$

$+\sum_{k=2}^{n+1}\frac{(n-k+3)!}{2}\{\sum_{1\leqq i_{1}<\cdots<i_{h\leftarrow 1\leqq n}}\prod_{\ell z=1}^{k-1}(s_{i_{\mu}}-i_{\mu}-2+\mu)\}(s_{n+1}-n-3+k)$

$+\sum_{k=1}^{n}\frac{(n-k+2)!}{2}$ { $\sum_{1\leqq i_{1}<\cdots<i_{h}\leqq n}\prod_{\mu=1}^{k}(s_{i_{\mu}}-i_{\mu}-2+\mu)\}(n-k+3)$

$=\frac{(n+2)!}{2}(s_{n+1}+1)$

$+\sum_{k=1}^{n}\frac{(n-k+2)!}{2}$ { $\sum_{1\leqq i_{1}<\cdots<i_{k}\leqq n}\prod_{\mu^{-1}}^{k}(s_{i_{\mu}}-i_{\mu}-2+\mu)\}(s_{n+1}+1)$

$=\lambda_{n}(s_{n+1}+1)$ .
This proves (4.3).

\S 5. Certain global $\zeta$-functions

Let $\Lambda=\{\lambda\}$ be a set of indices. Suppose a unimodular locally compact
group $G_{\lambda}$ is associated with all $\lambda$ , and a compact open subgroup $H_{\lambda}$ of $G_{\lambda}$ is
associated with almost all $\lambda$ . We denote by $G$ the restricted direct product of
$G_{\lambda}$ with respect to $H_{\lambda}$ . It is the set of all elements $g=(g_{\lambda})$ of II $G_{\lambda}$ such that
$g_{\lambda}\in H_{\lambda}$ for almost all $\lambda$ . Let $S_{0}$ denote the set of all indices $\lambda$ in $\Lambda$ with
which the group $H_{\lambda}$ is not associated. For every finite subset $S$ of $\Lambda$ contain-



$\zeta$ -functions of a total matric algebra 399

ing $S_{0}$ , put $G_{s}=\prod_{\lambda\in S}G_{\lambda}\times\prod_{\lambda\in S}H_{\lambda}$ . $G_{s}$ may be considered as a subgroup of $G$ .

We have $G=\bigcup_{s}G_{s}$ . Each $G_{s}$ has its natural product topology and $G$ is to-

pologized as the inductive limit with respect to $S$ . Then, $G$ is a unimodular
locally compact group.

Let $f_{\lambda}$ be a function on $G_{\lambda}$ for every $\lambda$ . We assume that $f_{\lambda}(H_{\lambda})=1$ for
almost all \‘A. Putting $f(g)=\prod_{\lambda}f_{\lambda}(g_{\lambda})$ for $g=(g_{\lambda})\in G$ , we define a function $f$

on $G$ , which we denote by $f=\prod_{\lambda}f_{\lambda}$ .

Let $dg_{\lambda}$ be a Haar measure on $G_{\lambda}$ . We assume that the total volume of
$H_{\lambda}$ is equal to 1 for almost all $\lambda$ . The restricted direct product $dg$ of $dg_{\lambda}$ has
the following property:

If the above mentioned function $f_{\lambda}$ further satisfies the conditions

$f_{\lambda}\in L_{1}(G_{\lambda})$ for all $\lambda,$

$\prod_{\lambda}\int_{G_{\lambda}}|f_{\lambda}(g_{\lambda})|dg_{\lambda}<\infty$ ,

then we have

(5.1) $f=\prod_{\lambda}f_{\lambda}\in L_{1}(G)$ , $\int_{G}f(g)dg=\prod_{\lambda}\dot{-.}\int_{G_{\lambda}}f_{\lambda}(g_{\lambda})dg_{\lambda}$ .

Of course, the infinite product of integrals converges absolutely. Further, if
$f_{\lambda}$ is in $C(G_{\lambda})$ for all $\lambda$ , then $f=\prod_{i}f_{\lambda}$ is in $C(G)$ .

