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Affine and Projective Geometries of System of Hypersurfaces

Kentaro YANO and Hitosi HIRAMATU

\S 1. Introduction. J. Douglas $[1]^{*}$ studied affine and projective geome-
tlies of a space of K-spreads, K-spreads $b\vee ing$ given by a system of partial
differential equations of the form

$\frac{\partial^{o}\sim x^{i}}{\partial ll^{\beta}\partial ll^{\gamma}}+H_{p\gamma}^{i}(x;p)=0$ , $(p_{\alpha}^{i}=\frac{\partial x^{i}}{\partial ll^{\alpha}})$ , $(1 \cdot 1)$

$(i,j, k, \ldots\ldots=1, 2, 1V;a, \beta, \gamma, =1, 2, I\zeta)$

where $H_{\beta\gamma}^{l}=H_{\gamma}^{i}$ , are homogeneotis function system of $p$ with respect to
the lowcr indices $\beta$ and $\gamma$ .

The problem to determine a privileged projective connection with respect
to which the system of K-dimensional flat subspaces coincides exactly $\iota v|th$

that of $K- s_{P^{1}}$ eads give $n$ by (1.1) was studied by S. S. Chern [3], Chih-Ta
Yen [6] and the $p_{\perp}\cdot esent$ authors [4], $[\prime 5]$ .

I $\iota\prime l$ a space of K-spreads, we consider that the elements of the space
are the points and the K-dimensional linear spaces at each point. The
point is represented by its cooldinates $(i\cdot)$ and the K-dim2nsiona1 linear
space by $K$ linearly independcnt contravariant vectors $(f_{\alpha}^{i})$ contained $i\iota$

it. But, in a space of $(n-1)- s_{I}Jle_{\iota})ds$ , the hypeiplane clem-nt m-y be
represented by a $covali_{\epsilon!}\backslash nt$ vector $(\iota/i)$ . $Th\iota!s$ the gcometry of $(n-1)-$

spreads miy be studied by a method $\backslash c_{om\vee\wedge}$ what different fiom the general
onc. The case of ( $n$ –l)-spreads was once treated by M. Hachtroudi [2],
but we shall retake this case and study it by a method shown in [5].

Suppose that there be given, in an N-dimensional space $X_{N}$ referred
to a coordinate system $(x^{i})$ , a system of hypersulfaces in such a way that
there exists one and only one hypeisurface passing $th\iota$ ou$ghN$ points given
in general position, and belonging to the system. Such a system of hy-
perstlfaces is given by a finite equation of the form

$f(x^{1},$ $x^{2}$ , ....... $x^{R};a^{1},$ $a^{2}$ , ..,..., $a^{N})=0$ , $(1 \cdot 2)$

* See the Bibliography at the end of the paper.
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where $a’ s$ are $N$ essential parameters determining each $h_{YP^{elSd1}}face.$ We
shall call such hypersurfaces hyperplanes of the space.

Now, the system of hyperplanes is represented by
$(R_{1})$ the coordinate system $(x^{i})$ in the space;
$(R_{2})$ th $e$ function $f(x)a)$ appearing in the equation of the system

of hyperplanes;
$(R_{3})$ the essential parameters $(a^{i})$ determining each hyperplane.
But, the system of hyperplanes must be a configuration invariant under
$(T_{1})$ the transformation of coordinates $\overline{x}^{l}=\overline{x}^{i}(x)$ ;
$(T_{2})$ the transformation of factor $\overline{f}=af$ ;
$(T_{3})$ the transformation of essential parameters $\overline{a}^{i}=\overline{a}^{i}(a)$ .
The transformation of the essential parameters having no effect in the

following discussions, we shall consider only $(T_{1})$ and $(T_{2})$ and study the
properties invariant under these transformations.

The geometry of system of hyperplanes is called affine one when we
consider only a constant $a$ in $(T_{2})$ , while it is called projective one when
we consider a general $a(x;a)$ in $(T_{2})$ . The main problem in the present
paper is to detelmine a projective connection with respect to which the
system of projectively flat hypersurfaces will coincide with the given
system of hyperplanes.

\S 2. Affine geometry of hyperplanes. If we effect a transformation of
the factor $f(x;a)=a\cdot f_{0}(x;a),$ $a$ being a constant and $f_{0}(x;a)$ a specified
function, and put

$u_{i}\equiv\frac{\partial f}{\partial x^{i}}=a\cdot\frac{\partial f_{0}}{\partial x^{i}}$ (2 $\cdot$ 1)

we have

$f(x ; a)=0$ , $u_{:}dx^{i}=0$ , $du_{j}=a\cdot\frac{\partial^{2}f_{0}}{\partial x^{j}\partial x^{k}}dx^{k}$

along a hyperplane. Solving $a$ and $a$ from $f_{0}(x;a)=0$ and $u=a\frac{\partial f_{0}}{\partial x^{i}}$ as

functions of $x$ and $u$ , and substituting these into the last equations, we have

$\omega\equiv u_{i}dx^{i}=0$ , $\omega_{j}\equiv du_{j}-\Gamma_{jk}(x;u)dx^{k}=0$ , (2.2)

as Pfaffian equtions of the system of hyperplanes, where the functions
$I_{jk}^{\tau}(x;u)$ are symmetric with respect to $j$ and $k$ and homogeneous of degree
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olle with respect to $u$ .
The $u_{i}$ being components of a covariant vector, the transformation law

of the functions $\Gamma_{jk}$ under $(T_{I})$ is given by

$l_{jk}^{7}=\frac{\partial x^{b}}{\partial\overline{x}^{j}}\frac{\partial x^{o}}{\partial\overline{x}^{k}}\Gamma_{be}+\frac{\partial^{2}\mathscr{S}}{\partial\overline{x}^{j}\partial\overline{x}^{t}}u_{a}-$ . $(2\cdot 3)$

Differentiating $(2\cdot 3)$ with respect to $\overline{u}_{i}$ , we find

$I_{jk}^{-r}-=\frac{\partial\overline{x}}{\partial x^{a}}t(\frac{\partial x^{b}}{\partial\vec{x}^{j}}\frac{\partial x^{\epsilon}}{\partial\overline{x}^{k}}\Gamma_{b}^{a_{0}}+\frac{\partial^{\underline{o}}x^{a}}{\partial\overline{x}^{t}\partial\overline{x}^{k}})$

,
$(2\cdot 4)$

where we have pnt $\overline{\Gamma}_{jk}^{i}=l_{jk}^{-}|=\partial\overline{\Gamma}_{jk}/\partial\overline{u}$ and $\Gamma_{ba}^{a}=\Gamma_{ba}|^{a}=\partial\Gamma_{b0}/\partial u_{a}$ . The
equation $(2\cdot 4)$ shows that $\Gamma_{bc}^{a}$ are components of an affine connection.

In the following, we shall denote the partial differentiatiol with respect
to $x^{i}$ by a comma and that with respect to $u$ by a vertical stroke.

Now the Pfaffian equations $(2\cdot 2)$ must be completely integrable, so
that, $\omega^{\prime}$ and $\omega_{j^{\prime}}$ must vanish if we take account of $\omega=0$ and $\omega_{j}=0$ , from
which we have

$R_{jkl}u_{m}+R_{jln}u_{k}+R_{jnk}u_{l}=0$ , $(2\cdot 5)$

where

$R_{jH}=\Gamma_{jk.l}+\Pi_{jk}\Gamma_{d}-\Gamma_{jl.k}-\Gamma_{jl}^{a}\Gamma_{ak}$ . $(2 \cdot 6)$

We observe here that $R_{jkl}$ , being homogeneous functions of degree one
with respect to $u$ , satisfy the identities:

$R_{j}u+R_{\# k}=0$ , $R_{jkl}+R_{u_{j}}+R_{ljk}=0$ , $u_{i}R_{jkl}^{i}=R_{j}u$ ’
$(2\cdot 7)$

where

$R_{jk}^{i}=R_{ju}|^{i}=(\Gamma_{jk,l}^{i}+I_{jk}^{l}|^{a}\Gamma_{td})-(\Gamma_{jl,k}^{i}+\Gamma_{jl}|^{a}\Gamma_{ak})+I_{j}a_{k\ell}\Gamma_{u}-I_{jl}^{\tau a}\Gamma_{ak}^{i}$ . (2 $\cdot$ 8)

Differentiating (2 $\cdot$ 5) with respect to $u_{m}$ and contracting, we find

$R_{j}^{i}u-\frac{1}{N-1}(R^{a_{jka}}\delta_{l}^{i}-R^{a_{jla}}\delta_{k}^{l})=0$ . (2 $\cdot$ 9)

It is readily seen that if we have $(2\cdot 9)$ , then the condition $(2\cdot 5)$ will
be satisfied. Consequently we have the
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Tlteorem I. The necessary and sufcient condition that the Pfafan
equations $(2\cdot 2)$ be completely $inte_{\delta^{\circ}}rable$ is that we have (2 $\cdot$ 5) or $(2\cdot 9)$ .

