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\S 0. Introduction.

In an affine space of paths:

(0.1) $\frac{d^{2}x^{i}}{ds^{2}}+I_{jk}^{7i}\frac{dx^{j}}{ds}\frac{dx^{k}}{ds}=0$ ,

$(a, b, c,\cdots, i,j, k,\cdots=1,2,\cdots, N)$

an affine collineation is defined as a point transformation which carries
any path into a path and preserves the affine character of the para-
meter $s$ on it. It was first shown by L. P. Eisenhart and M. S. Knebel-
man ([5], [61) that a necessary and sufficient condition that an infinit.
esimal point transformation

(0.2) $\overline{x}^{i}=x^{i}+\xi^{i}(x)dt$

be an affine collineation is that $\xi^{i}$ satisfy

(0.3) $\xi_{j.k}^{i}+\xi^{a}I_{jk.a}^{\prime i}-\xi^{i}.I^{7a}+\xi^{a}.\Gamma^{i}+\xi_{k}^{a}I_{ja}^{\prime i}=0$ ,

where the comma followed by an index denotes partial differentiation
with respect to $x^{i}$ .

But, if we denote the Lie derivative ([9], [15]) of a geometric object
$\Omega$ with respect to the infinitesimal point transformation (0.2) by $ X\Omega$ ,
then condition (0.3) can be rewritten in a very simple form
(0.4) $X\Gamma_{jk}^{i}\equiv\xi_{:j;k}^{i}+R^{i_{jkl}}\xi^{l}=0$ ,

where the semi.colon followed by an index denotes covariant differenti-
ation with respect to $I_{jk}^{7|}$ .

It is well known that the maximum order of a group of affine
collineations in an N-dimensional space of paths is $N^{2}+N$ and if the
space admits a group of affine collineations of the maximum order, then
the space is necessarily affinely flat ([5], [15]).
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Now, in a space of paths, a projective collineations is defined as
a point transformation which carries any path into a path, the affine
parameter on it being not necessarily preserved. A necessary and
sufficient condition that (0.2) be a projective collineation is that

(0.5) $X\Gamma_{jk}^{i}=\delta_{j}^{i}\varphi_{k}+\delta_{k}^{i}\varphi_{j}$ ,

where $\varphi_{k}$ is a certain covariant vector, or that

(0.6) $X\Pi_{jk}^{\star i}=0$ ,

where $\Pi_{jk}^{*i}$ are T. Y. Thomas’ parameters of projective connexion:

$\Pi_{jk}^{*i}=I_{jk}^{7i}-\frac{1}{N+1}(\delta_{j}^{i}\Gamma_{ak}^{a}+\delta_{k}^{i}\Gamma_{aj}^{a})$ .

Since the transformation law of $\Pi_{jR}^{*i}$ under a coordinate trans-
formation is more complicated than that of $\Gamma_{jk}^{i}$ , the defining equation
of $X\Pi_{jk}^{*i}$ is more complicated than that of $XI_{jk}^{\urcorner i}$ . So, it seems to the
present authors that it is more convenient to use (0.5) than to use (0.6)

in the discussions of projective collineations.
It is well known that the maximum order of a group of projective

collineations in an N.dimensional space of paths is $N^{2}+2N$ and if the
space admits a group of projective collineations of the maximum order,
then the space is necessarily projectively flat, ([15]).

J. Douglas ([3]) developed the geometry of general space of paths,
the paths being defined by a system of differential equations of the form

(0.7) $\frac{d^{2}x^{i}}{ds^{2}}+I^{7};(x,$ $\frac{dx}{ds})=0$ ,

where the functions $\Gamma^{i}$ are homogeneous of the second degree in the

arguments $\frac{dx^{*}}{ds}$ .

Affine and projective collineations in such a general space of paths
are defined in exactly the same way as above. The theory of affine
and projective collineations in a general space of paths was studied in
detail by M. S. Knebelman ([8]).

Subsequently, J. Douglas ([4]) developed also the geometry of a space
of K-spreads, K-spread being a K-dimensional subspace defined by a
completely integrable system of partial differential equations of the form
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(0.S) $\frac{\partial^{2}x^{i}}{\partial u^{\beta}\partial u^{\gamma}}+H_{\beta\gamma}^{i}(x,p)=0$ , $(p_{\alpha}^{i}=\frac{\partial x^{i}}{\partial u^{\alpha}})$

$(\alpha, \beta, \gamma,\cdots, \lambda, \mu, \nu,\cdots=1,2,\cdots, K)$

where the functions $H_{\beta\gamma}^{i}$ are symmetric in $\beta$ and $\gamma$ and form a so.called
homogeneous function system of $p_{\alpha}^{i}$ with respect to lower indices, that
is, they satisfy generalized Euler relations
(0.9) $p_{\lambda}^{a}(H_{\beta\gamma}^{i}|_{a}^{\alpha})=\delta_{\beta}^{\alpha}H_{\lambda\gamma}^{i}+\delta_{\gamma}^{\alpha}H_{\beta\lambda}^{i}$ ,

the symbol $|_{a}^{a}$ denoting partial differentiation with respect to $p_{\alpha}^{a}$ .
It was shown by I. Douglas ([4]) that the components of the affine

connexion are given by

(0.10) $\Gamma_{jk}^{i}=\frac{1}{K(K+1)}H_{\beta^{i}\gamma}|_{j}^{\beta}|_{k}^{\gamma}$ .

Now, an affine collineation in a space of K-spreads is $defi_{t1}ed$ as
a point transformation which carries any K.spread into a K-spread,
the parameters at corresponding points being related by affine trans.
formations.

A necessary and sufficient condition that a point transformation

(0.11) $\overline{x}^{i}=f^{i}(x)$

be an affine collineation is that

(0.12) $\overline{H}_{\beta\gamma}^{i}(\overline{x},\overline{p})=H_{\beta\gamma}^{i}(\overline{x},\overline{p})$ ,

where $\overline{H}_{\beta\gamma}^{i}(\overline{x},\overline{p})$ denote the components of $H_{\beta\gamma}^{i}$ in the coordinate system
$(\overline{x}^{i})$ when we regard (0.11) as a coordinate transformation and

$\overline{p}_{\alpha}^{i}=\frac{\partial\overline{x}^{i}}{\partial x^{a}}p_{\alpha}^{a}$ ,

from which, a necessary and sufficient condition that an infinitesimal
point transformation (0.2) be an affine collineation is that

(0.13) $X\Gamma_{jk}^{i}=0$ ,
where
(0.14) $X\Gamma_{jk}^{i}=\xi^{i}.j.k+\xi^{a}\Gamma_{jk.a}^{i}+\xi_{a}^{m}p_{\alpha}^{a}I_{jk}^{vi}|_{m}^{\alpha}-\xi^{i}.\Gamma^{a_{k}}+\xi^{a}.\Gamma_{ak}^{i}+\xi_{k}^{a}I_{ja}^{7i}$ .

The theory of affine collineations in a space of K-spreads was
studied by E. T. Davies ([2]) and Buchin Su ([12], [13]).
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A projective collineation in a space of K-spreads is defined as a
point transformation which carries any K.spread into a $K\cdot spread$ , the
parameters at corresponding points being not necessarily related by
affine transformations.

A necessary and sufficient condition that a point transformation
(0.11) be a projective collineation is that

(0.15) $\overline{H}_{\beta\gamma}^{i}(\overline{x},\overline{p})=H_{\beta\gamma}^{i}(\overline{x},\overline{p})+\overline{p}_{a^{i}}G_{\beta\gamma}^{\alpha}(\overline{x},\overline{p})$ ,

where $G_{\beta\gamma}^{\alpha}$ are a certain function system of $p_{\alpha}^{i}$ with respect to three
indices $\alpha,$ $\beta$ and $\gamma$ ([4]), from which, a necessary and sufficient condi-
tion that (0.2) be a projective collineation is that

(0.16) $XI_{jk}^{\urcorner i}=\delta_{j}^{i}\varphi_{k}+\delta_{k}^{i}\varphi_{j}+p_{\alpha}^{i}\varphi_{jk}^{\alpha}$ ,

where

$\varphi_{k}=\frac{1}{K(K+1)}G_{\alpha\gamma}^{a}|_{k}^{\gamma}$ , $\varphi_{jk}^{a}=\frac{1}{K(K+1)}G_{\beta\gamma}^{a}|_{j}^{\beta}|_{k}^{\gamma}$ .

