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\S 8. Group of holonomy.

We can define the group of holonomy in our space, by developing a
tangent $h$} $persphere$ space along a closed curve as in the case of Rieman-
nian space. Let us consider the $re$lations between the group of holonomy
and the structure of our space. In the first place we study the case in
which the group of holonomy fixes a hypersphere. Next we consider the
case in which the group of holonomy fixes two independent hyperspheres.

(A) The case in which the group of holonomy fixes the hypersphere
of the form

$V^{\lambda}=$

In this case we have

$(8 \cdot 1)$ $\delta V^{\lambda}+\ell Jx^{\lambda}=dV^{\lambda}+I_{\mu^{\lambda}k}\nu^{\eta\iota}dx^{k}+dx^{\lambda}=0$.

That is

$(8 \cdot 2)$ $\partial f\nearrow i/\partial x^{k}+\Gamma_{jk}^{i}V^{j}+\delta_{k^{i}}=0$ , $\Gamma_{jk}^{0}\int/j=0$ .

Hence the vector $V^{i}$ forms so-called* concurrent vector feld.
(B) The case in which the group of holonomy fixes the $h\backslash $

, persphere
of the form

$\iota^{7\lambda}=$

In this case we have

$(8 \cdot 3)$ $\delta V^{\lambda}+dx^{\lambda}=$

Since $dx^{i}$ are arbitrary, we get

$s$ K. Yano: Sur le parallelisme et la concourance dans l’espace de Riemann. Proc. Imp.
Acad. Tokyo, 19 (1943), pp. 189-197.
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$(8\cdot 4)$ $V^{0}=const$ ,

$(8\cdot 5)$ $\Gamma_{ok}^{i}=-\delta_{k}^{i}/\nu=C\delta_{k^{i}}$

(C) The case in which the group of holonomy fixes the hypersphere
of the form

$V^{\lambda}=\left\{\begin{array}{llll} & & & V^{i}(\lambda=i)\\ & & & t^{/0}(\lambda=0).\end{array}\right.$

In this case we have

$(8\cdot 6)$ $\delta V^{\lambda}+dx^{\lambda}=\{_{dV^{i}}^{dV_{0}}I_{\Gamma_{ij}^{O}V^{j}dx=^{+_{0}\Gamma_{ok}^{i}V^{0}dx^{k}+dx^{i}=0}}^{\Gamma_{jk}^{i}\nabla_{i}dx_{J^{k}}}$

.

Since $dx^{i}$ are arbitrary, we obtain

$(8\cdot 7)$ $\dagger_{\partial V^{0}/\partial x^{k}}^{\partial V^{i}/\partial x_{k}}I_{\Gamma_{j^{i}k}^{a}V=0^{\tau i}}^{\Gamma_{jk}V_{j}^{j}+I_{ok}V^{0}+\delta_{k^{i}}=0}$

’

Putting $V_{i}=g_{ia}V^{a}$, we have

$(8 \cdot 8)$ $(\partial l^{\nearrow_{i}}/\partial x^{k}-\Gamma_{ik}^{a}V_{a})+\Gamma_{ik}^{o}V^{0}+g_{ik}=0$ .
Hence it follows

$(8 \cdot 9)$ $\partial V_{t}/\partial x^{k}-\partial V_{k}/\partial x^{i}=0$ .

Therefore $V_{i}$ must be a gradient of a scalar $\varphi\cdot$, i.e.,

$(8\cdot 10)$ $V_{i}=\partial\varphi/\partial x^{i}$ .
Then $(8\cdot 8)$ gives

$(8 \cdot 11)$ $V^{j}(\partial^{\underline{o}}\varphi/\partial x^{i}\partial x^{j}-I_{ij}^{a}\partial\varphi/\partial x^{a})+\Gamma_{ij}^{o}V^{0}t^{\prime j}’+\partial\varphi/\partial x^{i}=0$ .
On the other hand, we. have from $(8 \cdot 7)$

$(8 \cdot 12)$ $\frac{1}{2}\partial(V^{0})^{2}/\partial x^{i}+\Gamma_{ij}^{o}V^{0}V^{j}=0$ .

