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On the theory of ordinal numbers

By Gaisi TAKEUTI

(Received July 16, 1955)

In a former paper [3], the author formalized the theory of
ordinal numbers in a logical system G'LC introduced in [4], and con-
structed in that theory the set theory of Fraenkel-von Neumann. The
system G'LC is a large system containing the concept of ¢arbitrary
predicates’. Such a logical system is convenient, on the one hand, in
application. It allows us to form the theory of ordinal numbers,
for example, on a quite simple system of axioms. On the other hand
however, the nature of G'LC itself is not yet clarified. One does not
know whether an analogue of Gentzen’s theorem [1]: ¢ Every pro-
vable sequence in the system is provable without cut” (“ Fundamental
conjecture ) does or does not hold in G'LC.

In this paper, we introduce a new logical system FLC, obtained
by a slight modification of GLC. It will not contain the concept of
“arbitrary predicates” but will contain that of “arbitrary functions”.
We shall prove that the ¢ fundamental conjecture” is valid in FLC.

The theory of ordinal numbers will be then reformalized in FLC,
and the set theory of Fraenkel-von Neumann will be constructed in
it. The author has in view to show, in a forth-coming paper, that,
conversely, the theory of ordinal numbers as formalized in this paper
can be constructed in the Fraenkel-von Neumann set theory.

The logical system FLC is, as said above, a modification of GLC.
The formulas in FLC consist of variables, functions of various types,
predicates and logical symbols described below. It is to be noticed
that we have a wider domain of types than in GLC.

Chapter I. The system of logic FLC.
§1. Type symbols.

The type symbol is defined recursively as follows.
1.1.1. 0 is a type symbol
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1.1.2. If «,.--, @, are type symbols, then («,- -, @,) is a type symbol.
(n=1,2,38,)

The height of a type symbol is defined recursively as follows.
1.2.1. The height of the type symbol 0 is zero.
1.2.2. The height of the type symbol («a,---, «,) is h+1, where h is
the maximal number of the heights of «,,---, «

ne

§2. Variables Functions etc.

2.1. Variables, which are also called function of type 0 or variable

of type O.
2.1.1. Free variables a,b,c,-
2.1.2. Bound variables X, Yy Zyee
2.1.8. Special variables 0, w,--

2.2. Functions of type o (the height of a>0), which are also called
variable of type a.

2.2.1. Free functions of type « fa, ga, ha,- -

2.2.2. Bound functions of type ¢ pa,qa,ra,:--

2.2.3. Special functions ¥4, max(k,, ¥,), -
2.3. Predicates X, =K, K, <X,
2.4. Logical symbols 7y Ns V,y ¥, 3

If no confusion is likely to occur, the notation may be abbreviated
by the following conventions; we may write f,p for f«,,pa, respec-
tively.

§3. Terms and functionals.

Terms and functionals are defined recursively as follows.

3.1. Every free or special variable is a term.

8.2. Let f,--,f, be free functions of type «,, -+, @, respectively, where
fi==f) for i4=j. Moreover, let p,.--,p, be bound functions of
types a,,---, a, respectively such that p,-.-,p, are not contained
in a term T and p,==p; for id=j. If we substitute p; for f; in
T for all {(1<:<n) at all places where f; are, and add {p,,--,
p,} in front of the so constructed figure, then we obtain a func-
tional of type (a,, -, «,).

3.3. Let f be a free or a special function of type («,---,«,) and F;
be a functional of type a,(¢=1,.--,7). Then f(F,,.-, F,) is a term.

Term is called functional of type 0.
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§ 4. Formula.

Formula is defined recursively as follows.
41. If T, and T, are terms, then 7',=7T, and T,<<T, are formulas.
4.2. If A, and A, are formulas, then 7A,A4,\A, A VA, are for-

mulas.
4.3. Let p be a bound function of the same type with a free function

f and be not contained in a formula A. If we substitute p for
fin A at all places where f are, and add Vp or Ip in front of
the so constructed figure, then we obtain a formula.

Indication, homologousness and substitution are defined in the

same way as in [4].

§5. Inference-figures.

Inference-figures on structure of sequences, cut, inferences on 77,
on A\, and on \/ are given with the same schemata as in [4].

A(F), -4 . I'—4, A(f)
vV left Y right e Rl U A
VPA(p), I'—4 r'—4,Y pA(p)
(F is an arbitrary functional (There is no f in the lower
of the same type with p) sequence)
3 lett AU, >4 3 right 4 AE)
ApA(p), I'—>4 Ir—4, 3pA(p)
(There is no f in the lower (F' is an arbitrary functional
sequence) of the same type with p)

§ 6. Proof-figure.

Proof-figure is defined in the same way as in [4].
By the same method as in [1], we have easily the following

theorem.
THEOREM 1. If & is a provable sequence, then & is provable

without cut.
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Chapter II. The theory of ordinal numbers.
§ 1. Axioms of the theory of ordinal numbers.

