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Construction of the set theory from the theory
of ordinal numbers.

By Gaisi TAKEUTI

(Received May 26, 1953)

The object of this paper is to show that we can construct—in a
sense explained below—the set theory of Fraenkel-v. Neumann from
the theory of ordinal numbers. This latter theory means the system
based on the axioms 1.1-1.17 listed below, and the set theory of
Fraenkel-v. Neumann means the one based on the axioms A, B,C,D
and E given in Godel [1]. Godel [1] constructs also a model 4 of
the set theory on the theory of ordinal numbers. We follow him in
modifying his method, but we pursue here another purpose as him.
We restrict namely our system of logic to the one called * G'LC without
bound functions’ in our former paper [2], which is obtained from
Gentzen’s system LK (Logistischer klassischer-Kalkiil, [3]) by intro-
ducing the ‘variable of the height 0 or 1’. Some acquaintance with
[1], [2] is assumed in this paper. '

Thus the result of this paper shows that, if the theory of ordinal
numbers is consistent, so also is the set theory of Fraenkel-v. Neumann
in the sense of G'LC without bound functions.

The author wishes to express his thanks to Dr. T. Iwamura who
has given him valuable remarks in the course of this work.

First we shall list the axioms of the theory of ordinal numbers,
1.1-1.17.
11 Va(x=x)
1.2 0<w
1.3 Vavy (x<yVa=yVy<x)
14 VaVy7(x=y N\x<y)
1.5 VaVy7(x<y Ay<x)
16 VaVyVz(x<y Ay <z+—x<z)
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1.7 Vx(0<<x\V0=x)

1.8 0'=1

19 Vxx<y—2'=yVa'<y)

1.10 Vx(x<x)

111 VaVy(x'=y —x=y)

1.12 Va(x<o+r—x'<w)

113 VeVaVy{r=y—(glxl— oly])}

114 VeVx{a[0lA Vy(ely]— 2y DA 2o —g[x]}

115 Ve[ {Vx7 plx]—Min(2)p[z]=0} A {Ex@[x]—o[Min(2)p[2]]}
A Y x{p[x]—x=>Min(z)#[z]}] |

116 VoVulVxVyVa(plx, 21\ 9l y, 21—x=Y)
—ExVy{Ez(ply, 2] \z<u)—y x}]

117 VuEoV eV xVyVa(elx, 2] A oly, 2]—x=y)
—Ex{x<v A\ Vy7(@lx,y]1\y<u)}] ,

We call 1.14 the axiom of mathematical induction, 1.15 the axiom
of minimum, 1.16 the axiom of substitution and 1.17 the axiom of
cardinal numbers. The system of all these axioms 1.1-1.17 will be
denoted by I,

In this paper we shall use the following abbreviated wording.
When 17, 4— A is provable, we shall say briefly that 4— A is prova-

ble, or that we have 4—A as it is usual in the mathematics; if,
moreover, 4 is void, we say that A is provable or that we have A.

From 1.15 we have easily for any variety of type 1 {x}2(x)
and a term ¢, SR
2. Va(xt—(Vy(yx+—A(y)) —A(x)))— VY x(x<t —A(x)), which is called
the principle of transfinite induction and will be useful in several
proofs.

By 1.15 we have easily the following lemma.
3. If an axiom Vay---Va.EyA(y, x1,---, x») 1S provable, we can introduce

a new function' satisfying

V2,V 2a A (21,775 Xn)y X157 X)

For the proof of consistency, in fact, we have only to replace
Az, 0, %) with Min (3)A(y, x5, Xs). :
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From this lemma it follows easily that we can introduce new

functions max (k,, %,) and min (%,, %,) satisfying

41 VaVy(x<y+—max (x,y)=y)

42 VaVy(y=<x+—max(x,y)=x)

4.3 VYaVy(max (x,y)=max (¥, x))

44 VYaVy(x<y~—min(x,y)=x)

45 VYaVy(y<x+—min(x,y)=y)

4.6 YxVYy(min (x,y)=min (y, x))

5. Lemma on the recursive predicate (first form)

Let ¥(«) be a formula with full indication for « (i.e. such that
X(B) has no «) satisfying (i.e. such that the following formula is
provable)

51 VeV {Vx(elx]—yx]) —(F{x}elx]) — F{x}¥[x])}
and let A(a) be
Vo {Vu(u<a—(plu]l— F{x}(lx]l N\ x<u)))) —F({x Hplx] A\ x<a))}

Then we have
V2(A(x) = F({ 3 HA(») Ay <x))), and for any {x}C(x) and {x}B(x),
Y {€(x) — F{y HE(D) Ay <))} AV 2{B(x) = FU»I(B(») Ny <)}
— Y x(C(x) — B(x))

is provable.

ProoF. The second part of the lemma is a simple application of
the transfinite induction making use of 5.1. As for the first part, we
have only to prove

Valx<a—{U(x) = F{ ¥ }A) Ay <x)} 1= U@) = F{ v H AW Ay <a)) .
Let B be the left side of this sequence. As A(a), B->F({ v {(A(¥) Ay
< a)) follows immediately from the definition of 2(a), we have only to
prove 7 U(a), B— 7F{y}(A(y) \y<a)).

For this purpose let € denote
Vafx<a—{alx]— F{yHalyIAYy <N\ 7F{yialy] Ay <a))

Then by the transfinite induction and 5.1 we have successively the
sequences

€, B—Vra(x<a—(alx]— A(x)))
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€, B->F({yHalyl Ay<a)— F{y}A(») N\y<a))

€, B->7F{y}A) Ny<a)

7 Ua), B—>7F{ 3 QA Ny <)) q.e. d.
In the same way we can easily prove

6. Lemma on the recursive predicate (second form)

It VyVeVy{Vx Valelx, %] ¥lx, x])—(F(, {%1, 2}elx, x.])—
S, {®, 23¥[x1, x,])} is provable and if we write Uy b, a) for Ve,{Vu
[e<a—Nov{p[v, u]— F, {x, y}@lx, y]\y<u)}]
=&, {x, yHelx, yY]N\y<<a))}

then we have
VaVy{As(y, x) — F(y,{z, v}(As(ze, v) N\ v<x))}.

