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A proof of a transformation formula
in the theory of partitions.

By Kanesiroo ISEKI
(Received June 8, 1951)

Let us denote by p(#) the number of unrestricted partitions of a
positive integer n. Then we have

fx)=1+ i’ plm)an= 11 1 ,
n=1 n=1 1—xn

where f(x) is defined and regular for | x| <1. Now this function f(x)
is known to satisfy a remarkable transformation formula (see Rade-

macher [3]):

2xih _ 2rz — _®m =z 2niH  2n
1) f(e k k ):wh,kl/z e12kz 12k f<e B ki),
where k,k and H are positive integers such that
(h, R)=1, hH= —1 (mod k&),

and

enimesn (ri 55 (B =[50 3)).

an empty sum meaning zero; further, z is a complex variable with
positive real part and we take the principal branch as the determination
of v/ z.

The formula (1) was used by Hardy-Ramanujan, and also by
Rademacher subsequently, in their famous researches [2] and on the
function p(»). ‘

It is the main object of this paper to give a proof of (1) which is
directly based on the following well known transformation formula in
the theory of elliptic theta-functions:

oo ~(n+a)2nt 1

(2) W_Z_}m e =y n;_me ¢ cos (2mna),
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where « is real and ¢>>0.
Let us begin by defining a branch of the logarithm of f(x) for
x| <1 by

oc 1 ©o ©o xmn
F(x)=log f(x)= = =,
n=1 m=1 n=1 N
where we take
hnid mn
log 1 = A7
1—x m=1 m
We put
2rih _ 2nz -~ 2eiH _ 2m
X=e ko, X=e &k kz

Then, to prove (1), it suffices to show that

1
E 2
3) (x)=92{+ log z+ 1 k 12 k +FZ),

(4) o— gh’k_wz <hm I:hm:, )

where in (3) we take the principal branch as the determination of
log z.

We may assume z > 0, for the general case of z with positive real
part is reduced to this case by the theory of analytic continuation.
We shall prove (3) by decomposing it into its real and imaginary parts :

_ ,]:,h m 72
(5) RF(x)= 5 log z+ 122 12% +RF(Z),
(6) SF(x)=2+ IF(%) .

To establish (5), we start from the. integral

re 08 d— Kw_e (@>0),

0

which is an easy consequence of
re”" dt= Vi .
0 2

We transform the above integral into the following form:
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o _ a0 b2 -
j e T w dt=Y T g (@0, 5>0).
0 2a

Putting a=1/7 mz/k and b=1/7 n, where m and » are positive integers,
we find

‘ 2em oc zm222(2 zn2
@ 1 B [T g
m k Jo
Hence, by absolute convergence,
mnl 2nih _ 2z @ oo oo 2nih _ mm22%2  wn?
F(x)—- z, 1 e "( P kz) = 2_zj ST e A e dt,
m=1n=1 m k Jom=1 n-1

whence follows
RF(x)= —ri} i} ek (PR cos 2mwhmn. dt
0m=1n=1

-z—ri e w ( = e'%‘cosm—l)dt
k 0m=1 n

e k
L 2T T (L os Znhmr &y - ncen
= kSZe k (Zcos A Sle ¢ | l)dt.

0m=1

Now we have, by (2),

A 2 o _ ﬂk2 1+.7 _ an?t?
Ze p (k1+r): E e (+ ) [ Z e k2 COS &TZ‘L
=« l]=—o 7= —o0 k
o wn?2?
=t(ose Tk cos-g”ﬂ+1 ,
k\ =n=1 k

and further
£\ s Zmhmy _ g K e {k, if klm,

7=l =0 0, otherwise.
Thus we have
oo am22242
ze—’ k2 ECOS Z,Whmr__kz:e nm?z2¢?
m=1 r=1 k
Q) RFx)= ?r(i 2 -t - ﬁ;cos 2whmy o 2mnr
k 0 \m=1n=1 k =1 k k
©o 22212
+1 E e—nm’sztﬁ - m > dt
m=1 m=1
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Since we defined
2rih _ 2rz 2miH 2
X=e ko, X=e * kz

it follows from (8) that

~ _-LY‘” S s 2t ——"1;?;’2 "”2‘2 2aHmyr 2w nr
RE)= kz.o(mzﬂrg g€ " ZCOS g

_ %S:(gg % . L’}?};ﬂ,_ Mi’fﬂ rzilcos ZWIZ'WW cos 271':1’ "
-+t ’é}le"‘”m — % nil} e Lff) dt.
We find here, since ZH = —1 (mod k),
‘i‘cos 27 Hmyr cos 2mnr _ Zcos 2aHm(hr) cos 27 n(hr)
- k k »=1 k k
k
= gcos ZWZL cos %Zﬂ .