If we introduce, following T. Y. Thomas and J. Douglas, the quan-
tities

(0.17) $\Pi_{jk}^{+i}=I_{jK}^{1i}-\frac{1}{N+1}(\delta_{j}^{i}\Gamma_{ak}^{a}+\delta_{k}^{i}I_{aj}^{7}a)$

$-\frac{1}{N-K}p_{\lambda}^{i}(j_{jk}^{7}a|_{a}^{\lambda}--\frac{1}{N+1}\Gamma_{aj}^{a}|_{k}^{\lambda}--\frac{1}{+1}\Gamma_{ak}^{a}N|_{j}^{\lambda})$ ,

then condition (0.16) is rewritten in a form
$X\Pi_{jk}^{*i}=0$ .

But, as we remarked already, the transfo’rmation law of $\Pi_{jk}^{*i}$ under
a coordinate transformation is rather complicated and consequently the
defining equation of $XlI_{jk}^{\star i}$ is more complicated than that of $XI_{jk}^{\tau i}$ .

Theory of projective collineations in a space of $K\cdot spreads$ was
studied by R. S. Clark ([1]) and Buchin Su ([11], [14]).

Now, to study the projective geometry of K-spreads, almost all the
authors have used the quantities $\Pi_{jk}^{\star i}$ defined by (0.17).

These quantities give a geometric object which is invariant under
the so-called projective change of $\Gamma_{jk}^{i}$ . But they are not components
of an affine connexion and their transformation law are rather com-
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plicated. Consequently we cannot apply the theory of covariant diff-
erentiation in its original beautiful form.

If we translate such a theory in terms of the method of moving
frames of E. Cartan, then we can find that to use $I_{jk}^{7i}$ means to use
the semi-natural frames of reference and to use $\Pi_{jk}^{*i}$ means to use the
natural frames of reference.

In a recent paper ([16]), we have shown how to construct the pro.
jective geometry of K-spreads using only the semi-natural frames of
E. Cartan. In this theory, all the geometric objects have very simple
transformation laws under coordinate transformations.

Thus, we believe that, when we study the projective collineations
in a space of K-spreads, it is also preferable to use the semi.natural
frames of reference. The main purpose of the present paper is to study
groups of projective collineations in a space of K.spreads in the light
of work cited above.

\S 1. Projective geometry of $K$-spreads.

Let us consider an N.dimensional space of K.spreads referred to
a coordinate system $(x^{i})$ , the K-spreads being given by a completely
integrable system of partial differential equations

(1.1) $\frac{\partial^{2}x^{i}}{\partial u^{\beta}\partial u^{\gamma}}+H_{\beta\gamma}^{i}(x, p)=0$ , $(p_{\alpha}^{i}=\frac{\partial x^{i}}{\partial u^{\alpha}})$

where $H_{\beta\gamma}^{i}$ are symmetric in lower indices $\beta$ and $\gamma$ and form a homo-
geneous function system with respect to these indices. It is well known
that the functions difined by

(1.2) $I_{jk}^{vi}=\frac{1}{K(K+1)}H_{\mu v}^{i}|_{j}\mu|_{k}^{v}$

are components of an affine connection and if we use these functions,
then the differential equations of the K.spreads can be written as

$\frac{\partial\rightarrow x^{i}}{\partial u^{\mu}\partial u^{v}}+l_{jk}^{\prime i}p_{\mu}^{j}p_{\nu}^{k}=0$ .

When the functions $H_{\mu v}^{i}(x, p)$ are such that (1.1) are completely
integrable, then a system of K-spreads is uniquely determined. But,
when a system of K.spreads is given, a system of functions $H_{\mu^{i}v}$ is not
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uniquely determined. J. Douglas ([4]) has shown that if $\overline{H}_{\mu\nu}^{i}$ and $H_{\mu v}^{i}$

give the same system of K.spreads, then they should be related by the
equations of the form

(1.3) $\overline{H}_{\mu\nu}^{i}=H_{\mu\nu}^{i}+p_{\lambda}^{i}C_{\mu^{\lambda}\nu}$ ,

and consequently $l_{jk}^{1i}-$ and $I_{jk}^{7}i$ by

(1.4) $\Gamma_{jk}^{\overline{i}}=I_{jk}^{7i}+\delta_{j}^{i}\lambda_{k}+\delta_{k}^{i}\lambda_{j}+p_{\alpha}^{i}\lambda_{J}^{\alpha_{k}}$ ,

where
$\lambda_{j}=\overline{K(}K^{1}\overline{+1)}C_{a\gamma}^{\alpha}|_{J}^{\gamma}$ , $\lambda_{jk}^{a}=\frac{1}{K(K+1)}C_{\beta\gamma}^{a}|_{j}^{\beta}|_{k}^{\gamma}$ .

These are so-called projective changes of $H_{\mu\nu}^{i}$ and $I_{jk}^{\dot{v}i}$ respectively.
We have shown ([16]) that the projective geometry of K.spreads

is equivalent to the theory of a space of elements $(x^{i},p_{\alpha}^{i})$ with normal
projective connexion whose family of K.dimensional totally geodesic
subspaces is given by (1.1). The components $\Pi_{jk}^{0}$ , $\Pi_{jk}^{0\alpha}$ and $\Pi_{jk}^{i}$ of
this normal projective connexion referred to a semi.natural frame of
reference are given by

(1.5) $\left\{\begin{array}{l}\prod_{jk}^{0}=\prod_{ja}^{0a}\prod_{bk}^{a}p_{\alpha}^{b}-N^{2}-11(N\Pi a_{jka}+\Pi a_{kja}),\\\prod_{jk}^{0\alpha}=N^{1}+1^{-\prod_{aj}^{a}|_{k}^{a}=}N+11I_{aj}^{va}|_{k}^{a},\\\prod_{jk}^{i}=\Gamma_{jk}^{i}-\overline{N}-K1p_{a}^{i}[- I_{jk}^{\tau a}|_{a}^{a}-N+1^{-(\Gamma_{aj}^{a}|_{k}^{a}+\Gamma_{ak}^{a}|_{j}^{\alpha})]}1\end{array}\right.$

where
(1.6) $\Pi^{;_{jkl}}=(\Pi_{jk.l}^{i}-\Pi;_{k}|_{a}^{\alpha}\Pi_{bl}^{a}p_{\alpha}^{b})-(\Pi_{jl.k}^{i}-lI_{jl}^{i}|_{a}^{\alpha}\Pi_{bk}^{a}p_{\alpha}^{b})$

$+\Pi_{jk}^{a}\Pi_{al}^{i}-\Pi_{jl}^{a}\Pi_{ak}^{i}$ .
It is easily verified that the functions $\Pi_{jk}^{0\alpha}$ are components of a

tensor and the functions $\Pi_{jk}^{i}$ are components of an affine connexion.
Under a projective change (1.4) of $\Gamma_{jk}^{i}$ , the functions $\Pi_{jk}^{0},$ $\Pi_{jk}^{0a}$

and $\Pi_{jk}^{i}$ are transformed into $\Pi_{jk}^{0}-\Pi_{J}^{0\alpha}-k$ and $II_{jk}^{i}-$ respectively follow-
ing the formulae:

$-$

(1.7) $\left\{\begin{array}{l}\prod_{jk}^{0}=\prod_{jk}^{0}+\lambda_{j.k}-\lambda_{i}\prod_{jk}^{i}-\lambda_{j}\lambda_{k}’\\\prod_{jh}^{i}=\prod_{ik}^{i}+\delta_{j}^{i}\lambda_{k}+\delta_{k}^{i}\lambda_{j}-.\end{array}\right.$

$\Pi_{jk}^{0\alpha}=\Pi_{jk}^{0\alpha}+\lambda_{j}|_{k}^{\alpha}$ ,
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Now, if we define the covariant derivative of a tensor, say, of $T_{j^{i}k}$

by

(1.8) $T_{jk;l}^{i}=T^{i_{jk.l}}-T_{jk}^{i}[_{a}^{\alpha}\Pi_{bl}^{a}p_{\alpha}^{b}+T^{a_{jk}}\Pi_{al}^{i}-T_{ak}^{i}\Pi_{Jl}^{a}-T^{i_{ja}}\Pi_{kl}^{a}$ ,

then the curvature tensors of the projective connexion are given by
the following formulae:
(1.9) $P^{0_{jkl}}=S_{jk;l}-S_{jl:k}+\Pi_{ja}^{0\alpha}\Pi^{a_{bkl}}p_{\alpha}^{b}$ , $(S_{jk}=\Pi_{jk}^{0}-\Pi_{ja}^{0\alpha}\Pi_{bk}^{a}p_{\alpha}^{b})$

