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On the Theory of Algebraic Correspondences and its Application
to the Riemann Hypothesis in Function-Fields

JUN-ICHI IGUSA

(Received Dec. 1, 1948)

Since the publication of ARTIN’s monumental Quadratische K\"orper
im Gebiete der h\"oheren Kongruenzen, one of the central problems in the
theory of algebraic function-fields has been to prove an \’analogy of RIEMANN
hypothesis for “ congruence $\zeta$-functions.” Although in “ elliptic “ case this
problem had been solved by HASSE, the general case was beyond the
scope of his $arith_{I}\eta etical$ method; and it was Andr\’e WEIL who $6r,st$ insighted
the deep connection between the f\yen URWlTZ formula in the theory of

$\tau$

algebraic correspondences and the RIEMANN hypothesis in function-fields.
By this discovery a new way to the solution of the RIEMANN hypothesis $w$as
opened; he $s_{\backslash }ketched$ the outline of it in $a.C$ . R.-note in 1940, and
a year later he published the otitline of another proof in a P. N. A. S.
-note, depending only on the SEVERI’s theory of algebraic correspondences.
In this paper we $\cdot$ shall develope the algebraic theoiy of correspondences,
centering around the $S_{I^{_{d}^{\backslash }}VERI’ s}$ formula on the “ virtual degree “ of divisors
on the product of two algebraic curves, in a most general form based on the
WEIL’s $Fomn/atio’\iota s$ of $afg_{d}oraicgcom\ell try$ (A. M. S. Coll. $iv$ . XXIX, 1946),
and as its application, we shall prove the RIEMANN hypothesis following
the idea of WEIL’S P. N. A. S. -llote

During the whole period of my investigation, I was encouraged by
Prof. Y. AKIZUKI and by Dr. K. IWASAWA, to whom I express my sincere
gratitnde, and I wish to dedicate this paper to Prof. S. IYANAGA.

I. Multiplication Ring.

1. Tlw curve. We shall fix once for all a “ universal domain ” $K$ )

of characteristic $p$ ($l$ is therefore either zero or a positive prime number).
Let $K$ be a regular extension of dimensionl over a perfect field $k_{0}$ , or,
—-

1) After my investigation had been completed (in November 1948), I noticed by another
P. N. A. S. -note of WEIL (in 1948) that he had also published a detailed proof of his notes
in Pub. Inst. Strassbourg (N. S., no. 2), pp. 1-85(1948).

- 2) We shall use the same terminologies and notations in WEIL’S book; the results in the ,
same book will be used without mentioning.
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in the usual terminology, an algebraic function-field of $o_{\backslash }ne$ variable over
$k_{0};,since$ $K$ is separably generated over $\gamma_{\iota i_{0}}$ , there exists a variable $\chi$ over
$k_{0}$ in $Ksu\dot{c}h$ that $K$ is separably algebraic over $\chi_{0}(x)$ ; set 1

$[K : k(x)]=;\iota$ .

Let $K_{x}$ be the subring of $K$ consisting of all elements $y$ , which are finite

over every finite specialization of $\chi$ with reference to $k_{0}$ ; $K_{x}$ is nothing

but the set of all integral elements of $K$ over the ring $k_{0}[x]$ . By a well-

known elementary procedure, we can find a minimal base $ y_{1}\ldots\ldots$ . , $y_{n}$ of
$K_{x}$ over $\chi_{0}(x)$ ; set

$[K : \mathcal{L}^{2}(x)]=\overline{\prime}\iota$

Let $K_{x}$ be the subring of $K$ consisting of all elements 1 , which are finite

over every finite specialization of $\chi$ with reference to $k_{0}$ ; $K_{A}$ .is nothing but
$\sim$

the set of all integral elements of $K$ over the ring $\chi_{0}[x\rceil$ . By a well-

known elementary procedure, we can find a minimal base’ $y_{1},\ldots\ldots,$ $y_{n}$ of

$K_{x}$ over $/e_{0}[x];\sim$ put then
$P.=(x,.y)=(x, y_{1’ \cdot-}y_{n})$ .

Since $\gamma_{\iota_{0}^{y}}(P)=K$ is regular over $k_{0}$ , the point $P$ in $(n+1)$-space has a locus

$C$ of dimension 1 over $k_{0}$ such that for every point $\overline{P}$ of $C$ , the specializa-

tion ring of $\overline{1}$) in $\gamma_{\vee 0}(P)$ is integrally closed; since $\chi_{0}$ is a perfect field, this

implies that every point of $C$ is simple. Consider similarly the ring $K_{x^{\prime}}$

for $x^{\prime}=1/x$ and take a minima( base $y_{1^{\prime}},\ldots\ldots,$ $y_{n^{\prime}}$ of $K_{x}^{\prime}$ over $k_{0}[x^{\prime}]$ ,

then the point
. $P^{\prime}=$ $(x^{\prime} , y^{\prime})=(x^{\prime},$ $y_{1}$ ,......, $y_{n^{\prime}})$

in $(,\iota+1)$-space has a locus C’ of dimension, 1 over $k_{0}$ such that every point

of $C^{\prime}$ is $s^{d}im_{I^{J}}1e$ on $C^{\prime}$ . Now since $k_{0}(P)=K=k_{0}(P^{\prime}),$ the point $P\times P^{\prime}$ in

the product $C\times\dot{C}^{\prime}$ has a locus $T$ over $k_{0}$ , which is a birational corr.cspon-

dence between $C$ and $C^{\prime}$ over $l_{0}^{\prime}$ ; since $C$ and $C^{\prime}$ have no multiple points,

if a point $\overline{P}\times\overline{P^{\prime}}$ in $C\times C^{\prime}$ is on $T,$ $P$ and $\overline{P^{\prime}}$ are regularly corresponding

pointe of $C$ and $C^{\prime}$ by T. Therefore this $T$ and the varicti.es. $C$ and $C$

together with tbeir empty frontiers define a $-V\underline{a}rictyC$ of dimension 1

and without multiple $1^{)}oint$ . Moreover if $1‘=(x,y)$ is a pseudopoint of $C$ ,

we have $ x=-\infty$ , and $P^{\prime}$ is finite ovqr the specialization $P\rightarrow\overline{P}$ with reference

to $k_{0}$ ; this shows that $C$ is a complete Variety. In this paper, every com-
plete Variety of dimension 1 and without multiple Point will be called a

Curvs.
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Now if a Curve $C$ is given a priori, $C^{\prime}$ has a perfect field of definition
$/e_{0}$ . $e$ . $g$ . the “ perfect cloji$nrc$ ‘’ of any $fie4d$ of definition of $C^{\prime}$ ; take generic
Point $P^{\prime}$ of $C^{\gamma}$ over $l_{0}^{J}$ , thcn $l_{()}^{\prime}(P^{\prime})=K$ is a regular extension of dimension
1 over $k_{0}$ , to which belongs therefore a Curve $C$ as above. If $P$ is the
generic Point of $\sigma$ over $l_{0}^{y}$ (as defined above), we have $k_{0}(P^{\prime})=K=l_{0}(P)$ ,

so that the Point $P^{\prime}\times P$ in $C^{\prime}\times C$ has a Locus $T$ over $k_{0}$ in $C\times C$, which
is an everywhere biregular birational correspondence between $C^{\prime}$ and $C^{c}$

It follows that the algebraic geometry on $C^{\prime}$ is the same as that on $C$ ;
thus we may assume, if necessary, that every Curve is constructed as our $C$.

