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Introduction. In generalizing the classical notion of the radical in a
ring, different kinds of radicals have been defined by many authors, includ-
ing Azumaya [1],” Baer [2], Brown-McCoy [4], Jacobson [6], Kéthe [9],
Levitzki [10] and McCoy [12]. The main purpose of the present paper is
to give a unified treatment to these theories, though we do not cldim that
we cover all of them, to introduce some new kinds of radicals, and fur-
ther to study the properties of these radicals, both new and old. -Our main
concern is about p-radical, /-radical, e¢-radical and AMradical, each being
a special case of C-radical; here p-radical and /-radical are the radicals in
the sense of McCoy [12] and Jacobson [6] respectively.

In §1, we first introduce a general concept of C-radical, and the no-
tation (1,R) which is a typical over-ring of a ring R containing identity.
Further, we prove a fundamental characterization of prime ideals, and we de-
fine, by the way, the concept of irreducible ideals. In §2, we introduce
the notions of mz-systems and #z-families. A simmilar concept of m-systems
has been already defined by McCoy [12], and ours is its modification (cf.
foot-note 1) ; it plays, combined with the concept of prime ideals, an im-
portant rote in this paper. In §3, we treat semi-prime ideals, and define
the concept of p-radical. Further, a funddmental characterization of semi-
primeness ([Proposition 3) is proved and we see that a radical ideal in the
sense of Baer [2] is a semi-prime nil-ideal (and conversely) and therefore
his lower radical coincides with our p-radical. §4, is mostly devoted to
J-radical, considered as a special case of C-radical, while in § 35, we intro-
duce a concept of e-radical, and in § 6, we study some properties of /J-radi-
cal and e-radical concerning idempotent elements. In §7, we define M-radical
and AM-quasi-radical ; the latter does not coincide with the classical notion of
radical even when minimum condition is assumed for right ideals; for this reason
we use the term quasi-radical. In §8, we study the correspondences bet-
ween radicals of R and those of (1,R). In §9, we observe another typical
over-ring [1,R] of a ring [R] which contains the identity. Further, we study

(0) The numbers in brackets refer to the bibliography at the end.
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in § 10, the correspondences between radicals of R and those - of a ring of
matrices over R, under certain conditions. In § 11. we observe rings satis-
fying maximum condition for semi-primz ideals, and we see that any semi-
prime ideal in such a ring is an intersection of a finite number of prime
ideals (this and other results in this section are evidently true for rings
satisfying the minimum condition for semi-prime ideals). Finally, in Ap-
pendix some other radicals, namely, radicals in the sense of Baer [2], Fit-
ting [5], Kothe [9] and Levitzki [10] are reviewed. ‘

The writer is grateful to Prof. T. Nakayama and Prof. G. Azumaya for
their kind .advices. - '

1. PRELIMINARIES

C-radicals. Definition 0. Let C be a condition for rings; a ring
satisfying C is called a C-ring, an ideal p of a ring R such that R/p is a
C-ring is called a C-ideal, a ring which is isomorphic to a subdirect sum
of C-rings is called a semi-C-ring, an ideal which is an intersection of C-
ideals is called a semi-C-ideal, and the intersection of all C-ideals of a ring
R is called the C-radical of R. Then evidently.

Proposition 0. 1) An ideal a in a ring R is a semi-C-ideal if and only
if R/a is a semi-C-ring and 2) the C-radical of R is the smallest semi-C-
ideal in R. ' '

(1,R). It is well known that we can define a ring (1,R) for any ring
R such that (1,R) is the set of pairs (»,2) with rational integers 72 and
elements @ of R, and (m,@) + (1,6) = (m+n,a+5), (ma) (1) = (mnna+
mb+ab). TFurther, every right (left) ideal in R is also a right (left) ideal
in (1,R). (Throughout this paper, (1,R) has this meaning.)