The tensor charactor of $R_{j}u$ and $R_{jkl}^{*}$ being easily obtained by calcula-
ting the integrability conditions of $(2\cdot 4)$ , we call $R_{j}u$ and $R_{ju}^{i}$ affine
curvature tensors of our affine space of hyperplanes.

When there exists a coordinate system in which the function $f$ takes
a linear form with respect to $x^{i}$ , we say that our space of hyperplanes is
affinely flat. In order that it may be the case, we must have $l_{jk}^{-}\urcorner=0$ in
some coordinate system $(\dot{\overline{x}})$ and hence the equations

$\frac{\partial^{2}P^{l}}{\partial x^{b}\partial x^{c}}=\frac{\partial\overline{x}^{i}}{\partial x^{a}}\Gamma_{b}^{a_{e}}$ $(2\cdot 10)$

obtained by putting $\overline{I^{\tau p}}_{jk}=0$ in $(2\cdot 4)$ , must admit $N$ independent solutions
$\overline{x}^{j,}=\overline{x}(x)$ . Thus the functions $l_{jk}^{7i}$ must be independent of $u_{i}$ and moreover
we must have $R_{jM}=0$ as integrabllity conditions of (2 $\cdot$ 10). Conversely, if
we have $\Gamma_{jk}^{i}|^{l}=0$ and $R^{i_{jkl}}=0$ , then the differential equations (2 $\cdot$ 10) admit
$N$ independent solutions $\overline{x}^{t}=\overline{x}^{\iota}(x)$ and, in the coordinate system $(\overline{x})$ , the
components $\overline{\Gamma}_{jk}^{i}$ of the affine connection are all zero and consequently $\overline{\Gamma}_{jk}$

are functions of $\overline{x}^{i}$ only. But the functions $ l_{jk}^{-}\urcorner$ must be homogeneous of
degree one with respest to $\overline{u}_{i}$ and consequently it must vanish identically.
Thus we have the
Theorem $\Pi$. The necessary and sufficient condition thal the affine space of
hyperplanes be affinely fat is that $\Gamma_{jk}^{i}|^{l}=0$ and $R_{tu}^{p}=0$ .

\S 3. Projective geometry of hyperplanes. We next consider the pro-
jective geometry of hyperplanes. If we effect the transformation of the
factor $\overline{f}=a(x;a)f$, we have

$\frac{\partial\overline{f}}{\partial x^{i}}=a\frac{\partial f}{\partial x^{i}}$ , $\frac{\partial^{2}\overline{f}}{\partial x^{j}\partial x^{k}}=a\cdot\frac{\partial^{o}f}{\partial x^{j}\partial x^{k}}+\frac{\partial a}{\partial x^{j}}\frac{\partial f}{\partial x^{k}}+\frac{\partial a}{\partial x^{k}}\frac{\partial f}{\partial x^{j}}$

along the hyperplane $f=0$ , and consequently, denoting by

$\overline{u}_{i}dx^{i}=0$ , $d\overline{u}_{j}-\overline{\Gamma}_{jk}(x;\overline{u})=0$ , $(\overline{\overline{u}},=\frac{\partial\overline{f}}{\partial x^{i}})$ $(3 \cdot 1)$

the equations corresponding to $(2\cdot 2)$ , we find

$\overline{\Gamma}_{jk}(x;\overline{u})=\Gamma_{jk}(x;\overline{u})+\frac{\partial\log a}{\partial x^{j}}\overline{u}_{k}+\frac{\partial\log a}{\partial x^{k}}\overline{u}_{j}$ .
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Thus, if we choose functions $H_{i}(x)u)$ which are homogeneous of degree
zero with respect to $u$ and satisfy

$\frac{\partial\log a}{\partial x^{i}}=H_{i}(x;u)$ $(3\cdot 2)$

on $f=0$ , the above equation may be wiitten as

$\overline{\Gamma}_{jk}(x;u)=\Gamma_{jk}(x ; u)+H_{j}u_{k}+H_{k}u_{j}$ , $(3 \cdot 3)$

which may be considered as giving a projective change of $1_{jk}^{\prime}$

Now, we shall examine the integrability conditions of $(3 \cdot 2)$ . If we put

$\lambda\equiv d\log a-H_{i}$ ($x$ ; u) $dx^{i}=0$ ,

then $\lambda^{\prime}$ must vanish when we take account of $(2 \cdot 2)$ , from which

$\Lambda_{jk}u_{l}+\Lambda_{u}u_{j}+\Lambda_{lj}u_{k}=0$ , $(3 \cdot 4)$

where

$\Lambda_{jk}=H_{j,k}+H_{j}|^{a}\Gamma_{ak}-H_{k.j}-H_{k}|^{a}\Gamma_{aj}$ . $(3\cdot 5)$

If the functions $\Gamma_{jk}$ are transformed into $I_{jk}^{-}$ by a projective change
$(3 \cdot 3)$ , then the tensor $R_{jkl}$ will be transformed into the tensor

$\overline{R}_{ju}=R_{ju}-\varphi_{jk}u_{l}+\varphi_{jl}u_{k}+u_{j}(\varphi_{u}-\varphi_{lk})$ , $(3\cdot 6)$

where

$\varphi_{jk}=H_{j,k}+H_{j}|^{a}\Gamma_{ak}-H_{a}\Gamma_{jk}^{a}-H_{j}H_{k}-\frac{1}{2}u_{j}H_{k}|^{a}H_{a}$ $(3\cdot 7)$

So that, we can easily see that, if $\Gamma_{jk}$ satisfy the integrability conditions
$(2 \cdot 5)$ , then the $\overline{\Gamma}_{jk}$ will satisfy the corresponding ones providing that $H_{j}$

satisfy $(3\cdot 4)$

Now, if the functions $\Gamma_{jk}$ are transformed into $l_{jk}^{-}$
’ following $(3 \cdot 3)$ , the

functions $\Gamma_{jk}^{i}$ are transformed into

$\overline{\Gamma}_{jk}^{\prime\prime}=\Gamma_{jk}^{i}+\delta_{j}^{i}H_{k}+\delta_{k}^{l}H_{j}+H_{j}|^{i}u_{k}+H_{k}|^{i}u_{j}$ . $(3 \cdot 8)$

This may be regarded as giving the projective change of affine connection
$f_{jk}^{\prime i}$ .

From $(3 \cdot 8)$ , we have by contractiou,
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$\overline{\Gamma}_{ak}^{a}=I_{ak}^{7}a+(N+1)H_{k}+H_{a}|^{a}u_{k}$ , $(3 \cdot 9)$

from which

$\overline{\Gamma}_{ab}^{\alpha}|^{b}=\Gamma_{ab}^{a}|^{b}+2NH_{a}|^{a}$ . $(3\cdot 10)$

To eliminate $H|^{a}$ , substituting $(3 \cdot 10)$ into $(3 \cdot 9)$ , we find

$\overline{L}_{k}=L_{k}+H_{k}$ , $(3\cdot 11)$

where

$\overline{L}_{k}=\frac{1}{N+1}(\overline{\Gamma}_{ak}^{a}-\frac{1}{2\Lambda^{\prime}}\overline{\Gamma}_{ab}^{a}|^{b}u_{k})$

, $L_{k}=\frac{1}{N+1}(\Gamma_{ak}^{a}-\frac{1}{2N}\Gamma_{ab}^{a}|^{b}u_{k})$ ,
$(3\cdot 12)$

both being homogeneous functions of degree zero with $re$spect to $u_{i}$ . To
eliminate $H_{k}$ , substituting $(3\cdot 11)$ into $(3\cdot 3)$ , we find that the functIons

$*\Pi_{jk}=\Gamma_{jk}-L_{j}u_{k}-L_{k}u_{j}$ $(3\cdot 13)$

are invariant under the projective change of $\Gamma_{jk}$ . So that, we can easily
see that

$*\Pi_{jk}^{i*}=\Pi_{jk}|^{i}=(\Gamma_{jk}-L_{j}u_{k}-L_{k}u_{j})|^{i}$ $(3 \cdot 14)$

gives components of a projective connection and

$P_{i^{k}}^{il}=(\Gamma_{jk}-L_{j}u_{k}-L_{k}u_{j})|^{i}|^{l}$ $(3\cdot 15)$

components of a projective tensor. We observe here that the projective
connection $*\Pi_{jk}^{i}$ and the projective tensor $P_{i^{k}}^{il}$ satisfy the identities:

$*\Pi_{jk^{=}}^{i*}\Pi_{kj}^{i}$ , $*\Pi_{ja^{=}}^{a*}\Pi_{aj}^{a}=0$ , $P_{jk}^{il}=P_{kj}^{il}=P_{jk}^{li}$ , $u_{i}P^{i_{jk}l}=0$ , $P^{a_{ja}l}=0$ ,
$(3 \cdot 16)$

$*11_{ja}^{a}=0$ being the consequence of $L_{a}|^{a}=\frac{1}{2N}\Gamma_{ab}^{a}|^{b}$ .