2) $Co\grave{r},’\ell slt$ ) $ndc’ nc\ell s$ . Let $\backslash C_{1}$ and $C_{2}$ be two Curves, then their Product
$C_{1}\times C_{\underline{9}}$ is a (special type of) Suzfa $Y$ , by which we mean a complete Variety.
of dimension 2 and without multiple Point. As in tthe classical case, every
divisor $X$ on this $S_{\dot{L}}\iota rface$ is called a $C0’ l^{\prime psl^{0\prime rd_{t}nce}}$ lelwetn $C_{1}$ and $C$ ; in
particular if $X$ is rednced to a Variety, it is called an $irr\ell d\iota/cibjJe$ correspon-
dence. The irreducible correspondence may have a finite number of multiple
Points on it, so that it is not $Cu\iota v\dot{e}$ in general. Now $to\cdot every.correspon-$

dence $X$ between $C_{1}$ and $C_{2}$ , we shall attach two rational integers 1(X)

and $r(X)$ by
$prc_{1}(X)=1(X)C_{1}$ , $prc_{2}(X)=r(X)C_{2}$ .

If $X$ is irreducible and if 16$X$) $=0$ or $r(X)=0$ , there $e_{X}ists$ a Point $\overline{P}$ of
$C_{1}$ or a Point $\overline{Q}$ of C. such that

$X=\overline{P}\times\dot{C}_{2}$ or $X=C_{1}\times\overline{Q}$ ;

more generally a correspondence $X$ of the form $A\times C\underline{)}Oi$ \’of the form $C_{1}$

$\times B$ , where $A$ or $B$ is a $C_{1}$-divisor or $C_{2}$-divisor, is called the $d$. I. (dege-

nerate on the left-hand side)-correspondence or the $d$. $r.$ -correspondence

respectively.
Now let $X$ be any irreducible correspondence between $C_{1}$ and $C_{2}$ , and

$\overline{P}$ a $Poi^{\backslash }|t$ of $C_{1}$ such that the intersection-product $X\cdot(\overline{P}\times C_{2})$ is defined on
$C_{1}\times C_{2}$ , then we shall define the $C_{2}$-divisor $X(\overline{P})$ by

$X(\overline{P)}.=prc_{2}(X\cdot(\overline{P}\times C_{2}))$ ;
’

$X\cdot(P^{-}\times C_{2})$ is not defined if and only if $X=\overline{P}\times C_{2}$ . $Si_{I}\gamma ce$ we have $(\overline{Q}\times C_{2})$

$(\overline{P})=0$ for every Point $\overline{Q}^{i_{5}}\overline{P}$ of $C_{1}$ , it will be natural to set

$(\overline{P}\times C_{\underline{o}})(\overline{l^{J}})=0$ ;

and in general we shall define $X(A)_{\backslash }for$ any correspondence $X$ between

$C_{1}$ and $C_{2}$ , and for any $C_{\iota}$-divisor $A$ by linearity in $X$ and in $A$ , i.e. we put
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$X(A)=\sum_{i.j}a_{j}f\prime_{j}X_{1}(\overline{P}j)$

for the expressions $X=\Sigma a_{i}X_{i}$ and $A=\sum_{j}\delta_{j}\overline{P}_{j}$ ; it holds
$X(A)=prc_{2}(X\cdot(A\times C_{2}))$ ,

whenever the intersection-product $X\cdot(A\times c_{\underline{9}})$ is defined on $C_{1}\times C_{2}$ . More-
over by the “ principle of conservation of rinmber “: we have

$deg$ . $X(A)=1(X)$ deg.A;
thus the ‘ correspondence ’

$A-\succ X(A)$

is an additive operator of the group of all $C_{1}$ -divisors (of degree zero)
into the group of all $C_{2}$-divisors (of.degree zero). Let $l^{\supset}$ be a generic
Point of. $C$ over some common field of definition for $C_{1}$ and $C_{2}$ , over
which $|X$ is rational, then $X(P)$ has a uniquely determined specialization
X. $(\overline{P})$ over every specialization $P\rightarrow\overline{P}$ with reference to above mentioned
field; thus $X(A)$ is uniquely determined by $X(1^{J})$ only.

3) Product of $co’\prime r\ell spo’:d\ell nces$. $N6w$ let $X$ be an irreducible corres-
pondence between two Curves $C_{1}$ and $C_{2}$ . and $Y$ an irreducible correspon-
dence between two Curves $C_{2}$ and $C_{3}$ , then we sltall define their product
$Y\circ X$ by

$Y\circ X=pr^{c_{1\times cs}}((C_{1}\times Y)\cdot(X\times C_{?}))$ ,
$\iota$

whenever the intersction-product $(C_{1}\times Y)\cdot(X\times C,,)$ is defined on $ C_{1}\times C_{2}\times$

$C_{3}$ ; $Y\circ X$ is a correspondence between $C_{1}$ and $C_{?}$ , whenever it is defined.
PROPOSITION 1. $T1_{l_{\vee}^{\prime}}$, intersection product $(C_{1}\times Y)\cdot(X\times C_{\tau})$ is not

defined on $C_{1}\times C_{0,\sim}\times C_{:}$, , if and only if $X$ is of $t/le$ for, $C_{1}^{\neg}\times\overline{P}aIldY$ of the
form $\overline{P}\times C_{?}\prime L\ell_{1}it/\iota t/\iota e$ same Point $\overline{P}$ of $C_{2}$ .

Proof. $(C_{1}\times Y)\cdot(X\times C,)$ is not defined, if and only if $C_{2}\times Y=X\times C_{3}$ ;
our condition is thus sufficient. Conversely if $C_{1}\times 1^{\nearrow}=X\times C_{3}$ , we have

$C_{1}\times prc_{2}(Y)=prc_{1}xc_{2}(C_{2}\times V)$

$=prc1\times c_{2}(X\times C_{:t})=0$ ,

whence $prc_{2}(Y)=0$ , $Y=\overline{P}\times C_{8}$ with some Point $\overline{P}$ of $C_{2}$ , and $ X=C_{1}\times$

$\overline{P}$ with this $\overline{P}$ .
Now since we have $(\overline{Q}\times C_{3})\circ(C_{1}\times\overline{P})=0$ for every $I$ )

$oints\overline{P}$ and $\overline{Q}$

$(\overline{P}\neq\overline{Q})$. of $C_{2}$ , it will be natural to set
$(\overline{J^{y}}\times C_{3})^{\circ}(C_{1}\times\overline{P})=0_{1}$.