Prime ideals. De¢finition 1. An ideal p in a ring R is called prime if
the following condition is satisfied: If a and b are ideals in R such as ab
Cp then aCp or bCPp. An idealin R is called semi-simple if it is an
intersection of prime ideals in R. ‘

Lemma 1. Let p be a prime ideal in a ring R. Then a €p if Ra
(or aR) Cp, a being an element of R. (Cf. [12], §2, Lemma 1.)

 Proof. From the assumption that Ra (or eR)Cp we have R(a) (or
(@) R) C p, where (a) is the ideal generated by a. Therefore a € p.

CoroLLARY. Let a be a semi-prime ideal in a ring R. Then @ € a if
Ra (or aR) Ca. | -

Proposition 1. A necessary and sufficient condition for an ideal p to
be prime is that if a and & are two elements of R such as R‘iafR bR C
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p with some (whence, any) combinations’ of positive integer 7,.'and non-
negative integers #; and #; then @ or &€ p. . (Cf. [12], Theorem 1.) -

Progf. The necessity is evident in virtue of Lemma 1. Assume now
that p is not prime. Then we can find two ideals a and b such as pPa.
pbb and abCyp. Let a and & be elements of a and b respectively which
are not contained in p. Then aR6C p therefore also R aR’: 6R* Cp if 7, > 0.

Irreducible ideals. Definition 2. We say that an ideal p in a ring R
is irreducible (as an ideal) if p satisfies the following condition: If p=
anb, then p=a or p=>b for any two ideals a and b in R.

REMARK. It is clear that a prime ideal is irreducible. Further, if a
prime ideal p is an intersection of a right ideal r and a left ideal [, p is
v or [

2. m-systems AND #2-FAMILIES.

Definition 3. A subset M of aring R is called an m-system if the fol-
lowing condition is satisfied: If @, 6 € M, there exist x, ¥ and z in R, or
equivalently, in (1,R) such as xaybz € M".

Definition 4. A subfamily I of ideals in a ring R is called an -
family if the following condition is satisfied: If q,b € 9, there exists an
ideal ¢ of M such as cC ab.

It is clear that the complementary set of a prime ideal p is an mz-system
(which does not meet p), in virtue of Proposition 1, and that the family of
ideals which are not contained in a prime ideal p is an m-family (which
has no ideal contained in p). Conversely,

Proposition 2. Let M be an m-system in a ring R which does not
meet an ideal a. Then there exists an ideal p such asl) aCp, pNnM=06
and 2) every ideal properly containing p meets M ; this p is necessarily
prime. (Cf. [12], §2, Lemma 4.) And

Proposition 3. Let I be an m-family in a ring R. Then an ideal
p is prime, if p satisfies the following conditions: 1) No ideal of IR is con-
tained in p and 2) every ideal properly containing p contains some ideals

of I.

Proofs are immediate. : .

Definition . Such p described in Proposition 2 (3) is called a maxi-
mal ideal with respect to m-system M (m-family ).

(1)  This is a generalization of m-system introduced by McCoy [12]. This is somewhat

more covenient 'than his, as it seems to the writer; cf for mstance P roposmon [Proposition 26| § 10.
(2) '@ denotes the empty" set.
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- Proposition . 4. Let. I be -an m-family. in a ring. R H every ideal of
M has a ﬁg‘ite.basi.sv and. if there..exists.an..ideal a which.contaisis no ideal
of M, there exists a .maximal ideal with respect to. I which contains q.

Proof. This can be proved by Zorn’s Lemma. .

Proposition 5. Let S be a subring of a ring R, and p,.a prime ideal
in S. Then there exists a prime ideal p in R such as pnS=p, if (and
only if) there exists an ideal a in R such as anS=p,. The last condition
is satisfied if S is an ideal in R. '

Proof. Let M be the complementary set of p, with respect to S. Then
we can find such p by Proposition 2, because M/ is an s-system in S, whence
in R. As for the second assertion, let a be the ideal generated by p, in
R. Then SaSCp, Therefore anS= p, since p, is a prime ideal in S.