(1.10) $P^{0_{jkl^{\alpha}}}=S_{jk}|_{l}^{\alpha}-\Pi_{jl;k}^{0\alpha}+\Pi_{ja}^{0\beta}\Pi_{bk}^{a}|_{l}^{\alpha}p_{\beta}^{b}$ ,

(1.11) $P^{0_{jkl^{\alpha\beta}}}=0$ ,

(1.12) $P^{i_{jkl}}=\Pi^{;_{jkl}}+S_{jk}\delta_{l}^{i}-S_{jl}\delta_{k}^{i}-\delta_{j}^{i}(S_{kl}-S_{lk})$ ,

(1.13) $P^{i_{jkl^{\alpha}}}=\Pi_{jk}^{i}|_{l}^{\alpha}-\delta_{j}^{i}\Pi_{kl}^{0\alpha}-\delta_{k}^{i}\Pi_{jl}^{0\alpha}$ ,

where $P^{\partial_{jkl}}$ and $P^{i_{jkl}}$ are homogeneous functions of degree zero with
respect to $p_{\alpha}^{i}$ and $P^{0_{jkl^{\alpha}}}$ and $P^{i_{jkl^{\alpha}}}$ both form homogeneous function
system with respect to the upper index $\alpha$ .

We remark here that they satisfy the relations:
$P^{0_{jkl^{\alpha}}}p_{\lambda}^{l}=0$ , $P^{i_{jkl^{\alpha}}}p_{\lambda}^{l}=0$ , $P^{i_{jkl^{\alpha}}}=P^{i_{kjl^{\alpha}}}$ ,

(1.14)
$P^{a_{akl^{\alpha}}}=P^{a_{jat^{\alpha}}}=P^{a_{jka^{\alpha}}}=P^{a_{jka}}=0$ .

It will be easily seen that the covariant derivative of $p_{\alpha}^{i}$ is identic-
ally zero: $p_{\alpha,\cdot k}^{i}=0$ .

By a straightforward calculation, we get the following formulae:
(1.15) $T^{i_{jk,l|m}}.-T^{i_{jk,\cdot m,\cdot l}}=T^{a_{jk}}\Pi^{i_{alm}}-T^{i_{ak}}\Pi^{a_{jlm}}$

$-T_{ja}\Pi^{a_{klm}}-T_{jk}|_{a}^{\alpha}\Pi^{a_{blm}}p_{\alpha r}^{b}$

(1.16) $T^{i_{jk;l}}|_{m}^{\alpha}-T^{i_{jk}}|_{m;l}^{\alpha}=T^{a_{jk}}\Pi_{al}^{i}|_{m}^{\alpha}-T^{i_{ak}}\Pi_{jl}^{a}|_{m}^{\alpha}$

$-T^{i_{ja}}\Pi_{kl}^{a}|_{m}^{\alpha}-T^{i_{jk}}|_{a}^{\beta}\Pi_{bl}^{a}|_{m}^{\alpha}p_{\beta}^{b}$ ,

(1.17) $(\Pi^{;_{jkl;m}}+\Pi_{jk}^{i}|_{a}^{\alpha}\Pi^{a_{blm}}p_{\alpha}^{b})+(\Pi^{;_{jtm}} ; k+\Pi_{jl}^{i}|_{a}^{\alpha}\Pi^{a_{bmk}}p_{\alpha}^{b})$

$+(\Pi_{jmk;\iota+\Pi_{jm}^{i}|_{a}^{\alpha}\Pi^{a_{bkl}}p_{\alpha}^{b})=0}^{;}$ ,

(1.18) $\Pi^{;_{jkl}}|_{m}^{\alpha}=(l_{jk}^{i}|_{m,\cdot l}^{\alpha}-\Pi_{jk}^{i}|_{a}^{\beta}\Pi_{bl}^{a}|_{m}^{\alpha}p_{\beta}^{b})-(\Pi_{jl}^{i}|_{m,k}^{a}-\Pi_{jl}^{i}|_{a}^{\beta}\Pi_{bk}^{a}|_{m}^{\alpha}p_{\beta}^{b})$ .
We shall deduce here some formulae which are useful in the folIow-

ing discussions. First of all, from (1.13), (1.18) and
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$P^{i_{jkl}}|_{m}^{\alpha}=\Pi^{;_{jkl}}|_{m}^{a}+S_{jk}|_{m}^{\alpha}\delta_{l}^{i}-S_{jl}|_{m}^{\alpha}\delta_{k}^{i}-\delta_{j}^{i}(S_{kl}|_{m}^{\alpha}-S_{lk}|_{m}^{a})$ ,

we find
$P^{i_{jkl}}|_{m}^{\alpha}=P^{i_{jkm^{\alpha},\cdot l}}+P^{0_{jkm^{\alpha}}}\delta_{l}^{i}-\delta_{j}^{i}P^{0_{kl\iota^{\alpha}}}\prime\prime-P^{i_{jka^{\beta}}}P^{a_{bl_{J};\iota^{\alpha}}}p_{\beta}^{b}-P_{jkl^{\beta}}\Pi_{bm}^{0a}p_{\beta}^{b}$

$-P_{jlm,k}^{i\$.-P_{jlm}^{0}\delta_{k}^{i}+\delta_{j}^{i}P^{0_{lkm^{\alpha}}}+P^{i_{jla^{\beta}}}P^{a_{bkm^{\alpha}}}p_{\beta}^{b}+P^{i_{jlk^{\beta}}}\Pi_{bm}^{0a}p_{\beta}^{b}}$ .
In this equation, we put $i=l$, contract and take account of (1.14)

and of $P^{i_{jkl^{\alpha}}}=P_{kjl^{\alpha}}$, then we get

(1.19) $P^{0_{jkl^{\alpha}}}=-\underline{1}_{--}[P^{a_{jkl^{\alpha};a}}-P^{c_{jka^{\beta}}}P_{bcl^{\alpha}}^{a}p_{\beta}^{b}]$ ,
$N-1$

from which we can see that $P^{0_{jkl^{\alpha}}}$ is symmetric in $j$ and $k$ and con-
sequently we have
(1.20) $P^{i_{jkl}}|_{m}^{\alpha}=P^{i_{jkm^{\alpha};l}}+P_{jkn}^{0\alpha}\delta_{l}^{i}-P^{i_{jka^{\beta}}}P^{a_{bl}^{\alpha}}p_{\beta}^{b}-P^{i_{jkl^{\beta}}}\Pi_{bm}^{0\alpha}p_{\beta}^{b}-(k,l)$ ,

where $-(k, 1)$ means that we subtract the expressions which are ob-
tained by interchanging the indices $k$ and 1 in the foregoing terms.

In (1.20), putting $i=m$ and contracting, we find

(1.21) $P^{a_{jkl}}|_{a}^{\alpha}=P^{0_{jk\iota^{\alpha}}}-P^{c_{jka^{\beta}}}P^{a_{blc^{\alpha}}}p_{\beta}^{b}-P^{c_{jkl^{\beta}}}\Pi_{bc}^{0\alpha}p_{\beta}^{b}-(k, l)$ .
Next, we substitute (1.12) and (1.13) into (1.17) and take account

of $P^{i_{jka^{\beta}}}p_{\alpha}^{a}=0$ , then we obtain, by the use of (1.9),
$P^{i_{jkl;m}}+P^{i_{jka^{\beta}}}P^{a_{blm^{\beta}}}p_{\beta}^{b}-P^{i_{jkm^{\beta}}}S_{bl}p_{\beta}^{b}+P^{i_{jkl^{\beta}}}S_{bkm}p_{\beta}^{b}$

$+P^{0_{jkl}}\delta_{m}^{i}+\delta^{i}{}_{j}P^{0_{klm}}+cyc(k, 1, m)=0$ ,

where $+(k, 1, m)$ means that we add the terms obtained by a cyclic
change of the indices $k,$ $l$ and $m$ in the foregoing terms.