The functions $L_{k}$ defined by $(3 \cdot 12)$ are not components of a vector,

but the functions $L_{k}|^{i}$ are components of a tensor and its transformation
law under the projective change of $\Gamma_{jk}$ is gIven by

$\overline{L}_{k}|^{i}=L_{k}|^{i}+H_{k}|^{i}$ . $(3\cdot 17)$

Thus if we put
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$\Pi_{jk}^{i}=\Gamma_{jk}-L_{j}|^{i}u_{k}-L_{k}|^{i}u_{j}$ , $(3\cdot 18)$

then, $11_{jk}^{i}$ are components of an affine connection, and its law of transfor-
mation under the projective change of $\Gamma_{jk}$ is given by

$\overline{\Pi}_{jk}^{i}=\Pi_{jk}^{i}+\delta_{j}^{i}H_{k}+\delta_{k}H_{j}$ . $(3\cdot 19)$

we observe here that

11 $J^{q^{=\Pi_{aj}^{a}=}}a(N+1)L_{j}$ , $u\Pi_{jk}^{i}=\Gamma_{jk}$ , $\Pi_{jk}^{i}+u_{a}(\Pi_{jk}^{a}|^{i})=\Gamma_{jk}^{i}$ . (3.20)

Now, if we define a curvature tensor $\Pi_{jH}^{i}$ by

Il $ii\#=(\Pi_{jk.\iota+\Pi_{jk}^{i}|^{b}\Pi_{u^{l\ell_{a}}}^{a})-(\Pi_{jl,k}^{i}+\Pi_{jl}|^{b}\Pi_{bk}^{a}u_{a})+\Pi_{jk}^{a}\Pi_{al}^{l}-\Pi_{i}^{a_{l}}\Pi_{ak}^{i}}^{i}$ ,

$(3 \cdot 21)$

we have
$u_{i}\Pi_{ju}^{i}=R_{j^{\beta}}$ , $(3\cdot 22)$

and consequently we can easily write down the integrability conditions
(2 $\cdot$ 5) in terms of $\Pi_{jk}^{i}$ .

The $t\acute{r}ansformation$ law of $\Pi_{jkl}^{i}$ under the projective change $(3 \cdot 3)$ or
$(3\cdot 19)$ is

Il $ijk’=\Pi_{jkl}^{i}-H_{jk}\delta_{t}^{l}+H_{\#}\delta_{k}^{i}+\delta_{j}^{l}(H_{\epsilon}-H_{lk})+\Pi_{jk}^{t}|^{a}H_{a}u,-\Pi_{jl}^{i}|^{a}H_{a}u_{k}$ , $(3 \cdot 23)$

where
$H_{jk}=H_{j,k}+H_{j}|^{b}\Pi_{bk}^{a}u_{a}-H_{i}\Pi_{jk}^{i}-H_{j}H_{k}+H_{j}|^{a}H_{a}u_{k}$ . $(3\cdot 24)$

But, as we have, from (3 $\cdot$ 15),

$P_{jk}^{i}=i|^{a}-\delta_{j}^{\iota}L_{k}|^{a}-\delta_{k}^{l}L_{j}|^{a}$ ,

the equations $(3 \cdot 23)$ may be writt$en$ as

Il $ijk\iota=1l_{i^{\mu}}^{i}-(H_{jk}+L_{j}|^{a}H_{a}u_{k})\delta_{l}^{t}+(H_{jl}+L_{j}|^{a}H_{a}u,)\delta_{k}^{i}$ $(3 \cdot 25)$

$+\delta_{j}^{l}(H_{u}+L_{k}|^{a}H_{a}u_{l}-H_{lk}-L_{l}|^{a}H_{a}u_{k})+P_{jk}^{ia}H_{a}u_{l}-P^{ia}flH_{a}u_{k}$ .

Contracting over $i$ and $l$ in this equation, we have, by virtue of $(3 \cdot 16)$ ,

$H_{jk}+L_{j}|^{a}H_{a}u_{k}=-\frac{1}{N^{2}-1}(N\overline{I}I^{a_{jka}}+\overline{\Pi}^{a_{kja}})+\frac{1}{N^{2}-1}(N\Pi^{a_{jka}}+\Pi^{a_{kja}})$ ,

(3 $\cdot$ 26)
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and consequently, substituting $(3 \cdot 26)$ into $(3 \cdot 25)$ , we find
$\overline{P}_{jkl}^{i}=P_{i^{kl}}^{i}+P^{i_{jk}a}H_{a}u_{l}-P_{il}^{ia}H_{a}u_{k}$ , $(3\cdot 27)$

where

$P_{jk}^{i}=\Pi_{jM}^{i}-\frac{1}{N^{2}-1}(N\Pi^{a_{jka}}+\Pi^{a_{kja}})\delta_{l}^{i}+\frac{1}{N^{2}-1}(N\Pi_{F^{a}}^{a}$

$+\Pi^{a_{lja}})\delta_{k}^{i}+\frac{1}{N-1}\delta_{j}^{i}(\Pi^{a_{kla}}-\Pi^{a_{lka}})$ , $(3\cdot 28)$

$\overline{P}_{j}^{i}u$ being given by a similar exprssion.
Differentiating $(3 \cdot 27)$ partially with respect to $u_{l}$ and contracting, we

find

$\overline{P}_{jkm}^{i}|^{m}=P_{i^{hm}}^{i}|^{m}-(N-2)P_{jk}^{ia}H_{a}-(f^{\supset i_{jm}a}H_{a})|^{m}u_{k}$ . $(3 \cdot 29)$

Substituting $(3\cdot 29)$ into $(3\cdot 27)$ , we find that

$L_{jkl}^{i}=P_{jM}^{i}-\frac{1}{N-2}P_{jkm}^{i}|^{m}u_{l}+\frac{1}{N-2}P_{jlm}^{i}|^{m}u_{k}$ $(3\cdot 30)$

is a $pure!y$ projective tensor.
Now, to obtain the projective invariants, we can proceed as follows.

We know that the functions $*\Pi_{jk}$ defined by (3 $\cdot$ 13) and

$*\Pi_{jk}=ll_{jk}|^{i}=\Gamma_{jk}^{i}-\delta_{j}^{t}L_{k}-\delta_{k}^{l}L_{j}-L_{j}|^{i}u_{k}-L_{k}|^{i}u_{j}$ $(3\cdot 31)$

are both invariant under the projective change of $Ib_{e}$ From the transfor-
mation law of $I_{jk}^{i}$ under the coordinate transformatIon and $(3 \cdot 12)$ , we can
find out that of $L_{k}$ :

$\overline{L}_{j}=\frac{\partial x^{b}}{\partial\overline{x}^{j}}L_{b}+\overline{\theta}_{j}$ , ($\overline{\theta}_{j}=\frac{1}{N+1}\frac{\partial\log\Delta}{\partial\overline{x}^{\prime}}$ $\Delta=|\frac{\partial x}{\partial\overline{x}}|$ ) $(3 \cdot 32)$

which shows that $L_{j}$ is not a vector, but $L_{j}|^{i}$ a mixed tensor.
From the transformation law of $\Gamma_{jk}^{i}$ and that of $L_{j}$ , we can find out

that of $*\Pi_{jk}^{t}$ ;

$\frac{\partial^{2}x^{a}}{\partial\overline{x}^{i}\partial\overline{x}^{t}}=\frac{\partial x^{a}}{\partial\overline{x}^{;}}*\Pi_{jk}^{i}^{-}-\frac{\partial x^{b}}{\partial\overline{x}^{f}}\frac{\partial x^{c}}{\partial\overline{x}^{c}}*\Pi_{bc}^{a}+\frac{\partial x^{a}}{\partial\overline{x}^{j}}\overline{\theta}_{k}+\frac{\partial x^{a}}{\partial\overline{x}^{t}}\overline{\theta}_{j}$ . $(3 \cdot 33)$

The integrability conditions of these equations may be written as
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$*\overline{\Pi}_{j}^{i}u=\frac{\partial\overline{x}^{i}}{\partial x^{a}}\frac{\partial x^{b}}{\partial\overline{x}^{j}}\frac{\partial x^{o}}{\partial\ovalbox{\tt\small REJECT}}\frac{\partial x^{rt}}{\partial P}*\Pi_{be4}^{a}+\overline{\theta}_{jk}\delta|-\overline{\theta}_{jl}\delta_{k}-*\Pi_{jk}^{i}|\overline{\theta}_{\epsilon}\overline{u}_{l}+*\Pi_{jl}^{-}i|^{\epsilon}\overline{\theta}_{\epsilon}\overline{u}_{k}-$ ,