ReEMark 1. When S is an ideal in R and p,7#.S, no ideal properly
containing p has the property in our assertion.

Remark 2. It follows that every semi-prime ideal in .S is an ideal in
R if S is an ideal in R. (Cf. Proposition 9a, below.)

On the other hand, it is known that

Proposition 6. If S is an ideal in R and p is a prime ideal in R, then
pNS is a prime ideal in S (considered as a ring). [12, §2, Lemma 2]

3. SEMI-PRIME IDEALS ' '

Definition 6. A ring R is called prime if the zero ideal in R is
prime. A ring R is called semi-prime if R is isomorphic to a subdlrect
sum of prime rings. ‘

Definivion 7. The p-radical of an ideal a in a ring R is the inter-

section of all prime ideals containing a which will be denoted by a through-
out this paper. The p-radical of R is the p-radical of the zero ideal.

ReEmMark 1. It is easy to see that if a prime ideal p contains an ideal
a, there exists a minimal prime over-ideal of a contained in p. Therefore
the p-radical a of an ideal a is theintersection of all' minimal prlme over-
ideal of "a. )

REMARK ' 2. p-radical of an ideal a' is the radical of a in the sense of
McCoy [12].

RemMARK 3. An ideal a is semi-prime if and only if a=a.:

Remark 4. Let a be an ideal in a ring R. If a is contained in the
p-radical of R and if there exists an m-family IR consisting merely of pow-
ers of a such that every ideal of I has a finite basis, then .a is nilpotent.
(This follows from Proposition 4.) :
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_REMARK 5. Remark 4 shows also the fact that the p-radical in a ring
which satisfies the maximum condition for ideals is nilpotent.

Remark 6. The corollary to Lemma 1 (§1) shows also the fact that
a minimal ideal in a semi-prime ring is a simple ring.

Proposition 7. If a is an ideal in a ring R, then a is the set of ele-
ments » in R such as any m-system meeting » meets a. (Cf. [12], §3,
Definition 3.)

Proof is evident by virtue of Proposition 2.

Proposition 8. A ring R is semi-prime if (and only if) R contains
no non-zero nilpotent ideal.

Proof. Assume that R is not semi-prime. Let x, #* O be an element
of the p-radical of R. Begining with x,, we construct a sequence as follows :
If x,---, #, are already defined, let x,,, be a non-zero element of the form
P YuetnVs(y€ (LR)) if (1,R)x,(1,R)x,(1,R) % 0. Since x, is an element
of the p-radical of R, this sequence must be finite. Let x,, be the last term.
Then the square of the ideal generated by ux,, is (0).

CoroLLARY. An ideal a is a radical ideal in the sense of Baer [2] if
and only if a is a semi-prime nil-ideal. His lower radical is the p-radical;
for Baer’s radical ideal cf. Appendix.

Proposition 9a. An ideal a in a ring R, R being an ideal in a ring
R’, is semi-prime if and only if a is an intersection of R and a semi-prime
ideal in R’. Therefore the p-radical of R is the intersection of R and the
pradical of R A

Proof. This follows from Propositions 5 and 6.

We prove, by way, a characterization of prime ideals:

Proposition 10. A semi-prime ideal p is prime if and only if p is ir-
reducible, what amounts to the same that if an ideal a is not only irredu-
cible but also non-prime, then a # a.

proof. We prove the last statement. Since a is not prime, there exist
two ideals b and ¢ in the same ring such as acCh, aCc and a2bc. Then
bneda, for a is irreducible. Therefore @ # a because (bNc¢)? Ca.