In this equations, putting $i=i$, contracting and taking account of
$P^{a_{akl}}=0$ and of $P^{a_{akl^{\beta}}}=0$ , we find
(1.22) $P^{0_{klm}}+P^{0_{lmk}}+P_{nkl}^{0}=0$ ,

and consequently

(1.23) $P^{i_{jkl,m}}.+P^{i_{jka^{\alpha}}}P^{a_{blm}}p_{\alpha}^{b}-P^{i_{jkm^{\beta}}}S_{bl}p_{\beta}^{b}+P_{jkl}^{j\beta}S_{bm}t_{\beta}^{b}$

$+P^{0_{jkl}}\delta_{m}^{i}+cyc(k, 1, m)=0$ ,

from which, by the contraction with respect to $i$ and $m$ ,

(1.24) $P^{a_{jkl:a}}+(N-2)P_{jkl}^{9}+P^{c_{jka^{\alpha}}}P^{a_{blc}}p_{\alpha}^{b}-P_{j\iota_{a}^{\alpha}}^{c}P^{a_{bkc}}p_{\alpha}^{b}$

$+P^{c_{jkl^{\alpha}}}S_{bc}p_{a}^{b}-P^{c_{jlk^{\alpha}}}S_{bc}p_{\beta}^{b}=0$ .
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\S 2. Lie derivatives.

In our space of K-spreads, we consider an infinitesimal point trans-
formation
(2.1) $\overline{x}^{i}=x^{i}+\xi^{i}(x)dt$ ,

where $\xi^{i}(x)$ is a contravariant vector whose components are functions
of a point and $dt$ is an infinitesimal.

We define the Lie differential $ D\Omega$ of a geometric object $\Omega$ by

(2.2) $D\Omega=\Omega(\overline{x},\overline{p})-\Omega(\overline{x},\overline{p})-$

and Lie derivative $ X\Omega$ by

(2.3) $X\Omega=\lim_{dl\rightarrow 0}\frac{D\Omega}{dt}$ ,

where $-\Omega(\overline{x},\overline{p})$ are components of $\Omega$ in the coordinate system $(\overline{x})$ when
we regard (2.1) as a coordinate transformation.

The Lie derivative being thus defined, the Lie derivatives of a
scalar $f$, tensor $T^{i_{jk}}$ and projective connexion $\Pi^{;_{jk}}$ are given respec-
tively by

(2.4) $Xf=\xi^{a}f_{a}+\xi_{b}^{a,}p_{\alpha}^{b}f|_{a}^{\alpha}$ ,

(2.5) $XT^{t_{jk}}=\xi^{a}T^{t_{jk;a}}+\xi_{b}^{a}p_{\alpha}^{b}T^{i_{jk}}|_{a}^{\alpha}-\xi_{a}^{i}T^{a_{jk}}+\xi^{a_{;j}}T_{ak}^{i}+\xi^{a_{;k}}T_{ja}$ ,

(2.6) $X\Pi^{i_{jk}}=\xi_{j;k}^{i,}+\xi_{b}^{a}p_{\alpha}^{b}lI_{jk}^{i}|_{a}^{\alpha}+Il^{i_{jkl}}\xi^{l}$ .
It should be remarked that these Lie derivatives are all tensors

and the Lie derivative of $p_{\alpha}^{i}$ is zero: $Xp_{\alpha}^{i}=0$ .
By a straightforward calculation, we get the following formulae:

(2.7) $X(T_{jk;l})-(XT^{i_{jk}})_{;l}=T^{a_{jk}}(X\Pi_{al}^{i})-T^{i_{ak}}(X\Pi_{jl}^{a})$

$-T^{i_{ja}}(X\Pi_{kl}^{a})-T_{jk}|_{a}^{\alpha}(X\Pi_{bl}^{a})p_{\alpha}^{b}$ ,

(2.8) $X(T^{i_{jk}}|_{l}^{\lambda})-(XT^{i_{jk}})|_{l}^{\lambda}=0$ ,

(2.9) $(X\Pi_{jk}^{i})_{;l}-(X\Pi_{jl}^{i})_{k}=X\Pi^{;_{jkl}}+’$. $Il$ $ijk|_{a}^{\alpha}(X\Pi_{bl}^{a})p_{\alpha}^{b}-\Pi_{jl}^{i}|_{a}^{\alpha}(X\Pi_{bk}^{a})p_{\alpha}^{b}$ ,

(2.10) $(X\Pi_{jk}^{i})|_{l}^{\lambda}-X(\Pi_{jk}^{i}|_{l}^{\lambda})=0$ .
Now, when we consider $r$ infinitesimal point transformations

(2.11) $\overline{x}^{i}=x^{i}+\xi_{A}^{i}(x)dl$ $(A, B, C,\cdots=1,2,\cdots, r)$ ,
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then by a straightforward calculation, we obtain
(2.12) $(X_{B}X_{C})f\equiv(X_{B}X_{C}-X_{C}X_{B})f=(X_{B}\xi_{C}^{a})f_{;a}+(X_{B}\xi_{C}^{a})_{;b}p_{\alpha}^{b}f|_{a}^{\alpha}$ ,

(2.13) $(X_{B}X_{C})T^{i_{jk}}=(X_{B}\xi_{C}^{a})T^{i_{jk;a}}+(X_{B}\xi_{C}^{a})_{;b}p_{\alpha}^{b}T^{i_{jk}}|_{a}^{a}-(X_{B}\xi_{C}^{i})_{;a}T^{a_{jk}}$

$+(X_{B}\xi_{C}^{a})_{;j}T^{t_{ak}}+(X_{B}\xi_{C}^{a})_{;k}T^{t_{ja}}$ ,

(2.14) $(X_{B}X_{C})\Pi_{jk}^{i}=(X_{B}\xi_{C}^{i})_{;j;k}+(X_{B}\xi_{C}^{a})_{;b}p_{\alpha}^{b}\Pi_{jk}^{i}|_{a}^{a}+\Pi^{;_{jkl}}(X_{B}\xi_{C}^{l})$ .
From these equations, we have
THEOREM 2.1. If we apply the operations $(X_{B}X_{C})=X_{B}X_{C}-X_{C}X_{B}$

to arbitrary scalar, tensor and affine connexion, then we get the Lie
derivatives of these quantities with respect to the vectors $X_{B}\xi_{C}^{i}$.

If $r$ infinitesimal transformations (2.11) are those of an r.parameter
group of transformations, then we have
(2.15) $(X_{B}X_{C})f=C_{BC^{A}}X_{A}f$ ,

or
(2.16) $X_{B}\xi_{C}^{i}=C_{BC^{A}}\xi_{A}^{i}$ ,

where $C_{Bc^{A}}$ are constants of structure of the group.
Thus, substituting (2.16) into (2.12), (2.13) and (2.14), we find

(2.17) $(X_{B}X_{C})f=C_{Bc^{A}}X_{A}f$ ,

(2.18) $(X_{B}X_{C})T^{i_{jk}}=C_{BC^{A}}X_{A}T^{i_{jk}}$ ,

(2.19) $(X_{B}X_{C})\Pi_{jk}^{i}=C_{BC^{A}}X_{A}Il_{jk}^{i}$ ,

and consequently we have
THEOREM 2.2. If $X_{B}$ are $r$ infinitesimal operators of an r-para-

meter group of transformations, then (2.17) are valid not only for a
scalar but also for arbitrary tensor and affne connexion.

\S 3. Projective collineations.

In our space of K-spreads, we consider a point transformation

(3;1) $\overline{x}^{i}=\overline{x}^{i}(x^{1}, x^{2},\cdots, x^{N})$ $|\partial\overline{x}/\partial x|\neq 0$ .
By this transformation, the solutions of

$\partial^{2}x^{i}$

—- $+H_{\mu^{j}\nu}(x,p)=0$
$\partial u^{\mu}\partial u^{\nu}$
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are transformed into the solutions of

(3.2) $\frac{\partial^{2_{\overline{X}^{i}}}}{\partial u^{\mu}\partial u^{v}}+H_{\mu v}^{i}(\overline{x},\overline{p})=0$ $(\overline{p}_{\alpha}^{i}=\frac{\partial\overline{x}^{i}}{\partial u^{\alpha}})$ .

On the otherhand, if we regard (3.1) as a coordinate $transforma^{\lrcorner}$

tion, then the original system of partial differential equations are
written also in the form

(3.3) $\frac{\partial^{2}\overline{x}^{i}}{\partial u^{\mu}\partial u^{\nu}}+\overline{\overline{H}}_{\mu\nu}^{i}(\overline{x},\overline{p})=0$ ,

where $\overline{H}_{\mu\nu}^{i}(\overline{x},\overline{p})$ are components of $H_{\mu\nu}^{i}$ in the new coordinate system
$(\overline{x}^{i})$ .

Now, if the system of K.spreads defined by (3.2) and that defined
by (3.3) coincide, then we call (3.1) a projective collineations in our
space of K.spreads.