(3 $\cdot$ 34)

where

$*\Pi_{j\#}^{i}=(*\Pi_{jk.\iota+}^{i*\Pi_{jk}^{p}|^{t*}\Pi_{\ell l}^{\epsilon}u_{\iota})}$

$-(*\tau 1_{\dot{j}l.k}+\Pi_{i^{l}}^{i}|^{\ell*\Pi_{tk}^{s}u.)+II_{jk^{*}}^{a}\Pi_{d}^{i}-*\Pi_{\#^{*}}^{a}\Pi_{ak}^{i}}*,$ (3 $\cdot$ 35)

$*\overline{\Pi}_{ju}^{i}$ being defined by a similar expression, and

$\overline{\theta}_{jk}=\overline{\theta}_{j.k}-\overline{\theta}_{i^{*}}J\overline{I}\dot{j}_{k}-\overline{\theta}_{j}\overline{\theta}_{k}$ . $(3\cdot 36)$

From $(3 \cdot 34)$ , we obtain, by contraction,

$*\overline{\Pi}^{a_{jka}}=\frac{\partial x^{b}}{\partial\overline{x}^{j}}\frac{\partial x^{t}}{\partial\overline{x}^{t}}*\Pi^{a_{bca}}+(N-1)\overline{\theta_{jk}}$ . $(3 \cdot 37)$

So, substituting $(3 \cdot 37)$ into $(3 \cdot 34)$ , we find

$*\overline{W}_{j}^{i}u=\frac{\partial\overline{x}^{i}}{\partial x^{a}}\frac{\partial x^{b}}{\partial\ovalbox{\tt\small REJECT}}\frac{\partial x^{0}}{\partial\overline{x}^{k}}\frac{\partial x^{a}}{\partial\ovalbox{\tt\small REJECT}}*W_{bea}^{a}-*\tau\overline{I}_{jk}^{i}|^{\epsilon}\overline{\theta}\overline{u}_{l}+*\overline{\Pi}_{jl}^{i}|^{s}\overline{\theta}_{\iota}\overline{u}_{k}$ , $(3\cdot 38)$

where

$*W_{jkl}=\Pi_{j}u-\frac{1}{N-1}(*u-*, (3\cdot 39)$

$*\overline{W}_{j\lambda\cdot l}^{i}$ being defined by a similar expression. Thus we can see that
$*\iota V_{j}^{i}u$ is projective $invA_{1}iant$ but not a tensor.

We shall now form a tensor starting from $(3 \cdot 34)$ . Substituting
$\overline{\theta}_{s}=\overline{L},-\frac{\partial x^{b}}{\partial\overline{x}’}L_{b}$ into $(3 \cdot 34)$ and using the relations $u_{i}^{*}\Pi_{jk}^{i*}=11_{jk}=\Gamma_{jk}-L_{j}u_{k}$

$-L_{k}u_{j}$ , we fined

$*\overline{B}_{j}u=\frac{\partial\overline{x}^{i}}{\partial x^{a}}\frac{\partial x^{b}}{\partial\tilde{x}^{j}}\frac{\partial x^{r}}{\partial\overline{x}^{t}}\frac{\partial x^{a}}{\partial\overline{x}},*\mathscr{X}_{b0l}+\overline{\theta}_{jk}\delta_{l}^{i^{-}}-\theta_{jl}\delta_{k}^{p}$ , $(3\cdot 40)$

where

$*B_{j}^{i}u=(*1l_{jk,l}+\Pi_{jk}^{i}|^{a}1_{d}^{\tau})-(*J1_{jl,k}+*\Pi_{jk^{*}}^{a}\Pi_{d}^{i*}$

$(3 \cdot 41)$
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$*\overline{B}_{tu}^{i}$ being given by a similar expression. Eliminating $\overline{\theta}_{jk}$ fiom $(3\cdot 40)$ ,

we can see that

$*P_{j}u=B_{jM}^{i}-\frac{1}{N-1}*B^{a_{jka}}\delta_{l}^{i}+\frac{1}{N-1}*B^{a_{jla}}\delta_{k}^{i}$ $(3\cdot 42)$

are components of a tensor which we shall call the culvature tensor of
our projective geometry of hyperplanes. But we should remark here that
the components $*P^{i_{jkl}}$ of this curvature tensor are, under the projective
change of $\Gamma_{jk}$ , transformed into

$*\overline{P}_{jkl}=P_{ju+}^{i*\Pi_{jk}^{i}|^{a}H_{a^{7l_{l}-*}}\Pi_{jl}^{i}|^{a}H_{a}u_{k}}$ , $(3\cdot 43)$

which shows that this tensor is not invariant under such transformation.
Now, eliminating $H_{\alpha}$ from $(3 \cdot 43)$ by using the homogeneity proper-

ties of the functions $H_{a},$ $*l1_{jk}^{i}$ and $*P_{jM}^{i}$ , we can see that a tensor defined
by

$*L_{j}u=P_{ju}^{i}-\frac{1}{N-2}*P_{jka}^{i}|^{a}u_{l}+\frac{1}{N-2}*P_{jla}^{i}|^{a}u_{k}$ $(3\cdot 44)$

is invariant under a projective change of $\Gamma_{jk}$

Now, we shall rewrite the equations (2 $\cdot$ 1) under the form

$u_{i}dx^{i}=0$ , $du_{j}-(^{*}\Pi_{jk}+L_{j}u_{u}+L_{u}u_{j})dx^{k}=0$ $(3\cdot 46)$

in terms of $*\Pi_{jk}$ and $L_{j}$ . If we put

$\Omega_{jk}=(L_{j.k}+L_{j}|^{\alpha}f_{ak})-(L_{k,j}+L_{k}|^{a}\Gamma_{aj})$ ,

then we have

$\Omega_{jk}u_{t}+\Omega_{u}u_{j}+\Omega_{lj}u_{\vee}$,

$=-\frac{1}{N+1}[(R^{a_{jka}}u_{l}-R^{a_{jla}}u_{k})+(R^{a_{Ma}}u_{j}-R^{\alpha_{kja}}u_{l})+(R^{\alpha_{lja}}u_{k}-R^{a_{lka}}u_{j})]$

$=-\frac{N-1}{N+1}[R_{jkl}+R_{u_{j}}+R_{ljk}]=0$

by virtue of $(2\cdot 7)$ and $(2\cdot 9)$ , and consequently we can conclude that the
equation

$d1og\beta+L_{j}dx^{j}=0$
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is integrable on $f=0$ . Thus, effecting the transformation of the factor
$\overline{f}=\beta f$, the equations $(3 \cdot 46)$ take the form

$u_{i}dx^{i}=0$ , $du_{j^{-\Pi_{jk}(\chi}}^{*}$ ; u) $dx^{k}=0$ . $(3 \cdot 47)$

It is evident that the transformation $\overline{f}=af$ preserving the form $(3\cdot 47)$

must be one for which $\alpha$ is a constant. We shall remark here that, under
a transformation of coordinates, the $e$quations $(3\cdot 47)$ will be trasformed
into those of the form

$\overline{u}_{i}d\overline{x}^{i}=0$ , $d\overline{u}_{j}-[*\overline{\Pi}_{jk}(\overline{x};\overline{\overline{u}})+\overline{\theta}_{j}\overline{u}_{k}+\overline{\theta}_{k}\overline{u}_{j}]d\overline{x}^{r_{t}}=0$ .
The integrability conditions of $(3 \cdot 47)$ are given by

$*\Pi_{j}u^{u_{m}}+\Pi_{jlm}u_{k}+\Pi_{jmk}u_{l}=0$ , $(^{*}lI_{j}=u\Pi_{ju}^{i})$ $(3\cdot 48)$

or

$u^{*}W_{jkt^{=\Pi_{j}-\frac{1}{N-1}(\Pi^{a_{jla}}u_{k})=0}}^{i*}u*\Pi^{a_{jk*}}u_{l}-*$ . $(3\cdot 49)$

It is to be noted that the equations $(2\cdot 5),$ $(2\cdot 9, (3\cdot 48)$ and $(3 \cdot 49)$

are all equivalent to each other.
If, by a suitable transformation of factor and that of coordinates, we

can $red_{\llcorner}:ce$ the function $f$ to a linear function of $\chi^{i}$, we say that our space
of hyperplanes is projectively flat.
Tlteorem 111. The necessary and sufficient condition that $tJ_{l}e$ space be pro-

jectiv. $ly$ fat is tltat the functions $*\Pi_{jk}$ do not contain tlte variables $u_{i}$ .
For, if our space is projectively flat, then there exists a $suit\dot{a}ble$ factor

and a coordinate system with $re$pect to which we have $\Gamma_{jk}=I_{jk^{=}}^{\tau l*}II_{jk}$

$=*/l_{jk}^{i}=0$ , from which $*\Pi_{jk}^{i}|^{l}=0$ . $B_{b}t*II_{jk}^{i}|^{l}$ being a projective tensor,
$*\Pi_{jk}^{i}|^{l}=0$ holds for any factor and coordinate system. $T_{\wedge}hus$ , th $e$ functions
$*1l_{jk}^{i}$ must be independent of $u_{i}$ .