Ou the $t/\iota e\theta ry$ of $Al_{\delta}\sigma\ell\delta raicCorrcspomfenc\ell s$ etc. 151

\sim -

and in general we shall define the product $Y\circ X$ for any correspondence $X$

between $C_{1}$ and $C_{2}$ , and for any correspondence $Y$ between $C_{2}$ and $C_{3}$ by
liriearity in $X$ and $Y,$ $i$ . $e$ . we put

$Y\circ X-=\Sigma_{i,j}a_{i}\delta_{j}(Y_{j}\circ X_{i})$

for the expressions $X=\sum_{i}a_{i}X_{i}$ and $Y=\Sigma_{j}\delta_{j}Y_{j}$ ; it holds,
$Y\circ X=prc_{1}\times c_{3}((C_{1}\times Y)\cdot(X\times C_{3}))$ ,

whenever the intersection-product $(C_{1}\times Y)\cdot(X\times C_{3})$ is defined on $C_{1}\times C_{2}$

$.\times C_{?}$ . We shall sltow that our product“ $Y\circ X$ induces the ‘ product’ of two‘

operatdrs $Xa^{1}ndY$ between the groups of divisors on the corr.esponding
Curves (cf. 2)). To this purpose take a common field $\cdot$ of definition for $C_{1}$ ,
$C_{2}$ and $C_{?}$ , over which both $X$ and $Y$ are rational; and take a generic
Point $P$ of $C_{2}$ over this field; we only to show

$(Y\circ X)(P)=Y(X(P))$ .
. By linearity we may assume that both $X$ and Y. are irreducible; if $Y$ is‘

a d. .l.-correspondence, $Y\circ X$ is also a $d$ . $1$ .-correspondence, and both sides

are zero; otherwise we have
$(Y\circ^{\backslash }X)(P)=prc_{3}[[prc_{1}xc_{3}\{(C_{1}\times Y)\cdot(X\times C_{3})\}]\cdot(P\times C_{3})]$

$=prc_{3}[(C_{1}\times Y)\cdot(X\times C_{3})]\cdot[(P\times C_{2}\times C_{3})]$

$=prc_{c})[(C_{1}\times Y)\cdot\{(X\times C_{3})\cdot(P\times C_{2}\times C_{3})\}]$

$=\iota^{jr}c_{3}[Y\cdot(X(F)\times C_{3})]$

$=Y\{X(P)\}$

Since the interchange of factors in $C_{1}\times C_{2}$ is an $\cdot$ everywhere biregular

birational correspondence between $C_{J}\times C_{\underline{y}}$ and $C_{2}\times C_{1}$ . it transforms the

correspondence $X$ into a correspondence between $C_{2}$ and $C_{1}$ , which we
shall denote by $X^{*};$ similarly $Y^{*}$ and $(Y\circ X)^{*}$ are defined as correspolk

dences between $C_{3}$ and $C_{2}$ , and between $C_{3}$ and $C_{1}$ respectively; we shall

show
$(Y\circ X)^{*}=X^{*}\circ\Psi$

By linearity we may assume that both $X$ and $Y_{1}$ are irreducible; if $X=C_{1}$

$\times\overline{P}$ and $Y=\overline{P}\times C_{3}$ with the same Point $\overline{P}of$
$C_{2}$ , both sides $are^{\backslash }$ zero; other-

wise we have
$(Y\circ X)^{*}=(prc_{1}\times c_{3}((C_{1}\times Y)\cdot(X\times C_{3})))^{*}$

$=prc_{3}\times c_{1}((Y^{*}\times C_{1})\cdot(C_{3}\times X^{*}))$

$=prc_{3}\times c_{J}((C_{3}\times X^{*})\cdot(Y^{*}\times C_{1}))$ .
$=X^{*}\circ Y^{*}$

$\{$
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4) Associativity of $j./lC$ product. $X$ , $Y$ being as before, let $\backslash Z$ be a
correspondence between two Curves $C_{?}$ and $C_{4}$ ; we shall prove the associa-.
tivity of our product .:

$Z\circ(Y\circ X)=(/^{\prime}\sim^{\prime}\circ Y)\circ X$ . 1

By linearity.we may assume that $X,$ $Y$ and $Z$ are all irreducible. If the
intersection-products $(C_{1}\times Y\times C_{4})\cdot(X\times C_{3}\times C_{4})$ and $(C_{1}\times c_{\vee}, \times Z)\cdot\{(C_{1}\times Y\times$

$C_{4})\cdot(X\times C_{?}\times C_{4})\}$ are defined on $C_{1}\times C_{-},$ $\times C_{?}\times C_{4}$ , the $intersecti_{0}n-I$ )
$ro\mathfrak{R}^{cts}$

( $C_{1}\times c_{\underline{\supset}}\times\prime 4(C_{1}\times 1’\times C_{4})$ and $(C_{1}\times C_{-})\times Z$) $\cdot(C_{1}\times Y\times C_{4})\rangle$ $.\cdot(X\times C_{s}\times C_{4})$ are
also defined on $C_{1}\times C_{-}\cdot\times C_{3}\times C_{4}$ , and by the “ principle of associativity ‘’,
we have 1

$(C_{1}\times C_{2}\times Z)\cdot((C_{1}\times Y\times C_{4})\cdot(X\times C_{3}\times C_{4}))$

$=((C_{1}\times C\underline{)}\times\nearrow^{\prime}-)\cdot(C_{1}\times Y\times C_{4}))\cdot(X\times C\cdot, \times C_{4})$ .
Since it holds

1

$prc_{1}\times c_{4}((C_{1}\times C_{-})\times Z)\cdot((C_{1}\times Y\times C_{1})\cdot(X\times C_{:l}\times C_{4})))$

$=prc_{1}\times c_{4}((C_{1}\times Z)prc_{1}\times c_{3}\times c_{4}((C.)\neg\times Y\times C_{4})\cdot(X\times C_{3}\times C_{4})))$
$|$

$=prc_{1}\times c_{4}((C_{1}\times Z)(prc_{1}\times c\cdot, ((C_{1}\times V)\cdot(X\times C_{2}))\times C_{4}))$ ’

$=Z\circ(1^{\nearrow}\circ X)$

on one hand and
$prc_{\rceil}\times c_{4}(((C_{1}\times C_{2}\times/_{-}^{\prime})\cdot(C_{1}\times 1^{\nearrow}\times C_{4}))\cdot(X\times C_{?}\times C_{4}))$