7. Lemma on the recursive function

For any function g(,, *;) and any variety of type (1,1) {x,y}
B(x, y) satisfying the axiom VxVyEz(B(z,y)/\x<z), we can introduce
a new function f(3,, %,) satisfying

71 VyVx{Vazx—g(f(z,5), ) <f(x, ) N\B(flx,3), y)}
7.2 VyVaVu{Vaz<x—2g(f(2,2), ) <u) N\ B(u,y) —flx, y) <u}
73 VyVaVe{x<z—flx, ) <f(2,9)}
If moreover g(3k,, %) satisfies VyVaVz{x<z—g(x,y)<g(z,y)} and
B(x,y) is of the form A(y)<x, then we have
74 YyVxf(«',y)=g(f(x,), )

Proor. Let &(b, ay) be Vo(Eualv, u]l—gv, c) < b) A\ B(b, c),
T(b, az) be b=Min(w)S(w, «3), ALb, a) be the formula obtained from
(b, ar2) as before and let f(a,c) mean Min(w)&(w, {x, y}(As(x, y) A\y< a)).
Then we can prove 7.1 and 7.2 as follows.

First we obtain easily %(by, &), F(bs, aty)—b,=56, and so
Ux(by, @), Ux(bs, @) — by =0
Hence by the axiom of substitution we have easily
EwVoQx v, u) N\Nu<a—g(v, c) <w)
and so Ew®(w,{x,y}(x,y)\y<a)) by the axiom which B(x)
satisfies. From this follows immediately ¥%(f(a, ¢), {x, v} bu(x,y) Ay < a)).
So we have A(f(a,c),a) and consequently, after easy calculation
Yuw(Axw, a) — w=f(a, c)). Therefore making use of F(fAa,c), {x,y)}
(Us(x,v)/\y<a)) again, the following formulas can be proved
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V2(z<la—g(f(z,c), c)<fla, c)) N B(fa,c),c),
Va(za—g(f(z,c)c,) <b)/\B(b,c)—fla,c)<b.
Hence 7.1 and 7.2 are provable.

7.3 and the second part of the lemma are easy consequences of 7.1
and 7.2, q.e. d..

In particular, we can introduce a new function ¥+ %, satisfying
38.1-84

81 VaVy(x<x+y)
82 VaVyVazz<y+—(x+2)<x+y)
83 VaVywWu{Vzz<y—(x+2y<u)N\Nx<ur—x+y<u}
84 VaVy(x+y' =(x+y))
Whence follows easily (making use of the mathematical induction and
the transfinite induction)
8.5 Vx(x+0=x) |
86 Vx(0+x=x) '
87 VaVyx<oN\y<ow—x+y=y+x)
8.8 VaVyxlow Ay<o—x+y<w)
89 VaVyVWa(y<lz—ax+y<x+2)
810 VaVyVz{(x+y)+z=x+(y+2)}
We introduce a new function ;X %, satisfying
9.1 VaVyVz{z<y—(xx2)+x<xxy}
9.2 VaVyVu[Vz{z<y+—(xx2)+x=u}—xxy<u]
9.3 VxVy{(xxy)+x=xxy'}
Whence we have
94 Vax(xx0=0)
9.5 Vx(0xx=0)
9.6 VaVyVa{¥x(y+2)=(xxy)+(xx2)}
9.7 VavyaloNy<o—rxylw)
9.8 VxVy(x<w/\y<wk—xxy=yxx)

We make use of the usual convention concerning the adhering
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force of x and + ; for instance, axb+c¢ means (axb)+c. axa will
sometimes be denoted by a2

Uniq (a2) denotes a formula VaxVyVaz(alx,2]/\aly, 2l—x=y).

We take a new function N(3¥). N(a) will mean

Min (v)V @2{ Uniq (@) —Ex{x<v A\ Vy 7 (@lx, yY]\y<a)}}.
From the axiom of minimum and the axiom of cardinal number we
have

10.1  Uniq ({x, }U(x, y)) = Ex{x<Na) N\ Vy 7 (A(x, ) \y<a)} .
102 V{Uniq (@) —Ex{x<bAVy7(Q(x, ) N\y<a)}}>Na)<b.
103 b><N(a)—>E@,{Uniq () \Vx{x<b—Ey(@lx,y1\y<a)}}
Whence we have

104.1  Va(x<N(x))

10.4.2  VaVy(x<N(y)—Nx) = N(y)).

In the same way as in Lemma on the recursive function, we can
introduce a new function ¥ (a) satisfying

ValVy{y<<x— N R@)}I N\ o< K(x)],
VaVz[y{y<x—NX(») <z} No<z—X(x)<z],
VaVy(x<y—X(x) < K()) .

Whence follow

111 ¥(0)=w

11.2  X(a)=N(X(a))

113 s<Ta— R(d)<K(a)

114 Va(x<la—X(x)<b)— K@) <b

We take now two new predicates Le(3, %, %, %) and R(¥, ¥, ¥,
%), Le(a, b, ¢, d) will mean 6<d\/(b=d/\a<c¢) and R(a,b,c,d) will
mean max(a, b)< max(c, d)\/{max(a b)=max(c,d)/\Le(a,b,c,d)} .
Then we have
121 —R(a,b,c, d), R(c,d, a, b), a=c/\b=d
122 R(a,b,c,d), R(c,d,e, f)— R(a,b,e,f)
123 R(a,b,c,d), R(c, d,a, b)—
124 R(a@;b,c,d),a=c/\b=d—
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Using repeatedly the axiom of the transfinite induction we have
12.5 VelEuEvelu, v]—ExEy{@lx, y1\VuVov(plu, v]
—R(x,5, u,0)\/(x=u/\y=0))}]

This will be called’ the axiom of the transfinite induction with respect
to R(¥, %, %, *).

We take further a new function j(¥, *). j(a,b) will be an ab-
breviation of

Min (2)Ep{VuVv{R(u, v, a, b)\/(u=a/\v=>b)—Esp]s, u,v]}

NAVtYuVoVsVYaVy{@ilt, u, v]1/\ pils, x, y]—(R(#%, v, x,y) — t<5s)}
A0, 0,01\ iz a,b]].

