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Affine and Projective Geometries of System of Hypersurfaces

Kentaro Yano and Hitosi HiraMATU

§ 1. Inéroduction. J. Douglas [1]* studied affine and projective geome-
tiies of a space of K-spreads, K-spreads bzing given by a system of partial
differential equations of the form

o°x* E ol Y < % )
3W+[fm(x)ﬁ)—0v ]’a—*é;a)’ (1-1)
Gop by v =1,2, L. v N a, B 7, e =1, 2, ...... , K)

where Hji,=H}, are homogeneous function system of p» with respect to
the lower indices A and 7.

The problem to determine a privileged projective connection with respect
to which the system of K-dimensional flat subspaces coincides exactly with
that of K-spreads given by (1-1) was studied by S. S. Chern [3], Chih-Ta
Yen [6] and the present authors [4], [3].

In a space of K-sprcads, we consider that the clemeznts of the space
are the points and the K-dimensional linear spaces at each point. The
point is represented by its coordinates (2f) and the K-dimecnsional linear
space by K& linearly independent contravariant vectors (L) contained i
it.  But, in a space of (#—1)-spreads, the hypeiplane elem>nt may be
represented by a covariant vector (#;). Thus the geometry of (n—1)-
spreads may be studied by a method som= what different from the general
onc. The case of (72—1)-spreads was once treated by M. Hachtroudi [2],
but we shall retake this case and study it by a method shown in [5].

Suppose that there be given, in an N-dimensional space X referred
to a coordinate system (4*), a system of hypersuifaces in such a way that
there exists one and only one hypersurface passing thiough NV points given
in general position, and belonging to the system. Such a system of hy-
persuifaces is given by a finite equatioa of the form '

f(a 2 , 2V a2 ......, a¥)=0, (1-2)

* See the Bibliography at the end of the paper.
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where a’s are NV essential parameters determining each hypersurface. -We
shall call such hypersurfaces hyperplanes of the space.

Now, the system of hyperplanes is represented by

(R, the coordinate system (x‘) in the space;

(R;) the function f(x;a) appearing in the equation of the system
of hyperplanes; '

(R;) the essential parameters (@f) determining each hyperplane.

But, the system of hyperplanes must be a configuration invariant under

(7)) the transformation of coordinates #'=2#'(x);

(7,) the transformation of factor f=af;

(7)) the transformation of essential parameters a'=2a‘(a).

The transformation of the essential parameters having no effect in the
following discussions, we shall consider only (Z73) and (7}) and study the
properties invariant under these transformations.

The geometry of system of hyperplanes is called affine one when we
consider only a constant @ in (7,), while it is called projective one when
we consider a general a(x ;@) in (Z,). The main problem in the present
paper is to determine a projective connection with respect to which the
system of projectively flat hypersurfaces will coincide with the given
system of hyperplanes.

§2. Affine geometry of hyperplanes. 1f we effect a transformation of
the factor f(x;a)=u-f,(x;a), a being a constant and f;(x;a) a specified
function, and put

_of __. 9% 2.1
W= o1t * x5 ( )

we have

ya) = = =aq- agf %
f(x;a)=0, w,dr*=0, du;=a ax’a‘;"dx

along a hyperplane. Solving @ and « from f (x;a)=0 and u‘::a% as
FANN

functions of x and #, and substituting these into the last equations, we have
w=udv*=0, w;=du,—1y(x;u)dx*=0, 2-2)

as Pfaffian equtions of the system of hyperplanes, where the functions
I’y (x ; ) are symmetric with respect to 5 and £ and homogeneous of degree
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one ‘with respect to u.
The #; being components of a covariant vector, the transformation law
of the functions I under (7}) is given by

P82 x| B

Iy= u,. 2.3

*Tow azt ' axoxt 2-3)
Differentiating (2-3) with respect to %, we find

_ =i b ¢ 2,.a

= ox (0x° 0x e + Fx 2-4)

3\ 3# 3E* #9E"/

where we have put I'%=1%|'*=8[/8%, and I'3,=Iy|*=08Il},/0n, The
equation (2-.4) shows that I'j, are components of an affine connection.

In the following, we shall denote the partial differentiation with respect
to #* by a comma and that with respect to #, by a vertical stroke.