$=(prc_{4}\times c_{1}((C_{4}\times C_{\dot{\grave{o}}}\times X^{*})\cdot(C_{4}\times V^{*}\times C_{1})\cdot(Z^{*}\times C_{2}\times C_{1}))^{*}$

$=X^{*}\circ(V^{*}’\circ Z^{*}))^{*}=(Z\circ J^{\nearrow})\circ X$

on the other, we have $\nearrow_{\sim}^{\prime}\circ(Y\circ\lambda\gamma=(Z\circ Y)\circ X$ .
Next, if the intersection-product $(C_{1}\times Y\times C_{4})$ $(X\times C_{3}\times C_{4})$ is not

. defined on $C_{J}\times C_{2}\times C_{:\}}\times C_{4}$ , the intersection-product $(C_{1}\times V)\cdot(X\times C_{?})$ is
not defined on $C_{1}\times C_{2}\times C_{:}$, ; by prop. 1, $X$ is of the form $C_{1}\times\overline{P,}$ $Y$ of
the form $\overline{P}\times C.\cdot$ with the same Point $\overline{P}$ of $C_{2}$ , and we have

$Z\circ(Y\circ X)=0$ ,
$(Z\circ Y)\circ X=prc_{2}\times c_{4}((C_{-}, \times Z)\cdot(\overline{P}\times C_{B}\times C_{4}))\circ X$

$--r(Z)\cdot(\overline{P}\times C_{4})\circ(C_{1}\times\overline{P})=0$ .
Thus, as easily seen, we have only to examine the case, where the

intersection-products $(C_{1}\times V)\cdot(X\times C_{?})$ and $(C_{2}\times Z)(Y\times C_{4})$ are defiiied
on $C_{1}\times C_{2}\times C_{3}$ and on $C_{2}\times C_{?}\times C_{4}r_{S^{S}P^{ectively}}$ , but the intersection-products
$(C_{1}\times C_{2}\times Z)((C_{1}\times Y)\cdot(X\times C_{3})\times C_{4})$ and $(C_{1}\times(C_{-})\times Z)\cdot(Y\times C_{4}))\cdot(X\times C_{\$}\times C_{4})$

are not defined on $C_{1}\times C_{2}\times C_{s}\times C_{4}^{\backslash }$ . It follows that $X\times C_{i\}}\times C_{4}$ $mn$ st
contain some component of the cycle $(C_{1}\times(C. \times Z) \cdot(1^{f}\times C_{4}))$ , so that $X$
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must contain the projection of that component on $C_{1}\times C_{2}$ ; since every such
component is either $C_{1}\times C_{2}$ or or of the form $C_{1}\underline{\times}\overline{P}$ with some Point
$\overline{P}$ of $C_{2}$ , $X$ itself must be of the form $C_{2}\times P$ , In the same way
$Z$ must be of the form $\overline{Q}\times C_{4}$ with some Point $\overline{Q}$ of $C_{S}$ . Now if it happens
$1(Y)=0$ , we have $(C_{1}\times Y)(X\times C_{\$})=0$ , so that $the\cdot Intersection$-prodrrct $(Cl$

$\times C_{2}\times Z)\cdot((C_{1}\times Y)(X\times C_{S})\times C_{4})$ is defined on $C_{1}\times C_{2}\times C_{3}\times C_{4}$ ; it must
be 1 $(Y)-=_{\nabla}0$ , and, by the same reason, $\dot{r}(\})\neq 0$ . It follows

$Z\circ(Y\circ X)=(\overline{Q}\times C_{4})\circ(C_{1}\times Y(\overline{P}))=0$ ,
$(Z\circ Y)\circ X=(X\circ(Y\circ Z))\backslash =0^{\prime}\star\star\star\star$,

which completes the proof of our associativity formula.
Now $1et^{\nearrow}\Delta_{11}$ be the diagonal of $C_{1}\times C_{1}$ , $i$ . $e$ . the Locus of the. Point

$P\times Pover$ some field of definition li of $C_{1}$ , where $P$ is a generic Point of
$c_{1}^{\prime}$ over $k$ ; similarly let $\Delta_{\infty,\sim-}$ be the diagonal of $C_{2}\times C_{2}$ ; then for every corres-
pondence $X$ between $C_{1}$ and $C_{2}$ , it holds

$\Delta_{22}\circ X=X\circ\Delta_{11}=X$ .
.

In order to prove this fact, we may assume that $X$ is irreducible; let
$k_{1}$ be a field of definition for $X$ , containing $k$ , and let $\overline{P}\times\overline{P}\times\overline{Q}$ be a ge-
neric Point of some component $\nu r$ of the intersection $(C_{1}\times X)\cap(\Delta_{11}\times c_{\underline{r}})$

over $\overline{k}_{1}$ , then the Locus of the Point $\overline{P}\times\overline{Q}$ in $C_{1}\times C_{2}$ over $\overline{k}_{1}$ is nothing
but $X$. It follows that

$(C_{1}\times X)\cdot(\Delta_{11}\times C_{2})=aW$

with some rational integer $a$ . $S|$ ince however

$prC_{1}$ (second factor) $xc_{2}((C_{1}\times X)(\Delta_{11}\times C_{2}))$

$=X\cdot(C_{1}\times C_{2})=X$

$=prc_{1}\times c_{2}$ (a $ W\rangle$ $=aX$ ,

we must have $a=1$ ; and it holds
$X\circ\Delta_{J1}=prc_{1}$ (first factor) $\times c_{2}((C_{1}\times X)\cdot(\Delta_{11}\times C_{2}))\backslash $

$=prc_{1}\times c_{2}(W)=X$ ;

moreover it holds
$\Delta_{\sim}\Phi 2\circ X=(X^{*}\circ\Delta_{22})^{*}=(X^{*})^{*}=X$ .