Clearly we have j(0, 0)=0.
We shall study the properties of the function j(, %). To prepare
for it, we define another new function j'(3¥, %), so that
13.1 a<ow, 0w, a>b—j'(a,b)=a*+b
132 a<ow, 0<ow, a<b—j(a,b)=0+b+a
Then we have evidently v
13.3 a<w, b<w, C<w, d<w—>R(d, b, c, d) '——'j’(a, b)<j’(c, d)
134 a<ow, <o, c<w, do—j(a,b)=5'(c,d)—a=c/\b=d
13.5 a<lo—ExEy{xloNAyoNa=j(x,)}
13.6 j(0,0)=0

By the definition of j(aq, b), it is easily proved that
141 a<ow, b w—j(a,b)=j(a,b)

14.2 j(w,0)=w

Hence we have by the mathematical induction

143 a<o—jlw,a)=w+a

144 70, w)=2w

Together with the mathematical induction this implies
145 a<ow—ja, 0)=20+a

146 j(w, w)=3w

Therefore we can see easily

147 a<ow, b0=Zow, c<w, d<ow— R(a,b,c,d)— ja, b)<i(c,d)
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148 ¢, bXo0, cLow, dXw—jla,b)=j(c,d)—a=c/\b=d
14.9 a§3m——+ExEy{xgw/\ygw/\a=j(x,y)}
where 2a, 3a are the abbreviations of ¢+ a, a+a+a.

Now let 2(a) be

VaVoVaVy{u < K@ N v< K@) N\ x < K@) N\y<X(a)

| —(R(u, v, x,5) — j(u, v)<j(x,))}

AV x{x<3X(a) — EyE2(y < X(a) N\ z2< K(a) A\ x=i(y, 2))}

NI(R(@), 0)=X(a) N\j(K(a), X(a))=3X(a)

and B(a) be

VuNoV 2V y{u< X(a) N\ v< K@) N\ x< K@) \y< X(a)
—(R(u, v, %, ) — j(u, v) <d(x, ¥))}

Moreover let €(a) be

Va{x<X(a)—EyEz(y < R(a) Nz X(@) N\ x=7(», 2))} \ B(a)

and D(a) be

VaVy{x<X(a) Ny X(a) —j(x, y)<X(a)} N\C(a).

By the transfinite induction we have following sequences in succession

15.1 B(a), b<K(a), c< ¥(a)—7(b, ¢c)=max (b, ¢)

152 D(a)—j(K(a), 0)=X(a)

153 D(a), b X(a)—j(X(a), b)=X(a)+b

154 D(a@)— (0, K(a)=2X(a)

15.5 D(a), b X(a)—j(b, X(a@)=2RK(a)+b

156 D(a)—j(K(a), X(a))=3X(a)
15.7 D(a)—Aa)

Since Vx(x=>w+—x—1=x), we have

16.1 E@{Uniq(g:) A\ Va(x < X(a) —Ex(y < K@) N\ edx, ¥])} .

This implies, as j(¥(a), 0)= ¥ (a) follows U(a),

16.2  A(@)—>E@,{Uniq(p) N\ V2 Vy(x < K@) Ay < K(a)
—Ez(zX(a) N\ pli(x, y), 2])}

As b<¥(a@') and c¢< ¥(a’) mean

E@:{Uniq(e) A\ Vx(x <o —Exy(y < R(@) A\ elx,y])} and
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E®:{Uniq(g) A\ Vx(x <c—Ey(y < X(a)\ @dx,5])}, we have from 16.2
163 < X(d), c< K(a),
(@) > E@{Uniqa(e,) \VxVy(R(x, , b, ) \/ (x=b/\y=c)
—Ez(zR(@AN eli(x, ), 2])}
and so 6<K(d), c<X(a), Wa), €(@')— b, c)< X(a).

Hence we have
17. Ala), Cla@')— D(a).

Now we shall prove

18.0 A(a), B(d')—C(a")

If B(a') and 7E(a’), then it is proved by the transfinite induction that
there exists an ordinal number & satisfying

18.1 &< X(d')

182 Va{x<{b—EyEz(y < R@) Nz R(@)N\x=j(y,2)}

183 VaVy7(b=7(x, y) N\ x< K@) Ny X))

From 15.1 we have

B(a'), b<R(a')—>EyEz(y< X(@) Nz X(@)N\Nb<4(y,2).

So we have by the transfinite induction with respect to R(, X, %, %)
two ordinal numbers ¢, d satisfying

184 < K@)Nd< X(a)
18.5 VxVy(R(x,y,c,d)—j(x,y)<b)
18.6 Jj(c,d)>b
But if we take «] %, %, %] satisfying
VaVyVz{ailx, y, 21— (R(, 2, ¢, d) —x=74(3, 2))
AR, z,¢,d)\/ (y=cN\z=ad) N\ (y=c/\z=d—x=b),
then we see easily A ‘
VuVo{R(u,v,c, d)\/(u=c/\v=d)—Esais, u, v]}
A VY uV oY sYxVy{ailt, u, v]1/N\ads, x, y]—(R(n, v, x, ) —t<3)}
/A\aj0,0,0]/\aid,c. d]. -

So by the definition of j(3¥, %) we have j(c, d) <b.
This is a contradiction. q.e.d.
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Now we shall prove by the transfinite induction
19. VaA(x)

From 14 we have clearly 2(0).

Next we shall prove (a)—A(a’)

From 15.7, 17 and 18 we have only to prove (a)— B(a') Clearly we
have

7 B(a') > EuEvExEy{u<X(a') N\ v< K@) A\ x X@)N\y<X(a)
N7 (R(u, v, %, y)— j(u, v)<j(x,))}

and so
7 B(a') > EuEvExEy{x < XK(a) Ny < K@)\ R(u, v, x, y)

N\ite, ) =5(x, )} .
So we can see by the transfinite induction with respect to R(¥, %, %, %)
that there exist two ordinal numbers b, ¢ satisfying
19.1 b X(@) N\ e XK(a)
19.2 EuEv(R(u,v. b, c)/\j(u, v)=7(b, c))
19.3 VuVoVaVy{R(«, v, b, c)/\ R(x, v, b. c)—(R(«u, v, x,y)

i 7 (o, v)<j(x, ¥))}
But if 2(a), there exists in virtue of 16.3 and the axiom of substitu-
tion an ordinal number d satisfying

YauNov(R(u, v, b, ¢)—j(u, v)<d) .
So if we take ol %, %, %] satisfying
VaVyVz{alx,y, 2]— ((b=y/\c=2)\/ R(3, 2, b, ¢))

AR, 2,b,¢c)—x=§(3,2)/\(y=b/\z=c—x=d)},
then we can see easily '
YuVo{R(u,v,b,c)\/(u=b/\v=c)—Esafs, u, v1}
AVEVuN oV sV aVy{at, u, v1/\ads, x, y]—(R(u, v, x,y) — £<s)}
Naif0,0,0]\aild,b,c].