Now the Pfaffian equations (2-2) must be completely integrable, so
that, ' and @,/ must vanish if we take account of w=0 and w;=0, from
which we have

Rjklum + lemuk + Rj,,.kﬂ,= 0, (2 * 5)
where
Ryy= s+ Ui lag— Uy po— U s . (2-6)

We observe here that Ry, being homogeneous functions of degree one
with respect to #,, satisfy the identities:

Ruy+Ry=0, Ryt Ruyj+ Rip=0, u,R'yy=Ry,, 2-7)
where

R‘jkl=ledl‘= (F;Ic.l+ [);k

) — (Ui x| Tar) + 150 — ‘?l[“ak‘ (2-8)
Differentiating (2-0) with respect to #, and contracting, we find
1
R;kz—j-v:_—l(Rajkaa:—Raﬁaai) =0. (2 : 9)

It is readily seen that if we have (2:9), then the condition (2-5) will
be satisfied. Consequently we have the
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Theovem I. The necessarvy and sufficient condition that the Pfaffian
equations (2+2) be completely integrable is that we have (2-5) or (2-9).

The tensor charactor of R,; and R’y being easily obtained by calcula-
ting the integrability conditions of (2:4), we call R;; and R'y affine
curvature tensors of our affine space of hyperplanes.

When there exists a coordinate system in which the function f takes
a linear form with respect to x*, we say that our space of hyperplanes is
affinely flat. In order that it may be the case, we must have =0 in
some coordinate system (&) and hence the equations

822‘ —_ af‘[wa (2 . 10)

92%9x° ox*

obtained by putting I'4%=0 in (2-4), must admit /V independent solutions

=#'(x). Thus the functions I’y must be independent of #; and moreover
we must have R*;,=0 as integrabulity conditions of (2:10). Conversely, if
we have I |’=0 and R’,,=0, then the differential equations (2:10) admit
AV independent solutions #Z'=#'(x) and, in the coordinate system (#’), the
components [ 7 of the affine connection are all zero and consequently i}k
are functions of #* only. But the functions F‘,k must be homogeneous of
degree one with respest to #; and consequently it must vanish identically.
Thus we have the
Theovem II. The necessary and sufficient condition that the affine space of
hyperplanes be affincly flat is that ['y|'=0 and RY;,=0.

8§ 3.  Projective geometry of hyperplanes. We next consider the pro-

jective geometry of hyperplanes. If we effect the transformation of the
factor f=a(x;a)f, we have

af 32,? =q. af aa _?i+?_‘i ~QL

8x‘ ax dxiox® 193" ax’ ox*  9x* 949

along the hyperplane f=0, and consequently, denoting by

Tdi'=0, da,—Fp(x;7)=0, u,_% (3-1)

the equations corresponding to (2-2), we find

aloga 2 log a_
A uy+ Py 7

j,,(x 2)=ly(x ;%) +——>2—
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Thus, if we choose functions A;(x ; #) which are homogeneous of degree
zero with respect to #; and satisfy

M:H;(x . ) (3-2)

ox*
on f=0, the above equation may be wiitten as
Ty u)=Tp(x 5 0) + Hpn+ Hye, (3-3)

which may be considered as giving a projective change of /.
Now, we shall examine the integrability conditions of (3-2). If we put

1:=_dlog a—H (x ; u) dx*=0,
then 4/ must vanish when we take account of (2-2), from which
Ay, Mgy + Ayjoe, =0, 3-4)
where |
A= Hy ot H|" T Hy y— Ty @3-)

If the functions [, are transformed into 1—',,5 by a projective change
(3-3), then the tensor Ry, will be transformed into the tensor

Ryu=Ru— o+ %z”k'f'”j(?’u“%k) ) (3:6)

where
1 .
go,,,=bf,,,c+ff,|"1’,,k-—H,.l’§,,—-I{,H,¢—§1¢,Hk]“l{a 37

So that, we can easily see that, if I, satisfy the integrability conditions
(2-5), then the I, will satisfy the corresponding ones providing that /7,
satisfy (3:4)

Now, if the functions Iy, are transformed into [, following (3-3), the
functions I'j, are transformed into

[ = Ty O H + OLH -+ H sy + H | 'uy. (3-8)

This may be regarded as giving the projective change of affine connection
[y
From (3-8), we have by contractiou,
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=%+ (N+ 1) Hy+ H,| s, ' (3-9)
from which
['4*=T4%"+2NVH, | : (3-10)

