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On a smoothing operator for the wave equation.
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1. Introduction. The Cauchy problem for the classical wave equation
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has been the subject of many investigations for more than half a century.
During this time several formulas have been deduced for the solution of this
problem with the Cauchy data given on the plane x,=0. The difficulties in
obtaining explicit formulas all center around the fact that the direct methods
of integration lead to singular integrals. These difficulties have been over-
come by various methods which either avoid singular integrals or select the
appropriate “part” of such integrals. Among the latter methods the best
known is that introduced by Hadamard and developed in his lectures on the
Cauchy problem (numbers in brackets refer to the bibliography at the
end of the paper). This work has been extended by Bureau in a number of
papers (see, for example, [7], [8]). Among the methods which seek to aveid
singular integrals the most recent seem to be those of Weinstein [9], Diaz
and Martin and M. Riesz [1] The work of Riesz on the wave equation
has been extended by Garding to the class of linear hyperbolic equations
with constant coefficients. This method depends on the analytic continuation
of certain integrals with respect to a complex parameter. Subsequently Leray
generalizing the Riesz-Garding method, showed that smoothing operators
could be introduced in order to avoid singular integrals and re-derived the
Riesz formulas for the wave equation.

In this paper we shall show that a suitable smoothing operator for the
wave equation is simply 0™/0x,™ for m properly chosen and derive new for-
mulas for the solution of the Cauchy problem with data given on the plane
x%=0. At the same time we shall show that it is not difficult to construct a
solution of the equation

1) Work on this paper was supported, in part, by the Office of Naval Research.
The author wishes to thank Professor P.C. Rosenbloom of the University of Min-
nesota for several stimulating conversations on this subject which resulted in the
successful completion of the work.
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for all values of m and ». It seems likely that a wide class of hyperbolic
operators may be treated in a similar way by using the same smoothing
operator. The present method appears to be simpler than the other devices
known to the author.

2. The Riesz kernel for (1). In the remainder of this paper we shall
use the following notation. A fixed point x in space-time, at which we are
computing the solution of the Cauchy problem will be written x=(xy, x;, ",
x.—;) while a variable space time point will be written y=(y, ¥ **» Yn=1)» Yo
corresponding to the time variable and y,,---,y.-; to the space variables.
The retrograde light cone from the point x will be written D*. The spacial
part of any point will be written Px or Py, i. e. we shall sometimes write

x=(xy Px) or y=(y,, Py). The symbol 7, will mean (”il 202 and r will mean
i=1

(E =y,

Suppose v is an arbitrary complex number satisfying the inequality %R(v)
>n, then the Riesz kernel for the wave equation is a function k(x,v) with
the following properties:

(@) Ok(x,v)=k(x,v—1),

(b) k(x,v) vanishes on the surface of the forward light cone with vertex at
the origin and everywhere outside.

To construct a Riesz kernel for equation (1) we seek a function W(x, u,v) («
and v complex numbers with R(v) > #) with the following properties:

@) o DTV 1,9 = W, =1, v=1),

(b") ’a'a'mm— Wiz, #,v) = Wx, n—1, ),
X0

() O.W(x, y,v)= Wi, n,v—1),
(d) Wix, u,v) vanishes on the surface and outside of the forward light
cone with vertex at the origin. Now, the light cone with vertex at the
origin is described by the inequality x,*—7,°=0, the equation x,’—7,>=0
giving its surface. We define

1
I'(my)
This is the classical Riemann-Liouville integral applied to the Riesz kernel
for the wave equation. By making use of the properties of the Riemann-
Liouville integral, some rather routine computations show that (a’), (b’), and
(c’) are satisfied by W(x, u,v) as defined by (2). We next introduce the Riesz

@ W, 1,9) = iy | oI k(e, Pr,v)ds .
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kernel for the wave equation in the following form:

_ (@@= YTrW+1/2) :
2 DAL O (01 —n)2) inside the light cone,

k(t, Px,v) =
outside.
Let H,(v)=n""2r Q) (v+1—n/2)/T'(v+1/2), then we compute (2) for x)°—x,’*
=0, x,>0 and find