We denote by $A$ the adele ring of $\Delta=M_{n}(Q);i$ . $e.$ $A$ is the restricted
direct product of $A_{p}$ with respect to $O_{p}$ . By the canonical injection, $\Delta$ may
be considered as a discrete subgroup of $A$ . It is known that the factor group
$ A/\Delta$ is compact. We denote by $A^{\infty}$ the set of all elements $x=(x_{p})$ of $A$ such
that $x_{p}\in O_{p}$ for all $ p\neq\infty$ . It is an open subgroup of $A$ . We have $ A=A^{\infty}+\Delta$ .

We have $\chi_{p}(O_{p})=1$ for $ p\neq\infty$ . We define a function $\chi=\prod_{p}\chi_{p}$ on $A$ . It is

a unitary character of $A$ . Obviously, $\chi(xy)=\chi(yx)$ for all $x,$ $y\in A$ . By the
mapping

$A\times A\ni(x, y)\rightarrow\chi(xy)\in C$ ,

$A$ is self-dual, and the annihilator of $\Delta$ is again $\Delta$ .
Let $dx_{p}$ be the Haar measure on $A_{p}$ , normalized as in \S 1. We denote by

$dx$ the restricted direct product of $dx_{p}$ . There exists the canonical Haar mea-
sure $d\overline{x}$ on $ A/\Delta$ satisfying the relation

$\int_{A}f(x)dx=\int_{A/\Delta}\{\sum_{\xi\in\Delta}f(x+\xi)\}d\overline{x}$

for all $f\in L(G)$ . We have

(5.2) $\int_{A/\Delta}d\overline{x}=1$ .

The Fourier transform of a function $\varphi$ in $L_{1}(A)$ is denoted by $\hat{\varphi}$ :
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$\hat{\varphi}(y)=\int_{A}\varphi(x)\chi(xy)dx$ for $y\in A$ .

By the above definition, we have $\hat{\hat{\varphi}}(x)=\varphi(-x)$ , if $\varphi$ and $\hat{\varphi}$ are in $L_{1}(A)$ . Let
$\varphi_{p}$ be a function on $A_{p}$ satisfying the conditions

i) $\varphi_{p},\hat{\varphi}_{p}\in C(A_{p})\cap L_{1}(A_{p})$ for all $p$ ,
ii) $\varphi_{p}=\chi_{0_{p}}$ for almost all $p$ .

We put $\varphi=\prod_{p}\varphi_{p}$ . Then, the function $\varphi$ belongs to $C(A)\cap L_{1}(A)$ , and we have

(5.3) $\hat{\varphi}_{p}=\chi_{0_{p}}$ for almost all $p$ , $\hat{\varphi}=\prod_{p}\hat{\varphi}_{p}$ .

Let $x=(x_{p})$ be an element of $A$ . Then, $\det x_{p}\in Z_{p}$ for almost all $p$ . So
the element $(\det x_{p})$ of $\prod_{p}Q_{p}$ is in the adele ring of $Q$ . We write

$\det x=(\det x_{p})$ .
The totality of invertible elements in $A$ is denoted by $G$ , on which we

introduce the weakest topology, such that the mappings $G\ni x\rightarrow x\in A$ and
$G\ni x\rightarrow x^{-}$ $\in A$ are both continuous. Then, $G$ is equal to the restricted direct
product of $G_{p}$ with respect to $U_{p}$ . $G$ is called the idele group of $\Delta=M_{n}(Q)$ .
By the canonical injection, $\Gamma=GL(n, Q)$ may be considered as a discrete sub-
group of $G$ . Put $U=I_{p}IU_{p}$ , then it is a maximal compact subgroup of $G$ .
Let $Z$ be the centre of $G$ . It is equal to the restricted direct product of $Z_{p}$

with respect to $Z_{p}\cap U_{p}$ . We denote by $G^{\infty}$ the set of all elements $g=(g_{p})$ of
$G$ satisfying $g_{p}\in U_{p}$ for all $ p\neq\infty$ . It is an open subgroup of $G$ .

An element $x$ of $A$ belongs to $G$ , if and only if $\det x$ is in the idele group
of $Q$ . For an element $g=(g_{p})$ of $G$ , we put

$\Vert\det g\Vert=\prod_{p}|\det g_{p}|_{p}$ .