To eliminate AH,|% substituting (3-10) into (3-9), we find

L, =L, +H,, 3-11)
where
_ 1 _ 1 A 1 1 -
Ly=—— (7%——_1I",% Ly=— (I'%——10%\’ 3-12
R\ %o "”’J =i\ gy lalm)  (3-12)

both being homogeneous functions of degree zero with respect to #;. To
eliminate /A, substituting (3-11) into (3-3), we find that the functions

*”j/c———[}/c—"‘Ljuk—Lkuj (3'13)

are invariant under the projective change of [. So that, we can easily
see that '

M =1 y|* = ([p— Ljpta— Lyrty) |’ (3-14)
gives components of a projéctivé connection and
P‘jlcl=(11jk—Ljuk— b”i),‘ll ' (3'15)

components of a .projective tensor. We observe here that the projective

connection */7% and the projective tensor P?;/ satisfy the identities :

*]];kz *J] ;;j’ *”;a= *[1:j=0, Pijlcl=Pikjl=Plj;r uipijkz=0’ Pa,}ul':o)
(3-16)
1
2NV

r's\°.

*[1%,=0 being the consequence of Z,|*=

The - functions Z, defined by (3:12) are not components of a vector,
but the functions Z,|° are components of a tensor and its transformation
law under the projective change of [, is given by

Zi=LJ +H,|. (3-17)

Thus if we put
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H;k'—'—- I—';k—le‘uk—'Lk"uj, (3'18)

then, 1%, are components of an affine connection, and its law of transfor-
mation under the projective change of [, is given by

I, =11+ 8} H, 4 8.H,. (3-19)
we observe here that
Ne,=m4=WN+1)L; wully=1rI, My +ua (5] )= (3-20)
Now, if we define a curvature tensor I1%, by

]Iiju= (”;k_z'f'llzklb”;fz”a) — (”;z,lc-i' ”;z]b”gk”a) +”ﬁ”fu“”?z”‘

ak’
3-21)
we have

u;[l ‘jlcl:Rjkl' (3 . 22)

and consequently we can easily write down the integrability conditions
(2-5) in terms of 11}. '

The transformation law of I1°, under the projective change (3:3) or

(3:19) is
T = I = H 83+ H ot O Hoa— Hig) + I | *Hoty— 15|ty (3+23)
where
H = Hy ot B M3ty — LTy — HH o+ H)Hoty (3-24)
But, as we have, from (3-15),
Pl yt=IT|*— 83L,|" — 0 Ly|*,
the equations (3-23) may be written as

I =11 fa— (Hpt Ly *Ho) 0i + (Hy + Ly|*Hoy) 03 (3-25)
+ 0§(Hu+ Ly|*Horty— Hy— Ly|*H ) + PPyt Hopy— Py H .
Contracting over 7z and / in this equation, we have, by virtue of (3-16),

1
N1

L

Hy+ Lj|"Hoty= — N1

(Ni]aj;m + 17 a/,ja) + (N]I ajka + H alcja) ’

(3-26)
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and consequently, substituting (3-:26) into (3-25), we find

l_) ijkl=Pij[d + P‘jkaH-a”l —PiﬂaHa”k, (3 . 27)
where
Plyg=1IT"y— N = (VI g J1%43) O+ 1 (V1%
N 1 u " :
”alj'l)o/c—}- N—1 5;([1 Icla"—[] llca)’ (3'28)

P, being given by a similar exprssion.
Differentiating (3.27) partially with respect to #, and contracting, we
find

P | =P | — (N—2) Pyt H o — (P H) ™ty (3-29)
Substituting (3-29) into (3-27), we find that

1 .
kalmu, + ijlm‘ muk (3 . 30)

. 1
Lz =Pi —
e VA N—2

is a purely projective tensor.
Now, to obtain the projective invariants, we can proceed as follows.
We know that the functions */7,, defined by (3-13) and

iy =*I1) = I — 8L — L, — L 'uy— Ly |, (3-31)

are both invariant under the projective change of I",. From the transfor-
mation law of [j, under the coordinate transformation and (3-12), we can
find out that of Z,:

Z,=%%r 148, (0 = 1 0logd ) 332
= zv+1 0% I ‘ (3-32)
which shows that Z; is not a vector, but Z,;|” a mixed tensor.