First we shall list the axioms of the theory of ordinal numbers.
Vx(x=x)
0<<w
VaVy(x<y\Vx=yVy<x)
VaVy7 (x=y \x<Y)
VaVy7 (x<<y\y<<%)
VaVyVz(x <<y \y<<z—x<2)
Vx(0 <<x\/x=0)
8. VaVy(x<<y—x'=y\/x <<y)
where 3’ is a special function of type (0)
9. Vx(x<<x')
10. VaVy(x =y +—x=29)
11. Va(x<<or—x' <o)
12, VaVy(xr=y— max(x, y) =)
where x<<y means x<Zy\/x=7y as usual, and max is a special function
of type (0,0).
13. VY y(y < x—max(x, ¥) =X)
14.  N©O)=0
where N is a special function of type (0).
15. Y x(x > 0— N(x) =0)
We use sometimes a>0b for b<<a and a>=b for b<a as usual.
16. Va¥y(y <<x—Iq(y, x)=0)
where Iq is a special function of type (0,0).
17, VaVy(x=y—Eq(x, y)=0)
where Eq is a special function of type (0,0).
18. Vx(6(x')=x)
where ¢ is a special function of type (0).
19. VAV y(x<<y—o(x) = ()
20. Vx(x<<o—(6(x)) =x\/ x=0)
2l Va(i(g'(x), £(%) =%)
where j is a special function of type (0,0) and g' and g are special
functions of type (0).
22, YxVy(g'(i(% 3)=2)
28.  VaVy(&'U(x, ¥)=Y)

R alk ol S
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2.4. VaVyYuVo(jx, y) <<j(#, v)—max(x, y) <<max(«, v)
V (max(x, y) =max(u, v) \ (y <vV (y=v /\x<u))))
II. 1. Equality axiom
VOV y((x=y—p(x)=p(¥))
2. Axiom of mininum
a) VYpVx(p(x)=0—p(Min(p)) =0 A\ x=Min(p))
b)  Vp(H(Min(p)) =0/ Min(p)=0)
where Min is a special function of type ((0)).
3. Axiom of upper bound
VPV 2V y(y <x—p(y) <up(p, x))
where up is a special function of type ((0), 0).
4. Axiom of contraction
VOV 2V y((y <x—Con(p, %, y) =p(3) \ (¥ = %—Con(p, x, ¥)=0))
where Con is a special function of type ((0), 0,0).
5. Axiom of gap
VoVxVy(gap(p, ) =p(y)—y =%)
where gap is a special function of type ((0), 0).
6. ‘Axiom of sum
VOV gV 2((p(x) =0—S(p, q, 7, ¥) =q(x))
N (Px)>0=S8(p, q, 7, ) =7(x)))
where S is a special function of type ((0), (0), (0), 0)
7. Axiom of recursive function
VoV x(Ree(p, x) =p({y}Con({z}Rec(p, 2), %, 3), %))
where Rec is a special function of type (((0), 0), 0).
8. Axiom of cardinal

VoY x(gap(p, x) << x(x))

The system of all these axioms I.1—24 and II.1-—8, that is, the
juxtaposition of these axioms by the agency of commata, will be
denoted by I',.

In this paper, we shall use the following abbreviated wording.
When I',, I'—4 is provable, we shall say briefly that I'—4 is provable,
or that we have I'—4; if, moreover, I',—A is provable, then we say
that A is provable or that we have A.

Propositions, of which we shall omit easy proofs are, marked
by *.

Next we shall define several elementary functions and state their
elementary properties.

Min(f, @) is defined by Min({x}Eq(f(x), @)).
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*We have
AT)=a—f(Min(f, a))=a )\ T =Min(f, a)
and
Va7 (f(x)=a)—Min(f, a)=0.

E(f) is defined by f(Min(f)).
*We have

E(f) =0 3x(f(x)=0) .

E(f, a) is defined by E({x}Eq(f(%), @)).
*We have

E(f, a)=0~3x(f(x)=a).

§ 2. Primitive formula.

A formula A is called a primitive formula (abbreviated by pf),
if A satisfies the following condition. If Yp or Ip is contained in A,
then p is of the type 0, that is, Vp or dp is of the form VYx or dx
respectively.

Now, we prove the following theorem.

THEOREM 2. Let F(f,--, g, a,--,b) be a primitive formula, where
F(py-+,q, %+, ) conlains no free funclion nor free variable. Then
there exists such a term T(f,---, g, a,--+,b) that T(p, -+, q, %,---, ) has no
free function nor free variable and

VPVQVxVJ’(T(P,, qy Xy y):O

HF(?): q, %+ Y))

is provable.

Proor. We prove this by the induction on the number # of
logical symbols in F(f,---, g, a,---, D).

1) The case, when #=0. In this case F(f,--, g, a,--,b) is of the
form

Ufy & @y, B)=V(fy++ & @+, b)
or U(f,, 8 @y b)) << V(f,o, & @)+, B) .
Accordingly, we set as T(f,.--, g, a, -+, b).

EqU(f,+, & @+, b), V(f,+, &, @y++, b))
or 1Q(U(fy, 8 @yee+y B), V(fyree, &, @ye++, B))
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Then the proposition is clear.