So by the definition of j(¢, %) we have

19.4 E@(NuVo{R(u,v, b, c)\/(u=b/\v=c) —Esp]s, u, v]}
AV uV oV sYxVy{pdt, u, v]/\ pds, x, y]—(R(n, v, x, ) — t<s)}
A\ @0, 0, 0]\ 2li(b, c), b, c])

and so YuVo(R(x«, v, b, c)—j(u, v)<jb, c)).
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This is a contradiction.
Therefore we have only to prove

lim(a), Vax(x<a—UA(x))— A(a), where lim(a) is an abbreviated notation
for Vx7(x'=a).

But we have easily lim(a), Vx(x<a—UA(x))—D(a).

So from 15.7 holds lim (@), Vx(x<a—2A(x))—>D(a). q.e.d.

From 19 we have directly the following properties
20.1 R(a,b,c, d)—j(a, b)<j(c, d)

20.2 a=c/\b=d—j(a,b)=j(c, d)

20.3 VxEyEz(x=j(y, 2))

20.4 VxVy(j(x,y)=max(x,y))

20.5 j(X(a), 0)=X(a)

20.6 j(X(a), X(a))=3X(a)

20.7 b< X(a), c< X(@)—b+c< K(a)

From 20.3 we can define two new functions gi(3¢) and g%() satisfying
20.8 VYa(x=j(g'(x), 84(x)))

209 Valx=gUx))

20.10 Ya(x=>g%x))/\ Vx(x>0—x>g%x))

Now we define successively 0'=1, 1'=2, 2'=3, 3'=4, 4'=5, 5'=6, 6'=7,
7 =8, 8=9, 9=10, 10'=11, 11’=12 and take a new predicate S(, %,
*, %, ¥, %) with the following sense.
S@i, a, b, k, ¢, d) will mean R(a, b, c,d)\/{J(a, b)=j(c,d)/N\i<k}

In the same way as before we can define four new functions
JOK, %, %), g0k), gi(¢) and g(*) satisfying
21.1 VeiVEVuVoVaVy{i<9NE<9—(S@E,u,v, k, x,y)— j{, u, v)

<k, x, )}

21.2 Va(g(x)<<9)
21.3  Va(j(gyx), g(x), g&(x))=x)
214 Vx(x=gi(x))

215 Va(x=g(x) A\ Va(x>0—gi(x))

After these preparations we shall begin to construct Godel’s model . 4.
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First, we define formulas of the form F({x}(a[x]/\x<a))

Let 22(b,c) be b>c/\alj(b, c)]/\jb,c)<a
22(p, c) be (b=c/\alji(b, c)]N\ib, c)<a)
V(b=c/N\aljc, b)1/N\i(c, b)< a)
22(d, c) be Ex{22(x, c) N\22(b, x)}
22(b; {c; d}) be Va[x<b+—{22(b, x) —22(x, c) \/22(x, d)}]
A\Ex(x<bN\2%2(x,0)) NEx(x<b/\%2(x, d))
22(b; {c; d}) be Ex{x<b/\22(d, x) \22(x;{c;d})}
22(b;<c;d>) be ExEy{x<bN\y<oN\22(b;{x;¥})
A22(x;{c; c})N\22(y; {c; d})}
22(b;<c;d>) be Ex{x<b/N\2L(b, ) \22(x;<c;d>)}
22(b; <c;d;e>) be Ex{x<b/N\22(b;<c; x>)N\22(x;<d;e>)}
24(b;<c;d; e>) be Ex{x<b/\22(b, x) \22(x;<c; d; e >)}
Moreover let
Hy(a, a) be %2(g%a), &(g a)))\/ 22(g%a), 2(g'(a)))
Hy«,a) be 24(g1(g¥ (), g%a))
NExEyx<g¥a) N\y<g¥a)/\%2(y, ) \22(g¥a);<x;y>)]
Hya, a) be 22(g(g%a)), g4a)) /\ 722 (g:g"(a)), g%a))
H{a, a) be 22(g(g'(a)), g4(a)) N\EXEy[x<g¥a)/\y << g4a)
' N22(g¥a);<x; ¥ >)/\22(g(gYa)), y)]
Hy(a, a) be Ex[x<g(g%a))/\22(a(ga));<x; g4a)>)]
Hya, a) be ExEy[x<g(g¥ (@) /\y<g(g'(a))
N\2E(g(g¥a)); < x; 3 >)N\22(g%a); <y; x>)]
Hya, a) be ExEyEzlx<g(g¥a))N\y < gi(gX @) N\z< g(gXa))
AN22(glgla)); <x;y;2>)/\22(g%a);<y; z; x>)
Hyw, a) be ExEyEz[x<gi(g4 @) N\y<alg'(@) Nz g(g'a))
AN22(g(gi(@);<x;y;22>) N\22(g4a);<x;2; 9 >)]
Hy(a, a) be Vx[x<g¥a)—{22(g (a), x) — 22(g%a), x)}]
Finally let F({x}(a[x]/\x<a)) be '
[gX(a)> g¥a) —{(g(gX(a)=1—H\(a, a))
/\(&(gXa))=2—Hya, a))
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N\ (gg¥(@))=3+—Hya. a))
N(g(ga)=4—H(a, a))
/\(g(g(@))=5+—Hya, a))
/\(g(g'(a))=6 — Hya, a))
N\ (glg¥a)=T7—H{(a, a))
N (gn(gl(a))ZS —Hya, a))} ]

/(g4 a) < g¥a)— Hya, a))

And according to Lemma on the recursive predicate, let fn.(éie) be a
new predicate satisfying

22. Vx{fn(x)—F{yHaly]N\y<x)}

Now, let 2(d,¢), 2(b,c), Z(b,c), Z(b;{c;d}), Z(b;{c;d}), =2 (b;
<c;d>), Z(b;<c:d>), 2(b,<c;d;e>), Z(b;<c;d;e>) mean a
formula which we obtain by substituting {x}fn(x) for « in %2(b,c),
24(b, ), 22(b,c), 22(b;{c;d}), 22(b;{c;d}), 22(b;<c;d>), 22(b;<c;
d>), 22(b;<c;d; e>), 22(b;<c; d; e>) respectively.