We have $\Vert\det u\Vert=1$ for $u\in U$, and $\Vert\det\gamma\Vert=1$ for $\gamma\in\Gamma$ . Furthermore, we
have

$d(gx)=d(xg)=\Vert\det g\Vert^{n}dx$

for $g\in G$ .
We denote by $du_{p}$ the Haar measure on $U_{p}$ , normalized as in \S 1. We

call $du$ the direct product of $du_{p}$ . Of course, the total measure of $U$ is equal
to 1. Let $dg_{p}$ be the Haar measure on $G_{p}$ , normalized as in \S 1. We write
$dg$ the restricted direct product of $dg_{p}$ . There exists on the homogeneous
space $ G/\Gamma$ the canonical invariant measure $d\overline{g}$, such that the relation

$\int_{G}f(g)dg=\int_{G/\Gamma}\{\sum_{\gamma\in\Gamma}f(g\gamma)\}d\overline{g}$ .

holds for all $f\in L(G)$ . Let $L(G, U)$ be the set of all functions $\varphi$ in $L(G)$ such
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that $\varphi(ugu^{\prime})=\varphi(g)$ for all $u,$ $u^{\prime}\in U$ and $g\in G$ . For $\varphi$ in $L(G, U)$ and $f$ in
$C(G)_{f}$ we define the convolution $\varphi*f$ by

$(\varphi*f)(g)=\int_{G}\varphi(gh^{-1})f(h)dh$ , $g\in G$ .

We define a multiplication in $L(G, U)$ by the convolution, then it becomes a
ring. It is known that the ring $L(G, U)$ is commutative.

We denote by $\Omega$ the set of all spherical functions on $G$ relative to $U$, and
by $\Omega^{+}$ the totality of positive-definite spherical functions. We have $|\omega(g)|$

$\leqq 1,\overline{\omega(g)}=\omega(g^{-1})$ for $\omega\in\Omega^{+}$ . We denote further by di the set of all $\omega$ in $\Omega$

such that $\omega(\zeta g)=\omega(g)$ for all $\zeta\in Z$ and $g\in G$ . Every spherical function to

on $G$ can be written uniquely in the form $\omega=\prod_{p}\omega_{p},$
$\omega_{p}\in\Omega_{p}$ . Conversely, if

$\omega_{p}$ is a spherical function on $G_{p}$ for every $p$ , then the function $\omega=\prod_{p}\omega_{p}$ on
$G$ is spherical. Moreover, a spherical function $\omega=\prod_{p}\omega_{p}$ belongs to $\Omega^{+}$ (resp. $\tilde{\Omega}$),

if and only if $\omega_{p}$ belongs to $\Omega_{p}^{+}$ (resp. $\tilde{\Omega}_{p}$) for all $p$ .
A function $f$ in $C(G)$ will be called an automorphic function with respect

to $\Gamma$ , if the following conditions are satisfied:
i) $f(ug\gamma)=f(g)$ for all $u\in U,$ $g\in G,$ $\gamma\in\Gamma$ ,

ii) to every $\varphi\in L(G, U)$ , corresponds a complex number $\lambda_{\varphi}$ satisfying the
relation $\varphi*f=\lambda_{\varphi}f$.

For a non-zero automorphic function $f$, there exists a unique spherical
function $\omega$ , satisfying the condition

$\int_{U}f(gug^{\prime})du=\omega(g)f(g^{\prime})$ for all $g,$ $g^{\prime}\in G$ .

Then, we say that $f$ belongs to $\omega$ . We consider a spherical function in $\tilde{\Omega}^{+}=$

$\Omega^{+}\cap\tilde{\Omega}$ to which a non-zero automorphic function belongs. The set of all such
spherical functions is called the spectrum of $\Gamma$ in $\tilde{\Omega}^{+}$ , and is denoted by $s(\Gamma)$ .

If $f$ is a non-zero automorphic function belonging to $\omega$ in the spectrum, then
there exists an element $h$ of $G$ , such that

(5.4) $f(h)\neq 0$ , $\Vert\det h\Vert=1$ .
In fact, we have for all $\zeta\in Z$ and $g\in G$ ,

$f(\zeta g)=f(u\zeta g)=f(\zeta ug)=\int_{U}f(\zeta ug)du=\omega(\zeta)f(g)=f(g)$ .