) I'(mu)H,(v) W(x, 12, v) zro(xrr)""“(z'g—v'x:’)”‘”’ dr .
In order to evaluate the integral in (3), make the substitution v=(x—7)/
(x,—7,). Then, after some computation, one finds

I'(mu)H () W(x, 1, v) = (2g—75)" (X +7,)"%

Xj‘ vPi(1— v)“”(l = 0—_92 v) dv
(@ 1) ot T A—c)(B) ) ) T
- I'r+1) F(a’ Bir+ls EEA )

where a=n/2—v, f=mu, r=mu-+v—n/2 and F is the hypergeometric function.
Substituting for H,(v) its value, we find

@ W)= SO TROAD o, g5 415 220,

The condition on the parameters insuring convergence of the hypergeometric
series is that the inequalities R(8) >0, R(+1)>0 both hold. The first
inequality is satisfied for () >0, independently of s, and the second if
Ronp+v)>n/2—1. On the other hand, the condition on the argument of the
hypergeometric series for convergence is that |(x,—7.)/(x,+7:)]<1. This
inequality is satisfied everywhere inside the light cone except when 7,=0,
i.e. along the axis of the light cone, at which points (x,—7,)/(x,+7,)=1. This
does not necessarily mean that the function has a singularity along the axis,
but we shall defer a careful investigation of this point until later. The
factor (x,—7,)" is well behaved as long as mu-+v > n/2 and the factor (x,+7,)~*
is analytic for all values of v, since x,>0=—7,. Thus it follows that the
Riesz kernel Wix, u,v) is an analytic function of x« and v, except possibly for
x on the axis of the light cone, as long as R(x) >0 and Ronu+v) > n/2.

3. The Riesz operators J*". We are now ready to introduce the opera-
tors

) TN ={ Wy, 1, AD)dye

D.l‘
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where s is the function occurring on the right side of equation (1). The
notation dyw., means that we are computing the volume integral and has
obvious modifications for surface integrals. The integral is taken over the
retrograde light cone with vertex at the point x.

Let S(Px, x,—y,) be the n—1 dimensional sphere with center at Px and
radius x,—v,, then we can write

D[ [ I i

One observes that W(x—y, #,v) actually depends on the variables y, and 7,
hence

e =[" {7, W0t a0 Jdrydso
Let
1

(©) M yo %)= e [ @,

Wn 7%

the spherical mean of f, then
Lo ATo—Yo
T = [ 0nar™ W=, 7, 2 9)M5 30, %, )il vy

Here, w,.; is the surface area of the n—1 dimensional unit sphere, w,.; =
2072 /I'(n—1)/2)). Now, let y,=x,—7, r=1(1—0), then our last formula
becomes

) I ) (x) = a)n_lf:f:t""l(l—o)"'z W(z, o, 1, v)M(z, x, f)do dz .

We also have

_ Q=) (r+1/2) ) .9
Wi(r, 0, t,v) = Ry Oy e F(% Bir+1; '2";’()‘) .
Consider
nq. 0 N_ TGHD N TE+HI@+) ¢ o Y
Fa 8374+1; 575 ) = F(ﬁﬂ"(“);o T+ 525) -

It should be pointed out that in the case where v=n/2+k, k=1,2, -, this
hypergeometric series terminates after 241 terms, and in the analysis that
follows we need not consider these values. We next write

ol g, 0 \_ TG (X DaddE+) ¢ oy
e 851415 525) = Tiaor sy 24 PTG (225

Ca+pI'B+p) ¢ o VP
+?§T(r+p+1”)“<2—a> G#v"’p}

where
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G 1. mptp)n/2+p—v) o
oy Vo (p+Dmptv+p+1—n/2) 2—0

4 e

Then we can write

n_(n—l)/ﬂ]"(zlj)r(af)r(ﬂ)