We write H;(a) for H({x}fn(x),a) (1<:<9), where H;(a) is obtained
by substituting 2 (b, ¢), = (b, ¢),--- for all 22(b, ¢), 22(b, ¢),-- in Hy(«, a).
Then 22 means that following ten sequences are provable.
22.1 gla)>g¥a), g(g'(a))=0—rn(a)
22.2 g¥a)>g¥%a), g(g'(a)=1-fn(a)— Hfa)
223 gla)>g¥a), gf&X(a))=2—fn(a)— Hya)
224 gYa)>g%a), g(gXa))=3—fnla)— Hia)
225 g a)>g¥a), g(g (a)=4— fn(a)— Hya)
226 gYa)>g¥a), g(g'(a))=5—fn(a)— H(a)
22.7 gWa)>g¥a), g(g'(a))=6—fn(a)— Hya)
228 gl a)>g¥a), g(&Xa))=T7—fn(a)— H{a)
22.9 gYa)>g¥a), g(g'(a))=8—fn(a)— Hya)
22.10 g¥a)=< g%a)— fn(a)— Hya)
Now let < (b, ¢) be b>c/\fn(ji(b,c))
=(b,¢) be (6=c/\fn(5(b, )/ (b=c/\fr(i(c, b)))
<(b, ¢) be Ex(=(x, c) \<(b, x))
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=(b; {c;d}) be Valx<b+—{<(d, x)— =(x,0)\/=(x,d)}]
AEx(x<b/\=(x, ¢)) \Ex(x<b/\=(x,d))

=(b; {c; d}) be Ex{x<b/N\<(b, ) \=(x;{c;d})

=(b;<¢; d>) be ExEy{x0N\y<bN\=(b;{x;5})
A=(x;{c; cHN\=(y;{c; d})}

<(b; c¢;d>) be Ex{x<ldN\<(b, ) \=(x;<c; d>)}

=(b;<c; d; e>) be Ex{x<b/\=(b;<c;x>)N\=(x;<d;e>)}

<(b;<c;d;e>) be Ex{x<bN\=<(b, x) \=(x;<c; d; e>)}

Clearly we have j(b, ¢)<a—<(d, ¢)— 2 (b, ¢), and
7(b, c)<a, jlc, b)) a— =(b, c)— 2 (b, c)
As EA{(x=c/A\fn(j(x, c)) N\ilx, )< a)\/ (x=c/\fn(i(c,x)) N\ile, x)< a)}
AN\{b>x/N\fnli(b, x)]/\7(b, x)< a}] is 2 (b, c), we have easily
J(b, 0)<Za, j(b,b)<a—><(b,c)— £(b,¢).
Hence we have the following sequences in succession,
7b0,0)<a, j(b,0)<a, j(b,d)Za,
He, 0)Za, j(d, b)<a,—=(b; {c,d})*—*—(b {c;d})
71,0 <a, j(b,0)<Za, j(b,d)Za,
He b)<a, j(d,b)<a—>=<(b;{c;d})— Z(b;{c;d})
78, 0)<a, j(b,c)<a, j(b,d)<a,
e, b)=a, j(d b)<a—>=(b;<c;d>)— 2(b;<c;d>)
J(b,b)<a, j(b,c)<a, j(b,d)<a,
Je,0)<a, jld b)<a—>=<(b;<c;d>)— Z(b;<c;d>)
b, 0)<Za, j(b,c)<a, j(b,d)<a, jbe)XZa,
e, b)<a, j(d,b)<a, jle,b)<a—=(b;<c;d;e>)—2(b;<c; d; e>)
78, 0)=Za, j(b,c)<a, j(b,d)<a, j(be)Xa, :
ie,b)<a, ji(d,b)<a, jle,p)<a—>=(b;<c; d;e>) 1 L (b;<c;d; e>)

Hence we have directly from 22

23.1 ga)>g%a), g(g(a)=0—fnla)

232 gla)>g%a), g(g'a)=1—fnla)—=(g%a), 2(g"a)))

‘ | V=(g%a), 2(&"(a)))
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23.3 gYa)>g%a), g(g'(@)=2—fn(a)— <(g(g%a)), g%a))
NExEy[xg¥a) Ny g¥a) \<(y, x)
A=(g%a);<x;y>)]
234  gla)>g¥4a), gfg¥a))=3—fn(a)— <(g(g¥a)), g%a))
N\ 7<(gAg"a)), g%a))
235 gl a)>g¥a), g(g'(a))=4—Tn(a)— <(g(gYa)), g%a))
AExEy{x<g¥a)N\y<g¥a)
A=(g%a);<x;y>)/\<(g(g'(a)), »)}
23.6 gYa)>g¥a), gl a))=5—fn(a)— Ex{x<g(g"a))
N<(g(g¥a);<x; g4a) >)}
23.7 gl a) > g¥a), g(gX(a))=6—fn(a)—~ExEy{x< (g a) \y<gilgia))
N<(g(g¥a)); <x;y>)
N=(g¥%a);<x;y>)
23.8 gYa)>g¥a), gg¥(a))=7—fnla)— ExEyEz{x<gi(g"(a))
Ay < g(gXa))/N\z< g(g¥a))
N<(g(g'a));<x;y;2>)
A=(g4a);<y;z; x>)}
23.9 gla)>g¥a), 2(gXa))=8— fn(a)— ExEyEz{x<g(g'(a))
Ay < &(g' @) N\z< g(gXa))
N<=(g(g¥a));<x;y;2;>)
N=(g¥a);<x;2z;y>)}
23.10 glia)=<g¥a)—fnla)— Vx[x<g¥a) —{<(g¥a), x)— X (g¥%a), x)}]

Now we shall simplify 23.10
Since 4 (g%a), x) is
Ex{(y=x/\fn(i(y, ) N\ily, ) a)\/ (y=x/\fn(i(x, ) N\ilx,y)<a)}
N\{g¥a)>y /N\fn(i(g¥a), ) \i(g¥a),y) < a}l,
and gla)<g%a), y==x, xg¥a)—i(y,x)a,
gia)<g%a), g¥a)>y, y=x—j(x,3)a,
and gl a)<g%a), g¥a)>y—i(g¥a),y)<i(0, g¥a)<a;

we have clearly 23.10.
23.11 glYae)< g¥a)—frn(a)— Vxlx<g¥a) —{<(g¥a), x)— <(g%a), x)}]
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In particular we have fn(j(a, a)). Hence
2312  —>=(a,a)

Hence we have
24. —(b C)'—' ¥ alx<max (b, C)*—{é(b x)Hé(C x)}].

Moreover we shall prove
25. =(b,c)— Vx{<(b, x)—<(c, x)}
To prove this proposition we first prove some simple propositions.

251 VaVyVz{xeNy<aNz<a/\=(xy)\=(y,2)—=(x,2)},
<=(b,0), =(c,d), b<a, c<a, dla—><(b,d)

ProoF. This is clear by the fact < (5, ¢)— Ex(< (b, x) \=(x, c)).