Inserting this in the above result and interchanging the indices m and
n, we obtain

(9) ERF()C)= E‘S <i ﬁ —21 e "E”’;‘:'ti— Tmt' 2_ cos ZW@ML 'COoS 277'”7;
ko e 5k | k k
F1S e — li‘ e J%L‘) dt .
m=1 2 m=1

Subtracting (9) from (8) side-by-side, we get
RF(x)—RF(X)

enizos? o, - mn’2t antt? Sl <l il
lZe —Sle e —tl,e + = Le ) dt
n=1

2 n=1

2\
-k

gm i — zn2t2 dt

e

|

?@[N

n=1

2 — 22242
t}} nnztd
kS ¢ t—

e o een
—zSe Ui ) dt .

n=

?Mr—x
ﬁMs

[y
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We have here

% S”t i: o gy ,_1,,5 STe e du

0 n-=1 2kzJon-1
1 & j"" —m? 1 &1 T
—_ "”“du*v s = _ ,
okz 21 d0° oz 2 w2 12k
t n?(? = % RS - nn’n = 4 _ S ,1 - T2
kSo ,.2.1" dt= sto ZOT A= 2 e T 12k
1 - _mn?? e _ wn2? iy 2,,2 = 22242
*j <Ze Bo—z23e ae )dtzj (2 e T — 2> g U )du
k n=1 0 \n=1 n=1
=lim S S e u? du—-zr i e~ =’ du)
a>+0 n=1 a n=]1

(
~tim |

i} e " dy |

Since we have

ile*l"",f _ = 2: e t R L + 1_7_;

1/tn=-1 2 2v ¢

as the special case a=0 of (2), we get

limrz ie wnu? dy — llmj ( 1-5‘ e“ﬂzﬁi _ 1 + ,,L)du

a++0Ja n=1 @ +0, U n=1 2 2u /

=lim<% log z— azz—a + jazii} e lsz_ du) = % logz.

&+ +0 o Y n=1

Thus we find finally

RF(x)—RF(X)= 12k 12 k + 2 log z,
which is equivalent to (5).

We now turn to the proof of (6). We shall first show that
L2=3F(x)—3F\(x) is a constant depending on 2 and % only, and then
determine the value of £ explicitly, using this constancy of 2.

We have

d ,_~ d _ d =) dx\_ =y dx
dz =3 dz'F(x) 3 dz Fx) S(F(x) dz) 3 (F’(x) dz>
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(2; xF'(x)) ( ‘z’r ”F’(x))

Hence, to prove the constancy of £, it suffices to show that
ZIG(x)+IG(X)=0,
where we define, for |w| <1,

H

Gw)=wF(w)=w f} il nwmnl= i‘ i nwmn

m=1 n= m=1 n=1

We start from

R mne e £ dt,

2emnz oo wm?2z242 ,mz
- z . "2
ne” k= E;S

k

which is equivalent to (7). We find, by absolute convergence,

2nih _ 2nz @ oo oo 2¢zhmn _ _mm22242 vm”
mn(“_k— E ) — 2&5 Y z T dt

m=1 n=1 k

zm2z2(2 nn?

i imne‘ Tk 2 sin 27r2mn dt

n=—o°

o oo Ea 22‘212 oo ’tnz
j }:_,‘(me_'wmﬁﬁ Z ne” £ sin gri;emﬂ)dt

w o 1tm2222 k = tyy2
=%S S me Lsm Zmer S (kl+7r)e P

0 m=1 ]=—o0

‘Now, differentiating (2) with respect to «, we obtain

o o |
SY (n+a)e” et = 71/t E‘i ¢+ sin 2#wrna),
e =

and hence

}_J (kl—l—r)e EEEDT i‘ <l+ _7_*_) . ngi(u_;,)’

[=—o0 l=—o0 k
e wn2i?
= 271?: Sine” & sin 2anr
oo oo oo m22242 1zn212 '
10) 3= 227851 Sy mne” TET R S sin 2y i 2 gy
B Jo m=1a-1 k k
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Changing here z to 1/z and % to H, we derive

36@= 251 51 mne T~ S in 2rlmr iy 2mnr gy
Kz Jo k A

m=1n=1

) sin
0 m=17-1 k k

__wm22 rm?z"‘l2 .
Zsm 2nHmyr 2mnr dt .

We find here, since ZH = —1 (mod k&),

2xHmyr . 2mnr _ & . 2xHm(hr) .. 27n(hr)
Zsm P sin i Z}lsm Z sin %

E . 2mrmr 2mhnr
=— S1sin 277" sin -& .
2sin k
Inserting this in the above result and interchanging the indices m and
n, we get
_ltm?z?t"’ _ 1)1212 k
223 2mhmyr 2mny dt .