This is the usual definition of projective collineation. But, in this
paper, we shall adopt another definition of projective collineation. The
system of partial differential equations gives a normal projective con-
nexion with respect to which the solutions of (3.2) are totally geodesic
and the system (3.3) gives another projective connexion with respect
to which the solutions of (3.3) are totally geodesic. If these projective
connexions are projectively equivalent, that is, if we have equations of
the form
(3.4) $\Pi_{jk}^{i}(\overline{x},\overline{p})--\Pi_{jk}^{i}--(\overline{x},\overline{p})=\delta_{j}^{i}\mu_{k}(\overline{x},\overline{p})+\delta_{k}^{i}\mu_{j}(\overline{x},\overline{p})$ ,

then, we call (3.1) a projective collineations in our space of K.spreads,
where $\mu_{j}(\overline{x},\overline{p})$ are some functions of $\overline{x}^{i}$ and $\overline{p}_{\alpha}^{i}$ homogeneous of degree
zero with respect to $\overline{p}_{\alpha}^{i}$ .

Now, we consider an infinitesimal point transformation
(3.5) $\overline{x}^{i}=x^{i}+\xi^{j}(x)dt$ .

A necessary and sufficient condition that (3.5) be a projective col-
lineation is that we have
(3.6) $X\Pi_{jk}^{i}=\delta_{j}^{i}\lambda_{k}+\delta_{k}^{i}\lambda_{j}$ ,

where $\lambda_{j}$ are homogeneous functions of degree zero with respect to
$p_{a}^{i}$ and are components of a covariant vector.

If we eliminate $\lambda_{j}$ from (3.6), we obtain
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(3.7) $X\Pi_{jk^{i}}^{*}=0$ , $\Pi_{jk}^{*i}=\Pi_{jk}^{i}-\frac{1}{N+1}(\delta_{j}^{i}\Pi_{ak}^{a}+\delta_{k}^{i}\Pi_{aj}^{a})$ .

Conversely, if we have (3.7), then $X\Pi_{jk}^{i}$ should have the form
(3.6). Thus we have

THEOREM 3.1 In order that an infinitesimal point transformation
(3.5) be a proiective collineation, it is necessary and sufficient that we
have (3.6) or (3.7).

Now, we suppose that the point transformation (3.5) is a projective
collineation and that we have chosen a coordinate system in which the
vector $\xi^{j}$ has the components $\delta_{1}^{i}$ , then (3.7) becomes $\Pi_{jk.1}^{*i}=0$ , and
consequently $\Pi_{jk}^{\star i}$ do not depend on $x^{1}$ .

Conversely, if we suppose that, in a coordinate system, the func-
tions $\Pi_{jk}^{\star i}$ do not depend on $x^{1}$ , then for a point transformation
$\overline{x}^{i}=x^{i}+\delta_{\iota}^{i}t$ we have $\Pi_{jk}^{*i}(\overline{x},\overline{p})-\overline{11}_{jk}^{*l}(\overline{x},\overline{p})=0$, and consequently the space
admits a one-parameter $g$roup of projective collineations generated by
the infinitesimal transformation $\overline{x}^{i}=x^{i}+\delta_{1}^{i}dt$.

We suppose again that the point transformation (3.5) is a projective
collineation and that we have chosen a coordinate system in which the
vector $\xi^{i}$ has the components $x^{i}$ , then (3.7) becomes $\Pi_{jk.a}^{*i}x^{a}+\Pi_{jk}^{*i}=0$

and consequently $\Pi_{jk}^{*:}$ are homogeneous functions of the degree $-1$

of $x^{i}$ .
Conversely, if we suppose that, in a coordinate system, the func-

tions $\Pi_{jk}^{*i}$ are homogeneous of degree $-1$ of $x^{i}$ , then, for a point
transformation $\overline{x}^{i}=x^{i}t$, we have $\Pi_{jk}^{*i}(\overline{x},\overline{p})-\overline{II}_{jk}^{*i}(\overline{x},\overline{p})=0$ and consequent-
$ly:the$ space admits a one.parameter group of projective collineations
generated by the infinitesimal transformation $\overline{x}^{i}=x^{i}(1+dt)$ . Thus we
obtain

THEOREM 3.2. If the space admits an infinitesimal proiective col-
lineations, then the space admits also $a$ one-parameter group of pro-
iective.collineations generated by the infinitesimal proiective collineation.

THEOREM 3.3. In order that the space admit $a$ one-parameter group
of projective collineations, it is necessary and sufficient that there exist
a coordinate system in which $\Pi_{jk.1}^{*i}=0$ or $\Pi_{jk.a}^{*i}x^{a}+\Pi_{jk}^{*i}=0$.

Now, we suppose that the space admits $r$ infinitesimal projective
collineations

$\overline{x}^{i}=x^{i}+\xi_{A}^{i}(x)dt$ ,
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then, we have
$X_{A}\Pi_{jk}^{i}=\delta_{j}^{i}\lambda_{Ak}+\delta_{k}^{i}\lambda_{Aj}$ ,

from which, we have
THEOREM 3.4. If $\xi_{A}^{i}$ define $r$ infinitesimal proiective collineations,

then $c^{A}\xi_{A}^{i}$ defines also an infinitesimal proiective collineation, where $cs$

are constants.
Now, in general, we have, from Theorem 2.1,

$(X_{B}X_{c})\Pi_{jk}^{i}=(X_{B}\xi_{C}^{i})_{;j;k}+(X_{B}\xi_{C}^{a})_{;b}p_{\alpha}^{b}\Pi_{jk}^{i}|_{a}^{\alpha}+\Pi^{;_{jkl}}(X_{B}\xi_{C}^{l})$ .
On the other hand, if $X_{A}f$ define projective collineations, then we have

$x_{c^{\Pi_{jk}^{i}=\delta_{j}^{i}\lambda_{Ck}+\delta_{k}^{i}\lambda_{Cj}}}$ ,

from which,

$(X_{B}X_{C})\Pi_{jk}^{i}=\delta_{j}^{i}(X_{B}\lambda_{Ck}-X_{c^{\lambda_{Bk}}})+\delta_{k}^{i}(X_{B}\lambda_{Cj}-X_{c^{\lambda_{Bj}}})$ .
Thus we have
THEOREM 3.5. If $\xi_{A}^{i}$ define $r$ infinitesimal projective collineations,

then $X_{B}\xi_{C}^{i}$ define also infinitesimal proiective collineations.
If $X_{A}f$ are $r$ generators of an r-parameter group of transformations,

then this group consists of transformations which belongs to a one-
parameter group of transformations generated by $c^{A}X_{A}f$ and of those
which are product of these transformations. Thus we have

THEOREM 3.6. If each of $r$ generators of an r-parameter group
of transformations is the generator of one-parameter group of proieclive
collineations, then every transformation of this group is a proiective
collineation.

Moreover, by the second fundamental theorem of Lie and Theorem
3.6, we obtain

THEOREM 3.7. If $X_{A}f$ are complete set of generators of one-
parameter group of proiective collineations, then these are generators

of an r-parameter group of projective collineations.

\S 4. Integrability conditions.

In this section, we shall examine the conditions that equations

(4.1) $X\Pi_{jk}^{i}=\xi^{i_{;j;k}}+\xi^{a_{;b}}p_{\alpha}^{b}\Pi_{jk}^{i}|_{a}^{\alpha}+\Pi^{i_{jkl}}\xi^{l}=\delta_{j}^{i}\lambda_{k}+\delta_{k}^{i}\lambda_{j}$
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admit solutions $\xi^{i}$ and $\lambda_{j},$
$\xi^{i}$ being functions of $x^{i}$ only and $\lambda_{j}$ being

homogeneous functions of degree zero of $p_{\alpha}^{i}$ .
From (2.9) and (4.1), we find

(4.2) $\lambda_{j,\cdot k}=XS_{jk}+\Pi_{jk}^{0\lambda}\lambda_{a}p_{\lambda}^{a}$

by virtus of
$P_{jka^{\lambda}}^{a}=\Pi_{jk}^{a}|_{a}^{\lambda}-\Pi_{jk}^{0\lambda}-\Pi_{kj}^{0\lambda}=0$ .

From (2.10) and (4.1), we find

(4.3) $\lambda_{j}|_{k}^{\lambda}=N+1$

1
$-X(\Pi_{aj}^{a}|_{k}^{\lambda})=X\Pi_{jk}^{0\lambda}$ .

