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Homogeneous Riemannian spaces
of four dimensions.

By Shigeru ISHIHARA

(Received Sept. 12, 1954)

E. Cartan [1I] gave a general method to determine homogeneous
Riemannian spaces, i. e. those which admit a transitive group of
isometries or motions. He determined, in particular, applying his
own method, the topological structure of three dimensional homo-
geneous Riemannian spaces.

On the other hand, K. Yano [10] has given many beautiful theo-
rems on groups of isometries in a Riemannian space. But unfortun-
ately four dimensional spaces are excluded in most of his theorems.

The purpose of the present paper is to determine, by the same
method as Cartan’s, the topological structure of four dimensional
homogeneous Riemannian spaces which are connected and simply con-
nected. Following the programme indicated in [1], we shall first
determine in §1 all the types of subgroups of the proper orthogonal
group R(4) in four variables. In §2, we shall explain, for the sake
of completeness, the general method of E. Cartan [1]. In § 8, we shall
determine homogeneous Riemannian spaces admitting each subgroup
obtained in §1 as the group of stability. In most cases we deter-
mine the local structure of homogeneous Riemannian spaces by the
method of moving frames, and from the local structure obtained we
shall find the topological structure of the spaces.

Our main result is the following

THEOREM. Amny four dimensional homogeneous Riemannian space
which is connected and simply connected is homeomorphic to one of the
following manifolds :

Euclidean space of four dimensions,

Sphere of four dimensions,

Complex projective space of two complex dimensions,

Product space of two spheres of two dimensions,
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Product space of a straight line and a sphere of three dimensions,

Product space of a Euclidean plane and a sphere of two dimensions.

In §4 we shall consider the cases which are exceptional in Yano’s
theorems. §5 is devoted to the discussions of homogeneous Rieman-
nian spaces of four dimensions whose fundamental group is compact.
Finally in § 6, we shall consider homogeneous Kahlerian spaces of
two complex dimensions.

§ 1. Subgroups of the proper orthogonal group R(4) in
four variables. In this section we shall determine the types of
connected subgroups of R(4). It is well known that the universal
covering group of the proper orthogonal group R(4) in four variables
is the product group of the universal covering group of the proper
orthogonal group R(3) in three variables by itself [3]. In a Euclidean
space E* of four dimensions, there exist two families € and € of
oriented orthogonal frames (¢, e, e, ¢,) of unit vectors at the origin
of E*. With respect to one of these two families, say €, we define

6,;=de; ¢; (i, 4, k=0,1,2,8),
where ,

The differential forms 6,; satisfy the following equations of structure
of our group R(4):

1.1) dO;;= >0, /\0,;.
Introducing the following differential forms:
®,=6,—0,,, P,=0,—0,, @,=0,,—0,;
v.=—0,—06,, ¥,=—0,—6,, ¥,=—6,-06,,

we have the relations

(1.2)

dp =9, \p,, dp,=p, \p,, dp,=p, \P,;
d‘PH:\Pz/\‘I’g’ d‘Pzz‘Ps/\‘P1’ d‘!’e,:‘l’l/\‘kz

by virtue of [(1.I). From (1.3), we have the decomposition of the
universal covering group of R(4). If we use the family €& of frames
instead of €, the systems of forms @, and ¥, (p=1,2, 3) are inter-
changed mutually. From these preliminary remarks we get

(1.8)
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PROPOSITION. Let $ be a non-trivial subalgebra of the Lie algebra
S of R(4). Then $ is equivalent, under an adjoint transformation in-
duced on & by an element of the orthogonal group O(4), to one of the
subalgebras defined by the following equations :

1% ¢,=¢,=0;

2. —¥,=0, P,—¥,=0, @, —Y,=0;
8. @ =p,=9;=0; ’

L. @=p=Y,=Y;=0;

5. @i=py=p,=¥,=¥,=0;

6. p=p,=d=¥,=0, me=y,  (m=0).

Each of these equations can be expressed by the corresponding
relations among 6’s according to the definition (1.2). From these
equations, we are able to construct the matrix-representation of a

connected subgroup of R(4) corresponding to each of the subalgebras
given in the above list, and we have a familiar linear group in each
case.

By virtue of this proposition, we have a lemma concerning sub-
groups of R(4).

LEMMA. Let g be a connected Lie subgroup of the proper orthogonal
group R(4) in four variables. Then g is one of the eight subgroups
2 &y & 0f R(4) up to conjugation with respect to O(4), where the sub-
groups g, 2,,-, 8, are defined as follows :

I g,=R4) and dim g,=6;
(I1) g, has the Lie algebra defined by 1° and dim g,=4;
(I1I) g, has the Lie algebra defined by 2° and dim g,=3;
(IV) g, has the Lie algebra defined by 3° and dim g,=38;
(V) g, has the Lie algebra defined by 4° and dim g,=2;
(VI) g, has the Lie algebra defined by 5° and dim g,=1;
(VIL) g, has the Lie algebra defined by 6° and dim g,=1;
(VIII) g, is composed only of the identity element.
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It is to be noted that R(4) has no subgroup of ovder 5 and has
subgroups of order 4. In general, D. Montgomery and H. Samelson
[7] have proved that in an n-dimensional Euclidean space, for n==4,
there exists no proper subgroup of the votation group of ovder greater
than (n—1)(n—2)/2.