252 VavyVz{x<laNy<aNz<a/N\=(x,3)/\=(y,2)—=(x,2)},
=(b,¢), =(b,d), b<a, ca, da—>=(d,c)

PROOF. ==(b, c)— Ex(<(b, x)/\=(x, ¢)) — Ex(<(b, x)/\=(x, c)/\x<b)

and so < (b, c¢), =(b,d)—Ex(=(d, x)/\=(x, ¢) /\ x<b). “ ‘

Hence from 25.1 the proposition is clear.

253 b<a, c<a, =(b,a), =(a, c)—>=(b,c)

Proor. This is clear from 24.

254 VaVyVz{xaAy<aNz<a/N\=(x3)N\=(32)—=(x2)},
=(a,b), =(b,¢), <(a,d), b<a, c<a, dla—=<(c,d)

PrOOF. From 24 we have d<a, =(a,b), =(a,d)—<(b,d), and the

proposition is clear from 25.2.

255 VaVyVz{xaN\y<aNz<aN\=(x3)\=(y2)—=(x72)},
=(a, b), =(b,0), <(c,d), b<a, ca, dla—<(a,d).

Proor. This is clear from 25.2 and 24. .

256 VaVyVz{xaNy<aNz<a/\=(xy)\= (y, 2)—=(x,2)},
=(a,b), =(b,¢), b<a, cla—=(a,c).

Proor. The proposition means 25.4 and 25.5 from 24.

25.7 VaxVyVz{x<aNy<a/N\z<aN\=xNN\=(y,2)—=(x,2)}
—VaVyVa{ra' Aya Nz<d N\=(x)N\=(3,2)—=(x, z)}

Proor. This is clear from 25.3 and 25.6.
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26. VaVyV¥z{=(x,y)\=(y,2)—=(x, 2)}

ProoF. In virtue of 25.7, this is easily proved by the transfinite induc-
tion on a in the formula

VaVyVz{x<a/A\y<aN\z<aN\=(xy)\=(y,2)—=(x,2)}.

Together with 25.1 and 25.2 this implies
27. <=(b,¢), =(c,d)—><(d,d)
28. =(b,c), =(b,d)—>=<(d,c)

From 28 we have easily =(b,d)— Vx(<(d, x) —<(d, x))
Hence 25 is clear. q.e.d.

As usual we write ceb or bsc for =<(b,¢) and b=c for =(b,c)
and simplify 23 using 25, 26, 27 and 28.
First 23.2 means b >c, gy(d)=1—fn(j(d, c))+— c=g(b)\/c=gXb) and
b>c, g(b)=1-<(b, c)— c=2gi(b)\/ c=gyb)
As boc is Ex(c=x /\<<(b, x)), we have

29. g(B)=1-bosc—c=g(b)\/ c=gsd)

We write {b, ¢} for j(1, b, c)

Then we have clearly

30.1 {b,c}od—b=d\/c=d

30.2 a=b, c=d—{a,c}={b,d}

By similar calculations as above we obtain

30.3=(b; {c;d})—b={c,d}

because Va[x<b—{bosx—x=c\/x=d}]/\Ex(xb/\x=0)
NEx(x<dN\x=d)— Vx{bsx—x=c\/x=d}

304 <(b;{c;d})—b>{c,d}

because Ex{x< b N\bsxN\x={c,d})—Ex(bax/\x={c,d}).

Moreover we writer <c,d> for {{c,c},{c,d}} and <¢,d,e> for
¢, <d,e>>.

Then we have easily

305 a=cN\b=d—<a,b>=<c¢d>

306 a=bAN\c=dN\e=f—<a,ce>=<b,d, f>
307 =(b;<c;d>)b=<cd>
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because ExEy(x<bA\y<b/\b={x3} Nx={c,c} \y={c, d})
—ExEy(o={x,y} \Nx={c,c; \y={c,d})

308 <(b;<c;d>)—bsc,d>

309 =(b;<c;d;e>)—b=<c,d,e>

30.10 =(b;<c;d;e>)—ba3c,d, e >

Now we shall simplify 23.
31.1 gd)=0—acb—Ex(x=a/\x<b)
31.2 gyb)=2—bsc—cegi(b)/\ExEy{yaxN\c=<x,y >}
Proor. From 23.3 we have
b>c, glb)=2—fn(j(b, c))— g(b)>c
ANEXEy(x<cN\y<cNAysxNe=xy>)
b>c, glb)=2—<(b,c)— gb)sc
| NExEy(x<cNy<cNAysxN\e=x,y>)
As ExEy(xcNy<cNAysxN\e=<x,y>)— ExEy(yax/\cm<x,y>)
we have
b>c, g(b)=2—><(b,c)—ExEy(yax/\c=<x9>) \&b)ac
Hence g(b)=2—bsc— ExEy(yaxN\c=<x,y>)/\g1(b)sc. q.e.d.
We have in the same way
313 gb)=3—>bac— gib)ac/\ 7 g{b)ac
314 g(b)y=4—bsc— g(b)oc NExEy(c=<x, y>/\gz(b)ay)
315 gyb)=5—bsc— Ex(g1(b)o<x, c>)
31.6 gyb)=6—bsc—ExEy(g(d)sx,y > Nec=<y, x>)
31.7 gyb)=7—bsc— ExEyEz(gy(d)s<x,y,2 >/ \c=<y,2,x>)
31.8 gb)=8—>boc—ExEyEz(g(b)s<x,¥,2 > N\c=<x,2,9_">)

Now we can continue our proof in the same way as Godel (1).

First we define new functions Od(a), C(a), b—c and b:-c as ab-
breviations of Min(z)(z=a), Min(z)(zea), 7(3, b, ¢) and b—(b—c) respec-
tively. Then we have the following sequences.

32.1 a=0d(a)
32.2 a=b—>b=>0d(a)
32.3 aeb—0d(a)< Od(b)
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because ae Od(b) means Ex{<(0d(b), x)/\a= x}
324 Ex(xea)— Cla@)ea/\Vx(xeca—x=>C(a))
325 7(aea)

because Od(a)e Od(a) means Od(a)<Od(a).

326 ae(b—c)—aeb/\7(aec)

32.7 ae(b-c)—aeb/N\aec

Moreover we define ¢ <-b as Vx(xea—xebd) and a<b as a<b/\7
(a=b). Then we have easily :

33.1 Oeo N\ Vx{xew—Ey(yew/ \xy)}

Proofr. This is clear from 31.1 and 32.3.