4. ]—RADICAL. _
A ring which has a faithful, irréducible right module is called primi-
tive”. "

(8) The term “ primitive” is after Jacobson [6]. Primitive rings were called (right)
irreducible in Nakayama [14] and Nakayama-Azumaya [15].
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Definition 8. An ideal p in a ring R is called primitive® if R/p
primitive. An ideal a in a ring R is called semi-primitive if a is an inter-
section of primitive ideals. A ring R is called semi-primitive? if R is iso-
morphic to a subdirect sum of primitive rings.

- Remark. It is well known that a primitive ideal is a prime ideal.

Definition 9. The J-radical of a ring R is the intersection of all pri-
mitive ideals in R.

Remark. The J-radical of a ring R is the radical of R in the sense
of Jacobson [6]. It is well known that the /J-radical of a ring R contains
no idempotent element ; we will say an element ¢ is idempotent if ¢*=¢ and
if ¢ 0. Further, if we define the quasi-regularity® as follows, the /-radi-
cal of R is not only the largest quasi-regular ideal, but also the largest
right-quasi-regular right ideal: An element o of R is called right-quasi-
regular if there exist an element %, which is called a right-quasi-inverse,
such that a4 xr=ax, left-quasi-regularity is defined by a same way, and if
a is both right- and left-quasi-regular we say that @ is quasi-regular® ; a
(right) ideal a in R is called (nght) quasi-regular if every element of a
is (right-) quasi-regular.

It is evident that a semi-primitive ideal is a semi-prime ideal, that if a
is an ideal in a ring R, then R/a is semi-primitive if and only if a is semi-
primitive and that the /-radical is the smallest semi-primitive ideal in the
same ring.

Proposition 11. Let R be a semi-primitive ring. If (0)=pna with
an irreducible ideal p and a non-zero ideal q, then p is semi-primitive.
Further, p is prime.

Proof. We consider R as a subdxrect sum of R/p and R/a: Let N be
the subset of R the residue classes of whose elements are contained in the
J-radical of R/p. Then N is an ideal in R. Then NV Na is quasi-regular,
whence Nna is (0). Therefore Vn(a+p) =p, whence N=p because p
is irreducible. This proves our first assertion. The remainder follows from

Proposition 10.

(4) A semi-primitive ring was called a semi-irreducible ringin Nakayama [i4}. It was
called semi-simple in Jacobson [6] and others. Primitive and semi-primitive rmgs were ﬁrst effective-
ly treated by Chevalley and applied by Nakayama [13].

() Cf. Jacobson [6] and Perlis {161.

(6) If a is quasi-regular and if x is a right-quasi-inverse of @, then x is the unique both

right- and left-quasi-inverse of @, which is called the quasi-inverse of a.
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9. €-RADICAL..

Definition 10. A ring R is called e-primitive if every non-zero ideal
in ‘R contains a definite idempotent element, An ideal p in a'ring R is cal-
led e-primitive if: R/p is e-primitive. A ring R is called semi-¢-primitive if
R is a subdirect sum of e-primitive rings. An ideal in a ring is called
semi-¢-primitive if it is an intersection of e-primitive ideals.

Proposition 12. If an e-primitive ring (ideal) is a subdirect sum (an
intersection) of e-primitive rings (ideals), it coincides with one of them.
Therefore an e-primitive ring (ideal) is primitive.

Proof. The first assertion is evident. The remainder follows from the
fact that the /-radical of a ring contains no idempotent element and from
the first assertion.

CorOLLARY. A semi-¢-primitive ring is a semi-primitive ring.

It is evident that if a is an ideal in a ring R, then R/a is semi-¢-pri-
mitive if and only if a is semi-e-primitive.

Definition 11. The e¢-radical of a ring R is the intersection of all' e-
primitive ideals in X.

It follows from this definition that the ¢-radical of a ring R is the smal-
lest semi-e-primitive ideal in R. ,

Definition 12. An element @ of a ring R is called semi-idempotent if
the ideal generated by @*—a in R does not contain . An idcal in R is
called quasi-nilpotent if it contains no semi-idempotent element.