§ 2. General method of E. Cartan. The homogeneous Rieman-
nian space M is naturally identified with the coset space G/g of the
fundamental group G of M, where G is a Lie group and g is the
subgroup of stability at a point O=M. Let us suppose hereafter that
the group G is effective on M. The group of stability at the point
O induces a group g of orthogonal transformations on the tangent
space of M at O. Since G is effective on M, g is isomorphic to 2.
It is not an essential restriction, for our problem, to assume that g
is connected. Therefore the subgroup g is assumed to be one of the
subgroups g, &,,---, & contained in the lemma of §1.

We shall begin with a sketch of the Cartan’s method An
element of the Lie algebra of R(4) can be expressed by

i< i X £ +£&:;=0;
where &’s are real numbers and X’s are the infinitesimal operators
such that X f=x'0f/ox’—x/8f[ox. Here, Latin indices i, 74, k,--- run
over the range 0,1,2,3 in this section. Let us suppose that the Lie

algebra of the group g of stability, which is considered as a sub-
group of R(4), is expressed by some linear equations

(2.1) Ei<j Aaij éij:O (a=1,2,.--,m),

where m is an integer and A,; are constants.

On the other hand, let § be a family of adapted frames (P,e)
of G on M, where the point P runs over M. In usual way, the
variation of frames of ¢ can be given by the equations

dP=3%, w,e,,
de;=2 0 @, €y w;+w;=0.

These equations give the Euclidean connection of the Riemannian

space M with respect to the family ¥ of adapted frames. The
Riemannian metric on the space M, which is invariant under the
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fundamental group G, is given by

dSQZEk COZ.
Moreover, the relative components of the group G are given by
some independent linear combinations of the forms o; and o
On the subgroup g of G, which is defined by =0, the forms o;;
satisfy the relations

Zi<jAaijwij:0 (a=1,2,---,m).
Then, on the group G we have
(22) Zi(i Aaij w;;= Zz’ Coi @; (a: 1, 2"": m) ’

where c,; are constants to be determined.
An element X=2 &, X, of the Lie algebra of g induces an

)
infinitesimal transformation on the family % of adapted frames, and

then X induces variations of o; and o The variations of the forms
w; and o;; induced by X are given by

7
8“’:‘: Zk & Wy
Sw; ;=2 & wp;+ D Ejp 0,
Since the relations are invariant, we have
(2°2), 21’(]’ Aaz‘jgwij: zz‘ Coi 8(0,— (a: 1’ 2:" "y m) .

Thus, substituting the above variations of »; and o; in both sides
of (2.2), we have the following relations:

(.2-3) Zi(i ) Aaij (& wp;+&jp 0i) = D ik Coi Eir @ (x=1,2,.--,m),
where

ije

Ei(j Aaij ‘fij: 0.
From (2.8), we have some relations among the constants ¢, These
relations are very useful for us to determine the constants c,.
The equations of structure of the Riemannian space M are, as is
well known, given by

dew;=23 oy /\ o

do;=2 ) 0p/\ O+ 25
where £;,=— 9, are the curvature forms of M. Let us here re-

(2.4)
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member well-known identities

(2.9) Ek ‘Qik/\wk:O ’
and the identities of Bianchi
(2.6) A2+ L \Nwp;— 20 0 \N2,;=0.

If the constants c¢,; are thus determined, we can write down the
equations (2.4) of structure of the Riemannian space M. Consequent-
ly, when the group g of stability is given, the structure of the
Riemannian space M is obtained. Since M is complete, we can deter-
mine the topological structure of M, using the local structure of the
Riemannian space M and the following lemma [I].

LEMMA. Let M be an n-dimensional complete Riemannian space
which is connected and simply connected. Then M is homeomorphic to
a sphere of n dimensions, if its sectional curvature is a positive constant.
When M has non-positive sectional curvature, it is homeomorphic to a
Euclidean space of n dimensions.

Furthermore, some additional remarks are needed. If the funda-
mental group G of the homogeneous space M is locally isomorphic
to a direct product of two groups G, and G,, and if, under the same
local isomorphism, the subgroup g of stability is so, then the space
M is locally isometric to a product space of two homogeneous Rie-
mannian spaces M, and M, whose fundamental groups are G, and G,
respectively. In addition, if M, and M, are simply connected, then
M is the direct product of M, and M, since M is simply connected.

Let us now introduce some notations about linear groups and
manifolds which will be used frequently in the paper.

R(n) is the proper orthogonal group in z real variables.

L(n) is the connected component of the identity in the group of
all non-singular linear transformations in » real variables (x,, x,,---, x,))
which leave invariant the quadratic form

Xi+x5+- 42 —x).

U(n) is the unitary group in # complex variables, and

SU(n) is the group of all unitary transformations whose deter-
minants are equal to 1.

A, is the subgroup of SU(n) which is composed of » matrices
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I,n1,-,n, I, where I, is the unit z-matrix and 1,x, -, N,
are distinct n roots of the equation x*—1=0.

