Joumal of the Mathematical Society of Japan Vol. 3, No. 2, December, 1951.

A Generalization of Laguerre Geometry, II.

Yasuro ToMoNAGA
(Received Feb. 1, 1949)

§8. Group of holonomy.

We can define the group of holonomy in our space, by developing a
tangent hypersphere space along a closed curve as in the case of Rieman-
nian space. Let us consider the relations between the group of holonomy
and the structure of our space. In the first place we study the case in
which the group of holonomy fixes a hypersphere. Next we consider the
case in which the group of holonomy fixes two independent hyperspheres.

(A) The case in which the group of holonomy fixes the hypersphere
of the form

A vVt (A=i)
0 (4=0).
In this case we have
(8-1) OV drr=dP*+ '} V*da*+ dx*=0.
That is
(8-2) olVi/ax*+ I“f,, Viqo;=0, _I",-,‘z Vi=0.

Hence the vector I’* forms so-called* concurrent vector field.
(B) The case in which the group of holonomy fixes the hypersphere
of the form

A = 0 (X:Z)
Ve (2=0).
In this case we have
8-3) 0 pagr | V@ A =0, A=i)
(Z’V‘):O (2=O)_

Since Jdx* are arbitrary, we get

* K. Yano: Sur le paraliélisme et la concourance dans espace de Riemann. Proc. Imp.
Acad. Tokyo, 19 (1943), pp. 189-197.
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(8:4) I’ =const,
(8-5) IY=—07/ W= (o}

(C) The case in which the group of holonomy fixes the hypersphere
of the form

N Vt (A=i)

“re a=0).

In this case we have

AVi+ I, Vide*+ [ V%% 4 da* =0,

8.6 SV g o=
®-6) o {dV"+R§V‘a’x’=O.

Since dx° are arbitrary, we obtain

(8 7) {3V“/3x”+ ;k VJ+ Z,f,,V°+5‘=O,

BV /dx*+ I'g, VI=O0.

Putting ;=g V", we have

(8-8) @Vifox*—T g V) + [ V4 g4,=0.
Hence it follows
8:9) oV, /dx*—01;/3x*=0.

Therefore I7; must be a gradient of a scalar ¢; i.e.,

(8-10) V,=0¢/04".
Then (8-8) gives

B-11)  19(0%/3x'0x  — ['230/3x%) + ['4 VOV + d¢/ax*=0.
On the other hand, we, have from (8:7)

(8-12) 5 BB+ [V,

By comparing (8-.11) and (8-12) we obtain

1 o ¢ ¢ 0 ( 1
8.13 _ ab } ) =0.
( ) 2 ot & Hre au ox* 73

Hence we have
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(8-14) V=204 (3¢/3x°)(3p/31"),
that is
(8'15) gA", VAV[L=g‘ijV§_VOV0=_2¢.

Above relation shows that the tangential distance between the fixed

hypersphere I’* and each point of a hypersurface (¢=const.) must be
constant.

In this case I3 takes the form

8.16 [o— _ {&u+ (F/0x'0x'— [509/02%) }
©-19) ? V2 +g%(3p/3x°) (3¢/3x")

§9. The case in which the group of holonomy fixes
two hyperspheres.

In the first place we study the case in which the group of holonomy
fixes two hyperspheres

*(A=i 0 (A=:
(9-1) A= V ( 1) Wl‘——-{ ( 2)
e (A=0), we (2=0).
Since W™ is fixed, we have, as in §8, Case (B),
(9-2) I'g=Cg, (C=const.)

Therefore, we have from (8-7)
9:3) VY axr + 1V 4+ (CV°+1)0/=0, aV°/9x*+ Cgu V=0,
(9-9) Vi=g"ap/ox",
¢ being a certain scalar. Let us consider the properties of the hyper-

surface g=const. Let x*=*(z*), (4=1, 2, ---, #—1) be a parametric
representation for such hypersurface. By (9-4) we can put as follows:

(9-5) V'=pnt,

where 7' denotes the unit normal to the hypersurface. Then we have
from (9-3)

(9-6) d(pn®) + [y prd d* + (CV'+1)dr* =0,
that is
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(9-7) {5 (3p/0u") +p(— 86" /3u™) K3+ (CV+ 1) 8/ 0} dut =0,

where HZ denotes the second fundamental tensor.
Since 4 are arbitrary, we have

(9-8) dp/du*=0, p=const.
(9-9) g CVZ-H o,

On the other hand we have from (9.:3)
(9-10) (8V°/3u’ + C (8¢ /") (94" /dut) Ydut =0,

Since dut are arbitrary and 9¢/3x" -.8xi/6u"=0, we have
(9-11) 87"/6%":0, '=const.

We find from (9-9), (9-10), (9-11) that Z% takes the form :
(9-12) 5=C"0%. (C’"=const.)

Thus the hypersurface (¢=const.) are totally umbilical and of constant
mean curvature. Their orthogonal trajectries are given by

(9-13) dxt/dt=V".
We have from (9-3), (9-13)
(9-14) &2 /de*+ Ii(dx?/de) (dx*/dt) + (CV°+ 1) (dx*/dt) =0.

Therefore they are geodesics.