By comparing $(8\cdot 11)$ and $(8\cdot 12)$ we obtain

$(8 \cdot 13)$ $\frac{1}{2}-\frac{\partial}{\partial x^{k}}(g^{ab}\frac{\partial\varphi}{\partial x^{a}}\frac{\partial\varphi}{\partial x^{b}})+\frac{\partial}{\partial x^{k}}(\varphi-\frac{1}{2}V^{0}V^{0})=0$ .

Hence we have
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$(8 \cdot 14)$ $V^{0}=\sqrt{2\varphi+g^{ab}(\partial\varphi/\partial x^{a})(\partial\varphi/\partial x^{b})}$,

that is

$(8 \cdot 15)$ $ g_{\lambda\mu}V^{\lambda}V^{\mu}=g_{ij}V^{l}V^{j}-V^{0}V^{\theta}=-2\varphi$ .

Above $re$lation shows that the tangential distance between the fixed
hypersphere $V^{\lambda}$ and each point of a hypersurface $(\varphi=const.)$ must be
constant.

In this case $\Gamma_{ij}^{a}$ takes the form

$(8 \cdot 16)$ $\Gamma_{ij}^{o}=-\frac{\{g_{j}+(\#^{o}\varphi/\partial x^{i}\partial x^{j}-\Gamma_{ij}^{a}\partial\varphi/\partial x^{a})\}}{\sqrt{}\overline{2\varphi+g^{ab}(\partial\varphi/\partial x^{a})(\partial\varphi/\partial x}^{b})}$ .

\S 9. The case in which the group of holonomy fixes
two hyperspheres.

$\ln$ the first place we study the case in which the group of holonomy
fixes two hyperspheres

(9 $\cdot$ 1) $\nabla^{\lambda}=$ $W^{\lambda}=$

Since $W^{\lambda}$ is fixed, we hav $e$ , as in \S 8, Case (B),

$(9\cdot 2)$ $\Gamma_{ij}^{o}=Cg_{ij},$ $(C=const.)$

Therefore, we have from $(8 \cdot 7)$

(9 $\cdot$ 3) $\partial V^{\ell}/\partial x^{k}+1_{jk}^{\prime}iV^{j}+(CV^{0}+1)\delta_{k^{\prime}}=0,$ $\partial V^{\delta}/\partial x^{k}+Cg_{k}V^{i}=0$ ,

(9 $\cdot$ 4) $V^{i}=g^{a}\partial.\varphi/\partial x^{a}$ ,

$\varphi$ being a certain scalar. Let us consider the properties of the hyper-

surface $\varphi=const$ . Let $x^{i}=x^{i}(u^{A})$ , $(A=i,\dot{2}, \cdots,\dot{n}-i)$ be a parametric
representation for such hypersurfac $e$ . By $(9 \cdot 4)$ we can put as follows:

(9 $\cdot$ 5) $\nabla=\rho;l^{i}$ ,

where $n^{i}$ denotes the unit normal to the hypersurfac $e$ . Then we have
from $(9\cdot 3)$

(9 $\cdot$ 6) $d(\rho n^{i})+\Gamma_{jk}^{i}\rho n^{j}dx^{k}+(CV^{0}+1)dx^{i}=0$ ,

that is



A generali2ation of Laguerre $g\cdot eometry,$ $11$ 313

(9 $\cdot$ 7) $\{n^{i}(\partial\rho/\partial u^{A})+\rho(-\partial x^{i}/\partial u^{R})H_{\Lambda}^{Jt}+(CV^{0}+1)\partial x^{i}/\partial u^{A}\}du^{A}=0$ ,

where $H_{A}^{JI}$ denotes the second fundamental tensor.
Since $du^{A}$ are arbitrary, we have

$(9\cdot 8)$ $\partial\rho/\partial u^{A}=0$ , $\rho=const$ .

$(9 \cdot 9)$ $H_{A}^{B}=\frac{Cl^{\nearrow 0}+1}{\rho}\delta_{A}^{\prime i}$ .

On the other hand we have from $(9 \cdot 3)$

$(9 \cdot 10)$ $\{\partial V^{0}/\partial u^{A}+C(\partial\varphi/\partial x^{i})(\partial x^{i}/\partial u^{A})\}du^{A}=0$ .