2) The case, when #>0.

a) The case, when F(f,---, g, a,--,b) is of the form 7G(f, - &,
a,--,0). By the hypothesis of the induction, there exists such a term
U(f,--, g a,--, b) that U(p,--, q, x,--+, y) contains no free function nor
free variable and VP'"Vqu"-Vy(U(p,m, a, x:'”’y):OHG(p"”’q’ Xy, )
is provable. We set NU(f,---, g, a,---,0)) as T(f,--, &, a,---,b). Then
the proposition is clear.

b) The case, when F(f,-, g, a,---,0) is of the form G(f, g,
a,--,b) \N\H(f,--, & a,---,b). By the hypothesis of the induction, there
exist such terms U(f, -, &, a,---,6) and V(f,---, g, a,--+, b) that U(p,---,q,
X,-++,y) and V(p,---, q, X,---y) contain no free function nor free variable
and

VP Ng¥ % NYU(Dy++, q, %ye++, 3) =0
AG(Dys @y Xyerey ¥))
and Vp---NgVx---Ny(V(Dy-+5 @, %+, ) =0
~H(Dy -+, q, %+, ¥))
are provable. We set
max(U(fy s & @y B)y V(fyr++y & G-+, 0))

as T(f, -, &, a,+-,b). Then the proposition is clear.
c¢). The case, when F(f,-, g, a,++,b) is of the form JzG(z, f, -, &,
a,---,b). By the hypothesis of the induction, there exists such a term

U, fy - & a,--+, b) that U(z,p, -, q, %,--+,¥) contains no free function
nor free variable and

Vayp---Yg¥x---Yy(U(z, P, -5 g5 %+, ) =0
HG(Z,P,--', q, x,...’y)) .
We set E({zU(z, f, -, 8, a,-++, b))
as T(f,'...,g,a’...b),

Then the proposition is clear.
By theorem 2 the following propositions are easily proved.
LEMMA 1. Let A(a) be pf. Then the following formula is provable.

VaVy(x=y—(Ax)—A(Y) .
LEMMA 2. (Transfinite induction). Let A(a) be pf. Then the fol-
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lowing sequences are provable.
Va(x<<T—(Vy(y <<x—A)—Ax) = Va(x < T—A(x)) .

and Va(Vy(y<<x—A(3))—A(x)) = VxA(x) .

LEMMA 8. (Mathematical induction). Let A(a) be pf. Then the
following sequence is provable.

A0), Yx(A(x)—AK)), T<<o—A(T).

LEMMA 4. Let A(a) be pf, and Ua) and V(a) be terms. Then

lhere exists such a term T(a) that the following formula is provable.
Va(A@)—T(x) =U) \ (7 Alx)—T(x)=V(x))) .

This proposition is clearly generalized as follows.

Let A (a),---, A,(a) be pf’s and Nx(A,(x)\/ ---\/ A, (%)) and Nx7 (A(x)
NA(x), for id=j, be provable. Moreover let T\(a), -, T,(a) be terms.
Then there exists such a term T(a) that the following formula is pro-
vable.

Va(A,(0)—T(x) =T, \--- AMA,(0)—T(x)=T,(x)) .

LEMMA b. Let T({(z}Con({#}f(n), a,z),a) be a term, where T({z}
Con({u}p(u), x, 2), x) contains neither f nor a. Then there exists such a
term Ula) that U(x) has no a and the following formula is provable.

Va(U(x) = T({z}Con({v}Ul(w), , 2), %)) -

LEMMA 6. Let A, (b),---, A, (D) be pf’s and Vx(A,(x)\/ ---\ A,(x)) and
Va7 (A;(x) \ A;(x)), for i==j, be provable. Moreover, let T,({z)Con({u}f(x),
a, Z); a)"": Tn({Z}COIl({%}f(M), a, Z)’ a) be termsr where Tl({Z}COH({%}p(M),
%, 2), x) contains neither f nor a for each i (1<i<mn). Then there exists
such a term T(a) that the following formula is provable.

V2((A,(x)— T(x) = T, ({2} Con({u} T (), %, 2), %)) \ =+ \
(A, (%) —T(x) =T, ({2} Con({u} T(), x, 2), %))) -

In this case, we say that the function T(a) is defined by the
formula :

V2((A,(%)— T(x) = T,({z}Con(T, %, 2), )) \ --- \\
(A,(®)— T (%)= T,({z}Con(T} x, 2), ))) .

LEMMA 7. Let A,(b), -+, A, (D) be pf’s and Yx(A,(x)\/ ---\/ A, (%)) and
Va7 (A;(x) \A,(%), for i=j, be provable. Moreover, let B,({z}Con({u}f(w),
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a, ), a),-++, B,({2}Con({u}f(w), a, 2), @) be pf’s, where B,({z}Con({u}p(x), *,
2), X) conlains neither f nor a for each i (1 <i<n). Then there exists
such a term T(x) that the following formula is provable.

Vx((A,(%)— (T(x) =0 B,({z}Con({u} T (), %, 2), X)) A\ +++ \
(A4,(0)—(T(x) =0 B, ({z)Con({u} T(w), %, 2), x)))) -
Let A(a) be pf. Then there exists such a term T(a) that
V(T(x) =0—ANT®) =1).

We define Min(x)A(x) by Min({x}T(x)). Clearly the following sequences
are provable.