¥(n) is the group of all non-singular linear transformations in
n complex variables (z,, z,, -+, 2,) wWhich leave invariant the form

2,2, +2,2,+-+2,,2, ,—2,2,.

S¥(n) is the group of all linear transformations of the group
¥ (n) whose determinants are equal to 1.

M(»n) is the group of proper motions in an n-dimensional Euclidean
space.

My () is the group of all martices which have the form

where the matrix A runs over U(n) and @, a,---, a, take all complex
numbers.

SM;;(n) is the subgroup of M, (n) for which A runs over SU(n).

E» is a Euclidean space of n# dimensions.

S» is a sphere of » dimensions. »

P(C,n) is a complex projective space of # complex dimensions.
(It is well known that P(C, n) is simply connected.)

C(+,n) is a Riemannian space of » dimensions with positive
constant curvature.

C(—,n) is a Riemannian space of # dimensions with negative
constant curvature.

C(0, n) is a locally flat Riemannian space of # dimensions.

§ 3. Determination of the space. We shall determine, for
each type of groups of stability, the local structure of the Rieman-
nian space M following the Cartan’s method explained in §2. In
this section, the head-number of CASE denotes the type of the groups
of stability appearing in the lemma of § 1. During the discussions
developed here, we talk frequently about such familiar linear groups
that are given at the end of §2. Therefore, some appendices are
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added at the end of the paper about the structure of these groups.
In subsequent paragraphs indices run over the following ranges:
i7j’k,"':011;273; p;er:"':l,z’S;
o, B, v,--=0,1.

3.1. CasE (I). In this case g=R(4). Then the Riemannian space
M admits free mobility around any point of the space. Thus, M is
C(+,4), C(—,4) or C(0,4) [1]. Consequently, the group G is locally
isomorphic to R(5), L(5) or M (4) respectively (Appendices 1,2 and 5)
and hence M is homeomorphic to S* or E*.

REMARK. M. Obata [8] has proved the following fact without
the additional condition that M is simply connected. That is, if M
is C(—,4) or C(0,4), then it is homeomorphic to E*.

3.2. CasE (II). In this case, the equations become

502_531:&3—&12:0'
As a consequence of (2.3), we have
Wiy = W3 W=, .

If we now put

mo=w,+v —1w,, m=w,—1 —1 w,,
then, by virtue of the first system of equations (2.4), we have
dWo:WOO/\”0+Wo1/\7r] ’
(3.1)
dm=m, 7+, \7,
where
oo = ‘“1/?—#17("01 ’ T = vV -1 -wzs ’
Ty = — T = Wy + 1/ —1 —woa .

Here the conjugate complex of the form =, is denoted by 7, and
analogous notations will be used for complex valued differential
forms throughout the paper. Then we are able to see that

Waﬁ-{»"ﬁﬁa:() .

If we now put
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(3.2) ¢aB:d 'n'aB—ZT Ty /\Wrﬁ ,
then we have

Do+ Dp,=0.
Hence M is an Hermitian space without torsion, that is, a Kahlerian
Sspace.

Moreover, in this case, the group g of stability induces a com-
plex linear group g on the complex tangent space T of M at the point
Oc=M, and the group g is isomorphic to U(2). Thus, the group g
transforms the (complex) directions on T transitively; in other words,
M admits free mobility around any point in the sense of the Herwmitian
geometry. Then M is a Kahlerian space with constant holomorphic

sectional curvature. Therefore, the curvature tensor of M is given
by

R5=K(2,;58;5 +8; &%)
according to K. Yano [9], where K is a real constant, and
ds’=2 5845 Ta g (=20, ™, 7))
On the other hand, since @, are given by
Q=24 R N\Ts,
then we obtain
Q=K Q@2m \Ty+m \T),
(3.3) Q,=K(m,\7+2m \T),
D=0, =Km \7,.

Now we shall consider three cases. In the case K— 0, we have
that Mis C(0,4). Hence M is homeomorphic to E* and G is locally
isomorphic to M,(2) (Appendix 6). In the case where M is C(0,4),
the group G contains a subgroup which is isomorphic to SM,(2)
(§ 3.4. CASE (IV)). Then G is isomorphic to M (2), when M is C(0, 4).

When K==0, replacing v/|K|m, and +/|K|=, by =, and =,
respectively, we have

Qooze(z Wo/\ﬁo‘*"’rl/\-ﬁo ’
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@, =e(m,\T,+27 N\7T),
D, = “510:5’”1/\77—70 ’

where ¢ is the sign of K. Hence, if we replace 7, and 'n'aB by =,
and =, respectively, we have the following results.

When K>0, G is locally isomorphic to SU(8) and M is homeo-
morphic to P(C,2) (Appendix 3). Moreover, in this case G is iso-
movphic to the factor group SU (8)/A,.

When K <0, the general sectional curvature of M is always
negative according to K. Yano [9] Consequently, M is homeomorphic
to E* and G is locally isomorphic to S¢(3) (Appendix 4). v

As a consequence, we see that M is homeomorphic to E* or
P(C, 2).