On the other hand, there exists an element $g\in G$ such that $f(g)\neq 0$ . We put

$\zeta_{p}=1_{n}(p\neq\infty),$
$\zeta\infty=[|\det g\Vert^{-\frac{1}{n}}1_{n},$

$\zeta=(\zeta_{p})$ and $h=\zeta g$ . Then, we have $f(h)$

$=f(g)\neq 0,$ $\Vert\det h\Vert=\Vert\det\zeta\Vert\times\Vert\det g\Vert=1$ .
A function $\psi$ on $A$ is called of type $Z$, if the following conditions are
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satisfied:
(Z1) $\psi,\hat{\psi}\in C(A)\cap L_{1}(A)$ ,

(Z2) $\psi(uxv)=\psi(x),\hat{\psi}(uxv)=\hat{\psi}(x)$ for all $u,$ $v\in U,$ $x\in A$ ,
(Z3) there exists a real number $\sigma_{0}$ , such that

$\int_{G}|\psi(g)\Vert\det g\Vert^{\sigma}|dg<\infty$ , $\int_{G}|\hat{\psi}(g)\Vert\det g\Vert^{\sigma}|dg<\infty$ for $\sigma>\sigma_{0}$

(Z4) $\sum_{\xi\in\Delta}\psi(g(x+\xi)h),\sum_{\xi\in\Delta}\hat{\psi}(g(x+\xi)h)$ converge absolutely and uniformly on
any compact subset of elements $(g, x, h)$ in $G\times A\times G$ ,

(Z5) $\psi(x)=\hat{\psi}(x)=0$ for every element $x$ of $A$ such that $\det x=0$ .
We see that $\psi$ is of type $Z$ if and only if $\hat{\psi}$ is of type $Z$.
For a function $\psi$ of type $Z$ and a spherical function $\omega$ in $s(\Gamma)$ , we define

a global $\zeta$-function by the integral

$\zeta\psi(z, \omega)=\int_{G}\psi(g)\omega(g^{-1})\Vert\det g\Vert^{z}dg$ .

We have $|\omega(g)|\leqq 1$ for all $g\in G$ , so by (Z3), the above integral converges for
${\rm Re} z>\sigma_{0}$ .

PROPOSITION 12. For every $\psi$ of type $Z$ and every $\omega$ in $s(\Gamma)$ , the function
$\zeta\psi(z, \omega)$ is continued to an entire function. It satisfies the functional equation

$\zeta\psi(z, \omega)=\zeta\hat{\psi}(n-z,\overline{\omega})$ .
PROOF. The “ theta-formula ”

\langle 5.5) $\sum_{\gamma\in\Gamma}\psi(h^{-1}\gamma g)=\Vert\det hg^{-1}\Vert^{n}\sum_{\gamma\in\Gamma}\hat{\psi}(g^{-1}\gamma h),$ $g,$ $h\in G$

holds for every $\psi$ of type $Z$. Indeed, by the formulas $d(gx)=d(xg)=\Vert\det g\Vert^{n}dx$,

we see easily that the function $ L_{h}R_{g}\psi$ is in $C(A)\cap L_{1}(A)$ . The Fourier trans-
form of $ L_{h}R_{g}\psi$ is equal to $\Vert\det hg^{-1}\Vert^{n}L_{g}R_{h}\hat{\psi}$ , by the following calculation:

$\int_{A}\psi(h^{-1}xg)\chi(xy)dx=\Vert\det hg^{-1}\Vert^{n}\int_{A}\psi(x)\chi(hxg^{-1}y)dx$

$=\Vert\det hg^{-1}\Vert^{n}\int_{A}\psi(x)\chi(xg^{-1}yh)dx$

$=\Vert\det hg^{-1}\Vert^{n}\hat{\psi}(g^{-1}yh)$ .

Therefore, from (Z4) and (5.2), we get by the Poisson formula

$\sum_{\xi\in\Delta}\psi(h^{-1}\xi g)=\Vert\det hg^{-1}\Vert^{n}\sum_{\xi\in\Delta}\hat{\psi}(g^{-1}\xi h)$ .