AU)— AMin(x)A(x)) ,
— A(Min(x)A(x)), Min(x) A(x) =0,
— Y x(A(x)—x2=Min(y)A(y)) .

§3. Construction of several functions.

sup(f, @) is defined by Min(x)Vy(y<<a—f(y)<x).
By the axiom of upper bound, we have easily

VOV XV y(y <x—p(y) <<sup(p, %))
and  VpVaVu(Vy(y <x—p(y)<u)—sup(p, x) =u).
mg( f, a) is defined by Min(x)Vy(x=f(y)—y=a).
By the axiom of gap, we have easily
VOV 2V y(mg (D, X) =p(y)—y = %)
and VOV NV u(Ny(u=p(y)—y = x)—u =mg(p, X)) .

It is remarkable that Min(x)VYp(mg(p, @) <<x) cannot be defined.

a+b is defined by the following formula.

a+0=a/\ Yx(x>0—a+ x=sup({z}Con({#}(a+ u), %, 2), x))
*We have

VaVy(x=x+y)

VaVyVa(z<<y—(x+2) <x+Y)

VaVyVu(Vz(z<<y—(x+2) Su) \x<u—x+y<u)

YaVy(x+y =(x+3))

V(x4 0=x)

V20 +x=x)
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VaVy(xr <o Ay <<o—x+y=y-+X)
VaVy(x <o \y<o—x+y <o)
VaVyVa(y<<zrx+y<<x+2)
VaVyVa((x+y)+z2=x+(y+2)).
*We have furthermore
YV (2 <o \y<ow—ji, y) <o)
Ho,0)=w
j(O,la)):ca-Z
J(w, ®)=w3
where a-2 or -3 is the abbreviation of a+a or a+a+a.

d,(@) is defined by the following formula.
(@< w—58,(8)=8(a)) \(a=w—2s,(a)=a).
We define g''(a), g£(a), £"(@) and g%(a) by g£'(g'(a)), 8'(&°(2)), £'(&'(a))
and g%(g’(a)) respectively.
d,(@) is defined by the following formula.
(8'(@)=0—0,(a) =g (@) \ (&'(a) > 0+10,(a) =0,(8"(a)))

0,(a, b) is defined by 6,(j(a, b))
*We have

5,(0,0)=b
and a>0—5,(a, b)=10,a)

S(a, b), S,(a), T(a, b), T (a), T,(a), T,(a) and T (a)
are defined by the following :

S(a, b) is j(o,(g'(@), 8(D)), 6,(g°(a), 5(D)))

Si(@) is j(g'(a), 3(g°(@)))

T(a, b) is j(j(g'(a), &'(D)), j(&*(@), &°(D)))

T\(a@) is j(g"(a), g"(a))

Ty(a) is j(g&%(a), g%(a))

Ty(a) is j(g"(a), g"(a))

T(a) is j(g"(a), 8"(a))

K(a) is defined by the following formula
(g'(@)=g"(a)— K(a)=0)
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N (g'(@)<g’(a)\g"(a)=g’(a)—Kl(a)=g'(a))

N(E(a)<g(a)\g"(a)<<g(a) )\ (g (a)<<g(a)
— K(a)=S(Con(K, a, S,(a)), g%(a)))

N(&'(a)<ga)\g"(a) < g (@) \d(g (a)=2g"(a) \g"(a) < g¥(a)
—K{(a)=T(Con(K, a, T\(a)), (Con(K, a, T (a)))))

A& (a)<g (@) \g (@) << g’ (a) \o(&*(a))=g*(a) \ g"*(a)>g"(a)
— K(a) = T(Con(K, a, T,(a)), Con(K, a, T,(a))))

K(a, b) is defined to be K(j(a, b))
*We have
a>b—K(a,b)=0
a<b,g'(b)=b—K(a,b)=a
a<b, g'(b)<b, 6(b) <<b— K(a, b)=S(K(a, 5(b)), b)
a<<b,g'(b)<<b,d(b)=b, g'(b) < g*(b)
— K(a, b)=T(K(g'(a), £'(0)), K(g°(a), £°(D)'))
a<b,g'(b)<b,5(b)=>b, g'(b)>g*d)
—K(a, b)=T(K(g'(a), £'(d)), K(g*(a), (D))
a<<w,b<<o— Jz(z<<o )\ Kz, ©)=j(a, b))
a<o—g'(K(a, v) <o\ g (K(a, v) <o
By the transfinite induction on @, we have easily
VaVydz(x<<a \y<<a)\o<a—z<<a)K(z, a)=jx,y))
and Va(x<<a)\o<a—g' (K a)<<a)g(K(x, a)<<a).

G(a, b; c) is defined by Min(z) (K(z, c)=j(a, b)).
*We have

o =a—VaVy(xr<a)\y<a—G(x,y;a)<a\K(G(x y; a), a)=j(,3)) .

Now we define successively 0'=1,1'=2, 2/=38, 8' =4, 4'=5, 5’ =6,
6'=1,7=8,8=9,9=10, 10/ =11, 11'=12.