REMARK. The following fact holds good, as is known in § 3.1,
without the additional condition that M is simply connected. That
is, if the constant K is negative ov zero, M is homeomorphic to E*.

We can easily generalize the results obtained in this paragraph.
That is, we obtain the following theorem.

THEOREM 1. Let g be the group of stability of a 2n-dimensional
homogeneous Riemannian space V**=Glg. If g is isomorphic to the
real representation of U n), then V** is a Kahlerian space with con-
stant holomorphic sectional curvature. If V> is connected and simply
connected, and if g is as above, then V** is homeomorphic to P(C,n) or
E and the fundamental group G is isomorphic to one of two groups
SUn+1)/A,., My(n), or locally isomorphic to S (n+1).

3.3. CAase (III). In this case, the equations become

":'012502:503:0'
As a consequence of (2.3), we have
wo,):c (O P

where ¢ is a constant.
According to K. Yano [10], if ¢=0, the Riemannian space M is
one of the following spaces:

VixC(+,3), V'xC(—,3), C(04),

where V! is a straight line with its natural Riemannian metric.
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Consequently, G is locally isomorphic to one of the following groups:
A xR#4), A, xL#4), A, XM (3)

respectively, where A, is a 1-dimensional vector group (Appendices
1, 2 and 5). Hence M is homeomorphic to E' xS? or E*.

If ¢=Z=0, according to K. Yano [10], M is C(—,4). Hence M is
homeomorphic to E*. Here, we can assume ¢=1 without loss of gener-
ality. Then the group G is locally isomorphic to a subgroup G’ of
L (5) by virtue of (2.4). Moreover, the group G’ leaves invariant
every point on the straight line defined by

x,=%x=x,=0, x +x,=0

in a space of five variables (x, x,, x,, x,, x,) on which the group L (5)
operates (Appendix 2).
Consequently, we find that M is homeomorphic to E* or E'xS>.
REMARK. M. Obata [8] has proved the following two facts with-
out the additional condition that M is simply connected. That is,
when M is C(—, 4), it is homeomorphic to E*. When M is locally iso-
metric to V' xC(—, 8) or C(0,4), M is homeomorphic to E* or S'x< E®.
3.4. CaseE (IV). In this case, the equations become

501_523:502_5312503—&2:0'
As a consequence of (2.3), we obtain
Wy; == Wy3 Wy == W3, , Wy3= W5 -
Putting now
7r0:——w0+1/j1_w1, 77'1:(02——1/:1«&)3,
we see-that the first system of (2.4) is reduced to (3.1), where
Moo = _ijm ’ '77'11:1/-;71“’01 ’
Ty = — T g = Wy — 1/”;’1_"’03 .
Evidently we have

7raﬁ+ﬁﬁa:0, 7TOO+7r11:0'
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If we introduce the curvature forms d)aB by [3.2), then we can
easily see that

¢a8+aﬁa=07 ¢00+¢11=0.

Therefore, M is a Kéahlerian space. The group g of stability behaves
in the same manner as in § 3.2 CASE (II). Thus, the holomorphic
sectional curvature of M is constant. Then we have the same rela-
tions as [8-3). On the other hand, since @, +@,=0 as mentioned
above, the constant K in [(3.3) is equal to zero. Consequently, M is
C(0,4) and G is locally isomorphic to S9M;(2) (Appendix 6). Hence
M is homeomorphic to E".

REMARK. The results in this paragraph hold good without the
condition that M is simply connected.

In this case, we can determine globally the fundamental group G
as follows. Since the given space M=G/g is simply connected and g
is isomorphic to SU(2) which is simply connected, the fundamental
group G is also simply connected. Thus G is isomorphic to SIMy(2),
which is simply connected.

We can easily generalize the results obtained in this paragraph.
That is, we can prove the following

THEOREM 2. Let g be the group of stability of a 2n-dimensional
homogeneous Riemannian space V*"=G/[g. If g is isomorphic to the real
representation of SU (n), then V" is flat for n==3. Iy V*>* is connected,
and if g is as above, then V" is homeomorphic to E* and the funda-
mental group G is isomorphic to SMy,(n) for n==38.

3.5. CASE (V). In this case, the equations become

&02:20315312512:0'
By virtue of (2.3), we have
“’02:“’03:“’31:"’12:0'

Hence, if we now put o, = and o,,=o, we can easily see that
the forms £; are zero except

2, =do, 2,=de.
Since it follows from that
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do)\wy=dow)\w =0,
do)\w,=do)\w,=0,
we have naturally
do=Ko,\w,, do=K' v, \ w,.

In the above equations K and K’ are constants. Consequently, the
given space M is a product space of two Riemannian spaces M, and
M, of two dimensions whose curvatures are constants.