If $\xi\not\in\Gamma$ , then $\det(h^{-1}\xi g)=\det(g^{-1}\xi h)=0$ , hence by (Z5) $\psi(h^{-1}\xi g)=\hat{\psi}(g^{-1}\xi h)=0$ .
So we obtain the “ theta-formula “ (5.5).
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Now, for a non-zero automorphic function $f$ belonging to $\omega\in s(\Gamma)$ , there
exists an element he $G$ such that $f(h)\neq 0,$ $\Vert\det h\Vert=1$ (cf. (5.4)). By the use
of this element $h$ , we have for ${\rm Re} z>\sigma_{0}$

$f(h)\zeta\psi(z, \omega)=\int_{G}\psi(g)\omega(g^{-1})f(h)\Vert\det g\Vert^{z}dg$

$=\int_{U}(\int_{G}\psi(g)f(g^{-1}uh)\Vert\det g\Vert^{z}dg)du$

$=\int_{U}(\int_{G}\psi(hg^{-1})f(g)\Vert\det g\Vert^{-z}dg)du$ $(g\rightarrow uhg^{-1})$

$=\int_{G}\psi(hg^{-1})f(g)\Vert\det g\Vert^{-z}dg$

$=\int_{||\det g||\leqq 1}+\int_{||\det g||\geqq 1}$

We transform the two integrals of the right-hand side as follows:

the first integral $=\int_{||\det g||\leqq 1}\psi(hg^{-1})f(g)\Vert\det g\Vert^{-z}dg$

$=\int_{||\det g||\geqq 1}\psi(g)f(g^{-1}h)\Vert\det g\Vert^{z}dg$ ,

the second integral $=\int_{||\det g||\geqq 1}\psi(hg^{-1})f(g)\Vert\det g\Vert^{-z}dg$

$=\int\sum_{\prime}\psi(h\gamma g^{-1})f(g)\Vert\det g\Vert^{-z}d\overline{g}$

$=\int_{G/\Gamma,||\det g||\geqq 1}\sum_{\gamma=\Gamma}\hat{\psi}(g\gamma h^{-1})f(g)\Vert\det g\Vert^{n-z}d\overline{g}$

$=\int_{||\det g||\geqq 1}\hat{\psi}(gh^{-1})f(g)\Vert\det g\Vert^{n-z}dg$

$=\int_{||detg||\geqq 1}\hat{\psi}(g)f(gh)\Vert\det g\Vert^{n-z}dg$ .

We applied the ” theta-formula ” (5.5) in the transformations of the second
integral. Consequently, we have for ${\rm Re} z>\sigma_{0}$

(5.6) $f(h)\zeta\psi(z, \omega)=\int_{||\det g||\geqq 1}\psi(g)f(g^{-1}h)\Vert\det g\Vert^{z}dg$

$+\int_{||\det g||\geqq 1}\hat{\psi}(g)f(gh)\Vert\det g\Vert^{n-z}dg$ .

Similarly, considering that $\hat{\psi^{\wedge}}(x)=\psi(-x)=\psi(x)$ and that $\overline{\omega(g}$) $=\omega(g^{-})$ , we
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have $f(h)\zeta\hat{\psi}(z,\overline{\omega})=\int_{G}\hat{\psi}(gh^{-1})f(g)\Vert\det g\Vert^{z}dg$ and

(5.7) $f(h)\zeta_{\hat{\psi}}(z,\overline{\omega})=\int_{||\det g||\geqq 1}\psi(g)f(g^{-1}h)\Vert\det g\Vert^{n-z}dg$

$+\int_{||\det g||\geqq 1}\hat{\psi}(g)f(gh)\Vert\det g\Vert^{z}dg$

for ${\rm Re} z>\sigma_{0}$ .
The first integral of (5.6) and the second integral of (5.7) converge for

${\rm Re} z>\sigma_{0}$ . Since both integrals extend over $\Vert\det g\Vert\geqq 1$ , they converge for
all $z$ . From this follows the convergence for all $z$ of the second integral of
(5.6) and of the first integral of (5.7). This means that the functions $\zeta\psi(z_{J}\omega)$

and $\zeta\hat{\psi}(z,\overline{\omega})$ are continued to entire functions. The functional equation readily
follows from (5.6) and (5.7).