J(a, b) is defined by the following formula.
J0,5)=0
N\ (3(a) < a— J(a, b) = Con({u} J(«, b), a, 5(a)) -+ b)
N0 <a ) d(a)=a— J(a, b)=sup({z)Con({u}J(«, b), a, 2), a)) .
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*We have
b>0—YaVy(x<<y—J(x, 0)<<J(y, b))
YV 3xy3z(J(y, b)+2=x/\2<b).

j(c, @, b) is defined by J(j(a, b);9)+c.
*We have
VaYoVax¥yVaVw(u <9 \v<<9—(j(«, x, y) <<j@, z, w)
=7, ¥) <J(2, w) V (J(%, ¥) =j(2, w) \u<<0)))
YuVoYaVyYaYw(u <9I A\v<<9IAj#, x, ¥)=74(v, 2, w)
—u=v/\xX=z2\y=w)

g,(a) is defined by Min(2)IxIy(@=j(z, x, ) N\2<<9).
g,(a) is defined by Min(z)dxIy(@=j(x, z,y) \x<9).
g,(a) is defined by Min(z)IxIy(@a=j(x, y.2) \x<<9).
*We have
Vx(g,(%) <<9)
Vx(](go(x): gl(x)7 g2(x)) = x)
Va(x = g,(%))
Va(x = g,(2)) A\ V(x> 02> g,(%)) .
j(c,a, b) is defined by J(j(a, b),12)+c.
*We have
Vu oV 2YyVaVw(u <12 \v < 12— (j(u, %, ) <<} (v, 2, w)
=1(%, ¥) <<j(2, W)V (4(%, ) = j(2, w) \ u<<v)))
YoV Y yVzY w(n <12 \v <12 A j(u, %, ) =1 (v, 2, w)
—u=v\x=z2/\y=w).

In the same way as above, we have three functions g, g, 2,
satisfying

V(g (%) <<12)
VA(G(E(), Z,(%), Z(%) =)
Va(x = g,(%))
Va(x = 5,(%) \ V(x> 0—x>Z,(x)) .
In the same way as above, we have a function K(a, b) satisfying
VuVaVydz(u <12 \x<<a)\y<<a)\o<a
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p-z<a/\f{'(z, a) =}"(u, X, )
and Va(x<a)\o<a—g K, a) <a)gKx a)<a).
a—0b is defined by Min(x) (b +x=a).
*We have
b<a—bi(a—b)=a
b<a,b<c—ac—(a—-b)<(c—-b).

Chapter III. Construction of set theory.
§1. The model 4.

Let <(f,b,¢) be b>cAf(j(b,c))=0
=(f,b,¢) be (b=cA\flj(b,))=0)V (b=c\fljc, b)=0)
<(f,b,¢) be Jx(=(f,x,c)\<(f,b,x))
=(f:b;{c;d}) be Yux<<b—(<(f, b, x)—=(f,x,¢)\ =(f, % d)))
<(f:b;{c;d}) bedx(x<b\<(f,b,x)\ =(f:%; {c;d}))
=(f:b;<<c;d>) be AxIy(x<<bA\Y<<bN\=(f:D;{x;3})
AN=(fix;{c;eh\N=(f:y;{c;d})
<(f:b; <<c;d>) be
e x<<ON<(f, 0, )\ =(f:%; <<c;d>))
=(f:b;<<c;d;e=>) be
(x<<ON\N=(f:0;<<c;x>)\=(f:x;<<d;e>))
<(f:b;<<c;d;e>) be
x<<bN<(f, b, )\ =(f:x; <<c;d;e>)).
Moreover let

H\(f,a) be =(f,g’(a), g(g"(@))V =(f, g'a), g&(g"(a)))
H,(f, a) be <(f, £,(g'(@)), &%(@)) \ IxIy(x<g’(a) \y<g*(@)
AN<r N\ =(f:8%a); <x;y>))
H(f, a) be <(f, g,(8"(a)), g% (@) \ 7 <(f, 8,(g"(a)), &°(@))
H,(f, a) be <(f, g,(g8'(a)), g’ (@) \ IxIy(x<<g*(a) \y<g’(a)
A=(f:8%a); <x;y>)\<<(f, g&(g'(a)), y))
H(f,a) be Ix(x<<g(g (@) \N<(f:&(g'(@); <x; g% (a)>))
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H(f,a) be Jx3y(x<<g,(g'(@)\y<<g(g' ()
AN<(f:8(8'); <x;y>)\=(f:2%a); <y;x>))
H/(f,a) be JxIydz(x<<g(g' (@) \y<<g(g'(@)\z2<g/(g'(a))
AN<(f:8(8"@); <x;y;2>)\=(f:8%a); <y;2;x>))
Hy(f,a) be dxJyJz(x<g,(g'(@) \y<&(g' (@) \z2<g(g' (@)
N<(f:8(8'@);<x;y;2>)\=(f:8%a); <x;2;Y>))
H(f, a) be Yx(x<g(a)—(<(f, g'(a), x)—<(f, &°(a), X)))

Then there exists such a fn(a) that the following sequences are pro-
vable.