From the transformation law of /™, and that of L, we can find out
that of */I},:

2 __ Bx% 0x® 91°% ;o , 0x% , 0X%
mor oz TH T g gt it omt it o (3-33)

The integrability conditions of these equations may be written as
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b c 2
* ”zw BF 3x° 3x° 3%

%+ 0,0t — 0,05 —*IT%.|° 0,72, + * IT%,|*0 72,
8x 37 8% 07 bed 3x01 30k :ﬂcl 4 le k

(3-34)
where
*IT = AT b+ AT T3,
— G-Il * T M) + <A [Ty —* 15+ T &, (3-35)
*[1%,; being defined by a similar expression, and
0,,=0,,—0x115—0,0,. (3-36)
From (3-34), we obtain, by contraction,

1= 25 DTt (= 1) (3.37)

So, substituting (3-37) into (3:34), we find

* b B8F 82" 9x° Ax%
M52 0B 97 oF

W g * T304 M1 B, (3:38)

where

Wiam = — L o= %0, (3:39)

*I/—V",“ being defined by a similar expression. Thus we can see that
*W*,u is projective invaiiant but not a tensor.

We shall now form a tensor starting from (3-.34). Substituting
— _ b
0,= L,—%Lh into (3-34) and using the relations #*/15,=*1l,= 1"}, — L;u,
xi
— Ly, we fined

* o OF B2 B Bty p

ax* 8% 3zt aF +0 5% —0,0%, (3-40)

where

B yy= (A5 o+ %11 5 |*U) — (KI5 o+ * 11 5|°1) +* 11 5,%11 5, — :

;ﬂ aky

(3-41)
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*B'y being given by a similar expression. Eliminating ,, fiom (3-40),
we can see that

1 *Bajkaag + 1

*Pi =*Ba‘. —
F1:2 gkt N-—l N——l

*B B (3-42)

are components of a tensor which we shall call the curvature tensor of
our projective geometry of hyperplanes. But we should remark here that
the components *P'y, of this curvature tensor are, under the projective
change of [, transformed into

*ﬁijlcl=*P§jkl + * I3 H ot — *[l;,l“H'aZtk, (3-43)

which shows that this tensor -is not invariant under such transformation.

Now, eliminating A, from (3-43) by using the homogeneity proper-
ties of the functions A, *11;; and *Piw, we can see that a tensor defined’
by

1
N—-2

1
N—2

*Liﬂcl:*P tdkl_ *P iskala”ﬂ‘ *P iﬂalauk (3‘44)

is invariant under a projective change of [%. »
Now, we shall rewrite the equations (2:1) under the form
wdz'=0, du,— (*l;+ L, + Lauy)dz*=0 *(3-46).
in terms of *MI; and Z; If we pﬁt |
2= Lyt Lj|"Ta) — (L + Li|* T y) »

then we have

Loty + L0y + Q,jzt,:
1 a
= Nl [(Raj/m”r“ Raﬂauk) + (Rakla”j“ Ralc,;‘aul) + (Raljau/a.“‘ R ma”j)]
1 |
=— j]\\;+ 1 [lecl+ R+ lek]=0

by virtue of (2:7) and (2-9), and consequently weé' can conclude that the
equation

dlog f+ LdxI=0
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is integrable on f=0. Thus, effecting the transformation of the factor
F=pf. the equations (3-46) take the form

wudr'=0, du;—*Il,(x;u)dx*=0. (3-47)

It is evident that the transformation f=uf preserving the form (3-47)
must be one for which « is a constant. We shall remark here that, under
a transformation of coordinates, the equations (3-47) will be trasformed
into those of the form

ad #=0, du,—[*I,(%;7) +07,+02,) dz=0.
The integrability conditions of (3-47) are given by
* I gt + * T ity 4 ¥ M jp,=0, (KM y=u*IT% ) (3:48)

or

1
N—-1

uX WP py=*I 1y— (¥ 11 % yur0,— * 11 * yue,,) =0. (3-49)

It is to be noted that the equations (2-5), (2.9, (3-48) and (3-49)
are all equivalent to each other.

If, by a suitable transformation of factor and that of coordinates, we
can reduce the function f to a linear function of 2°, we say that our space
of hyperplanes is projectively flat.

Theorem [II. The necessary and sufficient condition #hat the space be pro-
gectivly flat is that the functions *1I15, do not contain the variables u,.