5) Correspondences willz valence eero. Every correspondence $X_{0}$ be-
tween $C_{2}$ and $C_{3}$ , ‘which is linearly equivalent to a sum of $d$ . $1$ . -and of
$d$ . $r.- correspondences^{\backslash }$, is called a $corl^{\prime}esponderecez\ell/ith$ valence zpro (between
$C_{l}$ and $C_{3}$); to every such correspondence $\chi_{0}$ , there exist therefore a $C_{l}$
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-divisor $A$ and a $C_{a}$-divisor $B$ such that
$X_{0}\equiv(A\times C_{s})+(C_{2}\times B)$ ;

$\equiv$ means thereby the linear equivalence.
PROPOSITION 2. Let $X_{0}$ be a correspondence with valence zero, then

$X_{0^{*}}$ is also a correspondence with valence zero.
Proof We have only to show that the linear equivalence on $C_{2}\times C_{3}$

is invariant by $\#$ ; we shall prove more generally the $f1lowing$ pro-
position:

$An$ “ equivalence theory “ being $e_{\backslash }5\circ\cdot iven$ , let $U$ and $V$ be $\gamma_{\iota}vo$ complete Va-
rieties witfiout multi le Point, $ w1\dot{a}c/\iota$ corrcspond $\emptyset y$ some $e.veryw/lerebirtj_{\delta}^{(\eta tlar}$

[$\supset irati\circ nalcorrespo\dot{n}den\iota eT$ ; and let $X$ and $Y$ \’ae $\gamma_{\iota\ell!o}$’ “ $pl$
” U-cydes,

$f/\iota enT(X)$ and $T(Y)$ art equivalent on $\nabla$

.In fact since we have

$T(X)-T(Y)=T(X-Y)$
$=pr\gamma|T(X-Y)\times\nabla)\}$ ,

$T(X)\rightarrow T(Y)$ is equivalent to zero on $\nabla$ by the propositIons $(A),(C)$
’

of
the equivalence theory, $\sim$ ($Weil’ s$ book)

$PROPOSIFIO\Lambda^{\gamma}3$ . $X_{0}$ being as $\delta efore$ , let $X$ be a correslondence be-
$t\ell!eenC_{1}^{\backslash }$ and $C_{2}$ , and $Y$ a correslondence between $C_{?}ai_{l}dC_{4}$ , $tl\iota enbothX_{0}$

$\circ X$ and $Y\circ X_{0}$ are $ correspondmc\ell swit/\iota$ valence $\sim\sim ero$ .
$ Pro\phi$. By prop. 2, we have only to show that $]^{\nearrow}\circ X_{0}$ is a correspon-

dence with valence zero; thereby we may assume that $Y$ is irreducible.
Let $A$ be a $C_{2}$ -divisor and $B$ a $C_{\$}$-divisor such that

$X_{0}\equiv(A\times C_{s})+(C_{2}\times B)$ ;

then we have
$V\circ(A\times C_{8})=r(Y)\cdot(A\times C_{4})$ ;

and if 1 $(l^{7})=0$ , we have $Vo(C_{2}\times B)=0$ , otherwise we have
$I^{\prime}\circ(C_{2}xB)=C_{2}\times Y(B)$ .

Thus we have only to show for every function $\varphi$ on $C_{2}\times C_{S}$ , $Y\circ(\varphi)$ is a
correspondence w\’ith valence zero. By what we have proved above and by
prop. 2, we may as\’{S}ume that 1 (Y), $r(Y)\neq 0$ ; then we shall show that $Yo(\varphi)$

is $linea\dot{rl}y$ equivalent to zero. Since $r(Y)\neq 0,$ $C_{2}\times Y$ has the projection
$C_{\underline{\varphi}}\times C_{4}$ on $C_{2},\times C_{4}$ ; since 1 $(Y)\neq 0$ , the intersection-product $(C_{2}\times Y)\cdot((\varphi)\times$

$c_{\$})$ is defined on $C_{\underline{\phi}}\times C_{3}\times C_{4}$ ; it follows trom postulates (A), (C’) of the
equivalence theory that

$Y\circ(\varphi)=prc_{\$}\times\dot{c}_{4}((C_{0,\sim}\times Y)\cdot((\varphi)\times C_{l}))\equiv 0$ ,
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Now if we consider only the correspondences between a Curve $C$ and
itself, they form a module $\gamma$ over the ring of rational integers; moreover. $\mathfrak{X}$ forms a non-commutative ring by o-multiplication, and the mapping
$X\rightarrow X^{*}$ is , an in oltttion of ee such that

$(Y\circ X)^{*}=X^{*}\circ Y^{*}$

The $rin_{5}b$ ce has a unit $\Delta$ , and the correspondences with valence zero form
a two-sided ideal $\mathfrak{X}_{0}$ in ee ; thus we may consider the residue-class ring $\mathfrak{R}$

of ce modulo $\mathfrak{X}_{0}$ ; we shall denote its elements by the small Germann letters.
Historically $\Re$ arose- from the study of the “ @igular multiplication “ of

. RIEMANN matrices so that we may call it as the multiplication ring at-
$lac\vec{h}\ell d$ to C. $\mathfrak{R}$ has a unit $\mathfrak{e}$ . which is the class of $\Delta$ . Let $X$ be a representa-
tive of an arbitrary element X of $\mathfrak{R}$ ; since the ideal $\mathfrak{X}_{0}$ is 1nvariant by $\star$ , .
the‘ class of $X^{*}$ is uniquely determined by $\mathfrak{x}$ ; we shall denote this class
by $\mathfrak{x}^{*}$ . The, mapping $\mathfrak{x}-\cdot\rightarrow \mathfrak{x}^{*}$ is an involution of $\mathfrak{R}$ such that

$(\downarrow)$

$\mathfrak{x})^{*}=\mathfrak{x}^{*}\cdot \mathfrak{h}^{*}\backslash $

II. Linear Series.
6) Defnition of the llnear series. Let $C$ be an arbitary Curve, and let

$\varphi_{0},$ $\varphi_{1}$ : $\cdot\cdot\cdot\varphi_{r}(r=>0)$

be $(r+1)$ functions on $C$ , all defined over a field $k$ ; we shall consider the
r-dimensional projective space $L_{r}$ . Let $\Pi\times P$ be a generic Point $0\dot{f}$ the
Product $L,$ $xC$ over $k$ , and put

$\overline{\varphi}=x_{0}\varphi_{0}+\chi_{1}\varphi_{1}+\cdots\ldots+x_{r}\varphi_{r}$ ,

where $(x)=(x_{0} , \chi_{J}\ldots\ldots, x_{r})$ is a representative of $\Pi\backslash $ then $\varphi$ is a function
on $C$ , defined over the field $k(\Pi)$ . Consider a function di on $L^{r}\times C$ , de-
fined over $k$ by

$\mathcal{O}(\Pi\times P)=\varphi(P)$ ,

then the $(L‘‘ \times C)$-divisor $(\Phi)_{0}$ and the C-divisor $(\varphi)_{0}$ are independent of the
choice of the representative $(x)$ of $\Pi$ , and it holds

$(\varphi)_{0}=prc((\Phi)_{0}(\Pi\times C))=(\Phi)_{0}(\Pi\times C))=(\Phi)_{0}(\Pi)$ ;
$)$

$moreo\grave{v}$er $(\varphi)_{0}$ is a rational C-divisor over $k(\Pi)$ .
PROPOSITION 1. $T/\iota e$ functions