Conversely, if the functIons $*\Pi_{jk}^{i}$ are independent of $u_{i}$ , then the com-
ponents $*W_{ju}$ of the projective invariant are also independent of $u_{i}$ and
consequently we have, from $(3 \cdot 49)$ ,

$*W_{ju^{=}}^{*\Pi_{ju}^{i}-\frac{1}{N-1}(Il^{\alpha_{jka}}\delta_{l}^{j}-*\Pi^{a_{jla}}\delta_{k}^{i})}*=0$ ,

where
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$*\Pi_{jkl}=\Pi_{jk,l}^{i}-*\Pi_{jl.k}^{i*}+\Pi_{jk^{*}}^{a}\Pi_{al}^{i}-*\Pi_{jl^{*}}^{a}\Pi_{ak}^{i}$ .

Thus, the equations

$\frac{\partial^{o}\sim x^{a}}{\partial x^{\leftrightarrow;}\partial\overline{x}^{k}}=-\frac{\partial x^{b}}{\partial\overline{x}^{j}}\frac{\partial x^{c}}{\partial\overline{x}^{r_{C}}}*\Pi_{b}^{a}.+\frac{\partial x^{a}}{\partial\overline{x}^{j}}\overline{\theta}_{k}+\frac{\partial x^{a}}{\partial\overline{x}^{t}}\overline{\theta}_{j}$

obtained from $(3 \cdot 33)$ putting $*\Pi_{jk}^{-}:=0$ are completely integrable, and con-
sequently there exists a coordinate system in which $*\overline{J\overline{l}}_{jk}^{i}=0$ . In such a
coordinate system, the equations $(3 \cdot 47)$ take the form

$u_{i}dx’=0$ , $du_{j}-(L_{i}u_{k}+L_{k}u_{j})dx^{k}=0$ ,

and consequently, if we effect a suitable transfoi mation of the factor, these
become $u_{i}dx^{i}=0,$ $du_{j}=0$ . Thus the theorem is proved.

\S 4. Space of hyperplane elements with projective connection. Let us
consider a space, whose elements are points $(x^{i})$ and hyperplane elements
$(u_{i})$ passing through each point, and at each element of which is associated
an arbitrary projective space of $N$ dimensions called tangent space at this
element, and suppose that, between two $P^{A^{\prime ojective}}$ tangent spaces attached
to the nearby elements $(x^{i}, u_{i})$ and $(x^{i}+dx^{i}, u_{i}+du_{i})$ , there is always
given a projective correspondence. We shall call such a space space of
hyp$e$rplane elements with projective connection.

The projective connectIon is expressed analytically by the equations
of the form

$dA_{0}=\omega_{0}^{0}A_{0}+\omega_{0}^{i}A_{i}$ , $dA_{j}=\omega_{j}^{0}A_{0}+\omega_{j}^{i}A_{i}$ , (4 $\cdot$ 1)

where $[A_{0},$ $A_{1}$ , ......, $A_{n}]$ is a frame of reference taken in each tangent
space. $A_{0}$ coinciding with the contact point $(x^{i})$ and $\omega’ s$ are Pfaffian forms
with $re$spect to $(x^{i})$ and $(u_{i})$ . It will be easily seen that the Pfaffian forms
$\omega_{0}^{i}$ do not contain the differentials $du_{i}$ and consequently that we can take a
frame of reference in such a way that we have $\omega_{0}^{i}=dx^{i}$ . Such a frame of
reference will be called semi-natural frame of reference. With respect to
a semi-natural frame of reference, the equations (4 $\cdot$ 1) take the form

$dA_{0}=(\phi_{i}dx^{i}+\phi^{i}du_{i})A_{0}+dx^{i}A_{i}$ ,
(4 $\cdot$ 2)

$\prime dA_{j}=(\omega_{jk}^{0}dx^{k}+\omega_{j}^{0k}du_{k})A_{0}+(\omega_{jk}^{i}dx^{k}+\omega_{j}^{ik}dn_{k})A_{i}$ .

Here, the hyperplane element being represented by $u_{i}dx^{i}=0$ , the $u_{i}$
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are homogeneous coordinates of the hyperplane element, so the equations
$(4\cdot 2)$ must be invariant under the change $u_{i}\rightarrow au_{i}$ , and consequently, the
functions $\phi_{i},$ $\omega_{jk}^{0}$ and $u_{jk}^{i}$ are homogeneous functions of degree zero, $\phi^{i},$ $cu_{j}^{0k}$

and $\omega_{j}^{ik}$ those of degree $-1$ with respect to $u_{i}$ and satisfy the equations

$\phi^{i}u_{i}=0$ , $\omega_{j}^{0k}u_{k}=0$ , $v_{j^{k}}^{i}u_{k}=0$ . (4 $\cdot$ 3)

The projective connection being completely determined by the Pfa$f-$

fian forms $p\prime J_{j}^{0}$ and $\ell u_{j}^{i}-N_{j}\omega_{0}^{0}$ , we put

$\Pi_{jk}^{0}=cu_{jk}^{\theta}$ , $\Pi_{j}^{0k}=u_{j}^{0k}$ , $\Pi_{J^{k}}^{i}=\omega_{jk}^{i}-\delta_{j}^{l}f_{k}$ , $/l_{j}^{ik}=\omega_{j}^{ik}-\delta_{j}\phi^{k}$ (4.4)

and call them components of projective connection. They have the pro-
perties similar to those $u’ s$

Now, we take an infinitesimal parallelogram formed by $(x^{i}, u_{i}),$ $(x_{i}$

$+d_{1}x^{i},$
$n_{i}+dn_{i}$ )$1(x^{i}+d_{12}x^{i}+dx^{i}+ddx^{i}, u_{i}+du211+du_{i}+d_{l}iu_{i})22(x^{i}+_{2}dx^{i}, u_{i}+d_{2}u_{:})$

and consider the projective development along the infinitesimal circuit, then
the infinitesimal change of $A_{0}$ will be given by

$d_{2}d_{1}A_{0}-d_{1}d_{2}A_{0}=\Omega_{0}^{0}A_{0}+\Omega_{0}^{i}A_{i}$ , (4 $\cdot$ 5)

where

$9_{0}^{0}=(\phi_{k,l}-\phi_{l.k}+u_{u}^{0}-\omega_{lk}^{0})dx^{k}dx^{l}12$

$+(\phi_{k}|^{l}-\phi_{k}^{l}+\omega_{k}^{0l})(d_{1}x^{k}d_{2}u_{l}-d_{2}x^{k}d_{1}u_{l})+(\phi^{k}|^{l}-\phi^{\prime}|^{k})d_{1}u_{k}d_{2}u_{l}$ , $(4\cdot 6)$

$\Omega_{0}^{l}=()x^{j}dx^{k}+\Pi_{j}^{ik}(dx^{j}du_{k}-dx^{j}d_{1}u_{k})$ .

If the point $A_{0}$ will letnrn to the initial position $af$ter a $p\iota$ ojective
development along an infinitesimal circuit neglecting the infinitesimal quan-
tities higher than the second order, we say that our spac $e$ has no torsion.
The necessary and sufficient condition that our space have no torsion is
that

$\Pi_{jk}^{i}=\Pi_{kj}^{i}$ , $\Pi_{j}^{ik}=0$ . $(4\cdot 7)$

We shall assume in the following that our space has always no torsion.
Now, the semi-natural $f$ rame of reference is not unIquely determined,

but it may be subjected to a transformation of the form

$\overline{A}_{0}=A_{0}$ , $A_{j}^{-}=\lambda_{j}A_{0}+A_{j}$ , (4 $\cdot$ 8)
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where the functions $\lambda_{j}$ are supposed to bc homogeneous of degree zero
with respect to $u_{i}$ . Considering the hyperplane determined by $N$ points
$A_{1},$ $A_{2}$ , ......, $A_{n}$ as the hyperplane at infinity, we shall call $(4\cdot 8)$ trans-
formation of the hyperplane at infinity. The transformation law of the
components of projective connectIon under this tran $sf_{01}$ mation of hyperplane
at infinity is found to be