g(a)>g’a), £(g'(a))=0—fn(@)=0

g'(@)>g*(a), &(g'(@))=1— fn(a)=0—H,({z}Con(fn, a, 2), a)
g'(@)> g’ (a), g(g'(@)) =2— fn(a)=0—H,({z}Con(fn, a, 2), a)
g'(a)>g"(a), &(2'(a) =8— fn(a) =0 H({z)Con(fn, a, z), a)
g'(a)> g% (a), &(g'(@)) =4— fn(a)=0—H,({z}Con(fn, a, 2), a)
g'(@)> g'(a), g,(8'(@))=5— fn(a)=0—H,{z}Con(fn, a, 2), @)
g'(a)>g*(a), &g (a))=6— fu(a)=0—H{z}Con(fn, a, 2), a)
g'(@)>g'(a), g(g"(@)="T— fn(a)=0—H,({z}Con(fn, a, 2), )
g'(a)>g*(a), &g (@) =8—fn(a)=0—Hy{z}Con(fn, a, 2), )
gia)=g’) — fn(a) =0~ H,({z}Con(fn, a, 2), a) .

Let << (b,¢), =(b,¢),<(b,c), =(b; {c;d}),<(b;{c;d}), =(b;<c;d>),
<(b; <c;d>), =(b; <c;d;e>),<(b; <c;d;e>)be <(fnb,c), =
(fn,b,¢),<(fn,b,¢), =(fn:b;{c;d}),<(fn:b;{c;d}), =(fn:b;<c;d>),
<(fn:b; <c;d>), =(fn:b; <c;d;e>), <(fn:b; <c;d;e>) respec-
tively. We write ¢&bd (or b=c¢), b=c, (b, ¢}, <c,d>, <c¢,d,e>,
Od(a), C(a@), b =~c¢,b.c,ac b and acbd for <(b,c), =(b, ), i1, b, ), {{c, c},
{c, d}}, <<c, <d, e=>>, Min(z) (z=a), Min(z) (zC a), j(3, b, ¢), b= (b~-c),
Vx(x&a—x=b) and a C b )\ 7 (a=b) respectively. Then, in the same
way as in pp. 209—214 of [3], we have

2,0)=0—>acb—qx(x=a )\ x<b)

—{b, ¢} Dd—b=d\/c=d
=b,c=d—{a,c}={b, d}

—a=c \b=d—<a,b>=<c,d>

—a=b )\ c=d)\e=f1<a,rc, e>=<b,d, f>
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&b)=2—-b>crccg D)\ IxTyrcy Ne=<x,y>)
—a=(b-c)—acb )\ 7(@sc)
—aE (b-c)—macbNacc
g(0)=4—b>cg () De )\ IxTyc=<xy>\g(0) DY)
g)(0)=5—-b>Dc—In(g,(b)><<x, c>) A
&(0)=6—b>c—IxAY(g,(b) D<x, y > Ne=<y, x>)
g(0)=T—bDc—TxIyIz(g, () >D<4, ¥, 2> Ne=<y,2,x>)
g(0)=8—b>c—IxTyJz(g,(0) <X, ¥, 2> \Cc=<%,2,y>)
—a=0d(a)
a=b-—-b>=0d(a)
a & b—0d(a)<<0d(b)
Jx(xE a)—Cle)Ea \Vx(xE a—x=Cla))
—7 (a=a)
—0cC o AVH*C o—JY(y S0 \XCTY))
—>Vx7(x&0)
—VYWWzzey\ySa—z2< 40, a, a)).

We write a=f for fla)=0. Moreover we denote with cl(f) the

formula YxJyVz(zeEfA\zEx—2EY).
First, we see from lemma 2 that the following sequences are
provable.

— 3PV A(P(%) =0—xC a)

—> 3PV H(p(%) =0—f(x)=0 A\ 7 g(x)=0)

—> 3PV 2(p(x) =0 f(x) =0 A\ g(x) =0)
—JPpVx(p(x)=0—1f(x)=0/g(x)=0)

— 3PV (H(%)=0—JyJ2(x=<y, 2> )\ f(x)=0))

— 3PV A(p(x) =0~ JyA(<y, >)=0)

—3pVu(p(u) =0 JxIY(f(<%, y>) =0 \u=<y, x>))

— 3PV u(p(e) =0— 23y J2( (<%, 3, 2>) =0 Nu=<y, 2, £>))
— 3PV u(p(u)=0—3x3yJ2((<% ¥, 2>) =0 N\u=<x,2,y>))
—J3pVu(p(w)=0—Jx3y(u =<y, x> )\ f(9)=0))

— 3PV u(p(u) =03y J2(u=<y, 2> \f()=0 )\ g(2)=0))

— PV H(P(%) =0 J¥(f(<<x, y>>)=0))