For, if our space is projectively flat, then there exists a suitdble factor
and a coordinate system with repect to which we have I',=I1"=*Il,
=*J15,=0, from which */1},|°’=0. But */I},|* being a projective tensor,
*[151°*=0 holds for any factor and coordinate system. Thus, the functions
*I1 must be independent of . ’

Conversely, if the functions */7}, are independent of # then the com-
ponents *I¥*,, of the projective invariant are also independent of #; and
consequently we have, from (3-49),

1

* W.‘Ju= *IT yp — N—1

(*”ajkagf_*”aﬂa;;z) =0,

where
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I u=* 1 5y y—* T3+ * 1T 5% 1T 5 — *IG* T 5.
Thus, the equations

9%x* X B9x°y ox%5 , 9x%
N = — Ha; +“ + 0 j
8% % 3zt " @ " pmt’

obtained from (3:33) putting */I3,=0 are completely integrable, and con-
sequently there exists a coordinate system in which *//{,=0. In such a
coordinate system, the equations (3-47) take the form

wudx'=0, du;— (Lp,+ Lyu;)dx*=0,

and consequently, if we effect a suitable transformation of the factor, these
become #;dx*=0, du;=0. Thus the theorem is proved.

§4. Space of hyperplane clements with projective comnection. Let us
consider a space, whose elements are points (z°) and hyperplane elements
(#:) passing through each point, and at each element of which is associated
an arbitrary projective space of /V dimensions called tangent space at this
element, and suppose that, between two projective tangent spaces attached
to the nearby elements (&% #;) and (&°+d#%, w;+du;), there is always
given a projective correspondence. We shall call such a space space of
hyperplane elements with projective connection.

The projective connection is expressed analytically by the equations
of the form

» dA0= ngO + (US'A,', C{Aj= ngO—*- (U;Air (4 ° 1)

where [A4,, A4, ..-... , A,] is a frame of reference taken in each tangent
space. A, coinciding with the contact point (#*) and «’s are Pfaffian forms
with respect to (#°) and (#;). It will be easily seen that the Pfaffian forms
w} do not contain the differentials &#; and consequently that we can take a
frame of reference in such a way that we have wi=dx’. Such a frame of
reference will be called semi-natural frame of reference. With respect to
a semi-natural frame of reference, the equations (4-1) take the form

dA,= (Duds® + §du,) A, + dx* A,

. . 4.2
-dA;= (wpdr* + o}du,) A, + (Wpdx® + ofduy) A;. (4-2)

Here, the hyperplane element being represented by #dx°=0, the z,
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are homogeneous coordinates of the hyperplane element, so the equations
(4-2) must be invariant under the change #,—ax,, and consequently, the
functions @i, @}, and o), are homogeneous functions of degree zero, ¢°, w}*
and wj* those of degree —1 with respect to #; and satisfy the equations

$2:=0, @Y, =0, o'u,=0. (4-3)
The projective connection being completely determined by the Pfaf-
fian forms o} and ©;— 00}, we put

n%=o%y, =), II,=wy—0f, IF=wf—0opr (4-4)

and call them components of projective connection. They have the pro-
perties similar to those w’s

Now, we take an infinitesimal parallelogram formed by (&%, ), (x
+ai’xi, 2 +¢lz’u,;), (x"+e]z’x"'+gxi + él(lz’xi, u;+z}z’u.~+t;’ui +¢oz’¢]lui), (z"—}-a;’x‘, u,-+c:’u,-)
and consider the projective development along the infinitesimal circuit, then
the infinitesimal change of A, will be given by

dd A,— dd A,= 2% A, + L4 A, (4-5)
21 12
where
R= (fri—frt+ w‘,l,—-w?,,)al’x"colx'
il ot o) (dorde—dide) + G — ¢ dudi, | (4.6)
Q= (I} — Iy dxidx® + 11 (datdu,— dxiduy) .
1 2 1 2 2 1
If the point A4, will return to the initial position after a projective
development along an infinitesimal circuit neglecting the infinitesimal quan-
tities higher than the second order, we say that our space has no torsion.