36@=—2("p 5 Simme™ T~ Sysin 2TAME i 2

A comparison of the last equality with (10) yields
JG(x)=—2"3G(x),

which was to be proved.

We shall now deduce the formula (4) for £. The following proof
of (4) is substantially that given in Dedekind Dedekind omits,
however, the verification of the uniform convergence of a certain series
which, though easy to establish, forms the kernel of his proof; we
shall give, in the following, a detailed discussion on this uniformity.

We may assume 2 _>1. For if k=1 both x and ¥ are real and

we have
0=3F(x)—IF(%)=0—0=0,
while the expression (4) also vanishes for 2=1.
We have, by (6), assuming z > 0 as hitherto,
(11) 1213)1 SF(x)=2+ 1213’1 SFX)=2+3IF0)=4%2.

Let us put
2nz
R=¢ & (z>0), p=e k ,




A proof of a transformation formula in the theory of partitions 21

so that x=Rp. Then

Fr=S15 7 -5 1 2 |
m=1n=1 M n=1-mn 1—x»
3 — = __1__0*\ xn‘ = 01'_1_0' _”14\ — <
@ srw=51a( P )=l 1 )=5am,
where we define, for »=0,1,2, ---,
k-1 1

>
£
i

1
=1 r+kn 3 1 —pr Rrtkn )

(13) Bu(R)=

Then

| An(R)—Bn(R)| =< >3

Mgy )

k-1 a 1
=1 kn(r+kn) |1—prRr e’

We now define, for real positive y and natural numbers » <k,
AMy)=|1—p"y |?*=1—2y cos 20+y?*=(y— cos 26+ sin® 20,

where we use the abbreviation 8==h#/k. We find then, if cos 28 <0,
AMy)=1+32>1, ‘ '

and if cos 260 > 0, then we have & > 4 (since k=2 or k=3 would imply
cos 20 < 0 against the hypothesis), and hence

IA

Aly) = sin? 20 > sin? % = sint 7> —;5 .
We thus derive in both cases
’ 1
(14) ll—pylz>?,
and this combined with the above inequality gives

(15) | An(R)—Ba(R) | g—n"; (n=1,2,3, ).




K. IsEkI

22
Let us define further
(16) CiR= 5 -1 s(l_per,m) (n=1,2,3, ).
Then we have
) = B (e )

=l 1
C”(R)— 2 Fon 3<1—pk“’Rk”
Adding this to side-by-side we find
1 )-o;

b1 1
2CH(R)= >, ’_ 3 \ 1= R + 1R
therefore, subtracting (16) from (13) and noting [14), we obtain
| BB | <51 S—
=/ kn | 1—prRr 1—prRkn
RS Rin(1—R")
= kn |1—prRr#n | - | 1—pr R#n |

k k-1 -1 B3
< RW(1-R) S} STR™ < = R(1-R).

r=1 m=0

Since the unique root of
a ykn(1—y)= knykn-1
dy

in the interval 0 <y <1 is given by y=~Fkn/(kn+1), at which point the

function y*#(1—y) takes its maximum in 0 <y <1, we have
| Bo1 k2
BiR)| < — = <X,
| BB = n kn+1 < 2

—(kn+1)y»=0

It follows from and the last inequality that
2
AR <22 m=1,2,3,).