$\varphi_{0},$ $\varphi_{1}\ldots\ldots.,$ $\varphi_{r}$

are linearly $inde_{l^{e\prime l}}de’\iota t$ (over the abstract field of constants), if and only if
$(\mathcal{O})_{Q}$ daes not contain $t$he Variety $\overline{I1}\times C$ for every Point $\Pi^{-}$ of $L^{r}$ ,
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Proof Take a generic Point $P$ of $C$ over the field le $(\Pi-)$ , and a re-
presentative $(x)-=(\overline{x}_{0}, \overline{\chi}_{1},\ldots\ldots, \overline{x}_{r})$ of $\overline{\Pi}$, then $\overline{\Pi}\times C$ is contained in $(\mathcal{O})_{0}$

if and only if it holds
$0=\mathcal{O}(\overline{lI}\times P)^{-}=x_{0}\varphi_{0}^{(}J^{3})$ $+I_{1}\varphi_{1}(P)+\ldots\ldots+-x_{r}\varphi_{r}(P)$ ; but this is equ-

valent to

$\chi_{0}-\varphi_{0}+\chi_{1}^{-}\varphi_{\underline{\varphi}}+\ldots\ldots+x_{r}-\varphi_{r}=0$ .
In the following we set the additional assumption that $\varphi_{0}$ , $\varphi 1’\cdots\cdots$ ,

$\varphi_{r}$ are linearly independent.
Now we shall determine the components of $(\mathcal{O})_{0}$ ; let $\overline{1I}\times\overline{P}$ be a ge-

neric point of some component of $(\mathcal{O})_{0}$ over $\overline{k}$. If $\overline{P}$ is algebraic over
$k$ , this component must be $L^{r}\times\overline{P}$ ; if $\overline{P}$ is is a generic Point of $C$ over

$k$ , such components will be denoted by IV; $W$ has the projection
$L^{r}$ on $L^{r}$ , for otherwise $W$ must have the form $L_{r-1}\times C$ with some linear
Subvariety $L_{-1}$ of $L^{r}$ , which contradicts to our assumption (cf. prop. 1).
It follows that

$(^{(}p)_{0}=\sum a(L^{r}\times\overline{P})+\sum\delta W$ ,

where a and $b$ are positive integers. Let $1^{\supset}$ be a generic Point of $C$ over
$k$ , and let $\Gamma_{\Phi}$ be the graph of $\mathcal{O}$ ; let $D$ be the so-called “ projective straight
line ‘’, then we have

$((\mathcal{O})_{0}\times(0))\cdot(L^{r}\times P\times D)$

$=(l_{\Phi}^{\prime}\cdot(L^{r}\times C\times(0))\cdot(L^{r}\times P\times D)$

$=(\Gamma_{\Phi}\cdot(L^{r}\times P\times(D)))\cdot(L^{r}\times C\times(0))$

$=L^{r-1}\times P\times(0)^{\prime}$ .

where $L^{r-1}$ is the linear Subvariety of $L^{r}$ , defined over the field $/e(P)b_{Y}$

the equation
$\varphi_{0}(P)x_{0}^{\prime}+\varphi_{1}\zeta_{P)}X_{1}+\ldots\ldots+\varphi_{r}(P)X,=0$ .

It follows that
$(\mathcal{O})_{0}\cdot(L^{r}\times P)=\Sigma\delta[W(L^{f}\times\dot{P})\}$

.$=L^{r-l}\times I^{y}$ ;

since $W\cdot(L^{r}\times P)\succ 0$ , and since $b>0$ , there exists only one $W$

and $b=1$ ; in particular $W$ must be defined over $k$ . Thus if we $pnt$

$ A=\sum$ a $\overline{l^{J}},$ $W(\Pi)=prc\{W\cdot(\Pi\times\dot{C})\}$ ;

we have
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$(\varphi)_{0}=A+W(\Pi)$ ,

where $W^{r}(\Pi)$ is a prime rational C.-divisor over $k$ (11). Moreover since
$A=(\varphi)_{0}-W(\Pi)$ is algebraic over $/t$ , and is rational over $t1_{1}e$ regular
extension $k\cdot(11)$ of $k$ , it must be rational over $k$ . We have $th\iota_{J}s$ proved
the following theorem; in the classical case, the latter part of which is
known as the Jirst $BERTI_{\lrcorner}VI’ st/leorem$ :

THEOREM 1. We h\’ave
$(\mathcal{O}^{\backslash })_{0}=(L^{r}\times A)+W^{r}$ ,

wltere $A$ is a rational $C- div’ sor$
, over $k$ , and $W$ is a $Sn\delta variety$ of $L$ $‘\times C$ ,

$d?Jined$ over $k$ , suclt $t/lat$ it has the projection $L^{r}$ on $L^{r}$ and $C$ on C. $It$

follows that
$(\varphi)_{0}=.A+W$ (It) ,

$ w/\iota ereW(\Pi\rangle$ is a prime rational C-divisor over $\chi(1I)$ .
Now let $B$ be an arbitary C-divisor; take a common field of definition

$k_{1}$ of $C$ and IV, over which $B$ is rational, and a generic Point II of $L^{\prime}$

over $k_{1}$ ; tlxen the set of all the specializations of the C-divisor

$B+W(11)$

over $k_{1}$ constitutes a linear series of dimension $r$ on $C$ with a gelleric elemcnt
$B+W(\Pi)$ over $k_{1}$ ; $k_{1}$ is called a field of definition of this linear series.
Since all the elements of such linear series have the same $\deg_{1}ee$ , i.e. $(B$

$.+W(\Pi))$ , it is called the degree of the linear series; moreover $B$ is called
the fix-part of the linear series.

7) Properties of $i$he linear scrics Let $k$ be a common field of $defi\backslash $ni-
tion of $C$ and $W$ , over which $A$ is rational; let If bc a generic Point of
$L^{r}ove\acute{r}k$ , and $\overline{\Gamma I}$ any Point of $L^{\prime}$ then $A+W(\Pi)$ has a uniquely determined
specialization

$A+W(l\overline{I})=A+\})rc(W\cdot(\Pi^{-}\times C))$ :

aver the specialization $\Pi\rightarrow\overline{1I}$ with.reference to $k$ , which is rational over
$k(\overline{1}1)$ . We shall show

THFOISEM 2. Let $\overline{(x}$) $=(x_{0}, x_{1}\cdot\overline{x}_{r})--\ldots.,$ be a representative of 11, and
set

$\overline{\varphi}=^{-}\chi_{0}’\varphi_{0}+\overline{x}_{1}\varphi_{1}+\ldots\ldots+\overline{x_{r}}\varphi_{r}$ ,

then we have
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$A+W(1\overline{l})=(\overline{\varphi})+(\varphi)_{\infty}$ .
and $(\varphi)_{\infty}$ is rational over $k$ .