JIrGr+i+1D

T —a_f-2a p-1 . .
Wie, 0, g, vy = O @0y e P(V+1/2—){E I'(a+HI(B+7) (52 )’
7=0

I'a+p'(+p) ¢ o \?
BTG (2og) Gl

By substitution into (7) one arrives at the result

-1
) = S o QD (T oo py-aipy
v f)(x)—jzo rore ey I J oe—oy M ds dr

___E(i_l_p)\ <0 + \—a—
T TOM G +p+1) fo fo“” 2(2—0)"*"*H,,,, ydo dt

where 0=p+2v—1=mu-+2v—1 and where

_ 0p SO+ DI W+1/2I (7)1 —0)"?

M(z,0,x,1),
and

e '(@+1DI 1/2I" 1—o)"2
©) Hu,v,p(o, T, M, V) = @ ( ”j;—g)/E}i(_gy)éﬂ()cr)(ﬁ(_g)p;(y %) Glu,u,pM(T’ 0,%f).

Next, for arbitrary « and b, we define the integral

¢ Reop = DGERD AW [ gemirmi—gprimeM do dr,
then we can write
(11) (jll,vfxx) — pz‘-’l Rm;1+u+j+1—n/2,zy+mﬂ%

J=0

+ Rm/,z+y+p+1—n/2,2y+m/1H'#,V’p .

Our aim is to study J*"f given by in order to show that J%%=/.
It is not difficult to see that the functions M; have singularities only for
certain negative values of x# and v and are analytic for all other values of
these parameters. The same is true for H,,, if p is sufficiently large.
Therefore, the study of J*"f reduces to the study of the nature of the
integral R*®M and its dependence on the parameters ¢ and 5. To assure the
convergence of this integral, we assume M is continuous in ¢ and z and
M=0 for t>1,, For such an M, R*°M converges absolutely for R(a)>0
and R®) >0 and the result is an analytic function of ¢ and 5. The only
difficulty is at o=7=0, i.e.

co nl
j j’ 0%~ 17012 —gH="-a M, 7)do dr



406 J.S. MAYBEE

is analytic for all ¢ and b if ¢>0.

Assume now that M= C;®" in some neighborhood of ¢=7=0, where by
Cs*" we mean the class of functions g(o,r) which are ¢ times continuously
differentiable with respect to o, » times continuously differentiable with
respect to = and such that

ng,'r(oy T) _gq,'r(oy 0) | < KO&T&; 0<o=s1,

(by 8ar{0,7) We mean aafa?f‘)- Adopting some lemmas proved by Riesz
to the present integral, we find, for «, =0,

R4 M=T(b+n—1—a) 20 1=9}1, (0,0) (—1)**?,
_]_’(nﬂl_b_a) Qbri-nta(__1)e e

R—a,b_zu': b—l_]‘[
F(b) j‘O T a(o, T)dr ?
1y
Ra,—bM_ F(a 7/‘;_1_%;) b) ( 1)_ joloa—l(z O')‘ZH'I._”—”'MI,(O', O)da .

Thus we see that, for @,b zero or negative integers, the integral R“*i]
depends only on the local properties of the function M. From what we have
done, it is clear that the functions M; and H,,,, have all the desired pro-
perties except for certain negative values of # and v and if p is sufficiently
large. The requirement that M=0 for r >, can be satisfied by choosing f
to vanish for large negative values of y,.

We can now compute /%°%. One observes that M(s, z,0,0)=0 except for
the case where j=0. Likewise H,,,,=0 if p>n/2—1. Thus, we find

(J*)(x) = R="2°M,(0, 0) .

But M,(0,0)= %‘_;;{‘1;511'>4227)ﬁ((1%7“2(7))n_2 M(z(1—o0), yo—r, %, /). On the other hand,

using the above formula for R%7, one finds

a I'la+n—1 ! a— n— ~-n—a

R*°M(0, O):Hiﬁf’(a) ) .0 A—0)"(2—0)! PO (3,]2)

Now, we make use of the value of w,-,; and the fact that M0, x,, x, /) = F{x)
to find

(l)n_lM(O, Xos Xy f)

do.

a, __ 27:‘""1”21"(a+n—~1)f(x) ! a— n— 1—-n—a
R OMO(Oy O)— n_(n—-z)/zp(a)r(n/z)r((n_1)/2) \5‘00 1(1—0') 2(2—0’) do.