$\overline{\Pi}_{jk}0=\Pi_{jk}^{0}+\lambda_{j.k}-\lambda_{i}\Pi_{jk}^{i}-\lambda_{j}\lambda_{k}$ , $\overline{\Pi}_{j}^{0k}=\Pi_{j}^{0k}+\lambda_{j}|^{k}$ ,
(4 $\cdot$ 9)

i7 $jk^{=\Pi_{i^{k}}^{i}+\delta_{i}^{i}\lambda_{k}+\delta_{k}^{i}\lambda_{j}}$

If we effect a transformation of coordinates $\overline{x}^{;}=\overline{x}^{i}(x)$ , then the frame
of reference $[\overline{A}_{0},\overline{A}_{1}, \ldots\ldots,\overline{A}_{n}]$ which is semi-natural with respect to new
coordinate system and has the same hyperplane at infinity as that of the
old one given by

$\overline{A}_{0}=A_{0}$ , $\overline{A}_{j}=\frac{\partial x^{b}}{\text{{\it \^{a}}}\overline{x}^{j}}A_{b}$ . $(4\cdot 10)$

We call this transformation sirnply transformation ‘ of coordinates. The
transformation law of the components of $P^{lojective}$ connection under coor-
dinate $transf_{01}$ mation is found to be

$\overline{\Pi}_{j^{0}k}=\frac{\partial x^{b}}{\partial\overline{x}^{f}}\frac{\partial x^{c}}{\partial\overline{x}^{k}}\Pi_{bc}^{0}$ , $\overline{Il}_{j}^{0k}=\frac{\partial x^{b}}{\partial\overline{x}^{;}}\frac{\partial x^{\leftarrow k}}{\partial x^{c}}\Pi_{b}^{0e}$ ,

(4 $\cdot$ 11)
$\overline{\Pi}_{jk}^{i}=\frac{\partial x^{\triangleleft}}{\partial x^{a}}(\frac{\partial x^{b}}{\partial\overline{x}^{j}}\frac{\partial x^{c}}{\partial\overline{x}^{k}}\Pi_{bc}^{a}+\frac{\partial^{2}x^{a}}{\partial\overline{x}^{j}\partial\overline{x}^{k}})$

$A$

Thus $\Pi_{jk}^{0}$ and $\Pi_{j}^{0k}$ are components of tensors and $\Pi_{jk}^{i}$ are those of
affine connection under a coordinate transformation of the space.

\S 5. Differential equations of projectively flat hypersurfaces. Let us
consider, in our space, a hypersurface defined by $f(x)=0$ , and assume that

the point $P=A_{0}+p^{i}A_{i}(u_{i}p^{i}=0,$ $u_{i}=\frac{\partial f}{\partial x^{i}})\backslash $ contained in the hyperplane ele-

ment is always contained in the hyperplane element when we effect a
projective development along the hypersurface $f(x)=0$ , then such a hy-
persurface is called projectively flat hypersurface. Now, as we have

$P+dP=(1+\omega_{0}^{0}+l\omega_{i}^{0})A_{0}+(p+dx^{i}+dp^{i}+p^{j}u_{j})A_{i}$ ,
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the $necessaly$ and sufficient condition that the point $P+dP$ be contained in
the hyperplane element is that

$u(dp^{i}+\parallel\omega_{j}^{i})=0$

be satisfied by any $p^{i}$ and $dx^{i}$ satisfying $u_{i}p^{i}=0$ and $u_{i}dx^{t}=0$ , from which

$u_{l}dx^{i}=0$ , $du_{j}-\Pi_{jk}^{i}u_{i}dx^{k}=u_{j}\psi_{k}dx^{k}$ , (5.1)

or
$u_{i}dx^{i}=0$ , $du_{j}-(\Pi_{jk}^{i}u_{i}+\psi_{j}u_{k}+\psi_{k}u_{j})dx^{k}=0$ . (5.2)

These are the equations of projectively flat hypersurfaces, where $\psi_{j}$

are arbitraly functions homogeneous of degree zero with respect to $u_{i}$ .
From the form of $(5\cdot 2)$ , we can see that they are invariant in the form

under (i) the transformation of the hyperplane at infinity, (ii) the trans-
formation of cooidinates and (iii) the change of the factor. We shall
remark here that, if we effect a suitable transformation of the hyperplane
the equations $(5\cdot 2)$ take the form

$u_{i}dx^{i}=0$ , $dn_{j}-\Pi_{jk}^{i}u_{i}dx^{k}=0$ . $(5\cdot 3)$

\S 6. $T1_{l}e$ main problcm. Let us suppose that there is given, in an
N-dimensional space, a system of hypersurfaces having the properties as
explained in \S 2 and \S 3.

Then, our main problem is to determine a projective connection in a
space of hyperplane elements whose system of projectively fiat hypersurfaces
will coincide exactly with the given system of hypersurfaces.

The differential $eq\iota!ations$ of hyperplanes take the $fo\iota m$

$n_{i}dx^{i}=0$ , $dn_{9}-\Pi_{jk}^{i}u_{i}dx^{k}=0$ $(6\cdot 1)$

with respect to a $S^{t}1itable$ semi-natural $f$rame of reference. So, to solve
our main problem, comparing $(2 \cdot 2)$ and (6 $\cdot$ 1), we put the first condition:

$\Gamma_{jk}^{i}=\Pi_{jk}^{i}+\Pi_{j}^{u}u_{k}+\Pi_{k}^{0i}u_{j}$ . $(6\cdot 2)$ .

As we have, from $(6\cdot 2)$ ,

$\Gamma_{jk}=I_{jk}^{\prime}u_{i}=\Pi_{jk}^{i}u_{i}$ , $(6\cdot 3)$

the equations (2.2) and $(6\cdot 1)$ coincide and the conditIon $(6\cdot 2)$ is con-
sistent.
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Moreover, as is explained in \S 3, the p-ojective change of $\Gamma_{jk}^{i}$ :

$\overline{\Gamma}_{jk}^{i}=\Gamma_{jk}^{i}+\delta_{j}^{i}H_{k}+\delta_{k}^{i}H_{j}+H_{j}|^{i}u_{k}+H_{k}|^{i}u_{j}$ $(6\cdot 4)$

may be regarded as a transformation of the hyperplane at infinity by the
functions $H_{j}$ , where $H_{j}$ are functions homogeneous of degree zero with
respect to $u_{i}$ and satisfy $(3 \cdot 4)$

For, during the transformation of the hyperplane at infinity defined
by $H_{j}$ , the functions $\Pi_{jk}^{i}$ and $\Pi_{j}^{0i}$ are transformed into $\overline{\Pi}_{jk}^{i}$ and $\overline{II}_{j}^{0i}$ res-
pectively by the formulae

$\overline{\Pi}_{jk}^{i}=\Pi_{jk}^{i}+\delta_{j}^{i}H_{k}+\delta_{l}^{i}H_{j}$ , $\overline{\Pi}_{j}^{0i}=\Pi_{j}^{0i}+H_{j}|^{i}$ ,

and consequently we have

$\overline{1I}_{jk}^{i}+J^{-}I_{j}^{0i}u_{k}+\overline{Il}_{k}^{M}u_{j}=\Pi_{jk}^{i}+\Pi_{j}^{0i}u_{k}+\Pi_{k}^{0i}u_{j}+\delta_{j}^{i}H_{k}+\delta_{l}^{i}H_{j}+H_{j}|^{i}u_{k}+H_{k}|^{i}u_{j}$ .
(6 $\cdot$ 5)

But, if we effect a trans $f$ormation of the hyperplane at infinity defined
by an arbitrary functions $\lambda_{j}$ , then the functions defined by $(6\cdot 2)$ will be
transformed into

$\overline{\Gamma}_{jk}^{i}=\Gamma_{jk}^{i}+\delta_{j^{\prime}}^{\prime}\lambda_{k}+\delta_{k}^{\backslash \iota}\lambda_{j}+\lambda_{j}|^{i}u_{k}+\lambda_{k}|^{i}u_{j}$ , $(6\cdot 6)$

where $\lambda_{j}$ do not necessarily satisfy the condition $(3 \cdot 4)$ . So that, we can
not generally regard the transformation of the hyperplane at infinity as
the transformation of the $facto_{\perp}\cdot$ . We can do it when and only when the
functions $\lambda_{j}$ defining it satis$fy$ the codition $(3 \cdot 4)$ .

We are now going to detelmine all the coefficients of the projective
connection in terms of the given fnnctions $\Gamma_{jk}$ only.