If K=0, the space M, is flat and then M, is homeomorphic to E~.
Thus G, is locally isomorphic to 9 (2), where G, is the fundamental
group of M, (Appendix 5). In the case where K<<0, M, is C(+,2).
Then M, is homeomorphic to S? and G, is locally isomorphic to R(3)
(Appendix 1). When K>0, Mis C(—,2). Then M, is homeomorphic
to E? and G, is locally isomorphic to L(3) (Appendix 2). Moreover,
in the same way, the space M, and its fundamental group G, are
obtained. Consequently, the given space M is homeomorphic to

S?2xS?, E*xS* or E*.
3.6. CaseE (VI). In this case, the equations become
b= = &5 =8,,=0, Eyy=m &y, (m=0).
As a consequence of (2.3), we have
Wy =0y, =0, =w,=0, ®,, =M @y, (m>0).
Then every form £, in (2.4) is zero except

Ly =dwy, Ly=md o, .

Furthermore, using we get d w,; )\ w;=0, since m==0. Then we
obtain automatically

dw,=0.

Therefore we have £;,=0. Hence M is C(0,4), and so M is homeo-
morphic to E'. Observing (2.4), we can easily find that the group G
is locally isomorphic to a subgroup of 9 (4) whose rotation-part is
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the group defined by the equations 5° in in §1 (Appen-
dix 5).
3.7. Case (VII)?. In this case, the equations become
§02:§03:§12:£23:§'31:0'
By virtue of (2.8), we have
wo2:awo+bwn a’os:awo+6w1’
w,=—bw,taw,, 0, =Bw,—Aw,, w,;=70,+to,,

where a, b, «, 8,7 and t are constants which must be determined.
According to [2.5), we obtain

2ab+7rB=0, 2ab—rb=0,
(8.4) 2aB+tB=0, 2aB8—tb=0, ar+at=0,
dw, =2Kao,/\ o+ (b7 +Bt) o, \ w,,

where K is a constant. If we consider the identity of Bianchi
for =0, j=1, it is easily seen that

2aK -+ B(br+Bt)=0,
2adK—b(br+Bt)=0.

(3.5)

These relations will be frequently used in the following discussions.
Since the treatment in this step is more complicated, we shall
consider following four cases:

(i) 630, B0; (i) &0, B=0;
(i) 5=0, B=0; (v) b5=0, B=0.

3.7, (i). The case where 540, 840. Evidently, from [3.4),
we have

(3.6) r=2a, t=—2a, ab+aB=0.

1) Prof. T. Otsuki has given the author many valuable suggestions concerning the
treatments of this section.



Homogeneous Riemannian spaces of four dimensions. 359

In this case, the equations (3.5) are reduced to
aK+Bba—aBR)=0,
aK—-bba—aB)=0.
As a consequence of these relations and [3.6), it is easily seen

that K=6"+2% if a=3=0 («==0 is a natural consequence of ¢==0 and
B=+0). Then we have

dw,=20"+8) o, \No, +2(0a—-aB) w, \w,.

On the other hand, according to and equations (2.4) of structure
of the space M, we obtain

dw,=2b o, \ v, + 20w, )\ w, ,
dw,=2B8 0w, \w,—2a v, \ », .

By virtue of these relations, if we put w=w,—b w,—Bw, Wwe
get easily

dw=0.

Therefore, the equation w=0 defines a subgroup G’ of the funda-
mental group G. Obviously G’ is transitive on the given space
M. Hence M is homeomorphic to G’, since M is simply connected.
Moreover, G’ is homeomorphic to E* or E'xS? because it has four
parameters and is simply connected. (The proof of this statement
will be given in §3.8.). Consequently, M is homeomorphic to E* or
E'x<S® In particular, it is obtained by more detailed calculations
on the structure of G’ that M is homeomorphic to E*.

When a=0 (=0 is an obvious consequence of a=0 and B=0),
it is easily proved by virture of (2.4) that

dw,=2Bw,\®,, do,=2Ko,\w,.
Then, if we put w=pRw, — K w, we have
dw=0.

Therefore, the equation =0 defines a subgroup G’ of the group G,
and the group G’ is transitive on the space M, since B=0. Hence
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M is homeomorphic to E* or E'<S? by the same reason as above.

3.7, (ii). The case where b0, 8=0. It is easily seen from
that

a=t=0, 7 =2a,
dow,=2K o, \o,+20bw, )\ w,.

By virture of (3.5), we have a« K=a b Then K=05* if a=Z0. On
the other hand, according to (2.4) we obtain

dw,=2bw,\w, +20 v, \ w,.
Consequently, if we put w=w0, —bw,, we have
dw=0.

Therefore, the equation o=0 defines a subgroup G’ of the group
G, and the group G’ is evidently transitive on the space M. Thus
M is homeomorphic to E* or E'<S? by the same reason as in § 3.7, (i).

When a=r=0, it is easily seen that
dw,=2b o, \w,, do,=2Ke,/\ o, .
Consequently, if we put o=b 0, — K w,, we have
dw=0.

Therefore, a subgroup G’ of the group G is defined by the equa-
tion w=0 and the group G’ is transitive on M by virtue of b==0.
Then M is homeomorphic to E* or E'xS?® by the same reason as in
§ 3.7, (i). In particular, by more detailed consideration about the
structure of G/, it is obtained that M is homeomorphic to E°.

3.7, (iii). The case where =0, 84-0. In this case, the same
results as in § 3.7, (ii) are obtained by an analogous process.

