Journal of the Mathematical Society of Japan Vol. 4, No. 2, October, 1952.

Analytic functions convex in one direction.

By Toshio UMEZAWA

(Received December 22, 1951)

A necessary and sufficient condition for the convexity of a function
f(2), regular for |z|<# such that f/(0) == 0, is known? to be

1!
(1) 1+ 73 >0 for |z1<r.
f(2)
However, as a sufficient condition for the univalency of such a function
f(2), the condition (1) is not sharp enough. This fact has been pointed
out by Ozaki?, who has proved the following theorem :

THEOREM A. Let f(2)=z+a?+--- be regular for |z| <r. If f(2)
satisfies in | z| <7 one of the following conditions :

- of"(z) 1 ” zf""(z) ~ 3
O wwF oL@ 1w <D
(i) 1+% %(S)l{<2’ v = ;f,(z()z) !,<2,

then f(2) is univalent for |z| <r.

In this paper we shall generalize or make more precise this theorem,
by proving that the above conditions (i)-(iv) are also sufficient for f(z)
to be convex in one direction®, i.e. to have the property that it maps
| z|=p <7 for every p near 7 into a contour which may be cut by
every straight-line parallel to this direction in not more than two points.
Furthermore we shall obtain some more sufficient conditions for the
covexity of functions in one direction in generalized forms. It will be

proved also that these conditions are equally sufficient for f(z) to be
at most k-valent.

§1. Univalent functions convex in one direction.

THEOREM 1. Let
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(2) fle)=2+ 3 an 2"

be meromorphic for |z|<1. If there exists the relation in | 2| <1
1

3 g L@ @

3) T T a3

where « is an arbitrary number not less than 3/2, then f(z) is regular
and univalent for |z|<1. Moreover, f(z) maps |z|=r for every
r <1 into a curve which is convex in one dirvection, and

4) la, | < n for all n.

REMARK. If we put a= o, a=3/2, a=2, a=3 in (3), we have the
conditions (i)—(iv) of Theorem A respectively. We see also that when
we have these conditions (i)—(iv) for | z| <1, the Bieberbach conjecture
(4) for the normalized function (2) is true.

To prove the above theorem we need the following lemmas.

LeEMMA 1. Let flz)=z+ a2+ a2+ -+ be regular for |z|<1. If
2f'(z) is star-like in one direction®, i.e. zf'(2) has the property that it maps
lz|=7# for every r» near 1 onto a contour C which is cut by a straight-
line passing through the origin in two, and not move than two points,
then (1) f(z) is convex in one direction, (ii) fz) is univalent for |z <1,
(il) | a, | < n for all n.

We owe this lemma to M. S. Robertson.®

LEMMA 2. Let @(z) be regular for |z|<r and @(z)=F=0 in
0<iz|Z7». Further let $0)=0. If there exists the relation

(5) f \S‘tztp Z)d9<47r, z=pe?®, for every p<vr,
o | ?(2)
then ¢(z) maps |z|=p for every p <r onto a curve which is star-like
in one direction.
This is a special case of which will be proved in §2 of
this paper. :
LEMMA 3. Ifflz)=z?+ap, 22" v app22*2+---  (Dp: an integer,
bositive or negative) is meromorphic and

6) [e‘“ (1+ ‘;f,((j) )] >K | (a, K: real constants)
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for | z| <, then
f'(z),:},:{(io for lz| <7,

zﬁ—l
and hence f(z) is regular (i.e. f{z) has no pole) for 0 <|z|<r.
This lemma is due to Ozaki®.
ProoOF oF THEOREM 1.
We see by that f(z) is regular for |z|< 1 and that
z2f'(z) has only one zero at the origin under the hypothesis (3).
Put z2f'(z)=Re*®, z=re®, then we have

17 (4 I4
(7) 1+% \;f,(g) =m~z~(§,§‘:§)~ = —fl—? for |z|=r<{1
Hence the assumption (3) can be rewritten as follows :
3" a>_‘fl% -, for |z|l=r<1.

Now let us denote by C, the part of |z |=7 on which

a6 >0 and put j dargz=x,
do e}
and by C, the part of | z|=7» on which
%}? <0 and hence L’ darg z=2mr—x.
Furthermore put
(®) n=|, de, ~y.=|. do,
then we have
(9) 5(; dO6=y,—y,=2=,
(10) [ 1as1=y+p=29—2n.