One can show that

! a=1(1_ 4\2=2(9_ \=-n—a J~ — O1—n F(a)I’(n-—ll
joa (1—0) 22—} medo = 267 I
“Thus,
22""7r1’21"(n~1)

R M0, 0 =5 11y oyrn 2y *
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Finally, an application of the Legendre duplication formula gives
(12) (J%)(x) = R M0, 0) = f(x) -

We have already observed that W(x, »,v) will be an analytic function if
©#>0 and Romu+v)>n/2. Suppose v =1, then the second inequality assures
us that Wi(x, u,1) will be analytic at =1 if we > (n—2)/2. Thus, W(x,1,1) is
analytic if m > (n—2)/2 where n is the number of dimension and m the
number of partial differentiations with respect to x, in equation (1). (It will
be remembered that the analyticity may break down along the axis of D7,
but we shall continue to ignore this possiblity for the moment.) It is now
meaningful to write the operator

JiE = [ W31 D)0

D
or

WY = o P Gy
(13) (]1 1f)(x) - I—v(m_I_z_n)/z le(y) [(xo_yo)s_yZJn/Z—l

_ o LD AT e St A
X F(n/Z L,m;,m+2—n/2; xo—yo-l—r)dy(")
where m > (®—2)/2 and f vanishes for sufficiently large negative values of y,
so that the integral converges.

4. Behavior of the integrand of JU!f for y on the axis of D,. We have
already pointed out that the hypergeometric function occurring in the Riesz
kernel has argument 1 when »=0. The value of this function for argument
1 is given by the formula [4],

I'im+2—n/2)I'(3—n)

Fo/2—=1,m;m+2=n/2:1) = 5o o rin+3—n) *

and the formula is valid if m+2—#»n/2+0,—1,—2,-- and if RB—xn)>0. At
first glance it would appear that the integrand of jJ''f will be singular if
n>2, but we might still hope to choose m (in accord with the inequality
above) in such a way that the singularity will be cancelled out. In fact, if
we choose m =n/2 and use the Legendre duplication formula, we find

22—71751/2 I‘ (_3__2-_?1)
r(%5")

This function has simple poles at #=3,5,7,9, --- and zeros for »==6, §,10, ---.
Therefore, for » even the integrand of ji'f has no singularity and equation
is valid with the Riesz kernel given by for r=0.

(14) Fn/2—1,n/2;2;1)=
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On the other hand, if we choose m=mn/2—1/2, we also satisfy the in-
equality for s given in the last section and we find

21"I((3—mn)/2)

92— 2-1/2- )= L ST RE)

15) Fn/2—1,n/2—1/2,3/2;1) T(G—)/2)

This function has simple poles in the numerator at #=3,5,7,9, --- as before
and simple poles in the denominator at #=5,7,9,---. Therefore, for #n=>5,7,

9, .- the singularity of the integrand on the axis of D? is removed and equa-
tion is again valid with the kernel given as 2!™ for r=0.

It remains to determine how the Riesz kernel behaves in the case of
3-dimensions. We choose m =1 in conformity with the situation for the odd
dimensional case in general. Then one finds [4],

(32 )= L Jog LTVE
F(1/2,1,3/_1,2) 2/\/2— IOg 1_,\/2"

where we have set z=(x,—v,—#)/(x,—,+7%). This means that the Riesz
kernel becomes

1 1+vz
16 - log —TYE_,
(16) 2 9% s
This kernel vanishes on the surface of D* and has a logarithmic singularity
along the axis of D*. However, the kernel is the same as the kernel in
the classical solution of Volterra and, by a transformation to polar
coordinates, we can show that the singularity on the axis does not cause any
trouble in the integration. Therefore, the formal calculation is valid and the
Riesz operator for the equation

0 0? 0* 0?
'93;7< 0x,2 ~ Ox 2 Oy )%—f

can be written explicitly in the form

an 10 = gy | S0 108 TV dy.