The necessary and sufficient condition that our space have no torsion is
that

mi,=11%, 11%*=0. (4-7)

We shall assume in the following that our space has always no torsion.
Now, the semi-natural frame of reference is ‘not uniquely determined,
but it may be subjected to a transformation of the form

Ay=A4, A;=24,+4, (4-8)



-

Affine and projective geometries of system of lypersurfaces 129

where the functions 4; are supposed to be homogeneous of degree zero
with respect to #;. Considering the hyperplane determined by NV points
Ay Ay eaeenn , A, as the hyperplane at infinity, we shall call (4.8) trans-
formation of the hyperplane at infinity. The transformation law of the
components of projective connection under this transformation of hyperplane
at infinity is found to be

=M%+ 2 ,— Al 5 — 22,  [TV=1T% 4 2,)*,

e boay
=1l 3.+ 034, + 072,

If we effect a transformation of coordinates #'=2#'(x), then the frame
of reference [/70, 7 PR , 2,,] which is semi-natural with respect to new
coordinate system and has the same hyperplane at infinity as that of the
old one given by

- - b
A=A, A,:%A,,. (4-10)

We call this transformation simply transformation’ of coordinates. The
transformation law of the components of piojective connection under coor-
dinate transfoimation is found to be

770 axb ox° 0 ]7055:8;25? 8/’?’0 lgc
T8 ax
(4-11)

it — OF' [ 3x® 3x° 11, 9’1" )

N\ 97 " BEaEt

-

Thus /15, and IT3* are components of tensors and [IIj, are those of
affine connection under a coordinate transformation of the space.

§ b. Differential equations of projectively flat hypersurfaces. Let us
consider, in our space, a hypersurface defined by f(x) =0, and assume that

the point P=A0+ﬂ/_li(u¢pi=0, u¢=%;) contained in the hyperplane ele-
x

ment is always contained in the hyperplane element when we effect a
projective development along the hypersurface f(x)=0, then such a hy-
persurface is called projectively flat hypersuiface. Now, as we have

P+dP= 1+ o)+ plo) Ay+ (p +dx° +dp* + poy) A,
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the necessary and sufficient condition that the point P+dP be contained in
the hyperplane element is that

be satisfied by any p* and dx* satisfying #,0°=0 and #,dx'=0, from which
wdz'=0, du,—Ily0dr*=uypdr*, (6-1)

or

ugdxi—':o, duj— (”;,‘u{—*' ¢juk+¢kﬂj)dxk=o. (5’2)

These are the equations of projectively flat hypersurfaces, where ¢,
are arbitraiy functions homogeneous of degree zero with respect to .

From the form of (6-2), we can see that they are invariant in the form
under (i) the transformation of the hyperplane at infinity, (ii) the trans-
formation of cooidinates and (iii) the change of the factor. We shall
remark here that, if we effect a suitable transformation of the hyperplane
the equations (5-2) take the form

udx*=0, a’u,——ﬂ;ku,dx"=0. (b-3)

§ 6. The main problemm. TLet us suppose that there is given, in an
N-dimensional space, a system of hypersurfaces having the properties as
explained in §2 and §3.

Then, our main problem is to determine a projective connection in a
space of hyperplane elements whose system of projectively fiat hypersurfaces
will coincide exactly with the given system of hypersurfaces.

The differential equations of hyperplanes take the form

wdr*=0, du,—Il%50.d2*=0 (6-1)

with respect to a suitable semi-natural frame of reference. So, to solve
our main problem, comparing (2-2) and (6-1), we put the first condition :

[yp= 15+ I Juy+ 1T Yy (6-2)
As we have, from (6-2),
["j/c=1,;k.7{4=”;]cun (6‘3)

the equations and (6-1) coincide and the condition (6-2) is con-
sistent.
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Moreover, as is explained in § 3, the p:ojective change of [7},:
—;k= ;k'*‘a;Hk-i‘52f1;+H;li’(/c+chfi”j (6-4)

may be regarded as a transformation of the hyperplane at infinity by the
functions /;, where H; are functions homogeneous of degree zero with
respect to #; and satisfy (3-4)

For, during the transformation of the hyperplane at infinity defined
by A, the functions [T, and J/IY are transformed into /T4, and IT¥ res-
pectively by the formulae

M=%+ 8H,+6LH, %=1+ H,,
and consequently we have

iI;k+ ]—[gi”k“*‘ﬁ?:uj:”;k'l‘ 173‘%1;+”?f%,+5§ffk+5fo,+ff,|‘%;c+[{kl‘u,.
| (6-5)

But, if we effect a transformation of the hyperplane at infinity defined
by an arbitrary functions 4;, then the functions defined by (6:2) will be
transformed into

ﬁj,c=1*j,c+ Ohe+ O, + Ay 0 4 AP0y, (6-6)

where 4; do not necessarily satisfy the condition (3-4). So that, we can
not generally regard the transformation of the hyperplane at infinity as
the transformation of the factor. We can do it when and only when the
functions 4; defining it satisfy the codition (3-4).