Since we have the hypothesis (3'), we have

(11) Y= . gé@ do<ax,
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- _doe _ 2ma—ax
(12) yz_jcg (- 2% >d9<(27r %) __3 ok

Let us show that, under these circumstances, y, < 3.
Suppose that y; = 3+, then by (9)

(13) n=m
" and by
(14) ax>3mr.

But on the other hand by (12) and

2a—3 T
This contradicts [13). Hence
By [10) and [15) j/d& ‘d0<4w-
c

By (7) we obtain
g 22f(2)) | d _
6 < 4w for jz|=r<1.
J, 2 G do<tr
Hence by [Lemma 2, zf’(z) is star-like in one direction for every » <1.
Consequently f(z) is convex in one direction for every »< 1. Hence

f(2) is univalent for |z| <1 and |a,| < # for all », by Lemma 1.
Q.E.D.

By the above argument we can also state the following :
THEOREM 2. Let f(z2)=z+ a2+ a2+ --- be regular for (z|<1.
Furthermore let C, be the part of |z|=1 on which

1+% "ﬁ(,%)* ~0  and put x= ﬁq darg z

and Cz be the part of | z|=1 on which

1+R 2f"(2) <0 and hence 27r—x=j dargz.
f(2) c,

If f(z) satisfies for |z\=1 one of the following conditions
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0 Sc (\_1+8€ zf”(Z))dﬁ’<3'n', i) 1+% zf"'(2) <_3.1", ,

f(2) f(2) x
.. zf"'(2) _ s zf"'(z) — ™
i) L <1+2R A >d6> mo i) 1w F T
and f'(2)F0 in [2][Z1, and f'(z)5=0 in {z{<1,

(@) f(2)

then f(z) is convex in one divection and univalent for |z|<1 and
|a, | < n for every n.
It should be noticed that, in 1') and ii’)
3t~ 3 g - 7T <1

x 2 2or—x 2

i) [ TP de<dn, i) 14w ¥ :<2,
C1+Cz ' ,

By the way, we can calculate the radius of convexity in one direc-
tion for the class of normalized univalent functions.

THEOREM 3. Let f(z2)=z+ a2+ a2+ --- be regular and wunivalent
for |z <1. Then f(z) is convex in one direction for |z| < 4—1/13.

ProofF. From the Bieberbach’s inequality

") _ 2]z - 4lz]
| @ 1-lzk T 1z
we obtain

144 2 H 2
16 1+ % zf"(2) > 1+ 2]zP—4jz| _ 1-4|z|+]|z] )
16 flla) — 1—]zP 1—|z P
If |z] <4—1713, then the right hand side of the above inequality (16)
is surely larger than —1/2. Hence by Theorem 1 (in the case where
a= ) f(z) is convex in one direction.

§2. Functions convex of order p in one direction.

To generalize the above results to the case of p-valency, we
extend the concepts of star-likeness and convexity in one direction as
follows :

DEFINITION. Let F(z) be meromorphic for |z| <1 and continuous
on |[z|=1. Furthermore let C be the image curve of |z |=1.
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i) If C is cut by a straight-line passing through the origin in 2p,
and not more than 2p points, then F(z) is said to be star-like of order
p in one direction. Let the class of such functions be denoted by
Sy( D).

ii) If every straight-line parallel to a direction cuts C in not
more than 2p points and there exists at least one such straight-line
which cuts C in 2p points, then F(z) is said to be convex of order p
in one direction. Let the class of such functions be denoted by &(p).

LEMMA 4. If 2F'(z) e ©(p), then (1) F(z) is convex of order at
most p in one divection, (ii) F(z) is at most ( p+n(00))-valent and at
least Max [n(o)—p, 1]-valent for |z| <1, where n(~) denotes the
number of poles of F(z) in |z|<1.

Proor. (i) It will be sufficient to prove the lemma in the case
where the direction of star-likeness of order p is that of the real
axis, since otherwise we may consider e¢*F(z) instead of F(z), with a
suitable choice for the real parameter «.

By the hypothesis, J{zF’(z)} changes its sign 2p times as z moves
along the circumference of the unit circle. In view of the identity

{zF'(2)}=— 9% Flz) for z=¢e",
00
R F(2) then increases and decreases alternatively p times, respectively,
whence it follows that F(z) is convex of order at most p in the direc-
tion of the imaginary axis.