Proposition 13. An element a of a ring R is semi-idempotent (if and)
only if there exists an e-primitive ideal p such as p > @®’—a, p P a.

Progf. If a is semi-idempotent, the residue class of &« modulo the ideal
(a*—a) is an idempotent element in the residue ring R/(a*—a). This shows
the existence of such p.

It follows that the c-radical is a quasi-nilpotent ideal. Furthermore,

Proposition 14. The e-radical e is the largest quasi-nilpotent ideal.
[4, Corollary 3 to Theorem 1]7

Proof. 1If an ideal a is not contained in e, then there exists an e-pri-
mitive ideal p such as adp. Then a+p/p contains an idempotent element
¢* of R/p. Let a be an element of a which is a representative of ¢*. Then
a—acep, agp.

Proposition 15. Let R be a semi-e-primitive ring. If (0) =pna with

(7) This is the Fradical in the sense of Brown-McCoy [4] if we define #(a)= (a2—a).



On the theory of radicals in a ring 337

an irreducible ideal p and a non-zero ideal a, then p is semi-e-primitive.
Further, p is prime.

Proof. This can be proved by the same way as Proposition 11.

REMARk. In this case, if p is e-primitive then a contains at least one
idempotent. element. . e Co

We mention, by the way, the evident - .

Proposition 16. If every non-zero ideal in a ring R contains some
idempotent elements, then R is semi-e-primitive.

RemaARrk. It is evident that any right- or left-quasi-regular element is
also non-semi-idempotent. But the converse is not true. In fact, let R be

a matrix ring of a definite dimension, say 2, over a field. Then a—'(l 1)

is neither right- nor left-quasi-regular. On the other hand, & is non-semi-ide-
mpotent, because a*—a 7 0 and R is simple. Further, there are primitive rings
which are quasi-nilpotent. This follows from the example of simple ring
having no minimal right ideal that was given by Jacobson [7] p. 237 and
the following.

Lemma 2. Lét R be a simple ring, and S a subring of R which can
be expressed in the form ARPB, A and B being subsets of R. If SaS # 0
for every non-zero element @ of S, then S is a simple ring.

6. REMARKS ON /-RADICALS AND ¢-RADICALS CONCERNING IDEMPOTENT
ELEMENTS. : E

It is evident that if a ring R posesses the radical m, in the sense of
Azumaya [1], the e-radical e of R is contained in m, In general case we
have followings : o

Definition 13. An element a of a ring R is called a root element of
R if aR contains no idempotent element ®. An ideal (right ideal, left ideal,
submodule) in ‘R consisting merely of root elements is called a root ideal
(right ideal, left ideal, submodule). The set C of all root element of R is
if Ra called the root set of R.

REMARK. An element a of a ring R is a root-element of R if and only
contains no idempotent element ®.

LeEmMa 3. The subset M= {a; a+CCC} of a ring R is a root sub-
module of R, where C is the root set of R.

Proof. If a,6 € M, —b+c e C for any c € C, therefore a—é+c € C for
any c€ C. Hence a—b4e M. ~

(8) Cf. Azumaya [1].
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Proposition  17. Let R be a ring. Then there exists an ideal in R
such that: 1) Its sum with a root right (left) ideal is-again a root right
(left) ideal and 2) it is the largest among ideals which satisfy the condi-
tion 1). This ideal contains the /J-radical m of R.

Proof. Let MM be the module obtained by I.emma 3, and set m,= {a
€M ; ray € M for any x, y € R}. Then m, is the largest ideal contained
in M ; therefore m, is the required one. As for the last assertion, let a be
an element of m, and ¢ an idempotent element. Set c=¢—a. Then ece=
e—eae and eae is contained in the /-radical of eRe. Therefore (ece)eRe=
¢Re. This shows. that ece, and therefore also ¢ is not a root element of
R. Therefore mCn,.

CororLrary. Let m be the /-radical of a ring R and r a root right
(left) ideal of of R. The m+1x is again a root right (left) ideal.