Thus, we may consider a system of linear partial differential equa-
tions

(4.4) $\left\{\begin{array}{l}\xi^{i}.\cdot j=\xi_{J}^{i},\\\xi^{i}|_{k}^{\alpha}=0,\\\xi_{i_{j}}^{i_{jk}}..=-\xi_{b}p_{\alpha jk}^{b_{\Pi}i}|_{a}^{\alpha}-lI^{i_{jkl}}\xi^{l}+\delta_{j}^{i}\lambda_{k}+\delta_{A}^{i}\lambda_{j}\xi|_{k}^{\alpha}=\xi^{a}\prod_{aj}^{a_{i}}|_{k}^{\alpha},\\\lambda_{j_{\prime}k}=XS_{jk}+\prod_{jk}^{0\alpha}\lambda_{a}p_{\alpha}^{a},\\\lambda_{j}|_{k}^{\alpha}=X\prod_{jk}^{0\alpha}.\end{array}\right.$

If these equations admit solutions $\xi^{i}$ and $\lambda_{j}$ , then $\xi^{i}$ do not contain
$p_{\alpha}^{i}$ and $\lambda_{j}$ are homogeneous functions of degree zero of $p_{\alpha}^{i}$ , because we
have

$(\lambda_{j}|_{k}^{\alpha})p_{\beta}^{k}=(X\Pi_{jk}^{0\alpha})p_{\beta}^{k}=X(ll_{jk}^{0\alpha}p_{\beta}^{k})=0$ .
Now, from (2.9) and (4.1), we find

(4.5) $XP^{i_{jkl}}=-P^{i_{jkl^{\alpha}}}\lambda_{a}p_{\alpha}^{a}+P_{jlk^{\alpha}}\lambda_{a}p_{\alpha}^{a}$ .
From (2.10) and (4.1), we obtain

(4.6) $XP^{i_{jkl^{\lambda}}}=0$ .
Next, substituting (4.2) and (4.3) into

$\lambda_{j}$ : $|_{l}^{\alpha}-\lambda_{j}|_{l;k}^{\alpha}=-\lambda_{a}\Pi_{jk}^{a}|_{l}^{\alpha}-\Pi_{bk}^{a}|_{l}^{\alpha}p_{\beta}^{b}\lambda_{j}|_{a}^{\beta}$ ,

taking account of
$(X\Pi_{jl}^{0\alpha})_{;k}=X(\Pi_{jT;k}^{0\alpha})+\Pi_{jl}^{0\alpha}\lambda_{k}+\Pi_{jk}^{0\alpha}\lambda_{l}+\lambda_{j}\Pi_{kl}^{0\alpha}+\Pi_{jl}^{0a}|_{k}^{\beta}\lambda_{a}p_{\beta}^{a}$ ,

$\Pi_{jl}^{0\alpha}|_{k}^{\beta}=\Pi_{jk}^{0\beta}|_{l}^{a}$
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and
$XP_{jk\iota^{\alpha}}=X\Pi_{jk}^{i}|_{l}^{a}-\delta_{j}^{i}X\Pi_{kl}^{0a}-\delta_{k}^{i}K\Pi_{jl}^{0\alpha}=0$ ,

we find
(4.7) $XP^{0_{jkl^{\alpha}}}=-\lambda_{a}P^{a_{jkl^{\alpha}}}$ .

Applying the formula (2.7) to the tensor $S_{jk}$ , we find
$X(S_{jk,\cdot l})-(XS_{jk})_{;l}=-S_{ak}X\Pi_{jl}^{a}-S_{ja}K\Pi_{kl}^{a}-S_{jk}|_{a}^{\alpha}X\Pi_{bl}^{a}p_{\alpha}^{b}$ ,

from which, combined with (4.1) and (4.2),

$\lambda_{j;k;l}-\Pi_{jk,l}^{0\alpha}\lambda_{a}p_{\alpha}^{a}-\Pi_{jk}^{0a}XS_{al}p_{\alpha}^{a}-\Pi_{jk}^{0\alpha}\Pi_{al}^{0\beta}\lambda_{b}p_{\beta}^{b}p_{\alpha}^{a}-X(S_{jk;l})$

$=S_{jk}\lambda_{l}+S_{lk}\lambda_{j}+S_{ja}X\Pi_{kl}^{a}+S_{jk}|_{l}^{\alpha}\lambda_{a}p_{\alpha}^{a}$ .

Subtracting, from this equation, the equation obtained from this by
interchanging $k$ and $l$, and taking account of (1.15), we find

$X(S_{jk;l}-S_{jt;k})+X\Pi_{ja}^{0a}\Pi^{a_{bkl}}p_{\alpha}^{b}$

$=-\lambda_{a}P^{a_{jhl}}-(S_{jk}|_{l}^{\alpha}-\Pi_{jl;k}^{0\alpha})\lambda_{a}p_{\alpha}^{a}+(S_{jl}|_{k}^{\alpha}-\Pi_{jk;l}^{0\alpha})\lambda_{a}p_{\alpha}^{a}$

$+\Pi_{ja}^{0\alpha}(XS_{bk}\delta_{l}^{a}-XS_{bt}\delta_{k}^{a}-\delta_{h}^{a}\Pi_{bl}^{0\beta}\lambda_{c}p_{\beta}^{c}+\delta_{l}^{a}\Pi_{bk}^{0\beta}\lambda_{c}p_{\beta}^{c})p_{\alpha}^{b}$

or
$X(S_{jk} ;-S_{jl,\cdot k})+(X\Pi_{ja}^{0\alpha})\Pi^{a_{b.kl}}p_{\alpha}^{b}$

$=-\lambda_{a}P^{a_{jkl}}-(S_{jk}|_{l}^{\alpha}-\Pi_{jl,\cdot k}^{0\alpha}+\Pi_{ja}^{0\beta}\Pi_{bk}^{a}|_{l}^{\alpha}p_{\beta}^{b})\lambda_{a}p_{\alpha}^{a}$

$+(S_{jl}|_{k}^{\alpha}-\Pi_{jk;l}^{0\alpha}+\Pi_{ja}^{0\beta}\Pi_{bl}^{a}|_{k}^{\alpha}p_{\beta}^{b})\lambda_{a}p_{\alpha}^{a}$

$+\Pi_{ja}^{0\alpha}[XS_{bk}\delta_{l}^{a}-XS_{bl}\delta_{k}^{a}-\delta_{b}^{a}(XS_{kl}-XS_{lk})$

$+(\Pi_{bk}^{a}|_{l}^{\beta}-\delta_{b}^{a}\Pi_{kl}^{0\beta}-\delta_{k}^{a}\Pi_{bl}^{0\beta})\lambda_{c}p_{\beta}^{r}-(\Pi_{bl}^{a}|_{k}^{\beta}-\delta_{b}^{a}\Pi_{lk}^{0\beta}-\delta_{l}^{a}\Pi_{bk}^{0\beta})\lambda_{c}p_{\beta}^{c}]p_{\alpha}^{b}$ .
Adding $\Pi_{ja}^{C\alpha}XII^{a_{bkl}}p_{\alpha}^{b}$ to this equation and taking account of (1.9), (1.10),
(1.12), (1.13) and (4.5), we get

(4.8) $XP^{0_{jkl}}=-\lambda_{a}P^{a_{jkl}}-P^{0_{jk\iota^{\alpha}}}\lambda_{a}p_{\alpha}^{a}+P^{0_{jlk}\alpha}\lambda_{a}p_{\alpha}^{a}$ .
Thus, the integrability conditions of the system of partial differential

equations (4.4) are $g$iven by (4.5), (4.6), (4.7), (4.8) and equations obtained
from these by successive covariant differentiations with respect to $x^{i}$

and successive partial differentiation with respect to $p_{\alpha}^{i}$ .
First of all, we shall show that conditions (4.7) and (4.8) are ob-

tained from (4.5), (4.6) and their successive derivatives.
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Applying the operstor $X$ to both members of (1.19) and taking
account of

$X(P^{a_{jkl^{\alpha_{;}}a}})=(XP^{a_{jkl^{\alpha}}})_{;a}+P^{c_{jkl^{\alpha}}}X\Pi_{ca}^{a}-P^{a_{ckl^{a}}}X\Pi_{ja}^{c}-P^{a_{jcl^{\alpha}}}X\Pi_{ka}^{c}$

$-P_{jkc^{\alpha}}X\Pi_{la}^{c}-P_{jk\iota^{a}}^{a}|_{c}^{\beta}X\Pi_{ba}^{c}p_{\beta}^{b}$

$=(XP^{a_{jkl^{a}}})_{a}’.+(N-2)\lambda_{a}P^{a_{jkl^{\alpha}}}-\lambda_{a}P^{a_{jkl^{\alpha}}}|_{b}^{\beta}p_{\beta}^{b}-P^{a_{jkl^{a}}}|_{a}^{\beta}\lambda_{b}p_{\beta}^{b}$

$=(XP_{Jkl^{a}}^{a})_{;a}+(N-1)\lambda_{a}P^{a_{jkl^{\alpha}}}$ ,

we find
(4.9) $XP^{0_{jkl^{\alpha}}}+\lambda_{a}P^{a_{jkl^{\alpha}}}$

$=--1_{--[(XP^{a_{jkl^{\alpha}}})_{:a}-XP_{jka^{\beta}}^{c}P^{a_{bcl^{\alpha}}}p_{\beta}^{b}-P^{c_{jka^{\beta}}}XP^{a_{bcl^{\alpha}}}p_{\beta}^{b}]}$

$N-1$

which shows that condition (4.7) are obtained from (4.6) and its covariant
derivatives.