3.7,(iv). The case where b=8=0. By virtue of [3.4), we have
dow,=2K o, \ o, .

Observing (8.5) again, we can easily see that aK=a K=0. Then
K=0, if a3=0 (or «==0). That is, we have
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d o, =0.

Therefore, a subgroup G’ of the group G is defined by w,=0, and
the group G’ is evidently transitive on M. Thus, if a==0 (o7 a==0), M
is homeomorphic to E* or E'xS® by the same reason as in § 3.7, (i).
In particular, from more detailed consideration on the structure of
G', it follows that M is homeomorphic to E*.

When a=a=0, the first system in (2.4) and the curvature forms
are reduced to

dw,=wy, \o,, do=w,/\w,,
2, =do,,=2K o, \ o, ;
do,=7 w,\w,, do,=to,\o,,
2,.=t+7) 0, \w,,

where all forms £, except 2, and £,;,, are equal to zero.

Therefore, the space M is a product of two spaces M, and M,
of two dimensions whose structures are given respectively by the
first and the second systems in the above equations.

Now let us consider the spaces M, and M,. When K<0, M, is
C(+,2) and the fundamental group G, of M, is locally isomorphic
to R(8) (Appendix 1). In the case where K>0, M, is C(—,2) and
G, is locally isomorphic to L(3) (Appendix 2). If K=0, M, is C(0,2)
and G, is locally isomorphic to M(2) (Appendix 5). Considering the
space M, itis C(—,2) or C(0,2), as a consequence of t*472>0, and
its fundamental group G, is locally isomorphic to a 2-dimensional
vector group A, or the group I” composed of all non-singular matrices

of the form (g ?) in which @ and b are real.

Summing up the results in this step, we see that M is homeo-
morphic to E*xS? or E*, and the group G is locally isomorphic to
one of the following groups:

R(B)xA,, L@B)xA4,, M2xA,, R@BxI,
L3)yx1I", M2y < 1.

We have here come to an end in CASE (VII), and, consequently,
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we can say that M is homeomorphic to
E', E*xS* or E'xS?
in CASE (VII).

3.8. CasE (VIII). In this case the group G is simply transitive
on M locally. Since M is simply connected, M is homeomorphic to
G. Then, if we know every topological type of simply connected
groups with four parameters, our problem is completely solved.

First of all, it is easily seen that there is no semi-simple group
with four parameters. If we now denote the Lie algebra of the
group G by & and the radical of & by r, then it is well known that
the factor algebra S=@®/r is semi-simple or {0} and & is the direct
sum of v and & as a vector space. When &-={0}, we have dimr=1
and dim &€= 38, since dim &4 and dim &= 3.

Hence, according to E. Cartan [2], the group G is topologically
a product space of E' and a semi-simple group H with three para-
meters which is simply connected, as G is simply connected. On the
other hand, if dim ©=38, the Lie algebra & has one of the following

structures:
d91:92A03, d02:03/\01' d93=91/\02;

and
d61:02/\03’ d92:03/\917 d63:—01/\82’

where 68,60, and 6, are suitably chosen relative components of H
whose Lie algebra is ©. When & has the first structure, it generates
a compact group H which is homeomorphic to S%. If & is of the
second structure, then it is the Lie algebra of the unimodular group
in two variables. On the other hand, the group H is homeomorphic
to E? in the second case, since the unimodular group in two variables
is topologically the product space of E? and S' ([5], p. 14).

From these considerations, we see that the group G is homeo-
morphic to E* or E'xS® when G is not solvable. On the other hand,
E. Cartan has proved that the group G is homeomorphic to E*, if
it is solvable and simply connected.

Summing up the above results, the group G and also the space
M is homeomorphic to E* or E' <S>
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3.9. Conclusion. In the preceding paragraphs §3.1-3.8, we
have obtained several results. From these results, the following

Theorems 8 and 4 are established, and the former is the main result
in this paper.

THEOREM 3. The homogeneous Riemannian space of four dimen-
sions, which is connected and simply connected, is homeomorphic to one
of the following manifolds :

E', S, P, 2, S2x S, E'<S?, E?x<S?.

THEOREM 4. Let G/g=M be a homogeneous Riemannian space of
four dimensions. Then the Riemannian space M and the local structure
of the group G are completely determined, if »r=dim G=6, as follows:

If =10, M is of constant sectional curvature and

G~R®B), L»B) or MA).

If =8, M is a 2-dimensional Kahlevian space with constant holo-
morphic sectional curvature and

GSU®B), SLB8) or G=MyQ2).

If =17, M is the product space of a strvaight line and a 3-dimen-
sional Riemannian space with constant sectional curvature, or M is a 4-

dimensional Riemannian space with constant negative sectional curvature,
and in this case

G2 A xXR#4), A, xL4), A, XM (3)
or a subgroup of L(5) (§3.3),

or G=SMy,(2). Here, A, is a 1-dimensional vector group.
If r=6, M is a product space of two Riemannian spaces of two
dimensions each of which is of constant curvature and

G2 R(3)x R(8), R(3) < L(8), R(3) < IN(2) ,
L(3)x L(3), L(3) <x9M(2) or M(2)x M(?2).
Here, =~ means local isomorphism.