33.2 Vx7(xe0)

333 VyVz(zey N\yea—zej(0, a, a))

because ceb/\bea— c=0d(c)< Od(b)< Od(a) <a=<j(0, a, a).

Now we denote with c/«) the formula VxEyVz(a[z]/\zex—zey) for
a variable « of the type 1.
It follows directly

Vx(A(x) — B(x)), cl({x}A(x))—cl({x}B(x)).

And we have easily

34.1 Vx7a[x]—clla)

34.2 Vzxa[x]—cla)

34.3 cla), alal, a=b—a[b]

because cl(a)—EyVz(a[z]/\ze{a, b} —zey)

Further by the same calculations as in the chapter V p. 40 in Godel (1)
we have the following sequences

344 —cl{x}xea))

34.5 clla), ckB)— cl({x}(alx]1/\ 7 BLx]))

34.6 cl(a), cl(B)— cl({x}alx]/\B[x])) <
34.7 clla), cl(B)— cl({x}(alx]\/Blx]))

34.8 cla)—cl({xHEyEz(x=<y,2>/\alx])))

349 clla)—cl({x}Eya[y, x>]))

34.10 cl(a)— cl{u}(ExEy(a[x,y >1N\u=<y,x>)))
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34.11 clla) > cl{u} ExEyEz(a[<x,y, 2> N\u=<2, z, x>)))
34.12 c(a)—cl({u}(ExEyEz(a[<x,y, 2>]N\u=<x,2,y>)))
34'13 clla)— cl({u}(ExEy(u=<y, x >/N\aly]))

34.14 cla), cl(B)— cl({x}(EyEz(x =<y, 2>/ N\aly]1N\B[z]))
34.15 cl(a)— cl({x}(Eya[<x,y>])

34.16 cla), cl(B)— cl({x}(Ex(al[<x,y>1N\BLY]))

From 34.4 and 34.16 we have

34.17 clct)— cl({x}(Ex(a[< %, y > \yea)) .

and so cl(a)— cl({x}(Ex(al<x,y >1\ye{a})))

This implies together with 343

34.18 clla)— cl({x}(a[<x, a>]))

As in chapter VI p. 46 in Godel (1) we have the following sequence
35. clla), VaVyVa(a[<x,z2>1N\al<y,z2>]—x=Y)

—ExVy{yex—Ez(zea/\ a[<y, 2>]}

PrOOF. From 34.17 we have cl(a)— cl({x}(Ey(a[< x,y >1/\yea)))
On the other hand, if we define {x, y}BJ[x,y] as the abbreviation of

{x, y}(a[<y, x >]/\Vula[< u, x >]—u—y), then we have clearly
c(a), VxVyVa(a[< x, 2 >]1/N\ a[<y, z>]—a1=y)
— VaVyVa(Blx, 21\ BLy, 21— x=y)

Hence we see by the axiom of substitution that there exists an ordinal
number b satisfying g(b)=0 and

VaVy(BLx, y1\y < a—x<b).
From cl({x}(Ey(a[<x,y>]1/\yea))) it follows that there exists an
" ordinal number c¢ satisfying Va(Ey(a[<lx,y>1\yea)/\xeb—xec)
Then we can see easily Vx{xec— Ey(yea/\ao[<x,y>1]}. q.e.d.
Now we shall begin to prove
36. VaBEyVz(z<x+—zey)
To prove the proposition we have only to prove
37. VaVy(y = X(x) —ye X(x))

In the same way as in the proof of 12.3 in the Chapter VIII in Godel
(1) (p.p. 54-61) we have first
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38. Va(alx]—a[C(x)]N\ alg(x)]N alg(x)]),
ViV axVy(i< 9N\ alx]N\aly]l—al i, x, )],
VaVoVaVy{a[x, y] N\ alu, v]—(x<u—y<v)},
VaEy(a[x]—y<a/N\adly, x]),
VaEy(x<ar—aly] N\ alfx,y]),
alb], afc], ald, b], ae, c]>boc— dse.

39. E@[VauVoVxVy{elv, ul/\@lx, y1—(u<x—v<y)}
AV x{alx] —Eypl[y, x1}
N2y ol{ply, x]1/\v<y—Euplu, v]}]

PrOOF. Let Fiaz) be VaViylaly, x]— alx]\VuVv(alv, ul N\v<y—
u< x)N\Vz(a[z] \VuVv(a[v, ul \Nvy—u<x)—x<2}]
Then by Lemma on the recursive predicate we have E@,3(,)
We have directly
39.1 Fulaw), alb, al—ala]
39.2 Fiaw), allb, al, ald, cl, ca—>d<b
39.3 Fay), alb, al, ajle, al>b=e
and so (from 39.2 and 39.3)
394 Fiay), wlb, al, ald, cl, dla—ca.
If remains, therefore, only to prove
39.5 [y, alal—>Eyaly,al
39.6 Faw), alb,al, db—Eucld,u].
Let {z}A(2) be {z}(VxVy(ay, x]\x<a—y<z). Then from 39.3
and the axiom of substitution,
VuVolalv, ul/\u<a— v<Min(w)U(w)) and consequently

Flaz), alal— aMin(w) A(w), al
which proves 39.5.

Let {x,y}B(x,y) be {x,y}(alx]\VuVv(alv, u] N\v<y—u<x)).
Then Fia,), a.lb, al, d< b— Bla,d) and so

Filaz), alb, al, db—->Ew{B(w, d) \Vz(B(z,d)—w=2)}
which proves 39.6. q.e.d.

Now we consider
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40. E@E@[Vx(x<X(a)—olx]) N\ ¢[b]
AV 2V Y9N plx] N\ ply]
— @[ C(x)1/\ pLai(x) 1N\ pl gl x)IN 2[5, x, ¥)])
AV x{glx]l—Ey(plx, y1\y<X(a))}
AV xVyVa(@lx, 21\ ply, 2]—x=y)]
We shall prove that from 40 we have 37.
For this purpose we have only to prove
41. Va{xeb—Ey(y K@) N\x=3)} > Ex(b=x/\x<K(a"))
under the assumption 40.