Proaf Let $\{P\}$ be $tbe$
,

set of Points, which appear in some $(\varphi_{0})_{\infty}$ ,
$(\varphi,)_{\infty},$ , $(\varphi_{r})_{\infty}$ , then ‘ we may put

$(\varphi)_{\infty}=\Sigma_{i}a_{*}\cdot P_{l}$

with some rational integers $a_{i}$ ; $(\varphi)_{\infty}$ is thus an algebraic C-divisor over $k$ ;
so that it is $ration\dot{a}l$ over $k$ . Now let $ll\times Z$ be a component of the in-
tersection $\dot{\Gamma}_{\Phi}\cap(\overline{/1}\times C\times D),$ . and $\overline{11}\times\overline{P}\times(\overline{z)}$ a generic Point of $\overline{11}\times$

$Z$ over the field $\overline{k(\Pi)}$ If $\overline{P}\neq P_{:}$ for every $i$, we have
$--\sim\sigma=x_{0}\varphi_{0}(\overline{P})+x_{1}\dot{\varphi}_{1}(\overline{P})+\cdots\cdots+\chi,-\varphi_{r}(\overline{P})=\check{\varphi}(\overline{P})$

so that $Z=\Gamma\overline{\varphi}$ ; on the other hand, if $\overline{P}=l_{i}^{\supset}$ , we have $Z=P_{i}\times D$

Thus we have
$\Gamma_{\Phi}\cdot(\overline{1I}\times C\times D)=a(\overline{11}\times\overline{\Gamma\varphi})+\Sigma_{i}\delta_{i}(\overline{11}\times P_{i}\times D)$ ,

where $a$ and $b_{i}$ are rational integers; taking the algebraic projection
on $L^{r}\times C$ , we get $a=1$ It follows,

$(\Gamma_{\Phi} (\overline{\Pi}\times C\times D))\cdot(L^{r}\times C\times(0))$
$t$

$=\overline{\Pi}\times(\varphi)_{0}\times(0)+\sum b_{i}(\Pi\times P_{:}\times(0))$

on one hand and
. $(T_{\Phi}\cdot(\overline{\Pi}\times C\times D))\cdot(L^{r}\times C\times(0))$

$=(\Gamma_{\Phi}(L^{r}\times C\times(0))\cdot(\overline{11}\times C\times D)$

$=((\Phi)_{0}\times(0\rangle)\cdot(\overline{1I}\times C\times D)$

$=((\mathcal{O})_{0}(\overline{\Pi}\times C))\times(0)$

on the other; whence we hane
$(\mathcal{O})_{0}(\overline{\Pi})=(\overline{\varphi})_{0}+\Sigma ibP_{\backslash i}$

In the samc way we $ha^{\prime}ve$

$(\mathcal{O})_{\infty}(\overline{I1})=(\overline{\varphi})_{\infty}+\sum_{i}b_{i}l_{i}^{J}$ ;

since $(\mathcal{O})_{\infty}(\overline{\Pi})$ is the specialization of $(\mathcal{O})_{\infty}(\Pi)=(\varphi)_{\infty}$ over $k$ , we have

$(\varphi)_{\infty}=(\overline{\varphi})_{\infty}+\Sigma_{i}\delta_{\dot{\prime}}P_{i}$

It foHows that
$(\mathcal{O})_{0}(\overline{11})=A+W(\overline{1I})=(\overline{\varphi})_{0}-(\overline{\varphi})_{\infty}+(\overline{\varphi})_{\infty}=(\overline{\varphi})+(\overline{\varphi})_{\infty}$

which completes our proof.
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COROLLARY 1. $ Tk\ell$ fix-part $\lrcorner 4$ is the.“ G. C. D.” $of_{\backslash }(\varphi_{0})_{0},$
$(\varphi_{1})_{0}$ ,

......, $(\varphi_{r})_{0}$ , and $(\varphi)_{\infty}$ is the “ L. C. $JI^{j}$ ’ of $(\varphi_{0})_{\infty};(\varphi_{1})_{\infty},\ldots\ldots j(\varphi,)_{\infty}$

’

In fact since $\chi_{0},$ $x_{1},\ldots..:x_{r}$ are linear$1y$ independent over $k$ , and sInce
$A$ is rational over $k$ , we have

G. C. D. $\{(\varphi_{0})_{0}, (\varphi_{1})_{0’ 1}\cdots\cdot\cdot, (\varphi_{r})_{0}\}\succ A$ ;

on the other hand it holds in general
$A\succ G$ . C. D. $\{(\varphi_{0})_{0}, (\varphi_{1})_{t)}, ., (\varphi_{r})_{0}\}^{\prime}$

By the same reason we have
$-(\varphi)_{\Phi}=G$ . C. D. $\{-(\varphi_{0})_{\infty},-(\varphi_{1})_{\infty},\ldots\ldots,-(\varphi_{r})_{\infty}|$ /

COROILARY 2. Any two elements of a linear series are always li–
nearly equivalent.

This is an immediate consequence $\cdot$ of th. 2.
COROLLARY 3. Let $P_{1},\ldots\ldots P_{d}$ be all the distinbt Points in $W(\Pi)$ ,

’then we have
$\dim k(P_{1},\ldots\ldots, P_{d})=r$ ;

in tarticular it must be
$r\leqq d\leqq deg$ . $W(\Pi)$

Since $P_{1}\ldots\ldots,$ $P_{a}$ are $algebraic^{\rho}$ ove $k(\Pi)$ , we have
$\dim k(P,\ldots\ldots P_{d})=<\dim k(\Pi)=r$

On the other hand let $\overline{P}_{1},\ldots\ldots\overline{P,}$ be $r$ iiidependent generic Points of $C$

over $k$ . then we can find a Point 11 of $L^{r}$ with a representative $(\overline{x})$ such.
that for every $i$ it holds

$\overline{\varphi}(\overline{P})=\overline{x}\varphi_{0}(\overline{P}_{i})+x_{1}-\varphi_{2}(\overline{P}_{i})+\ldots\ldots+\chi_{r}-\varphi_{r}(\overline{P}_{i})=0$ ,
$s$

then $\overline{P_{1}},\ldots\ldots,\overline{P}_{r}$ are contained in $(\overline{\varphi})_{0}$ , hence in $A+W(\overline{\Pi})$ ($cf$ th. 2) ;
since $A$ is rational over $k$ , and since $\overline{P}_{1}\ldots\ldots.\overline{P}_{r}$ are not algebraic over $k$,
they must be contained in $W(\overline{/l})$ . It follows that $(\overline{P_{1}}, \ldots..,\overline{P}_{r})$ is a $s_{P_{\backslash }^{e-}}$

cialization of some $(P_{:1},\ldots\ldots, P_{*r})$ over $k$ , so that we have

$\dim_{k}(P_{1},\ldots\ldots, P_{d})\leqq\dim_{k}(P_{i1}, . {}_{;}P_{i^{\backslash }r})$

$\leqq\dim_{k}(\overline{P_{1}},\ldots\ldots,\overline{P}_{r})=r$

Now we shall sho.w
THEOREM 3. Let $B+W(\Pi)$ be a generic element over a field $k_{1}$ (con-

laining k) of $a$ . tinear series, defined over $k_{J}$; let II be a generic Point over
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$k_{I}$ of a tinear Sulvariety $L^{\epsilon}$ of $L^{r}$ , defned $ove_{\backslash }rk_{1},$
$t/n^{J}n$

$B+IV(\overline{1I})$

is a generic element over $k_{1}$ of some linear series of dimension $s$ , wliich is
also defined over $k_{1}$ .