§4. Some remarks concerning Yano’s theorems. Recently,
K. Yano [10] has proved the following theorems.
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THEOREM A. In an n-dimensional Riemannian space, for n==4, there
exists no group of motions of ovder v such that

nn+1)2>r>nmn—-1)/2+1.

THEOREM B. If an n-dimensional Riemannian space, for n==4,
admits a group of motions of ovder n(n—1)/2+1, then the group is
transitive.

THEOREM C. A mnecessary and sufficient condition that an n-dimen-
sional Riemannian space V" for n>4, n==8 admits a group of motions
of order ry=n(n—1)/2+1 is that the space be the product of a straight
line and an (n—1)-dimensional Riemannian space of constant curvature
or that the space be of negative constant curvature.

For the exceptional case of A, the following theorem
holds good.

THEOREM A’. In any 4-dimensional Riemannian space there exists no
group of motions of order 9. If a A-dimensional Riemannian space
admils a group of motions of order 8, then the group of motions is
transitive and the space is a Kahlerian space whose holomorphic sectional
curvature is constant.

The first part of this theorem is derived from the fact that R(4)
has no subgroup of order 5. The second part is a consequence of
the discussions given in § 3.2, CASE (II). It is evident that the con-
verse of the second part holds good locally.

It is easily seen that B holds good also for n=4, and,
according to CASE (III) and (II), we have [Theoreml C for n=4.

REMARK. The exceptional case in C for n=8 has been’
recently removed by M. Obata [8]

§S. The case where G is compact. We consider the case
where G is compact in this section. The homogeneous Riemannian
space M=G/g has one of the structures given in the following
when the group G is compact. For brevity’s sake, we
shall introduce some notations.

K(+,n) and K(—,n) are Kahlerian spaces of 7z complex dimensions
whose holomorphic sectional curvatures are positive and negative
constants respectively.

V' is a straight line with its natural Riemannian metric.
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A, 1is a vector group of » dimensions.

T~ is a toroidal group of » dimensions.

In this section the local isomorphism between two groups H and
K is denoted by H:2K.

THEOREM 5. Let M=G/g be a homogeneous Riemannian space of
four dimensions whose fundamental group G is compact. Then G and
M have one of the following structures :

If dim G=10, G2 R(5) and M is C(+,4).

If dim G=8, G=SU(38) and M is K (+,2).

If dimG=17, G2 A, x R(4) and M is the product of V' and C(+, 8)
locally. -

If dim G=6, G2 R(3)x R(3) and M is locally the product of C(+, 2)
by itself.

If dim G=5, G2 A,xR(8). Then M is the product of C(0,2) and
C(+,2) locally.

If dim G=4, then G=T"* and M is flat; or G2 A, xR(3) and M
s the product of V' and C(+, 3) locally.

There is no group G of dimension 9.

The following lemma is required to prove 5]

LEMMA. Let us suppose that G is a connected Lie group and there
is a connected Lie subgroup H of G which is solvable and whose closure
H is equal to G. Then the group G is solvable also.

PROOF of Theorem 5. Theorem 5 for dim G>6 is obvious as a
consequence of § 3.1-3.5. Thus we shall develop here the proof for
dim G=5 and for dim G=4.

When dim G=5, CASE (VI) in § 3.6 and CASE (VII) in § 3.7 must
be discussed. In CASE (VI), G is locally isomorphic to the subgroup
of M@) given in §3.6, and hence CASE (VI) does not occur for
compact G.

In CASE (VII), there is a subgroup G’ of G which is transitive
on M and whose dimension is equal to 4, if it does not happen that

a=b=a=B=0.
For a, b, a, B0, G’ is solvable but not Abelian. Thus G’ is not
closed in G, since a solvable and compact group is Abelian. Since

dim G’'=dim G+1, then G'=G. Hence G itself is solvable by virtue of
the above lemma. Consequently, G is Abelian, since G is solvable and
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compact. This contradicts the fact that G is effective on M. Thus
this case does not occur for compact G.

For b, 840 and a=«a=0, G is locally the product of A, and a
semi-simple group of three dimensions by virtue of its structure, if

K==b*+B. Then there is a covering group G of G which is the
product of 7° and a compact semi-simple group of three dimensions,
since G is compact. Hence G2 A, < R(3), and consequently K> b*+ 8.
Moreover, M is locally the product of C(0,2) and C(+,2) by virtue
of the fact that K>56>+B8%. When K=50"+3° G is solvable but not
Abelian. Then G must be non-compact, if K=258*+ 5%

For 6540 and a=a=pB=0, we have the same results as above.

For a,b, a0 and B8=0, G’ is solvable but not Abelian. Then
G is not compact in this case.

Finally, for a=b=a=8=0, G2 A, x R(3) is easily obtained from
the fact that G is compact. Then M is locally the product of C (0, 2)
and C(+,2) by virtue of the structure of the Riemannian space M.

Here, we have the required theorem for dim G=5, summing up
these results.