\S 7. Projective curvature tensors. We shall effect a projective develop-
ment along an infinitesimal parallelogram which was considered in \S 4 and
calculate the variations of the points $A_{j}$ . By a straightfolward calculation,
we find

$d_{2112}dA_{j}-ddA_{j}=\Omega_{j}^{0}A_{0}+\Omega_{j}^{i}A_{i}$ . (7 $\cdot$ 1)

But, following E. Cartan, the curvature tensors of the space are given
by $\Omega_{j}^{\theta}$ and $\Omega_{j}^{i}-\delta_{j}^{i}\Omega_{0}^{0}$ , thus putting

$\delta u_{j}=du_{j}-\Pi_{jk}^{i}u_{i}dx^{k}$, $(7\cdot 2)$



132 K. YANO and H. HIRAMATU

$\Omega_{j}^{0}=P_{ju_{112112}^{dx^{k}t_{\underline{)}}[x^{l}+P_{jk}^{0l}(x_{0}^{k_{\sim}}}}^{0}.d\delta u_{l}-dx^{k}\delta_{l/\iota})+f_{j}^{\supset 0kl}\delta_{ll_{A}}\delta_{lJ_{l}}$ , $(7\cdot 3)$

$\Omega_{j}^{i}-\delta_{j}^{i}\Omega_{0}^{0}=P^{i}i_{12122}^{kl}dx^{k}dx^{l}+P_{jk}^{tl}(dx^{k}\delta u_{l}-dx^{k}\delta_{1}\iota\ell_{l})$ , $(7\cdot 4)$

we find
$P_{ju}^{0}=(\Pi_{jk.l}^{0}+\Pi_{jk}^{0}|^{b}\Pi_{u}^{a}u_{a})-(\Pi_{jl.k}^{0}+\Pi_{jl}^{0}|^{b}\Pi_{bk}^{a}u_{a})$ (7 $\cdot$ 5)

$+\Pi_{jk}^{a}(\Pi_{u}^{0}+\Pi_{a}^{0b}\Pi_{bl}^{c}u_{c})-\Pi_{jl}^{a}(\Pi_{ak}^{0}+\Pi_{a}^{0b}\Pi_{bk}^{o}u_{c})$

$-(\Pi_{j}^{0a_{k}}+\Pi_{j}^{0a}|^{b}\Pi_{bk}^{c}u_{c})\Pi_{al}^{d}u_{\iota}+(\Pi_{j}^{0\alpha_{l}}+\Pi_{j}^{0a}.|^{b}\Pi_{u}^{c}u_{c})\Pi_{ak}^{d}u_{d}$ ,

$P_{jk}^{0l}=\Pi_{jk}^{0}|^{l}-(\Pi_{j,k}^{0l}+\Pi_{j}^{0l}|^{b}\Pi_{bk}^{a}u_{a})+\Pi_{i}^{0a}|^{l}\Pi_{ak}^{b}u_{b}+\Pi_{jk}^{a}\Pi_{a}^{0l}$ , (7 $\cdot$ 6)

$P_{j}^{0u}=\Pi_{j}^{0k}|^{l}-\Pi_{j}^{0l}|^{k}$ , $(7\cdot 7)$

$P_{ju}^{i}=(\Pi_{jk,t}^{i}+\Pi_{jk}^{i}|^{b}\Pi_{bl}^{a}u_{a})-(\Pi_{jl,k}^{t}+\Pi_{jl}^{i}|^{b}\Pi_{b}^{a_{d^{l_{a}}}})+\Pi^{a}j\Pi_{u}^{i}-\Pi_{j}a_{p}\Pi_{ak}^{i}$

$+(\Pi_{jk}^{0}+Jl_{j}^{0b}\Pi_{bk^{ll_{a}}}^{n})\delta_{l}^{i}-(\Pi_{jl}^{0}+\Pi_{j}^{0b}\Pi_{bl}^{a}u_{a})0_{k}^{w}$ $(7\cdot 8)$

$-\delta_{j}^{i}\{(\Pi_{kl}^{0}+\Pi_{k}^{0b}\Pi_{u}^{\alpha}u_{a})-(\Pi_{lk}^{0}+\Pi_{l}^{0b}\Pi_{bk}^{a}u_{\alpha})\}$ ,

$P_{jk}^{il}=\Pi_{jk}i|^{l}-\theta_{j}^{t}\Pi_{k}^{0l}-\grave{0}_{k}\Pi_{j}^{u}$ . $(7\cdot 9)$

As is easily seen, there exist the following identities satisfied by these
$curvat|1$re tensors:

$P_{jk}^{0l}u_{l}=0$ , $P_{j}^{0kl}u_{k}=0$ , $P_{j}^{0kl}u_{\ell}=0$ , $P_{jk}^{il}u_{l}=0$ . $(7\cdot 10)$

Now, if we effect a transformation of the hyperplane at infinity $(4\cdot 8)$ ,
these curvat($1$ re tensors are transformed respectively into

. $\overline{P}_{guu}^{0}=P_{j}^{0}-\lambda_{i}P_{jk\iota}^{i}+(P^{0_{jk}a}-\lambda_{i}P_{jk}^{ia})\lambda_{a}u_{l}-(P_{jl}^{0a}-\lambda_{i}P_{J^{i}}^{ia})\lambda_{a}u_{\iota}$ , (7 $\cdot$ 11)

$\overline{P}^{0_{jk}l}=P_{jk}^{0l}-\lambda_{i}P_{jk}^{il}+P^{0_{j}d}\lambda_{a}u_{k}$ , $(7\cdot 12)$

$\overline{P}_{j}^{0kl}=P^{0_{j}u}$ , $(7\cdot 13)$

$\overline{P}_{jkl}^{i}=P_{jkl}^{i}+P_{jk}^{?a}\lambda_{a}u_{l}-P_{jl}^{tr\iota}\lambda_{a}u_{k}$ , $(7\cdot 14)$

$\overline{P}_{jk}^{il}=P_{jk}^{il}$ . $(7\cdot 15)$

Thus we can see that the tensor $P_{j}^{0u}$ and $P_{jk}^{il}$ are both purely pro-
jective.

\S 8. Determination of coefficients of projective connection. Now, we
shall proceed to solve our main problem, that is to say, to $\det e$rmine all
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the $coeffi^{\backslash }\vee ients$ of the projective connection in terms of $\Gamma_{jk}$ . For this, we
$P^{J}t$ first a purely projective condition:

$P^{a_{ja}l}=0$ . $(8 \cdot 1)$

Putting $(6\cdot 2)$ into the expression of $P_{jk}^{il}$ and calculating $(8\cdot 1)$ , we
find

$(\Gamma_{aj}^{a}-\Pi_{a}^{0a_{ll_{j}}})|^{i}-(N+1)\Pi_{j}^{0i}=0$ ,

from which, contracting with respect to the indices $i$ and $J^{\prime}$, we find
$\Pi_{a}^{0a}=\frac{1}{2N}\Gamma_{ab}^{a}|^{b}$ , and consequently

$\Pi_{j}^{0i}=L_{j}|^{i}=\frac{1}{N+1}(\Gamma_{aj}^{a}-\frac{1}{2N}I_{ab}^{7}a|^{b}u_{j})|^{i}$ . $(8\cdot 2)$

The $\Pi_{j}^{0i}$ being thus determined, we have, from $(6 \cdot 2)$ ,

$\Pi_{jk}^{i}=\Gamma_{jk}^{i}-L_{j}|^{i}u_{k}-L_{h}|^{i}ll_{j}$ $(8\cdot 3)$

Substituting $(8\cdot 2)$ and $(8\cdot 3)$ into $(7\cdot 9)$ , we shall $hne$ the $\exp\iota\cdot es-$

sions for $P_{jk}^{il}$ in terms of $\Gamma_{jk}^{i},$
$b_{\rightarrow}\downarrow t$ this expression will be condensed in

the form

$P_{jk}^{il}=(\Gamma_{fk}-L_{j^{Jf}k}-L_{k}u_{j})|^{i}|^{l}$ . $(8 \cdot 4)$

The functions $\Pi_{j}^{0i}$ and $\Pi_{jb}^{i}$ being $th^{t}\lrcorner s$ determined, to determine the
$f_{\llcorner}lnctions\Pi_{jk}^{0}$: we $p^{1_{\llcorner}}\lambda t$ the condition

$P^{a_{jka}}=0$ . $(8\cdot 5)$

This condition is, as is seen from $(7\cdot 14),$ $(8\cdot 1)$ and $u_{i}P_{jk}^{il}=P_{jk}^{li}u_{i}$

$=0,$ invaliant under the transformation of the hyperplane at infinity, that
is, the conditlon is a purely projective one. Following E. $CaJtan$ , we shall
call the space of $hyP^{e1}plane$ elements with rormal projective connection,

the space whose projective connect on satisfies the condition $(8 \cdot 1)$ and
$(8 \cdot 5)$ .