Theorem. If the group of holonomy fixes two hyperspheves (V*, V°),
(O, W*), R, contains o' totally umbilical hypersurfaces with constant mean
curvature, whose orthogonal trajectries are geodesics.

§ 10. The case in which the group of holonomy fixes two
independent hyperspheres V*, W™,

In this case we have
(10.1) VY + VeI V°+0i=0, 3V°/ax+ 31V *=0,
(10-2) W /3xi+ IEWe+ LW+ 8,=0, 3W/3x'+ I3 W*=0.

Let us consider a hypersphere of the form,



314 Y. ToMONAGA

(10-3) X =AV*+ (1—A) W,

where A is an arbitrary constant. We find from (10-1), (10-2) that the
group of holonomy fixes X* That is

(10.4) 3.X*/3x* 4+ A X* +02=0.

Therefore we find, as in §8, Case (C), that X' is a gradient of a scalar
L2

(10-5) Xi=g"32/3x°,
and that
(10-6) X XF=—20.

When A4 moves over all real numbers, (10-3) generates oo! hyperspheres.
The group of holonomy fixes them all. In order that X*=AV*+ (1—A4)
IV* passes a point #*, it is necessary and sufficient that the equation with
respect to A

(10-7) O0=g, (2) X X*=A (g2 V* V* =280,V W¥+ g0, W*IW™)
+2A(g VWP —gau WX WH) 4 g3 Wi
has real roots. That is
(10-8) (& VW —gau WW* )" Z (2. W W*) (20 V2 V*
=28 VAW g0, W IWH).

When (10-7) is satisfied by certain 4, (10.7) gives a hypersurface.
From (10-6) and (10-7), £ must be constant along the hypersurface.
From (10-5) the vector X* must be orthogonal to the hypersurface. There-
fore the hypersphere X*=AV* 4+ (1— A) W? touches the hypersurface (10.7).

Definition. When a hypersphere wlick tourches a hypersurface is fixed
by the group of holonomy along the hypersurface, we call it W-/gypersurface.
Let us find the conditions for IH-hypersurface.

Let 2'=x'(u"), (A=1, 2, -, ;z—i) be a parametric representation
for the hypersurface. A hypersphere which touches the hypersurface takes
the form
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pnt (A=i)
ep (A=0),

)

(10-9) V*={ (s=+1)

where 7* is the unit normal and p is a scalar. Since P* is fixed by the

group of holonomy along the hypersurface, we have
(10:10) 9171 dures (LT kit s Ti(ep) e et =0,
d(e[l) -+ [‘ig["””‘_l’«tjzo’

that is

(7 (3p/dut + e‘n[“oz tydx*9ut) ‘
(10-11) +0x'/3u”{p(— H.5+el,i6F 0x%/3u?) + 0%} ]dut=0
(edp/3u + ' pn* 34 /3ut) du =0,
where
P =g g 017 [Bul, gunt=t;, gin=gu (8x°/3ut) (0x7/3u™), g% po=104.
Since du* are arbitrary, we have
(10.12) {e(ap/au“) + f',‘{pn@x’/&u‘:O,
o(—HL+el}iF 04" /0u") +05=0.
Especially, if I,;=C9,}, we have
(10.13) 80/9u?=0, Hh5=(p7'+eC)d%.

Therefore, if [,;=C9;, W—hypersurface becomes totally umbilical one, and
if especially C is constant, it becomes totally umbilical hypersurface of
constant mean curvature. If (10-8) is satisfied in a domain of &,, such a
domain contains oo' W—hypersurfaces. Their orthogonal trajectries are
given by

(10-14)  di'/ds={ AV (1—A) Wt} )~V AV + (1—A) W,

where s denotes the arc length. On the other hand we have from (10.1),
(10-2)

AVi/ds+ i Vidx®/ds+ I} Vda" /ds + dx' /ds =0,

10.15
( ) {a’W‘/a’s+ [ Widat /ds + T Weda* /ds 4 di ) ds =0,

From (10.14), (10-15) we have
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(10-16)  &%4*/ds* + P&+* /ds* + Qdx' [ds + Doi (Rddx* [ ds + SFx*/ds”),

£ 1
+ Tll;f;:#dx ax

=0,
ds ds

where P, O, R, S, 7, are certain functions of s, and
2 ) ds =d*x* [ ds* + i (dx’ [ds) (da*/ ds),
*x' /ds*=d/ds (6°x* [ds®) + ['};(0°x7 /ds*) (da*/ds)
[oiy=08101/35" + ' lu— [ I3
Especially, if [,i=C0d/, (10-16) becomes
(10-17) (0%4* /ds®) + Po°x* [ ds* + Qdlx’ [ds =0,

where P, Q are certain functions of 5. Thus we have the theorem.

Theorem. If the group of Jwolonomy fixes two independent /iyperspleres
VA, W, and if (10-8) is satisfied in a domain of R, suck a domain

contains oot

W— leypersurfaces, whose orthogonal trajectries are given by

10-16). If especially I')i= C0), it contains o' totally umbilical Jvypersurfaces
y4 'y 4 Ly p

whose orthogonal trajectries arve given Gy (10-17).



	A Generalization of Laguerre ...
	\S 8. Group of holonomy.
	\S 9. The case in which ...
	\S 10. The case in which ...