We are now going to determine all the coefficients of the projective
connection in terms of the given functions I"j, only.

§7. Profective curvature tensors. We shall effect a projective develop-
ment along an infinitesimal parallelogram which was considered in §4 and
calculate the variations of the points A;. By a straightforward calculation,
we find

ddA,—dd A= DA, + LA, (7-1)
21 12

But, following E. Cartan, the curvature tensors of the space are given
by £ and £5— 040, thus putting

Ony=du;— Il judx*, (7-2)
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_‘ngpoju({tk{frxl_'_[ﬁjkl ([ll’xkn(?”l—'[‘{xk(?”z) +P0jkl(?”k§”b (7 '3)

2 — 52N = Piwc]z'x "c;’x‘ + Pyt (t}z’x"?u,— c;’xk?u,) , (7-4)
we find
Pojklz (ﬂgk,r*"”gklb”gz”a) - (”?z,k+173zl"17§;cun) (7-5)

+ 1151104 T2 ) — M5 (1 o+ T2 T 510,
— (1 3%+ TP I 0) g+ (T 35+ TP 1T ) TT Syt
Poul= T4\ — (N M3 ge,) + T3 T ey + T T2 (7-6)
PE=1T3' 1T} (7-7)
P yu= (I 5+ T3\ [Ty e0) — (I Gy o+ 11 50| 1 S0) + 115,015 — 1T,
+ (1 G+ 11 P 1T 500,) 6 — (11 5+ 1T 1T 51,) 6 (7-8)
— O3 (T + 1T %1 5y1,) — (M 4 TP 1T 53000) }
Pll=11%\"— 0511 % — 6% 115 7-9)

As is easily seen, there exist the following identities satisfied by these
curvatare tensors:

Pyl =0, P°Fu,=0, P°Fu,=0, P*,lu,=0. (7-10)

Now, if we effect a transformation of the hyperplane at infinity (4-8),
‘these curvature tensors are transformed respectively into

. Poju=POjkl“—'2‘jPij]d+ (Pojka_lipijka)lazl‘_ (Pojla—lipfﬂa)lauk. (7011)

I?Ojkl:P QP ,c'-{-Po"l) 24, (7-12)
Po Kl __ Pou (7,13)
Pijlcl'::Pijlcl+P7‘jka2aul'—Pijlu2auk' (7'14)
]_)ijkzsptjkz_ (7, 15)

Thus we can see that the tensor P'# and P‘;' are both purely pro-
jective.

§ 8. Determination of coefficients of projective connection.  Now, we
shall proceed to solve our main problem, that is to say, to determine all
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the coeffizients of the projective connection in terms of I'y. For this, we
pat first a purely projective condition :

P t=0. (8-1)

Putting (6-2) into the expression of P} and calculating (8-1), we
find

(%~ %) |'— (V+ 1) [T=0,

from which, contracting with respect to the indices 7 and 7, we find

1
JT%=_
2

2\71"'2,,|", and consequently

i 1 a 1 Ll z
My=Lf=— (raj_QNl abwuj); . (8-2)

The 11} being thus determined, we have, from (6-2),
Nn5=r"%— L, 'u,— L) u;. (8:3)

Substituting (8:2) and (8-3) into (7-9), we shall hdve the expres-
sions for P}
the form

in terms of Iy, bit this expression will be condensed in

P l= (jp— Ljy— Lyuey) [1]% (8-4)

The functions /7§ and JT}, being thus determined, to determine the
fanctions 773, we put the condition

Py =0. (8-5)

This condition is, as is seen from (7-14), (8.1) and w;,P",'=P , u,
=0, invaiiant under the transformation of the hyperplane at infinity, that
is, the condition is a purely projective one. Following E. Caitan, we shall
call the space of hyperplane elements with rormal projective connection,
the space whose projective connection satisfies the condition (8-1) and
(8-5).