Proposition 18. Let R be a ring. Then there exists an ideal in R
such that: 1) its sum with a root ideal is again a root ideal and 2) it is
the largest among ideals which satisfy the condition 1). This ideal is semi-
c-primitive. Therefore any sum of the e-radical with a root ideal is again
a root ideal.

Proof. The intersection of all maximal root ideals is the required ideal.
Therefore the else is evident.

7. JM-RADICAL.

Definition 14. The M-radical of a ring R is the intersection of all
prime ideals p such that R/p is simple. The A quasi-radical of R is the
intersection of all ideals a such that R/a is simple.

Definition 15. If R is a subdirect sum of simple rings, R is called
semi-simple ?.

Proposition 19. Let M and M be the M-radical and M-quasi-radical of
a ring R respectively. The M'= M.

Proof. T1.et b be the intersection of all ideals a such as R/a is simple
and R°Ca. Then M'=Mnb. Since b2 R?, b=~R. Therefore M=M=
MNb=n". »

CororLLary. The M-radical of a ring R is (0) if and only if R is semi-
simple and semi-prime.

Remark 1. If R*=R, then M=".

Remark 2. If R is a commutative ring, then the /-radical=A/.

(9) Contrary to the usual usage of the term.
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We want to offer, by the way, a problem to construct a prime, simple
ring which is not primitive. ‘

A special case (in some sense) of this problem is; *“Is there a prime,
simple, non-zero nil-ring ? "’ This last problem is equivalent to the third pro-
blem of Levitzki [11]. ,

8. CORRESPONDENCES BETWEEN RADICALS OF A RING R AND THOSE OF
(LR).

First, we observe a general case; let a ring R be an ideal in a ring
R'. Then we have

Proposition  9b. Let p, be a primitive (e-primitive) ideal in K. If
p, 7~ R, every prime ideal p in R’ such that p N R=p, is a primitive (e-primitive)
ideal So, an ideal qin R is a (semi-) primitive ( (semi-) e-primitive) ideal
in R if and only if a is an intersection of a (semi-) primitive) ((semi-)
e-primitive) ideal in R’ and R; any p-radical of a semi-primitive (semi-
e-primitive) ideal in R as an ideal in R is a semi-primitive (semi-
e-primitive) ideal. »

Proof. This follows immediately from Proposition 5 and Remark 1

to it.
Cororrary. If R is a semi-¢-primitive ideal in R/, p-, /- and e-radicals of

R’ coincides with those of R respectively. (As for p-radical, cf. Proposi-
tion 9a). ,

Now, we apply this to the case R'=(1,R).

If we observe the fact that (1,R)/R is isomorphic to the ring of ra-
tional integers, we have

Proposition 20. R is a prime, semi-e-primitive ideal in (1,R).
This being said, we have, in virtue of Proposition 9a,

Proposition 21. An ideal in a ring R is semi-prime if and only if it
is semi-prime in (1,R).

Cororrary 1. The p-radical of R is the p-radical of (1,R).

CoroLLARY 2. R is semi-prime if and only if (1,R) is so.

Proposition 22. The J-radical of a ring R is the J-radical of (1,R).

Proposicion 23. The e-radical of a ring R is the e-radical of (1,R).

Proofs are trivial by virtue of Corollary to Proposision 9b.

REMARK. The same does not holds for Af-radical. For example, if
R is a simple ring without identity, the A/-radical of (1,R) is R itself.

9. AN OVER-RING [1,R] oF A RING R.

Defnition 16.An element a of a ring R is called an 7-fier'® if ba=ab=

(10) The term “ s-fier ” is after Brown-McCoy [3].
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2é for every b € R, where 7 is an integer. -
Proposition 24. Let a be an ideal in (1,R). Then anR=(0) if “and
only if a is consists merely of pairs (#,2) such that -z is an n-fier in R.
Lemma 4. The totality of integers z such that there exists an n—ﬁer

is an ideal in the ring 7/ of integers; the non-negative generator of this
ideal is called the mode of the ring R.™
Proofs are trivial.