— 3PV A(P(x) =0 (<%, y>) =0\ 2(y)=0))
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=3PV H(P(%) = 0= V(<% y>)=0 \yE a))
—> PV H(P(x) =0—f(<x, a>)=0).
Hence by the same calculation as in the chapter V p. 40 in [2],
we have
V7 (x&f)—cl(f)
Va(xcf)—cl(f)
c(f),e=f,a=b—-b=f
—YxIp(l(P) AVY(y Ep—y X))
Va(x S fIyTz(x=<y,2> \yEz)—>cl(f)
=Y pVqIr(cl(p) \el(@)—c(N AV xEr—xEp \ 75 q))
=V p¥aIr(cl(p) Acl@)—cln \Vx(xEr—xcpV x&=q))
cl(f)— Ip(l(P) AV (xS p—=IY(<Y, x> f)))
cl(f)— Fp(el(p) \Vu(u S pr FXIY(< %, y >E f A=<y, £>)))
cl(f)— 3p(cl(p) \Vu(u & p— 23y 32(<K, 3, 2> f AN u=<y, 2, x>)))
cl(f)— 3p(cl(P) \Vuu(u & p— Fx3yF2(<<x, 3, 2> C [\ u=<%,2,¥>)))
cl(f)— 3p(el(p) \Vu(u = p—3x3y(u=<y, x> \yEf)))
cl(f), cl(8)— JP(UP) A\ VHx E Py TFe(x=<3,2> \yEf\2E8)))
cl(f)— FP(l(P) ANVX(x S p—= V(< X, y > f)))
cl(f), cl(g)— FP(HP) AV X(x S p— J¥(<<X, y>C fAYE8)))
cl(f)— Il N\NVHxEp—IN<H y>EfAY Ea)))
cl(f)— IP(l(P) ANV H(x & p<<x, a>Ef)) .
As in p. 215 of [3], we have
cl(f), VeV yVa(<x 2> fA<y, 2> E frx=Y)
- y(ycx—Jzzca\<y,z2>&f)).
Therefore, in order to construct a model of set theory, we have
only to prove
Vx3yvVz(zCx—z<y)

which is proved in § 2.

§ 2. Proof of YxgyVz(zcx—z&y).

To prove YxJyVz(zCx—zCy) we have only to prove
w=b,ccb,d=j0,;0, x0),0),0)—ccd.
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Therefore we assume in this section that 0 <<b,cc b, and d=4(0, (0,
2(0), 0), 0) hold.
First we define clos(f) as an abbreviation of
VauV x¥ y(u<<9 \f(%) =0 A\ f(3) =0—fj(u, %, ))=0)
AV x(f(x)=0—f(C(%)) =0 )\ fg,(%)) =0 )\ f(£,(%)) = 0)
AV x2(x<<w—f(x)=0).
In the same way as in the proof of 12.8 in the chapter VIII in
(pp. 54—61) we have first
(1) Yy y(x<<a, Ny <a—(x<y—G(x)<<G(y)),
Vx(x <<a,—f(G(x))=0),
Vx39(f(x)=0—2=G(y) \y<a,),
clos(f), e<<a,c<<a,—c>e—G(c)DGle).
Now, we assume the following propositions (2) and (3), and prove
c<d.
(2) AV Y(A(y)=0—y <%)
—3pFu(VxVy(x <u )\ y <w—(x<y—p(x) <p(P)))
AV x(x<<u—f(p(x))=0)
AVXFY(f(%)=0—y <u \x=p(¥)))
(3) < b— 3p3q(Vx(x <<b—p(x)=0) )\ clos(p) \p(c) =0
AVxIY(D(%) =0—x=q(y) \y<D)).

From 38) and the assumption in the beginning of this section, we
may assume that there exist f and g satisfying

4.1) clos(f)
(4.2) Va(x <<b—f(x)=0) A\ f(c)=0
(4.3) Va3 y(f(x) =0—~x=g(») \y<<b)

Then by (4.3) and the axiom of upper bound we have an ordinal
number @ satisfying

5) Yx(f(x)=0—x<<a)

Therefore we see from 2) that there exist ¢, and G satisfying
(6.1) Va¥ y(x<<a, \y <a— (x<<y—G(x) <G(y)))
(6.2) Va(x<a,—f(G(x))=0)

(6.3) Vx3y(f(x) =0~y <a, A\x=G(y)) -
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From [8.1), [6.2), [(6.3), (5) and (4.3) follows
(7) a,<<x(b).

Let ¢ be an ordinal number satisfying ¢é< e, and G(é)=c. Then
we have from 1)

Va(x <<b— (¢ 2 x—cDx))
and so c=744b.

Since ¢-b<<d, we have é.bc d, whence c=d follows.

§3. Proof of 2) of §2.

If Vx(f(x)>0) holds, then the proposition is clear. Therefore we
may assume that Jx(f(x)=0) and Va(f(x)=0—x<a). Then G is defined
by the following formula

G(0)=Min(f)
AV 2(x>0—G(x)=Min(2) (f(2) =0 A Vy(7 Con(G, %, y) =2))) -
And G-! is defined by the formula
V4(G™'(x) =Min(z) (G(2) = %)) .

And b is defined by sup(G~), a@). Then we see clearly that the follow-
ing formulas hold.

VaVy(x<<b\y <<b—(x<y—G(x) <G(¥)))
Ya(x <<b—f(G(x))=0)
and Vx3y(f(x)=0—y<<b Ax=G(¥)) .

Therefore the proposition is proved.

§4. Proof of 3) of §2.