Since $du^{A}$ are arbitrary and $\partial\varphi/\partial x^{\prime}\cdot\partial x^{i}/\partial u^{A}=0$ , we have

$(9\cdot 11)$ $\partial V^{0}/\partial u^{\Lambda}=0$ , $V^{0}=const$ .

We find from $(9\cdot 9),$ $(9\cdot 10),$ $(9\cdot 11)$ that $H_{A}^{J^{\prime}}$ takes the form :

$(9\cdot 12)$ $H_{A}^{J:}=C^{\prime}\delta_{A}^{B}$ . $(C^{\prime}=const.)$

Thus the hypersurface $(\varphi=const.)$ are totally umbilical and of constant
mean curvature. Their orthogonal trajectries are given by

$(9\cdot 13)$ $dx^{i}/dt=V^{i}$ .

We have from $(9 \cdot 3),$ $(9\cdot 13)$

(9 $\cdot$ 14) $d^{2}x^{i}/dt^{\underline{o}}+\Gamma_{jk^{p}}(dx^{j}/dt)(dx^{\gamma_{\vee}}’/dt)+(CV^{0}+1)(dx^{i}/dt)=0$ .
Therefore they are geodesics.

$T/leorem$ . $1ft/^{r}\iota e$ groltp of kolonomy fixes $t^{\prime}\angle vohyperspl\iota eres$ $(V‘ V^{0})_{r}$

$(O, W),$ $R_{n}$ contains $\infty^{1}$ totally umbilical lxypersurfaces witlt constant $mea’ t$

curvature, whose $orthog\cdot onal$ trajectries arc $g\cdot eo\ell fesics$ .

\S 10. The case in which the group of holonomy fixes two
independent hyperspheres $V^{\lambda}$ $W^{\lambda}$ .

In this case we have

(10 $\cdot$ 1) $\partial V^{i}/\partial x^{j}+\Gamma_{aj}^{i}V^{a}+\Gamma_{oj}^{i}V^{0}+\delta_{j}^{i}=0$ , $\partial V^{0}/\partial x^{j}+\Gamma_{dj}^{o}V^{a}=0$ ,

$(10\cdot 2)$ $\partial W^{l}/\partial x^{j}+\Gamma_{aj}^{i}W^{a}+\Gamma_{oj}^{i}W^{0}+\delta_{j^{\prime}}=0$ , $\partial W/\partial x^{j}+\Gamma_{aj}^{o}W^{a}=0$ .

Let us consider a hypersphere of the form,
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$(10\cdot 3)$ $X^{\lambda}=Al^{\nearrow\lambda}+(1-A)^{\gamma}V^{\lambda}$ ,

where $A$ is an arbitrary constant. We find from $(10\cdot 1),$ $(10\cdot 2)$ that the
group of holonomy fixes $X^{\lambda}$ . That is

$(10\cdot 4)$ $\partial\prime Y^{\lambda}/\partial x^{k}+I_{\mu k}^{7}\lambda X^{\mu}+\delta_{k}^{\lambda}=0$ .

Therefore we find, as in.\S 8, Case (C), that $X^{l}$ is a gradient of a scalar
$\Omega$

$(10\cdot 5)$ $X^{i}=g^{\prime_{a}}\partial\Omega/\partial x^{a}$ ,

and that

$(10\cdot 6)$ $ g_{\lambda\mu}X^{\lambda}X^{\mu}=-2\Omega$ .

When $A$ moves over all real numbers, $(10\cdot 3)$ generates $\infty^{1}$ hyperspheres.
The group of holonomy fixes them all. In order that $X^{\lambda}=AV^{\lambda}+(1-A)$

$I/l^{\nearrow\lambda}$ passes a point $x^{i}$ , it is necessary and sufficient that the equation with
respect to $A$

(10.7) $0=g_{\lambda\mu}(x)X^{\lambda}X^{\mu}=A^{o}\sim(g_{\lambda\mu}V^{\lambda}V^{\mu}-2g_{\lambda\mu}V^{\lambda}lV^{\mu}+g_{\lambda\mu}W^{\lambda}W^{\mu})$

$+2A(g_{\lambda\mu}k^{\prime\lambda}W^{\mu}-g_{\lambda\mu}l^{\prime}l^{\prime\lambda}W^{\mu})+g_{\lambda\mu}W^{\lambda}W^{\mu}$

has real roots. That is

(10.8) $(’(g_{\lambda\mu}V^{\lambda}V^{\mu}$

$-2g_{\lambda\mu}V^{\lambda}W^{\mu}+g_{\lambda\mu}W^{\lambda}W^{\mu})$ .