(ii) Let n(w) be the number of roots of the equation F(z)=w in
|z] <1, and let C be the image of |z|=1 by the function F(z). Then
we make use of the following geometrical principle? : n(w) can change
its value only when w arrvives at a value assumed by F(z) on |z|=1,
and hence, if w moves along a continuous curve without crossing
the line C, then n(w) is invariant. When w crosses the line C, then
the saltus of n(w) is an integer.

Since F(z) e 8:(p') with p’ < p, every straight-line parallel to the
direction of convexity of order p’ cuts C in not more than 2p points.
Let us consider the change of n(w) when w moves along any line of
this kind. It starts with #(o) and ends at the same value #n(<) after
changing its value at most 2p times by integer, the multiplicity being
taken into account. Hence the maximum value of n(w) is at most
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p+n(~) and the minimum value of n(w) is at least Max [#()—p, 0].
Consequently F(z) is at most (p+n(c))-valent and at least
Max [n()—p, 1]-valent for |z | < 1.

LEMMA 5. Let ¢(2) be meromorphic for |z|i <r and continuous
and =0 on | z|=r. If there holds the relation

mo L 29(2) i ) e
(17) S N (— ) d0<2w(p+1), z=vre”, p: positive integer,
0 P\z i

then ¢(z) is star-like of order at most p in one direction.

Proor. Let D denote the image domain of |z{< 7 mapped by
@(z) and let C denote the contour of the domain D. From our hypo-
thesis it is evident that the contour C is a regular closed curve which
has neither cusp nor angular point.

Now let n(y) be the number of the points of intersection of the
straight-line arg w=+ (started from the origin) with C. Then it is

evident that the total variation of arg w on C is given by S’n(\lr)d\[r.
0
On the other hand it is given by

S

i / i
| d arg o(z) |= j R 2P ()z)‘ '!d@ where 6O=argz.

izl=r tzi=7 | @(z) |
Hence
(18) S”n(vr)d\lr:j % 29 g
0 lz'=» 9Az) |
By and our hypothesis (17) we have
|“nth) d v < 2mlp+1).

Hence, we see n(y) <  2(p+1) for at least one y. For this ¥, n(y)

being an even integer, C is cut by arg w=+v in at most 2p points,

i.e. ¢(z) is star-like of order at most p in this direction. Q.E.D.
By using Lemmas 4 and 5 we easily obtain the following :
THEOREM 4. Let F(2) be meromorphic for | z| <1 and continuous

and F'(2)==0 on [z|=1. If there holds the relation

2= | 2F"(2)

Tew ldo < 2m (k—n(e0)+1), z=e®

(19) S F’ (z)

0
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then F(z) is convex of order at most k—n() in one direction in
|21 < 1. Further F(2) is at most k-valent and at least Max[2n(oo)—Fk,1]-
valent for |z| < 1.

We can also easily verify the following theorems by using Lemmas
3, 4, and 5 similarly as in the proof of Theorem 1.

THEOREM 5. Let F(z) be meromorphic for |z| <1 and let n*(0)
and n*(o) denote the number of zeros and poles of zF'(z) respectively
in |z|<1. If there holds the velation for |z|=1:

2F"z)  _ ay(k+1—n(0)—n"(0)+n"(=))

F'(2) 20, —k—1+n(0)—n*(0)+n*() ’

(20) a;>1+n

where «, is an arbitrary number not less than (kE+1—n(o)+n*(0)
—n*(0))/2, then F(z2) is convex of order at most k—n(oo) in one direc-
tion in |z| < 1. Further F(z) is at most k-valent and at least
Max [2n( o) —Fk, 1]-valent for jz] < 1.

THEOREM 6. Let F(z)=z?+ g e zn  (p: positive integer) be
meromorphic for |z|<1. If there holds the wrelation for |z|<1

F"(2) ak+1—p)
21 14m 20 \8) ~ kT 17P)
1) > F'z) © 2a—k—1—p
wherve «, is an arbitvary number not less than (k+p+1)/2, then F(z)
is rvegular and convex of order at most p in one direction in |z| <1,

and at most k-valent for |z | <1.

THEOREM 7. Let G(z)=z"?+ i; lanz" (p : positive integer) be
n=-p+

meromorphic for |z|<1. If there holds the relation for |z| <1

’

2G"(z)  __ az(k+1)
(22) > 1R S

where a; is an arbitrary number not less than (kB+1—2p)/2, then
G(2) is convex of order at most k—p in one dirvection in |z|<1.
Further G(2) is at most k-valent and at least Max [2p—Ek, 1]-valent
for |z | <1.

Gumma University.
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