In this section we shall prove
® < b— JpIg(Vx(x <<b—p(x) =0) A\ p(c) =0 A clos(p)
AVX3Y(D(x%)=0—x=g(y) \y<<D)).

To the end, we define several functions.
A,(a, b) is defined by the following formula.
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V(g (K(x, b)) =0—A,(x, b) = g*(K(, b)))
A (g (K%, b)) =1—Ay(%, b) = b + K(g*(K(x, b)), b))
Mg (B(%, b))=>1—A(x,5)=0)) .
*We have
0 <b—>Yx3y(x<b-+50,b,0)—y<b A, b)=x)

B,(a, b) is defined by the following formula
B,(0,5)=0 A\ V(x>0 \ x = o— B,(x, b) =0)
A (x>0 A\ x<<o—B(x, b)=B(3(x), b)+ b)) .
Since B,(6(x), b) is equal to Con({y}B,(y, b), x, 5(x)), this definition is
legitimate. Hereafter we use similar abbreviated definitions.
B (b) is defined by sup({x}B,(x, b), »)
*We have
Yax(x<<By(b)— AyIz(y <w \2<<b A\ By, b) +2z2=1x))
n, <w,a, <<b,n,<<o,a,<<b—B|(n,b)+a <<B(ny,b)+a,
—(n,<<ny)\V(m=n,\a <<a,).

C,(a, b) is defined by Min(xy(B,(«', b) > a).
*We have
Va(x << By(0)—C, (%, b) <o A\ 3y(y <b A\ B,(Cy(x, b), b) +y=x)) .

We can define easily a function A,(#n,a, b) satisfying
A 0,a,b)=a \VX(O0<x\x<<w—A/(x, a,b)
=A(A,((x), @, b), sup((3)A,(3(x), ¥, b), b))
Ao =x—A,(x,a,b)=0)).
In fact, if we rewrite this formula in using A, instead of A,, such
that A (j(b+n),a)=A,(n,a,b), we obtain a defining formula for A,
The existence of the function A,, and hence also of A, is then clear.

Aa, b) is defined by A,(g'(K(a, b)), &*(Kla, b)), b).

B,(a, b) is defined by the following formula.
B,(0,b6)=0b
AV#((0 <x )\ x<<w—B,(x, b)=B,(5(x), b) -+ (0, B,(5(%), b), 0))
N (0 < x— B, (x, b)=0))-.
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B,(b) is defined by sup({x}B,(x, b), )
o =<b,a<<B,(b)— Jx(x<<b)\a=A,x, b))

Cp(a, b) is defined by Min(x) (B,(x, b)>> a).
*We have
Vx(x<<B,(b)—Cp(x, b)) <<w)
Vx(Cp(x, b) =0 A\ x<<B(b)—x<b)
Y x(x<<B,(b) N0 <<Cp(x, b)—
JyJzTu(u <12 \ y << B,(5(Cp(x, b)), b) A 2<< B(3(Cp(x, b)), b)
N\x=B,(5(Cp(x, b)), b) +j(u, ¥, 2))) -

D(a, b) is defined by the following formula.
(Cp(a, b)=0~—D(a, b)=0)
N\ (0<<Cp(a, b)—D(a, b)=a— B,(3(Cp(a, b)), b)) .

E(a, b, c) is defined by the following formula.
E@©,b,c)=c
N(@>0/\a<<b—E(a,b,c)=0(a))
A (Cp(a, b)>0 A\ B(0) >a—(g(D(a, b)) <9~
E(a, b, ¢)=j(8((D(a, b)), E(&,(D(a, b)), b, ¢), E(8,(D(a, b)), b, ¢)))
/\ (go(D(a’ b)) :9'_E(a: b: €)= C(E(§1(D(a’ b))’ b: c))
/\ (gro(D(a: b)) - 10"E(a7 b7 c) :gl(E(§1(D(a’ b))’ b’ c)))
/\ (g'o(D(a’ b)) : 111—~E(d, b: c) :g2(E(g71(D(a’ b))’ b’ M)
N(B(b)<a—E(a, b, c)=0).

A(a, b, c) is defined by E(A\a,bd), b, c).

*The following sequences are provable.
o<b—->VaVyVudz(x<<bN\Ny<<b\u<<9

—2<<b/\A(z b, c)=ju, A(x, b, ), A(y, b, ¢)))

o<b—Jx(x<<b/\ A(x, b, c)=c)
o<b—-YxIyx<<b—y<<b)\A(y,b,c)=2)
0 <b—>YxIy(x<<b—y<<bN\A(y,b,c)=C(A(x, b, 0)))
0 =b—->YxIy(x<<b—y<<bN\A(, b, c)=8/(A(x,b, ¢)))
0=b—->VxIyx<<b—y<<b\A(3,0,c)=8(A(xb,¢))).
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fl@) is defined by the following formula.
Vx(f(x) =0 _:_U’(y<b/\A(J’, b: c) :x)) .

*We have

» < b—clos(f) AVa(x<<b—f(x)=0) A f(¢)=0.

Henece we see

= b—>clos(f) \ VA(x<b—£(x) =0) \ (c) =0
AVFIY(f(0)=0—A(9, b, c) = x\ y<<b) .

Therefore the proposition is proved.
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