Our analysis so far has shown that for certain particular values of m we
can generate Riesz operators for equation (1) for which the integrands are
analytic at #=v=1 when y is inside the light cone D*. We must now
justify the remark made in the introduction by showing that this can be
done for all combinations of m and n. For the case where # is even we can
try m=mn/2+k, then we find

2—n,.—1/2 .
F(n/2—1, n/2+k; k+2;1) = 2% F(égf:éz_ﬂ; 5532) )/2)
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This choice again gives singularities in the odd dimensional cases, but reduces
to a constant in the even dimensional cases. It follows that we have an
analytic Riesz kernel for equation (1) for every integer value of m greater
than or equal to n/2, when the number of dimensions is even. Now, if one
applies the method we shall use in the next section for obtaining the Riesz
operator for [, one can find a Riesz operator for every integer value of m
if » is even. Further, once the operator has been found for given combination
of m and n (even), Hadamard’s method of descent [6] allows us to deduce
the operator for m and n—1. In this way we can find the Riesz operator for
every conbination of s and #.

5. The Riesz operator for 1,. From our development of formula it

is clear that
@i—m OL(2)) = O, ax ()@ = TN = (@) -

Therefore, we set
8x0 (J211)(x)

and we have the Riesz operator for [J,. Moreover, we have shown that if
n is even we can chose m=#n/2 and if » is odd we can chose m = (n—1)/2.
It follows that the Riesz operator for the wave equation is given by the
formula

(18) (I )x) = ax gy (JN)

Let us rewrite the Riesz operator in the following form:
n/2]

@ = g | o FOWE—21, D ndyo-

It is not difficult to show that one can move n—1 differentiations with respect
to x, inside the first integral sign. Therefore, we can write

z, n/2l
i@ = [ g [y, . SOWE—31, Ddvedss -

—Yo)

We define W(x,), a one parameter set of operators on L2(E"71), such that for
S(Py)e LXE™™)

[n/2]
A9 WS PY = g | SED Wi Py T, Do

With the aid of this set of operators we shall solve the Cauchy problem
for data given on the plane x,=0.
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6. Seolution of the Cauchy problem for I,u=7Ff. Let us write the wave
equation in the form

(20) Dk Lt = £

n-1

2
where L=— —aaxj,—. Suppose that we look upon equation as if it were
i=1 i

an ordinary differential equation with L a constant and that we seek the
solution of this equation for initial data given at x,=0. Let the data be

u(0)=1t,, gg{)‘ (0)=un,. Then we can write the solution of the homogeneous

equation

2 Lu(zy) =0
0

dx,
in the form

u(xy) = cos(V L x,) uy + sin(v'L x) u

/AL
Let W(x,)= ﬂﬁ%{: %) then we have
2 e = O )y + W
X
Formally,
sin(v'L x,) Lx® | L
Tovp TRT T T

If Wi(x,) has the desired formal properties, then equation gives the solu-
tion of the homegeneous equation. To solve the non-homogeneous equation
we write

(22) (i) = S0 )t Wk o+ W= 3

Writing f(») = f(,)(Py) we see that the last integral is the operator we have
called (/*'f)(x) so that we can write out the solution of the Cauchy problem
in the form

a[n/2+1] »
(23) u(x) = *a%ff/fgﬁr‘fs(m . )uo(Py) Wi, Py, 1,1) dycu-1

otn/2l
o5 | g WP Py, 1,1) dynes

otn/2l T ;
-l~*a;0‘ca7-’zfj L(Pmn SNV W(a—y,1,1) dyeny .

0 =%a)
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We leave aside here the problem of determining under what conditions the

one

parameter semi-group of operators W(x,) can be represented by the

operator series, but an operational calculus of the kind we have just used
can be justified under quite general conditions.

£9]
[10]

University of Oregon.
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