Next, we apply formula (2.7) to the tensor $P^{a_{jkl}}$ , then we obtain,
using (1.21),

$X(P_{jkl;a})=(XP^{a_{jkl}})_{;a}+(N-2)\lambda_{a}P^{a_{jkl}}-P_{jkl}^{a}|_{a}^{\beta}\lambda_{b}p_{\beta}^{b}$

$=(XP^{a_{jkl}})_{;a}+(N-2)\lambda_{a}P^{a_{jkl}}-(P_{jkl^{\beta}}^{0}-P^{c_{jka}^{\alpha}}P^{a_{blc^{\beta}}}p_{\alpha}^{b}-P_{jk\iota^{a}}^{c}\Pi_{bc}^{0\beta}p_{\alpha}^{b})\lambda_{d}p_{\beta}^{d}$

$+(P^{0_{jlk^{\beta}}}-P^{c_{jla^{\alpha}}}P^{a_{bkc^{\beta}}}p_{\alpha}^{b}-P^{c_{jlk^{a}}}\Pi_{bc}^{0\beta}p_{\alpha}^{b})\lambda_{d}p_{\beta}^{d}$ .
Applying the operator $X$ to both members of (1.24) and using the above
relation, we find

$(XP^{a_{jkl}})_{;a}+(N-2)\lambda_{a}P^{a_{jkl}}-(P^{0_{jkl^{\beta}}}-P_{jka^{\alpha}}^{c}P^{a_{blc^{\beta}}}p_{\alpha}^{b}-P_{jk\iota^{\alpha}}^{c}\Pi_{bc}^{0\beta}p_{\alpha}^{b})\lambda_{d}p_{\beta}^{d}$

$+(P^{0_{jlk^{\beta}}}-P_{jla^{\alpha}}^{c}P^{a_{bkc^{\beta}}}p_{\alpha}^{b}-P^{c_{jlk^{\alpha}}}\Pi_{bc}^{0\beta}p_{\alpha}^{b})\lambda_{d}p_{\beta}^{d}$

$+(N-2)XP_{jkl}^{0}+XP_{jka^{\beta}}^{c}P^{a_{blc}}p_{\beta}^{b}+P^{c_{jka^{\beta}}}XP^{a_{blc}}p_{\beta}^{b}$

$+XP^{x_{jkl^{\beta}}}S_{bc}p_{\beta}^{b}+P^{c_{jkl^{\beta}}}XS_{bc}p_{\beta}^{b}-XP^{c_{jla^{\beta}}}P^{z_{bkc}}p_{\mu}^{b}$

$-F_{j_{la^{\beta}}}XP^{a_{bkc}}p_{\beta}^{b}-XP^{c_{jlk^{\beta}}}S_{bc}p_{\beta}^{b}-P^{c_{jlk^{\beta}}}XS_{bc}p_{\beta}^{b}=0$ .
Adding this equation and the equation

$(P_{jkl^{\beta}}\lambda_{b}p_{\beta}^{b}-P^{a_{jlk^{\beta}}}\lambda_{b}p_{\beta}^{b})_{;a^{=P^{a_{jkl^{\beta};a}}}}\lambda_{c}p_{\beta}^{c}+P^{a_{jkl^{\beta}}}XS_{ba}p_{\beta}^{b}$

$-P_{jkl^{\beta}}ll_{ba}^{0\alpha}\lambda_{c}p_{\alpha}^{c}p_{\beta}^{b}-(k, l)=-(N-1)P^{0_{jkl^{\beta}}}\lambda_{c}p_{\beta}^{c}$

$+P^{c_{jka^{\alpha}}}P_{bcl^{\beta}}^{a}p_{\alpha}^{b}\lambda_{d}p_{\beta}^{d}+P^{a_{jkl^{\beta}}}XS_{ba}p_{\beta}^{b}$

$+P_{jkl^{\beta}}\Pi_{ba}^{0\alpha}\lambda_{c}p_{\alpha}^{c}p_{\beta}^{b}-(k, l)$
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obtained by the use of (1.19), we get

(4.10) $(XP^{a_{jkl}}+P^{a_{jkl^{\beta}}}\lambda_{b}p_{\beta}^{b}-P^{a_{jlk^{\beta}}}\lambda_{b}p_{\beta}^{b})_{;a}$

$+(N-2)(XP_{jkl}+\lambda_{a}P^{a_{jkl}}+P^{0_{\dot{j}kl^{\beta}}}\lambda_{d}p_{\beta}^{d}-P^{0_{jlk^{\beta}}}\lambda_{d}p_{\beta}^{d})$

$+P^{c_{jka^{\beta}}}(XP^{a_{blc}}+P^{a_{blc^{\alpha}}}\lambda_{d}p_{\alpha}^{d}-P^{a_{bcl^{\alpha}}}\lambda_{d}p_{\alpha}^{d})p_{\beta}^{b}$

$-P^{c_{jla^{\beta}}}(XP^{a_{bkc}}+P^{a_{bkc}^{\alpha}}\lambda_{d}p_{\alpha}^{d}-P^{a_{bck}^{\alpha}}\lambda_{d}p_{\alpha}^{d})p_{\beta}^{b}$

$+XP^{c_{jka^{\beta}}}P^{a_{blc}}p_{\beta}^{b}+XP^{c_{jkl^{\beta}}}S_{bc}p_{\beta}^{b}-XP^{c_{jla^{\beta}}}P^{a_{bkc}}p_{\beta}^{b}-XP^{c_{jlk^{\beta}}}S_{bc}p_{\beta}^{b}=0$ .
This equation shows that condition (4.8) are obtained from (4.5),

(4.6) and covariant derivatives of (4.5).
Thus, as integrability conditions of (4.4), we have only to consider

(4.5), (4.6) and their successive derivatives.
We first consider successive derivatives of (4.5), and we shall show

that equation
(4.11) $(XP^{i_{jkl}}+P^{;_{jkl}\alpha}\lambda_{b}p_{\alpha}^{b}-P^{i_{jlk^{\alpha}}}\lambda_{b}p_{\alpha}^{b})|_{n}^{\beta}=0$

obtained form (4.5) by partial differentiation with respect to $p_{\beta}^{n}$ does not
give new conditions. Indeed, applying the operator $X$ to both members
of (1.20) and using $X\Pi_{bn}^{0\beta}=\lambda_{b}|_{n}^{\beta}$ , we find

$X(P^{i_{jkl}}|_{n}^{\beta})=X(P_{jkn;l}^{j\beta})+XP^{0_{jkn^{\beta}}}\delta_{l}^{i}-XP^{i_{jka^{a}}}P^{a_{bln^{\beta}}}p_{\alpha}^{b}-P^{i_{jka}^{\alpha}}XP_{bln^{\beta}}^{a}p_{\alpha}^{b}$

$-XP^{i_{jkl^{\alpha}}}\Pi_{bn}^{0\beta}p_{\beta}^{b}-P^{i_{jkl^{\alpha}}}\lambda_{b}|_{n}^{\beta}p_{\alpha}^{b}-(k, 1)$ .
Substituting into this the equation

$X(P^{i_{jkn^{\beta_{;}}l}})-X(P^{i_{jln^{\beta_{;}}k}})=(XP^{i_{jkn^{\beta}}})_{;l}+\lambda_{a}P^{a_{jkn^{\beta}}}\delta_{l}^{i}-P^{i_{jkl^{\beta}}}\lambda_{n}$