From (7-8) and (8-5), we ficd

1

It 1Tty = — =

(VT 1 %50) s (8-6)

where we have put
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I = (1 g+ T3 W ie,) — (1 Gy 13" 1 ey + 1501 g — 151 s (8-7)
Substitutiog (8-6), into (7-8), we find

1

Pijkl-:”‘jkl_N?— 1

(VIT %+ TT%,0) - (8-8)

1
N*P—1

1

+ (ZV[[ ajla +' ][nlja) 5;‘ + WN:I“B; ([[aklu - ][alka)'

. Substituting (8-2), (8-3) and (8-6) into (7-5), (7-6) and (7-7), we
can find the expressions for other curvature tensors /', P°%,' and PO
Thus we have succeeded in determining the projective connection with
respect to a semi-natural frame of reference in such a way that the ‘equa-
tions (2-1) will be exactly those for the system of projectively flat hyper-
surfaces. : ‘

§9. Natural frame of reference. We have completely determined the
coefficients of a projective connection of a space of hyperplane elements,
but they are determined with respect to a semi-natural frame of reference,
so that we can yet effect a transformation of the hyperplane at infinity.
Among these semi-natural frames of reference, we shall choose a special
one called natural frame of reference. If the functions /I, satisfy the
condition

*J12,=*]2,=0, (9-1)

the semi-natural frame of reference will be called the natural frame of
reference. In the following, we shall add an asterisk to the quantities
expressed wih respect to the natural frame of reference.

The transformation of the hyperplane at infinity which carries a semi-
natural frame of reference [4, A,] into the natural one [*A4,, *A4,] is given
by

1
*A,=Ay, *A;=— Vol 1%4,4,+ Ay, 9-2)
or, according to (3-20),
* A=Ay *Ay=—L,A+ A, (9-3)

The coefficients of the projective connection with respect to the natural
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frame of reference are given by

*1[31021121‘,_ j,k+Lir];k—L'i[’k! (9 '4:)
* 1% =0, ~ 9-5)
*”;’k:]—];k'—ls;[‘k—azl;j' k » k (9-6)

The functions */7, given by (9-6) are also written as

* =" — 0L, — 0% Ly— L,"'uy— Ly fsy= (I'yy— Lje,— Loy |', (9 7
and coincide well with the coefficients of the connection of the projective
geometry of hyperplanes discussed in § 3.

The curvature quantities with respect to the natural frame of reference
are given by

*P%= (I g+ * T 30| T ) — (K01 o+ 115" 1T 1)

X RIS IS —* T4 * TS, (9-8)
*P()jklz*]'l(j)kll’ (9'9) 3
*POJL’l:O' (9 . 10)
*P =113y +* [T 3.0, — * 11 3,05, — 05X 11 3,—*113,) (9-11)
TPt =Ty, (9-12)

where '
T = (KAl g * T 01 ) — (KIT Y+ * TS| T ) +*TT 8% T o= * TT%* IT Sy,
| : 9-13)

The *IT%;,, satisfies
*[[aakl—_—o’ *][ajlca = *Halcja (9 . 14)

Remembering that our projective connection is normal and consequently
we have *P?%;,=0, we can obtain, from (9.11),
1
N—1

KT (9-15)

1
N—-1

1 i

*P’TW=*]]"M_ N—-1 *”aﬂ“o‘«" ' (9'16)

*IT %0007+
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The *P%;, which is nothing but *IV¢,, in §3, satisfy
*Puu=0, *P%.=0, wuXP*;,=0. (9-17)

Now, we shall consider the relation between the cuivature quantities
*Ply, and Py From (7.14) and (9:3) we have

*Pr’jkz=Pljkz—'PljknLa7/z+ijza[«a”k»

but remembering that P, =*P' ="][,]’, we can rewrite the above ex-
pression in the form

Pij/bl:*l)’ijkl_*- *]I;klal;a”i"'*[[;Aa['a”k' (9 : 18)
If we use the relation ‘
I o= Dy— Ljp— Ly, (9-19)
obtained from (9-8), then the F°,; becomes
2 l ) 1 a
ijz—_—Biju_Tv:TB jm’}\f"‘mg jlaai’ (920)

where

By (I o+ * 3| T) — (AT g b ¥ T 5| L) + ¥ 155 I oy—* T35 IT
(9-21)

The epuation (9:20) shows us that the P?;, coincide will with the

curvature tensor (3-42) given for the projective geometry of hyperplanes
in §3.
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