Hence i‘An(R) is uniformly convergent with respect to R in the
We have therefore, noting [11) and

n=0

interval 0 < R <1.
= lim Z Axn(R)= 2 An(1)

R->1 n=0
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= 21 1 1 & & 1 whr
17 => 3 — — ) == 1l —= — cot .
(17) 7n=0 r=1 r+kn3(1—-p"> 2 rzz()rz’ﬂ r+kn €0 k
We find, on the other hand, since
t—[t]— 1__ i sin 2wt (¢ real and not integer),
2 n=1 mn

k—l . . k . . '

ZIZm sin @ sin 2m 0= Z_}lzm sin @ sin 2m 6 (O=mhr/k)

k

Z_l(m cos (2m—1) 6 —me cos (2m+1)9)=——k cos @,

the following result:

23

7rkl g;: (M_[M—J_l>:_7"§%i 1 sin 2ahmn

m=1 k k 2 m=1 n=1 7n k
- 15 2ochmn S B 1 Bl . 2xhmr
B rg kn m2= sin = a %b 721 k(r+ kn) i
1 &, &l 1 why
= t ,
2 nZ=0 =1 7r+kn €0 k

and comparing this with (17), we find the required formula

case £ > 1.
The rest of the present paper is devoted to the study

properties of £.
First, we continue from (17) and derive for &2 >1

134 1 whr
9=— _ t :
o 2 By Ot
which added to (17) side-by-side yields
- oo
20= 2‘,% cot TH”. ZIC RACAS
27' k r=1 n=1

~k,—
= %kz"l (cot F’ﬂ) (# > 1 k2n2 )

Since
(18) cots= 1 -7 25 (|s| <),

S n=1 m’ni—s?

for the

of two
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we have

m™ k(1 _$ 2r
ot % 7r<7’ & kznz—rZ)’

and hence we get

r mhm T™m
(19) | Ly = Emg‘lcot T cot % (k>1),
which also holds for k=1, if an empty sum signifies zero. We have
thus found two different expressions (4) and for 2.
Secondly, our arithmetic function £, » is known to satisfy a curious
equality called the reciprocity formula for Dedekind sums, which asserts
that, for coprime positive integers %~ and &,

A1 hm =l (kn w+r+1 1
2 ﬁ IAShAa S 4 [AAEY Shihdi S . ol = =
(20) mz-—lk{k} nzih{h} 12hk 4’

where we use the abbreviation {t}zt—[t]—%- for real t.

Rademacher and Whiteman gave a simple arithmetic proof for
(20). We shall give, in the following, a simple contour-integration

proof for

(21)1}§ct” cot
Ak R Tk TR 3hE

which is equivalent to on account of and (4).
We put, for a complex variable z=x+y (x and y real),

F4 hz
zZ)=cot zcot = cot — .
g(2) 7 A

h-1 2
n=1

We take a > —; and define four paths of integration as follows:

The path A begins at ai, thence goes vertically down to (1/2)i, then
runs along the semi-circle z=(1/2)¢®®, (1/2)= < 6 < (3/2) with origin
the centre counter-clockwise, and finally descends from —(1/2); down
to —at; the path B starts at —ai, proceeds horizontally to the right
and ends at kr=—ai; we name C the path which begins at kn—ai,
ascends vertically up to kwr—(1/2), then runs clockwise along the
semi-circle z=kx+(1/2)¢*, (3/2)m =6 = (1/2)=, and finally proceeds
from kw4 (1/2)i vertically upwards, terminating at kn+ai; the last




A proof of a transformation formula in the theory of partitions 25

path D originates at &« + «, goes horizontally to the left and ends at «ai.
We name K the contour obtained by successive junctions of the
paths just obtained. Then, integrating once round K in the positive

sense, we get
jK,g(z)dz= jA + SB + jc + j‘D’

which equals 27 times the sum of the residues of g(z) at the poles
inside K.
Since g(z) has a period k7, we have

[+

We find also, uniformly in x,
cotz— Fi (y— £ o0),

and hence, as «a tends to infinity,
I3 kr
f + § egk (—i)dx—g idx=—kmi.
B D 0 0

Now we have, by for instance, the expansion
zcotz=1—%zz+--- (tz1<a),

and hence, for small |z ],

2 cot 2V( 72 cop 22 \—q_ FHREAL 5,
(zcotz)(k cot k)( A cot Z )—1 352 24,

Hence the residue of g(z) at the origin is —(kh2+%2+1)/3%. Further,
all the poles of g(z) inside K and different from the origin are
am (m=1,2,---,k—1) in the case k£ > 1, and (k/h)rn(n=1,2,--- , h—1)
- in the case 2> 1, with the residues

l’;”’f cot ™" and k. cot mhkn cot ™%

k h h h

cot

respectively. Hence we find, making a — <o,

-1 P
ST cot LI L 3
m=1 k k h n=

which is equivalent to (21).

™ _ W+EF+1 -

2

wkn cot

1
t;
Ty A Y

Ochanomizu University, Tokyo
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