When $(10\cdot 7)$ is satisfied by certain $A$ , (10.7) gives a hypersurface.
From $(10\cdot 6)$ and $(10\cdot 7),$ $\Omega$ must be constant along the hypersurface.
From (10 $\cdot$ 5) the vector $X^{i}$ must be orthogonal to the hypersurface. There-
fore the hypersphere $X^{\lambda}=AV^{\lambda}+(1-A)W^{\lambda}$ touches the $h_{V}ersurface(10\cdot 7)$ .

Definition. $W/len$ a hyperspltere $\prime zv/lic/ltourc/les$ a hypersurface is fxed
by $t/le$ group $of/lolonomy$ along $t/\iota e/lypersurface$ , we call it $ll^{\prime}-/\iota ypersurface$ .
Let us find the conditions for IV-hypersurfac $e$ .

Let $x^{i}=x^{i}(u^{A}),$ $(A=i,\dot{2}, \cdot.., \dot{n}-i)$ be a parametric representation
for the hypersurface. A hyp$e$rsphere which touches the hypersurface takes
the form
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$(10\cdot 9)$ $V^{\lambda}=\left\{\begin{array}{l}\rho n^{i}(\lambda=i)\\\epsilon\rho (\lambda=0),\end{array}\right.$ $(_{\vee}\epsilon=\pm 1)$

where $n^{i}$ is the unit normal and $\rho$ is a scalar. Since $V^{\lambda}$ is fixed by the
group of holonomy along the hypersurface, we have

$(10\cdot 10)$ $\delta V^{\lambda}+dx^{\lambda}=\left\{\begin{array}{l}d(\rho n^{i})+l_{jk^{\prime}}^{\urcorner}\rho_{ll^{j}}dx^{k}+I_{ok}^{7i}(\epsilon,o)dx^{k}+dx^{i}=0,\\d(\epsilon_{\downarrow}o)+i_{ij}^{\tau_{O}}\rho_{l^{i}}^{2}dx^{j}=0,\end{array}\right.$

that is

$(10\cdot 11)$ $\left\{\begin{array}{l}[rz^{i}(\partial\rho/\partial z\ell^{A}+\epsilon\rho\Gamma_{ok}^{a_{f_{a}}}dx^{k}/\partial u^{A})\\+\partial x/\partial u^{R}\{\rho(-H_{A}^{J1}+\epsilon\Gamma_{ok}^{i}\xi_{t}^{R}\partial x^{k}/\partial ll^{A})+\delta_{A}^{R}\}]d\ell\ell^{A}=0\\(\epsilon\partial\rho/\partial u^{A}+\Gamma_{ij}^{o}\rho n^{i}\partial x^{j}/\partial u^{A})du^{A}=0,\end{array}\right.$

where

$\xi_{i^{Ji}}=g^{;:A}\zeta;j\partial^{\chi^{j}}/\partial u^{A},$ $g_{ij}n=t_{j},$ $g_{A/}’=g_{ij}(\partial x^{i}/\partial u^{A})(\partial x^{j}/\partial u^{R}),$ $g^{\ell C}g_{BC}=\delta_{Jl}^{A}$ .
Since $du^{A}$ are arbitrary, we have

(10 $\cdot$ 12) $\left\{\begin{array}{l}\epsilon(\partial\rho/\partial u^{A})+\Gamma_{ij}^{o}\rho n^{j}\partial x^{i}/\partial u^{A}=0,\\\rho(-H_{A}^{\prime}+\epsilon l_{o^{i^{\sim p}}}^{7}k^{-}i\partial x^{k}/\partial u^{A})+\delta_{A}^{B}=0.\end{array}\right.$

Especially, if $\Gamma_{ok}^{i}=C\delta_{k^{i}}$ , we have

$(10\cdot 13)$ $\partial\rho/\partial u^{A}=0$ , $H_{A}^{\prime;}=(\rho^{-\rceil}+\epsilon C)\delta_{A}^{R}$ .