$-P^{i_{jkn^{\beta}}}|_{l}^{\alpha}\lambda_{b}p_{\alpha}^{b}-(k, 1)$

$=(XP_{jkn^{\beta}})_{;l}+\lambda_{a}P_{jkn}^{a\theta}\delta_{l}^{i}-P^{i_{jkl^{\beta}}}\lambda_{n}-P^{i_{jkl^{\alpha}}}|_{n}^{\beta}\lambda_{b}p_{\alpha}^{b}-(k, l)$ ,

we find
$X(P_{jkl}|_{n}^{\beta})+P^{i_{jkl}^{\alpha}}|_{n}^{\beta}\lambda_{b}p_{\alpha}^{b}-P^{i_{jlk^{\alpha}}}|_{n}^{\beta}\lambda_{b}p_{\alpha}^{b}+P^{i_{jkl}^{\alpha}}\lambda_{b}|_{n}^{\beta}p_{\alpha}^{b}-P^{i_{jlk^{\alpha}}}\lambda_{b}|_{n}^{\beta}p_{\alpha}^{b}$

$+P^{i_{jkl^{\alpha}}}\lambda_{b}\delta_{\alpha}^{\beta}\delta_{n}^{b}-P_{jlk^{\alpha}}\lambda_{b}\delta_{\alpha}^{\beta}\delta_{n}^{b}$

$=(XP_{jkn^{\beta}})_{;l}+(XP^{0_{jkn^{\beta}}}+\lambda {}_{a}P^{a_{jkn^{\beta}}})\delta_{l}^{i}-XP^{i_{jka^{\alpha}}}P^{a_{bln^{\beta}}}p_{\alpha}^{b}$

$-P^{i_{jka^{\alpha}}}XP_{bln^{\beta}}p_{\alpha}^{b}-XP^{i_{jkl^{\alpha}}}\Pi_{bn}^{0\beta}p_{\alpha}^{b}-(k, 1)$

or
$(XP_{jkl}+P_{jkl^{\alpha}}\lambda_{b}p_{\alpha}^{b}-P_{jlk^{\alpha}}\lambda_{b}p_{\alpha}^{b})|_{n}^{\beta}$

(4.12) $=(XP^{i_{jkn^{\beta}}})_{;l}+(XP^{0_{jkn^{\beta}}}+\lambda_{a}P_{jkn^{\beta}})\delta_{l}^{i}-XP^{i_{jka^{\alpha}}}P^{a_{bln^{\beta}}}p_{\alpha}^{b}$

$-P^{i_{jka^{\alpha}}}XP_{bln^{\beta}}p_{\alpha}^{b}-XP_{jkl^{\alpha}}\Pi_{bn}^{0\beta}p_{\alpha}^{b}-(k, 1)$ ,
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which shows that (4.11) is obtained from (4.6), (4.7) and covariant
derivatives of (4.6), and consequently that (4.11) is obtained from (4.6)
and covariant derivatives of (4.6).

From (4.5) we get

$(XP_{jkl}+P^{i_{jkl^{\alpha}}}\lambda_{b}p_{\alpha}^{b}-P^{t_{jlk^{\alpha}}}\lambda_{b}p_{\beta}^{b})_{m_{1}}’.=0$ ,

but we can show by a similar method that the partial derivative of this
equation with respect to $p_{\alpha}^{l\overline{l}}$ does not give new conditions. From the
above equation we obtain

$(XP_{jkl}+P_{jkl^{\alpha}}\lambda_{b}p_{\alpha}^{b}-P^{i_{jlk^{\alpha}}}\lambda_{b}p_{\alpha}^{b})_{;m_{1};m_{2}}=0$ ,

but we can show by a similar method that the partial derivative of
this equation with respect to $p_{\alpha}^{i}$ does not give new conditions.

Repeating this process, we obtain
(4.13) $(XP_{jkl}+P_{jkl^{\alpha}}\lambda_{b}p_{\alpha}^{b}-P_{jkl^{\alpha}}\lambda_{b}p_{\alpha}^{b})_{;m_{1\prime}\cdot m_{2};}\ldots$ ; $m_{t}=0$ , $(t=1,2,\cdots)$ .

We next consider successive derivatives of (4.6). Equation (1.16)
shows that, conditions obtained from (4.6) applying first the covariant
differentiation and next the partial differentiation and those obtained
applying first the partial differentiation and next the covariant differ-
entiation are equivalent.

Thus we shall consider first conditions obtained from (46) applying
successively only the partial differentiations.

Differentiating partially (4.6) successively, we obtain
(4.14) $(XP_{jkl^{\alpha}})|^{\alpha_{l_{1}^{1}}}|^{a_{l_{2}^{2}}}|\cdots|^{\alpha_{l_{s}^{s}}}=0$ , $(s=1,2,\cdots)$ .

But, by virtue of the homogeneity property of $P^{i_{jkl^{\alpha}}}$ with respect
to $p_{\alpha}^{i}$ , the final equation of (4.14) contains the preceding equations, and
consequently equation (4.14) can be written as
(4.15) $(XP_{jkl^{\alpha}})|_{l_{1}}^{\alpha_{1}}|^{\alpha_{l_{2}^{2}}}|\cdots|^{\alpha_{l_{s}^{s}}}=0$ .

Thus the conditions obtained from (4.6) by successive differentia-
tions are
(4.16) $[(XP_{jkl^{\alpha}}^{1})^{a_{l_{1}^{1}}}|^{\alpha_{l_{2}^{2}}}|\cdots|^{\alpha_{l_{s}^{s}}}]_{;m_{1};m_{2};\cdots;m_{t}}=0$ $ t=0,1,2,\cdots$

Thus we obtain
THEOREM 4.1. In order that (4.1) admit solutions $\xi^{i}(x)$ which are

independent of $p_{\alpha}^{i}$ and $\lambda_{j}(x, p)$ which are homogeneous functions of
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degree zero of $p_{\alpha}^{i}$ , it is necessary and sufficient that

(4.17) $\left\{\begin{array}{l}(XP^{i_{jkl}}+P_{jk\iota^{\alpha}}^{i}\lambda_{b}p_{\alpha}^{b}-P_{jlk^{\alpha}}\lambda_{b}p_{\mathcal{O}}^{b})..m_{1}.m_{2}\cdot.\cdots.\cdot m_{p}=0,\\(XP_{Jkl^{\alpha}}|^{a_{l_{1}^{1}}}|^{\alpha}\nearrow_{2}|\cdots|^{\alpha_{l_{s}^{s}}}).m_{1}.m_{2}.\cdot\cdot\cdot.m_{t}=0,\end{array}\right.$

$(p, \iota=0,1,2,\cdots)$

are algebraically consistent in $\xi^{i},$ $\xi^{i_{;j}}$ and $\lambda_{j}$ .
Since these equations are linear homogeneous in $\xi^{i},$ $\xi^{i_{;j}}$ and $\lambda_{j}$ ,

we get from this,
THEOREM 4.2. In order that the space of $K\cdot spreads$ admit $r$

linearly independent infinitesimal projective collineations, it is necessary
and sufficient that (4.17) contain $N(N+2)-r$ linearly independent equa-
tions and others be consequences of others.

If we denote such $r$ linearly independent infinitesimal projective
collineations by

$\overline{x}^{i}=x^{i}+\xi_{A}^{i}(x)dt$ , $(A=1,2,\cdots r)$ ,

then, any $\xi^{i}$ satisfying (4.1) is a linear combination of $\xi_{A}^{i}$ with con-
stants coefficients. But, from Theorem 2.1 and 3.1, we know that
$X_{B}\xi_{C}^{i}$ also satisfy (4.1) and consequently, $X_{B}\xi_{C}^{i}$ should be linear
combinations of $\xi_{A}^{i}$ with constant coefficients. Thus, from Theorem
3.7, we have

THEOREM 4.3. In order that the space of K.spreads admit an r-
parameter group of proiective collineations, it is necessary and sufficient
that (4.17) contain $N(N+2)-r$ linearly indepent equations and the
others be consquences of these.

If (4.1) are completely integrable, then (4.5) and (4.6) should be
identities in $\xi^{i},$ $\xi_{;j}^{i}$ and $\lambda_{j}$ , and consequently we must have $P^{i_{jkl}}=0$

and $P_{jkl^{\alpha}}=0$ . Thus we have
THEOREM 4.4. In order that an N-dimensional space of K.spreads

admit a group of proiective collineations of the maximum orde$rN(N+2)$ ,

it is necessary and sufficient that the space be projectively flat.

University of Tokyo and University of Kumamoto.
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