-

Now, let m be the mode of the ring R, and a an m-fier in R. We
denote by [1,R}® the residue ring of (1,R) modulo the ideal generated by
(m, -a). [1,R] is an over-ring of the ring R and a right (left) ideal in
R is also a right (left) ideal in [1,R]. Further, evidently

LiMMA 5. An intersection of a non-zero ideal in [1,R] and R is
not (0). '

Proposition 25. [1,R] is a prime (semi-prime, primitive, semi-primitive,
e-primitive, semi-e-primitive) ring if and only if R #s so.

Proof. This is an immediate consequence of Lemma 5.

ReMARK. As for the correspondences between radicals of R and [1,R],
cf. Propositions 9a and 9b. "

10. A RING OF MATRICES OVER A RING R.

Let R* be a ring of matrices of definite pimension over a ring R such
as R* contains every matrix, of that dimension, which has only a finite num-
ber of non-zero components. ILet n and n* be the p-radicals of R and R*
respectively.

Proposition 26. l.et A* be a subset of R* such that every matrix of
A* posesses at least one component which is not contained in a prime
ideal p in R. Then there exists an m-system M* in R* such as 1) M*2
A* and 2) every matrix of M* posesses at least one component which is
not contained in p.

Proof. For every a* € 4*, we select one component «,, such that
@, & p. Then we can find elements & and ¢ in R such as éa,,c§p. Let
&* be a matrix whose (1,4)-component is 4 and whose other components
are 0; let ¢* be a matrix whose (g,1)-component is ¢ and whose other
components are 0. Then é*a*c* is a matrix whose (1.1)-comonent is not
contained in p and whose other components are 0. Therefore the union

(11) Cf. Brown-McCoy [3].

(12) [L,R] is uniquely determined if and only if R contains no non-zero element x such
that xR=Rx=(0); [1,R] contains the identity if R 3 (0).
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M*U A* is a required m-system, where M;* denotes the set of all matrices
whose (1,1)-components are not contained in p and whose other components
are 0. , -

This being proved, we have evidently

~ Proposition 27. Any component of an arbitrary element of n* is con-
tained in n. ‘ _ .

Proposition 28. R* is prime if and only if R is so.

Progf. If R is prime, then R* is so, by virtue of Proposition 26. Con-
versely, if R is not prime, we can find two non-zero elements 2 and 4 such
as aR6=0. Let a* and &* be matrices each of which has only one non-
zero component @ or & respectively. Then clearly a*R*$*=0, whence R*
is not prime.

COROLLARY. R* is semi-prime if and only if R is so.

REmMARK. It is easy to see that if R* is the set of all matrices (of a
definite dimension) each of which has only a finite number of non-zero com-
ponents, then the p-radical of R* is the set of all matrices contained in R*
whose components are in 1. But in general case, such is not the case.

Similar assertions hold for /- and e¢-radicals. ILet m and m* be the /-
radicals of R and R* respectively, and let ¢ and e* be the e- radlcals of R
and R* respectively.

Proposition  29. If an element a* of R* has a component which is not
contained in m, then a* § m*.

Progf. Assume that a*=(a,, ), @y, § m. Then there exist two ele-
ments 6 and ¢ in R such as ba,,,, ¢ § m because m is semi-prime, by Corol-
lary to Lemma 1 (§1). Therefore the ideal (a*) generated by @* in R*
contains an element &* whose (1,1)-component is not contained in m and
whose other components are 0. Therefore (a*) contains a non-quasi-re-
gular element.

Proposition 30. R* is semi-primitive if and only if R is so™.