When G is compact and of dimension 4, G is Abelian or G2 A,
X R(8). Therefore, M is flat or locally the product of V' and C(+, 3).
Hence we have the required results for dim G=4. Thus
is proved completely.

REMARK. By definition, a homogeneous Riemannian space M=G/g
is called locally symmetric, if there is an involutive antomorphism o
of the Lie algebra & of G and the subalgebra & of & corresponding
to g is the one composed of all elements invariant by . It is easily
seen from that any homogeneous Riemannian space M=G|g
of four dimensions is locally symmetric, if dim G is greater than 5.

§6. Homogeneous Kihlerian spaces of two complex
dimensions. A homogeneous Riemannian space M=G/g of even
dimensions is called a homogencous Kahlervian space by definition, if
M is Kahlerian and the Kahlerian structure of M is invariant under
the fundamental group G. Then we have the following theorem
from

THEOREM 5. Let M= G/g be a homogeneous Kahlerian space of
two complex dimensions and G be compact. Then the group G and the
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space M have one of the following structures.

If dim G=8, G=SU(3) and M is K(+, 2).

If dim G=6, G22SU(2)<xSU(2) and M 1is locally the product of
K(+,1) by itself.

If dim G =5, G2 A,xSU(2) and M is the product of C(0,2) and
K(+,1) locally.

If dim G=4, G=T"* and M is locally unitary.

There is no homogeneous Kahlerian space G|/g of two complex di-
mensions whose fundamental group G is of dimension .

Here, 22 means the local isomorphism.

It is easily seen from [Theorem & that any homogeneous Kahlerzcm
space of two complex dimensions is locally symmetric, if G is compact
and dim G=5. This has been already given by A. Lichnerowicz [6].

The author wishes to express here his gratitute to Professor
H. Hombu, Professor S. Hokari, Professor K. Yano and his colleague
Mr. M. Obata. The author has had frequent opportunities to discuss
with these mathematicians and been able to get wvaluable advices
and suggestions from them.

Appendix

The structure of the familiar linear groups, which are used in
the present paper, is as follows. Indices run over the following
ranges:

i’j’ k7 =1, 2,"': n,
«, B, Yy :1, 2,"', n—1.

1. R(n). Let 6,; be the relative components of R(n) as usual.
Then we have

d0;=206i/\0» 0,;+0,,=0,
Putting 6,=6,,, we have
deaﬁzzf gaT/\erﬁ_ea/\GB ’
deazzrear/\gry O,5+05,=0.

These equations are those of structure of an (n—1)-dimensional
Riemannian space with constant positive sectional curvature.
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2. L(n). Let 6,; be the relative components of L(n) as usual.
Then we have

deij:Zkeik/\eki7
0.5+65,=0, 0,,—6,,=0, 0,,=0.
If we put 6,=6,,, it follows that
d0,,=>0,N0,+6,)\65,
d6,=>.6,. N0, 0,5+05,=0.

These equations are those of structure of an (n—1)-dimensional
Riemannian space with constant negative sectional curvature.

3. U(n) and SU(n). Let 6;; be the complex relative components
of U(n) as usual. Then we obtain
d0,;=2>404/\0;, eij‘FB_ji:O,

where 6;; denotes the complex conjugate of 6,
Putting =,=6,,, 73=0,;(a=p) and =, —=6,—6,, it is easily seen
that

dmag=20 Tar NTrp— T\ T (a=E8),
A7y =20 Tar Ny — (T \NT+ 20 T N
dmy =20 "o N7y

Mg+ Tga =0

For SU(n), the relation >}, 0,,—0 must be added.

These equations for SU (n) are those of structure of an (n—1)-
dimensional Kahlerian space with constant positive holomorphic sectional
curvature.

4. 2n) and S¢(n). Let 6, be the relative components of £(n)
as usual. Then

deij:Ek Hik/\ekj ’
6a6+9;9a=0’ ean_é:w:o’ enn+0_ =0.
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If we put =, =6,,, m3=0,5 (a=B) and =, =06,,—86,, then it follows
that

dﬂ-aﬁzzr WarAWTB+WaAﬁB (d:‘ZB) ’
d'n-aazzr ’n.ar/\wraJr(ﬂ-a/\?r—u-}vZT 77-‘r/\r'ﬁ:r) 4
dm, = T\, T+ T, =0.

For S¥(nm), the condition 3}, 6,,=0 must be added.
These equations for S%(n) are those of structure of an (n—1)-

dimensional Kahlerian space with constant negative holomorphic sectional
curvature.

S. M@mn). Let 6, and 0, be the relative components of M(n) as
usual. Then we have

dHii:Zk eikAekj’ dez':2k9ik/\9k'

T hese equations arve those of structure of a flat Riemannian space of
n dimensions.

6. My(n) and SM,(n). Let =; and =;; be the relative com-

7
ponents of M, (») as usual. Then we have

d"Tij:Zk"Tik/\'”'k;" 7ri]-—|—ﬁ].i=0,
dmi=2%my/\T-

T hese equations are those of structure of an n-dimensional Kahlerian
space which is locally unitary.

For SO, (n), the conditions >}, 7,,=0 must be added.

Tokyo Metropolitan University.
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