\S 6. $\zeta$-function of $M_{n}(Q)$

With every $p$ , we associate a spherical function on $G_{p}$ :

$\omega_{p}=\omega_{s_{1}(p),\cdots,s_{n}(p)}$ $(s_{1}(p), s_{n}(p)\in C)$ .

Let $\zeta_{p}(z, \omega_{p})$ be the local $\zeta$ -function with the weight function $\phi_{p}$ (cf. (1.1)).
We consider the spherical function $\omega=\prod_{p}\omega_{p}$ on $G$ .

THEOREM. We assume that the spherical function $\omega$ is in the spectrum
$s(\Gamma)$ . Then, the infinite product

$\zeta(z, \omega)=\prod_{p}\zeta_{p}(z, \omega_{p})$

converges absolutely for ${\rm Re} z>n$ . And the function

$\zeta(z, \omega)\prod_{i=1}^{n}(z-s_{?}(\infty))(z-s_{i}(\infty)-1)$

is continued to an entire function. The meromorphic function $\zeta(z, \omega)$ on the
whole z-plane satisfies the functional equation

$\zeta(z, \omega)=\zeta(n-z,\overline{\omega})$ .
REMARK. Since $\omega$ is in $s(\Gamma)$ , we have $\omega_{p}\in\tilde{\Omega}_{p}$ . So the relation

$\sum_{i=1}^{n}s_{i}(p)\equiv\frac{n(n-1)}{2}$ $(mod.\frac{2\pi\sqrt{-1}}{\log p})$

holds by (1.4). From this and Proposition 1, we have
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$\zeta_{p}(z, \omega_{p})=\left\{\begin{array}{l}\prod_{i=1}^{n}(1-p^{s_{i}(p)}p^{-z})^{-1}\\\pi^{-\frac{n}{2}z+\frac{n(n-1)}{4}}\prod_{i=1}^{n}\Gamma(\frac{z-s_{i}(\infty)}{2})\end{array}\right.$ $(p\neq\infty)(p=\infty)$

.

Before the proof of the theorem, we need some preliminaries. We define
a function $\psi_{\infty}$ on $A_{\infty}$ as in Corollary of Proposition 10. We put

$\psi_{p}=\phi_{p}(p\neq\infty),$
$\psi=\prod_{p}\psi_{p}$ .

PROPOSITION 13. The function $\psi$ on $A$ is of type $Z$ with $\sigma_{0}=n$ , and is
self-reciprocal.

PROOF. We have

$\psi_{p}\in C(A_{p})_{\cap}L_{1}(A_{p})$ , $\hat{\psi}_{p}=\psi_{p}$

for all $p$ . It is obvious for $ p\neq\infty$ ; and for $ p=\infty$ , it follows from Proposition
7, i) and Corollary of Proposition 10. Hence, we have by (5.3)

$\psi eC(A)_{\cap}L_{1}(A)$ , $\hat{\psi}=\psi$ ,

which mean (Z1). We can easily verify (Z2) and (Z5). Furthermore, we have

$\omega_{0,1,\ldots,n-1}=1$ ,

hence we have by Proposition 1 and Proposition 7, ii)

$\int_{\theta p}|\psi_{p}(g_{p})|\det g_{p}|_{p}^{\sigma}|dg_{p}=\int_{Gp}|\psi_{p}(g_{p})|\omega_{0,1,\cdots,n-1}(g_{p}^{-1})\}\det g_{p}|_{p}^{\sigma}dg_{p}$

$\left\{\begin{array}{l}=\prod_{i=1}^{n}(1-p^{i-1}p^{-\sigma})^{-1}\\\leqq\sum_{s=0}^{n}\underline{(s+}_{2}\underline{2)!}\frac{1}{(2\pi)^{s}}\int_{G}c_{0}(g_{\infty})c_{s}(g_{\infty})\phi_{\infty}(g_{\infty})\infty\end{array}\right.$