Progf. 1t is evident by virtue of Proposition 29 that if R is semi-primi-
tive, then R* is so. Converse follows from the fact that «* € m* if .every
component. of @* is in m and if &* has only a finite number of non-zero
components, :

Proposition 31. If an element a* of R* has a component which is
not contained in e, then a* §e*. -

(13) It is evident by virtue of the structure theorem of primitive rings (cf. Jacobson [8],
Nakayama [13], [14] and Nakayama-Azumaya [15]) that if R is primitive then &% is primitive.
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Proof. This can be proved in the same way as Proposition 29.
Proposition 32. R* is e-primitive if R is so'.

Proof. Trivial.

CoroLrLARY. R* is semi-e-primitive if R is so.

11. RINGS SATISFYING THE MAXIMUM CONDITION FOR SEMI-PRIME IDEALS.

Proposition 33. Let"R be a ring satisfying the maximum condition for
semi-prime ideals. Then any semi-prime ideal in R can be represented
as an intersection of a finite number of prime ideals.

Proof. Our assertion follows easily from the fact that a=bnc implies
a=bnc and Proposition 10.

It is evident that
Proposition 34. Let a be a semi-prime ideal in a ring R. If a=p,nN--:
ny,=qN--Ngq, are two irredundant representations as intersections of
prime ideals p, and q;, then we have =7, and in a suitable numbering
p:=q,

Cororrary. There exists only a finite number of minimal prime over-
ideals for an ideal in a ring R satisfying the maximum condition for semi-
prime ideals. )

Proposition 35. Let a be a semi-primitive (semi-¢-primitive) ideal in a
ring R satisfying the maximum condition for semi-prime ideals. If p is a
minimal prime over-ideal of a, then p is semi-primitive (semi-e-primitive).

Proof. This follows from Proposition 11 (15).

APPENDIX

Baer’s radicals. Baer [2] defined radicals as follws : A radical ideal a
in a ring R is an ideal such that 1) a is a nil-ideal and 2) R/a contains no
non-zero nilpotent ideal; the lower radical of AR is the intersection of all
radical ideals in R, and the upper radical of R is the union of all radical
ideals. It was already noticed (corollary to [Proposition §) that an ideal is
a radical ideal if and only if it is a semi-prime nil-ideal and that the lower
radical is the p-radical.

The upper radical is the radical in the sense of Fitting [5] (cf. below),

14) We want to offer a problem whether or not-there exists a simple ring & without. idem-
potent element such that the matrix ring of dimension 2 over R contains at least one idempotent
element. If there is not such a ring, we have that AR* is ¢-primitive (if and) only if & is so.
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because this last is the largest radical ideal.

Fitting’s radical Fitting [5] defined radical as follows: An element &
of a ring R is called properly nilpotent if the ideal generated by « is a nil-
ideal ; the radical V; of R is the set of all properly nilpotent elements. )
Whence /] is the largest nil-ideal in R.

It is evident that AV, is contained in the /-radical of R, that there ex-
ists such an example of R that A, s J-radical, and furthermore that the
radical in the same sense of (1,R) is V.

Kothe’s radical Koéthe [9] defined radical as follows: If A, (in the
same notation as above) of a ring R contains every one-sided nil-ideal, then
NV, is called the radical of R. Whether there is a ring which has no radi-
cal in this sense is an unsolved problem.

Levitzki’s radical ILevitzki [10] defined radical as follows: An ideal
or a left or right-ideal, in a ring R is called semi-nilpotent if every sub-
ring generated by a finite number of its elements is nilpotent ; the radical
N, of R is the sum of all semi-nilpotent ideals (and this coincides with the
sum of all one-sided semi-nilpotent ideals).

It is known that ;D /N,2 p-radical and that there exists an example
of a ring in which /V, # p-radical (cf. Baer[2] But the problem whether there
is a ring in which N; # /, is an open question : This problem is equivalent
to the problem whether there is a ring such that 1) R is a non-zero prime ring,
2) R is a nil-ring, 3) R has a finite number of generators and 4) any non-
zero ideal contains some power of &,

Nagoya University.
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