From $(7\cdot 8)$ and $(8 \cdot 5)$ , we fi. $d$

$JI_{jk}^{0}+JI_{j}^{0b}\Pi_{bk}^{a}u_{\alpha}=-\frac{1}{N^{\underline{o}}-1}(N\Pi^{a_{jka}}+JI^{a_{kja}})$ , $(8 \cdot 6)$

where we have put
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$JI_{ju}^{i}=(\Pi_{jk.t}^{j}+\Pi_{jk}^{i}|^{b}\Pi_{l,l^{ll}a}^{\gamma\ell})-(\Pi_{jl,k}^{i}+/I_{jl}^{j}|^{b}/I_{bk^{7l_{a}}}^{a})+Jl_{jk}^{a}tI_{\subset\iota l}^{i}-ll_{jl}^{a}lI_{ak}^{i}$ , $(8 \cdot 7)$

SubstitutIog $(8\cdot 6)$ , into $(7\cdot 8)$ , we find

$P_{ju}^{i}=\Pi_{j\#}^{t}-\frac{1}{N^{s}-1}(N\Pi_{jln}^{a}+\Pi^{a_{kja}})\delta_{l}^{t}$ $(8\cdot 8)$

$+\frac{1}{N^{\underline{o}}-1}(1V\Pi^{a_{jla}}+\Pi^{a_{lja}})\delta_{k}^{i}+\frac{1}{N+1}\delta_{j}^{l}(\Pi^{a_{kl\prime\ell}}-\Pi^{a_{lka}})$ .

Substituting $(8 \cdot 2),$ $(8\cdot 3)$ and $(8 \cdot 6)$ into $(7 \cdot 1^{\prime^{\prime}}))$ , $(7\cdot 6)$ and $(7\cdot 7)$ , we
can find the expressions for other curvature tensors $F_{jkl},$ $P_{jk}^{0l}$ and $P^{0_{j}kl}$ .

Thus we have succeeded in detelmining the projective connection with
$re$spect to a semi-natural frame of reference in such a way that the equa-
tions $(2 \cdot 1)$ will be exactly those for the system of projectively flat hype $r-$

surfaces.
\S 9. Natural frame of reference. We have completely determined the

coefficients of a projective connection of a space of hyperplane elements,

but they are $\det e$ lmined with respect to a semi-natural frame of reference,

so that we can yet effect a transformation of the hyperplane at infinity.
Among these semi-natural frames of reference, we shall choose a special
one called natural $f$rame of reference. If the functions $JI_{jk}^{i}$ satisfy the
condition

$*\Pi_{ja^{=}}^{a*}\Pi_{ja}^{a}=0$ , $(9 \cdot 1)$

th $e$ semi-natural frame of reference will be called the natural frame of
reference. In the following, we shall add an asterisk to the quantities
expressed wih respect to the natural frame of reference.

The transformation of the hyperplane at infinity which carries a semi-
natural frame of reference $[A_{0}, A_{j}]$ into the natural one $[^{*}A_{0}, *A_{j}]$ is given
by

$*A_{0}=A_{0}$ , $*A_{j}=-\frac{1}{N+1}\Pi_{aj}^{a}A_{0}+A_{j\prime}$ $(9 \cdot 2)$

or, according to $(3 \cdot 20)$ ,

$*A_{0}=A_{0}$ , $*A_{i}=-L_{j}A_{0}+A_{j}$ . (9.3)

The $coe$fficients of the projective connection with respect to the natural
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fralIle of reference are given by

$*\Pi_{jk}^{0}=Jl_{jk}^{0}-L_{j,k}+L_{i}\Gamma 1_{jk}^{i}-L_{i}L_{k}$ , $(9\cdot 4)$

$*\Pi_{j}^{0i}=0$ , $(9 \cdot 5)$

$*\Pi_{jk}^{i}=\Pi_{jk}^{i}-\delta_{j}^{i}L_{k}-\delta_{k}^{i}L_{j}$ . $A$

$(9\cdot 6)$

The functions $*\Pi_{jk}^{i}$ given by $(9 \cdot 6)$ are also written as

$*\Pi_{jk}^{i,}=\Gamma_{j\lambda\}}^{i}-\delta_{j}^{i}L_{k}-\delta_{k}^{i}L_{j}-L_{j}|^{i}u_{k}-L_{/c}|^{i}u_{j}=(\Gamma_{jk}-L_{j}u_{k}-L_{k}u_{j})|^{i}$ , $(9 \cdot 7)$

and coincide well with the coeffi.cients of the connection of the projective
geometry of hyperplanes discussed in \S 3.

The curvature quantities with respect to the natural frame of reference
are given by

$*P_{jkl}^{0}=(*\Pi_{jk,\iota+\Pi_{jk}^{0}|^{a*}\Pi_{al})-(\Pi_{jl,k}+\Pi_{jl}^{0}|^{a*}\Pi_{ak})}^{0*}*0*$

$+^{*}\Pi_{jk^{*}}^{a}\Pi_{al}-\Pi_{\eta l}^{a*}\Pi_{ak}^{0}$ , $(9\cdot 8)$

$*P_{jk}=\Pi_{jk}^{0}|^{l}$ , $(9\cdot 9)$

$*P^{0_{j}kl}=0$ , $(9\cdot 10)$

$*P_{jkl}=\Pi_{jkl}^{i}+\Pi_{jk}\delta_{l}-\Pi_{jl}^{0}0_{k}^{M}-\delta_{j}^{i}(*\Pi_{k\iota^{-\Pi_{lk}^{0})}}^{0*}, (9\cdot 11)$

$*P_{jk}^{il*}=\Pi_{jk}^{i}|^{l}’$ ’
$(9\cdot 12)$

where

$*\Pi_{jkl}^{i}=(*\Pi_{jk,\iota+\Pi_{jk}^{i}|^{a*}\Pi_{al})-(J1_{jl,k}+\Pi_{jl}^{i}|^{a*}1I_{ak})+-\Pi_{j}^{a_{l^{*}}}\Pi_{ak}^{i}}^{i*}*i**\Pi_{jk^{*}}^{a}JI_{al}^{i*}$ ,

$(9 \cdot 13)$

The $*\Pi_{ju}^{i}$ satisfies

$*\Pi^{a_{akl}}=0$ , $*\Pi^{a_{jka}}=*\Pi^{a_{kja}}$ $(9\cdot 14)$

Remembering that our projective connection is normal and consequently
we have $*P^{a_{jka}}=0$ , we can obtain, from $(9 \cdot 11)$ ,

$*\Pi_{jk}^{0}=-\frac{1}{N-1}*\Pi_{i^{k\alpha}}^{a}$ , $(9\cdot 15)$

$*P_{jkl^{=}}^{i*}\Pi_{jkl}^{i}-\frac{1}{N-1}*\Pi^{a_{jka}}\delta_{l}^{i}+\frac{1}{N-1}*\Pi^{\alpha_{jla}}\delta_{k}^{i}$ . $(9\cdot 16)$
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The $*P_{2^{M}}^{l}$ which is nothing $b\iota t*W_{?^{M}}^{i}$ in \S 3, sati $\sigma$ fy

$*P_{a}^{a}u=0$ , $*P^{a_{jka}}=0$ , $n_{i}^{*}P_{jkl}^{i}=0$ . $(9\cdot 17)$

Now, we shall consider the $\iota^{\wedge}elatio\iota 1$ between thc culvatt\mbox{\boldmath $\iota$} $re$ quantities
$*P_{jkl}^{i}$ and $P_{ju}^{i}$ . From $(7\cdot 14)$ and $(9\cdot 3)$ we $1_{1}ave$

$*P_{jkl}^{\prime}=P_{jAl}^{i}-P_{jk}^{ia}L_{a^{7/}l}+P_{jl}^{ta}L_{a^{p/}k}$ ,

but remembering that $P_{jk}=P_{jk}=JI_{jk}^{i}|^{l}$ , we can rewrite the above ex-
pression in the form

$P_{jll}=P_{jk\iota+\Pi_{jk}^{i}|^{a}\Pi_{jl}^{i}|^{\alpha}L_{a^{7/}k}}^{t*}L_{a}rn-*$ . $(9\cdot 18)$

If we use the relation

$*\Pi_{jk}=\Gamma_{jk}-L_{j}\iota l_{k}-L_{k^{\prime\prime}j}$ , $(9\cdot 19)$

obtained fiom $(9 \cdot S)$ , then the $F_{j}^{i}u$ becomes

$P_{jkl}^{?}=B^{t_{jkl}}-\frac{1}{N-1}B^{a_{jka}}\delta_{l^{l}}+\frac{1}{N-1}B^{a_{jla}}\delta_{t\ovalbox{\tt\small REJECT}}^{i}$ , $(9\cdot \mathfrak{B})$

where

$B_{jk\iota}^{i}=(*\Pi_{jk,\ell}+/I_{jA}^{i}.|^{a}\Gamma_{al})-(*\Pi_{jl,k}+Il_{jl}^{i}|^{a}/a\lambda i)+*\Pi_{jk^{*}}^{a}/I_{a\iota\iota^{*}}^{i*}-Jl_{j}^{a}\Pi_{ak}^{i}$ .
$(9 \cdot 21)$

The epuation $(9\cdot 20)$ shows us that the $P_{ju}^{i}$ coincida will $wIth$ the
culvature tensor $(3\cdot 42)$ given for the projective geometry of hyperplanes
in \S 3.
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