$(p\neq\infty)$ ,

$\times\omega_{0,1,\cdots,n-1}(g_{\infty}^{-1})|\det g_{\infty}|_{\infty}^{\sigma}dg_{\infty}<\infty$ $(p=\infty)$

for $\sigma>n-1$ . Hence,

(6.1) $\{Gp(\int^{p_{p}}|\psi(g_{p})|d^{p}et^{p}g_{p}|_{p^{p}}|dg_{p}^{\infty})=\prod_{i=1}^{n}\zeta(\sigma-(i-1))for\sigma>n-1$

,

for $\sigma>n$ .
Applying (5.1) to these formulas and to the fact

$\psi_{p}(u_{p})|\det u_{p}|_{p}^{\sigma}=1$ for all $u_{p}\in U_{p},$ $ p\neq\infty$ ,
we obtain

$\int_{G}|\psi(g)\Vert\det g\Vert^{\sigma}|dg<\infty$ for $\sigma>n$ .
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This is the condition (Z3) in the case $\sigma_{0}=n$ .
Let $a=(a_{p})$ and $b=(b_{p})$ be elements of $G$ . We denote by $a_{p}(i, j)$ (resp.

$b_{p}(i, j))$ the $(i, j)$ element of $a_{p}$ (resp. $b_{p}$). Since we have $a_{p},$ $b_{p}\in U_{p}$ for almost
all $p$, we can associate with every $ p\neq\infty$ a non-negative integer $n_{p}(a, b)$ satis-
fying the conditions

i) $n_{p}(a, b)=0$ for almost all $ p\neq\infty$ ,
ii) $|a_{p}(i,j)|_{p}$ , $|b_{p}(i,j)|_{p}\leqq p^{n_{p}(a,b)}$ for all $ p\neq\infty$ .

Hence, for $y_{p}=(y_{p}(i, j))\in a_{p}O_{p}b_{p}$ , we have

$|y_{p}(i, j)|_{p}\leqq p^{zn_{p}(a,b)}$ .
We denote by $\mathfrak{a}(a, b)$ the ideal of $Q$ generated by the rational number $\prod_{p\neq\infty}p^{-2n_{p}(a,b)}$ .
Then, considering that $\psi_{p}=\chi_{0_{p}}$ for all $ p\neq\infty$ , the following inferences hold:
For $x=(x_{p})\in A^{\infty},$ $g=(g_{p})\in G^{\infty}a^{-1},$ $h=(h_{p})\in b^{-1}G^{\infty}$ and $\xi=(\xi_{ij})\in\Delta$ ,

$\psi_{p}(g_{p}(x_{p}+\xi)h_{p})=1$ for all $ p\neq\infty$

$\Leftrightarrow x_{p}+\xi\in g_{p}^{-1}O_{p}h_{p}^{-1}=a_{p}O_{p}b_{p}$ for all $ p\neq\infty$

$\Rightarrow|\xi_{ij}|_{p}\leqq p2n_{p}(a,b)$ for all $ p\neq\infty$

$=\Rightarrow\xi\in M_{n}(\mathfrak{a}(a, b))$ .
From them, we get

\langle 6.2) $\sum_{\xi\in\Delta}|\psi(g(x+\xi)h)|\leqq\sum_{\xi\in M_{n}(a(a,b))}|\psi_{\infty}(g_{\infty}(x_{\infty}+\xi)h_{\infty})|$

for $g\in G^{\infty}a^{-1},$ $h\in b^{-1}G^{\infty}$ and $x\in A^{\infty}$ . We define a function $\lambda$ on $A_{\infty}$ by

$\lambda(x_{\infty})=\exp(-\sum_{i.j}|x_{ij}|)$ , $x_{\infty}=(x_{ij})\in A_{\infty}$ .