From the assumption 40 we may assume that there exist variables
o[ *;] and a i, ¥,] satisfying

411 Valx<¥(a)—a[x])/\ a[b]
41.2 YeVaVyE<<9Aalx]/\aly]
—alC(x)] N\ al gi(x)] N\ alg(x)1N al 1, x, ¥)])
413 Vax{alx]—Ey(alx, y]1\y<X(a)}
41.4 VYaxVyVz(adx, z] N\ aly, zl—x=y).
Then by the axiom of substitution we have an ordinal number ¢ sat-
isfying
415 Vax(a[x]—x<c)
Therefore we can see from 37 that there exists a variable @ %,,
%] satisfying VaVoVyVz{Blu, v]\Bly, 2]—(uy—v<2)}
A Yulalul \Nu<c—EvBiv, ul}
AN uXo¥ylalu]l Nu<c/\Blv, u]
Ny<v—Ez(Bly, 21\ alz])}
and so from 41.5
416 YuNoVyVz{Blu, v1\BLy, 21— (uy— v<2)}
- AVaulalul—EvB]v, ul}
A YuNoVy{alul N\ Blv, ul \y<v—E2(Bly, 21\ al2])} .
We shall define {x}B[x] as {x}(Ex(aly]/\RBdx,y])) and {x,y}vlx,y] as
{x, y}(E2(Bdx, 21 N\ a2, ]))-

As we see easily
VaVyVa(vix, 21/ \vdly, z1—x=y),
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it is easily proved by the axiom of substitution that there exists an
ordinal number d satisfying

41.7 Vx{B[x]—x<d}

and so

41.8 d< X(a')

We can see clearly Ex(BJx,b]/\x<d).

Let 3 be an ordinal number iatisfying ,6’2[3, b], then from 38 we have
VaVy{Bdx, yYI\aly]l—(b3y+— b3x)}.

Since Va(x< ¥(x)—pBx, x]), we see easiy

Vx{x</\}<(a)k—(33xl—+b9x)}, and s0 b=b-¥(a). As b<¥(d), We see
easily &- ¥ (a)< X(a’). Hence 41 is proved.

Therefore to prove 36 we have only to prove 40.
For convenience’ sake we write 72y (k) for gl(g%(x)), m(xk) {for
gi(g¥g¥(>¢))) and hy(*) for gXgi(g*(>¢))).
_ Let (k4 Ko, K3, K4) be (k1=7(K,, X3, X4)/\ %,<9)
V(% 1=C0k3) /\ k2=9/\ ¥3=%,) \/ (k1=2"(3) /\ ¥2=10/\ %3=%,)
(K 1=g2%(%3)/\ ¥2:=11/\ ¥3=3%,4) and let %X, %, %3, %¥,) be
(K 1=b/\ %2=12/\ %3=0/\ %k,4=0)\/ (7 % 1=b/\ %, X(@) /\ %.=12
AN\ ¥3=%,/\ ¥,=1+ %,).
Then the sequence AXc, ¢, G, ¢)) =< ¥(a) can be proved without
difficulty.
Let (e, az) be
EuEy Ey.{A(g¥c), ho(c), y1, ¥2) N\l (31, 1i(C)), u] /\ L 7( 32, he(C)), n]1}

\V A4 g¥(c), hc), hic), hAc)), and let Bl(c,d) be a formula satisfy-
ing VzVo{Bl(z, v)—F(z, B, d)N\Nd<wv)} and let BAd,d,d;) be
BU(j(dy, d2), ds). "

Then, of course, Bdy, d», ds) —
EuEy,Ey.{Ady, g(d>), y1, ¥:) N\ B 31, gHg¥d2)), u) /\ B ., g4 gd>)), u)

N\u<dsy \/Ad, g'(d,), g'(g4d>)), g4(g%d>)), and it follows
BAdy, d, d;) /\ dz<d—Bd,, dy, d).

By the transfinite induction on d; we have
VaVyVz{BAy, x, d3) /\ B4z, x, d;) —y=2z2} .
As for the case d:;=0 we have obviously
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B¥(dy, do, 0) — AXdy, gY(d,), g(g4dz), 848X d2))) -
Hence B2(d,, d», 0) — d;< ¥ (a) and, by the transfinite induction on ds,
VaVy{BUy, x. ds) —x<_X(a)}
In particular, we have
42. B¥dy, dy, ) — dy< X(@)

BUd,, ds, ») /\VUd, d>, ) —d1=d ,
and it is easy to show
43. ExBb, x, »),

d< X(a)—Ex¥¥d, x, w);
furthermore, we have
44, i<9NExBc, x, 0) N\NEXDBUd, x, 0) —

ExB%5G, ¢, d), x, ») /\ExBHC(c), x, 0) N\ ExDBAgYc), x, ®)
NExB%g(c), x, )

since BAd,, d, ») — Ew(w < w /\ BAdy, ds, w)).

And 40 follows from 42, 43 and 44. Thus 40 is proved. And so 36 is
proved.

In the preceding we have shown that the following sequences are
provable. ‘
VaVy{x=y+— Vz(zex+—zey)}

VaVyVo{vel{x,y} —v=x/\v=y}

Vav¥ (<, y >={{x}{x,9}})

VaVoV (< x,y, 2 >=x, <y, x >>)
VaVy{x Zy—Vz(zex—zey)}

VaVy{x y—xy/\7x=y}

Oeo A\Vxixcwo—Ey(vew /N\xy)}
VubExVyVz{yez/N\zeu—yex}
VxEyVz(z <~ x—2zey)

Volclp)— VxEyVa(plz] N\zex —izey)]
VaEp{clp) N\ Vy(ply]—yex)}
VaVyVelx=y/ \clp)—olx]—@ly])}
VoVulclp) AV xVyVa(pl<x, 2 >IN\ Py, 2 >]—x=y)
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—ExVy{yex—Ez(zeuN\p[<y,2>]1}]
Vol Exglx]—Eu{glu]l ANVx7 (xeu/\plul)}]
Vx7(x€0)
Vax[ 7x=0—C(x)ex]
Ep{clep) AV xVy(e[<x,y >1— xey)}
VeV y¥icl @) /\cl(¥) —EE{clE) N\ uEu]— @lul N\ Yul)}]
Volcl(p) —E¥{cl¥) AV ul¥lul— 7 plu])}]
Velcl( @) —Ev{cl(¥) NV x(¥lx]— Ey o[y, x>])}]
Voplcl(p) —Ev{cl¥) NV 2V y(Y[<x, 3 >1— ¢[x])} ]
V[ cl(p) —E{cl(y) ANV 2Ny <x. 3 >1— o[y, x >1)} ]
Volclp) —Ed{cly) ANV axNy Yz [<x, y, 2 >]— o[y, 2, x >])} ]
Volcllp) —E{cl¥) NV xVyVz(Y[<x,y, 2 >]— @[ x, 2,y >])}]

Hence the consistency of the Fraenkel-v. Neumann’s set theory is
proved assuming the consistency of the ordinal number theory.
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