Therefore, if $\Gamma_{o_{\vee}}^{i_{\wedge}}=C\delta_{k}^{\backslash i},$ $W-$ hypersurface becomes totally umbilical one, and
if especially $C$ is constant, it becomes totally umbilical hypersurface of
constant mean curvature. If $(10\cdot 8)$ is satisfied in a domain of $R_{n}$ , such a
domain contains $\infty^{1}$ $W-$ hypersurfaces. Their orthogonal trajectries are
given by

(10 $\cdot$ 14) $dx^{i}/ds=\{A\nabla^{i}+(1-A)W^{i}\}/\sqrt{AV^{0}+(1-A)W^{0}}$ ,

where $s$ denotes the arc length. On the other hand we have from (10.1),
(10 $\cdot$ 2)

$(10\cdot 15)$ $\left\{\begin{array}{l}dV^{f}/ds+\Gamma_{jk}^{i}V^{j}dx^{k}/ds+l_{o\lambda^{i}}^{7},V^{0}dx^{k}/ds+dx^{\ell}/ds=0,\\dW^{i}/ds+\Gamma_{jk}^{i}W^{j}dx^{k}/ds+\Gamma_{ok}^{i}W^{0}dx^{k}/ds+dx^{i_{\prime}}/ds=0.\end{array}\right.$

From $(10\cdot 14),$ $(10\cdot 15)$ we have
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$(10\cdot 16)$ $o^{\aleph}x^{i}\$/ds^{3}+Po^{\bigvee_{-}}’ x^{i}/d_{s^{\vee}}^{o}+Qdx^{i}/ds+\Gamma_{ok}{}^{t}(Rcfx^{k}/cfs+So_{\lambda^{\prime}}^{v_{-k}}/t[S^{-})$

$+T\Gamma_{ck;l}^{i}\frac{dx^{k}}{ds}\frac{dx^{l}}{ds}=0$ ,

where $P,$ $Q,$ $R,$ $S,$ $T$, are certain functions of $s$ , and

$\delta^{o}\rightarrow x^{i}/ds^{\underline{o}}=d^{\underline{o}}x^{i}/ds^{\underline{o}}+I_{jk}^{\backslash }i(dx^{j}/ds)(t[x^{k}/ds)$ ,

$\grave{o}^{3}x^{:}/ds^{s}=d/ds(o^{\theta\underline{J}}x^{i}/ds^{\underline{o}})+\Gamma_{jk}^{i}(o^{w_{-}}x^{j}/ds^{\underline{o}})(d\iota^{k}’/ds)$

$\Gamma_{ok;l}^{i}=\partial\Gamma_{ok}^{i}/\partial x^{l}+\Gamma_{ok}^{a}\Gamma_{al}^{i}-\Gamma_{oa}^{i}\Gamma_{u^{a}}$ .

Especially, if $\Gamma_{ok}^{i}=C\delta_{k^{i}}$ , (10.16) becomes

$(10\cdot 17)$ $(\delta^{\$}x^{i}/ds^{s})+\overline{P}\grave{o}^{o}\rightarrow X^{i}/cfs^{\underline{o}}+\overline{Q}\ell fx^{i}/t/s=0$ ,

where P $\overline{Q}$ are certain functions of $s$ . Thus we have the theorem.
$Tl_{l}eorem$ . $1ft/te$ group of $/lolonomy$ fixcs two independent $/v^{\prime}persp/\iota e\dot{r}es$

$V^{\lambda},$ $W^{\lambda},$ $a\prime ld$ if $(10\cdot 8)$ is satisJied in a domain of $R_{n},$ $s\iota/ch$ a domain
contains $\infty^{1}$ $W-/lypersurfaccs$ , zvhose $0;\cdot thogona!tr_{J^{\prime}}tlectries$ are given by
(10 $\cdot$ 16). $1f$ especially $\Gamma_{ok}^{i}=C\delta_{k}^{\backslash i}$ , it contains $\infty^{1}$ totally umbilical lpypersurfaces
$wl\iota oseort1\iota ogonal$ trajeclries are $gi_{2}/en$ by (10 $\cdot$ 17).
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