Then, there exists a constant $K>0$, such that

(6.3) $|\psi_{\infty}(x_{\infty})|\leqq K\lambda(x_{\infty})$

for sufficiently large $|x_{ij}|$ . Let $\mathfrak{a}$ be an ideal of $Q$ . We see easily that the
series

$\sum_{\xi\in M_{n}(a)}\lambda(g_{\infty}(x_{\infty}+\xi)h_{\infty})$

converges uniformly on any compact subset of elements $(g_{\infty}, x_{\infty}, h_{\infty})$ in
$G_{\infty}\times A_{\infty}\times G_{\infty}$ . Therefore, (Z4) follows from (6.2), (6.3) and the relation $A$

$=\Delta+A^{\infty}$ .
PROOF OF THEOREM. By proposition 13 and Proposition 12, the global

$\zeta$ -function $\zeta\psi(z, \omega)$ has the following properties:

(6.4) $\zeta\psi(z, \omega)=\int_{G}\psi(g)\omega(g^{-1})\Vert\det g\Vert^{z}dg$ for ${\rm Re} z>n$ ,

(6.5) $\zeta\psi(z, \omega)=\zeta\psi(n-z,\overline{\omega})$ .
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On the other hand, we have

(6.6) $\left\{\begin{array}{l}\psi_{p}(u_{p})\omega_{p}(u_{p}^{-l})|detu_{p}|_{p}^{z}=1 foru_{p}\in U_{p},p\neq\infty,\\\int_{G_{p}}|\psi_{p}(g_{p})w_{p}(g_{p}^{-1})|detg_{p}|_{p}^{z}|dg_{p}<\infty forRez>n-1,\\\prod_{p}\int_{G_{p}}|\psi_{p}(g_{p})\omega_{p}(g_{p}^{-1})|detg_{p}|_{p}^{z}|dg_{p}<\infty forRez>n,\end{array}\right.$

and

(6.7) $\int_{G_{p}}\psi_{p}(g_{p})\omega_{p}(g_{\overline{p}^{1}})|\det g_{p}|_{p}^{z}dg_{p}$

$=\left\{\begin{array}{l}\zeta_{p}(z,\omega_{p})\\\frac{1}{(2\pi)^{2n}}\zeta_{\infty}(z,\omega_{\infty})\prod_{i\Leftarrow 1}^{n}(z-s_{t}(\infty))(z-s_{i}(\infty)-1)\end{array}\right.$
$(p=\infty)(p\neq\infty)$

,

for ${\rm Re} z>n-1$ . Indeed, since $|\omega_{p}(g_{p})|\leqq 1$ for all element $g_{p}$ of $G_{p}$ , the for-
mulas (6.6) follow from (6.1). The formula (6.7) holds for sufficiently large
${\rm Re} z$ by Proposition 1 and Proposition 11. The left-hand side integral of (6.7)
converges for ${\rm Re} z>n-1$ by (6.6), so the formula (6.7) holds for ${\rm Re} z>n-1$ .

Therefore, we have by (6.4), (6.6), (5.1) and (6.7)

$\zeta\psi(z, \omega)=\prod_{p}\int_{G_{p}}\psi_{p}(g_{p})\omega_{p}(g_{p}^{-1})|\det g_{p}|_{p}^{t}dg_{p}$

$=\frac{1}{(2\pi)^{2n}}\prod_{p}\zeta_{p}(z, \omega_{p})\prod_{i=1}^{n}(z-s_{i}(\infty))(z-s_{i}(\infty)-1)$

for ${\rm Re} z>n$ . And the infinite product

$\zeta(z, \omega)=\prod_{p}\zeta_{p}(z, \omega_{p})$

converges absolutely for ${\rm Re} z>n$ . Hence, we see that the function

$\zeta(z, \omega)\prod_{i=1}^{n}(z-s_{i}(\infty))(z-s_{l}(\infty)-1)$

is continued to an entire function. We write (6.5) in the form

$\zeta(z, \omega)\prod_{i=1}^{n}(z-s_{i}(\infty))(z-s_{i}(\infty)-1)$

$=\zeta(n-z,\overline{\omega})\prod_{i=1}^{n}(n-z-\overline{s.(\infty)})(n-z-\overline{s_{i}(\infty})-1)$ .

Considering (1.5), we have

$\prod_{i=1}^{n}(z-s_{i}(\infty))(z-s_{i}(\infty)-1)=\prod_{i=1}^{n}(n-z-\overline{s_{i}(\infty)})(n-z-\overline{s_{i}(\infty})-1)$ .
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Hence, we obtain the result
$\zeta(z, \omega)=\zeta(n-z,\overline{\omega})$ .

Waseda University
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