Proof. Let $\cdot$ $(x)=-(\overline{x}_{0},\overline{x}_{1},\ldots.\overline{x}_{r})\overline{(x}_{*0}=1)$ be a representative of $\overline{\Pi}$ then
we may set $s$

$x^{-},=\sum_{j-1}^{l}a_{:^{(j)}}y_{j}+a^{10)}(i\neq i_{o})$ ,

whcre $a_{i}^{(j)}(0\leqq j_{\underline{-}}\underline{>}s, i=^{\backslash }\tau i_{0})$ are elements of $k_{1}$ , and $y_{i}(1\geqq j\geqq s)\backslash $ are
independent variables over $1_{1}$ ; above $equ_{\epsilon}’\iota tion$ holds $c’\iota ls\mathfrak{d}$ for $i=i_{0}$ , if we
set

$a_{i0}^{(j)}=0(1\leqq i\leqq s),$ $a_{i0}^{(0)}=1,$
$y_{0}=1$ .

Now consider the $1^{)}oint\Pi_{j}$ in L. with the “ homogeneous coordinates “

$(a_{0}^{(t)}, a_{1}^{(j)},\ldots\ldots, a_{\dot{r}}^{(j)})(0\leqq 1=^{S}<)$ ,

and $Cor/sIdet$ the s-dimensional projective space $L^{\prime s}$ ; then $(y_{\mathfrak{l}},, y_{1}, y_{s})$

can be considered as a representative of a generic Point Il’ of $L^{rs}$ over
$k_{1}$ We put,

$\phi_{3^{=\Sigma}}’\rightarrow 0a_{i}^{(j)}\varphi_{i}$ $(0=^{j}<\leqq s)$

$r$

then $\phi_{0},$ $\phi_{1},\ldots,$ $\phi_{s}$ are linearly $indc_{I}$)$endent$ functions on $C$ , all defined over
$k_{1}$ ; we put further

$\underline{\phi}=y_{0}d_{0}+-y_{1}\phi_{1}+\cdots\cdots+y_{s}-\underline{\phi_{s}}$ ,
$\varphi=x_{0}\varphi_{0}+x_{r}\varphi_{1}+\cdots\cdots+x_{r}^{\prime}\varphi_{r}$

’
Let $P$ be a gcneric Point of $C$ over the field $k_{1}$ (I7’) $=k(\overline{l}1)$ , and consi-
der a function $\mathcal{O}^{\prime}$ on $L^{\prime s}\times C$ , defined over $k_{1}$ by

$\mathcal{O}^{\prime}$ $(Il’\times P)=\phi(P)$ ;

as in 6), there exists a rationaf $\cdot C$-divisor $A^{\prime}$ over $k_{1}$ , and a Subvariety $W^{\prime\epsilon}$

of $L^{;s}\times C$ , defined over $k_{1}$ , such that

$(\mathcal{O}^{\prime})_{0}(\Pi^{\prime})=A^{\prime}+W^{\prime}(\Pi^{\prime})$

On the ‘ other hand, since $\phi(P)=\overline{\varphi}(P)$ , we have
$(\mathcal{O})_{0}(\Pi^{\prime})=(\phi)_{0}=(\overline{\varphi})_{0}=A-\{(\varphi)_{\infty}-(\varphi\overline{)}_{\infty}\}+W(\overline{11})$ ;

it follows
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$((\varphi)_{\infty}-(\overline{\varphi})_{\infty})+A^{\prime}+W^{\prime}(\Pi^{\prime})=A+W(\overline{11})$

Since $(\varphi)_{\Phi}\leftrightarrow(\overline{\varphi})_{\infty}\succ 0$ and since $W^{\prime}(\Pi^{)})$ has no $\cdot$ Points in common w.ith $A$ ,.
$((\varphi)_{\infty^{\backslash }}-(\overline{\varphi})_{\infty})+A^{\prime}-A=\overline{A}$ is a positive C-divisor over $k_{1}$ , and we
have $W(\overline{\Pi})=\overline{A}+W^{\prime}(\Pi^{\prime})$ ; it follows

$B+W$ (IZ) $=(\overline{A}+B)+W^{\prime}(\Pi^{\prime})$ ,

which proves our therem.
COROLLARY 1. Let $B+W(\Pi)$ be a generic element over $k_{1}$ of a

linear $series^{e^{i}}$ defined over $k_{1}$ , and let $P$ be a Point of $W(\Gamma 1),$ $t/eenB+W$
$(\Pi)$ is a generic cJement over $k_{1}(P)$ of $som$ linear $s’ ries$ of dimension
$r-I$ , whiclt is defined over $k_{1}(P)$

Let $(x)=(x_{0}, x_{1},\ldots\ldots x_{r})$ be a representative of Il, then we haye
$\iota$

$\chi_{0}\varphi_{0}(P)+x_{1}\varphi_{1}(P)+\ldots\ldots+x_{r}\varphi,$ $(P)=0$ ;

and the linear equation $\varphi_{0}(P)x_{0}+\varphi_{1}(P)\chi_{1}+\cdots\cdots+\varphi_{r}(p)x,=0$ defines
a linear Subvariety $L^{r-1}$ of $L^{\prime}$ with a generic Point $\Pi$ over $k_{1}(P)$

Since we shall not use the following result, we omit its proof;
COROLLARY 2. Let $\overline{P}$ be a Pomt of $C,$ $t/tent/le$ set of all elements

of a tinear series, which contains $\overline{P}$, forms also a linear series. Moreoz er if
$k_{1}$ is a $fi\ell l\dot{d}$ of definition of the original linear series, $ t/\iota efi\ell ldk_{1}(\overline{P}\rangle$ $.is$ one
for $t^{\prime}\iota e$

‘ $deriv\ell d$ ’ linear series.
8) Complete linear series. In the following we shall consrder only

the linear series with positive fix-part. If a linear series is large ‘ enough
such as every positive C-divisor, which is linearly equivalent to some (then
to all) element of the linear series, is already contained in it, such linear
series is called to be complete. If $G$ is an arbitrary element of a complete
linear series on $C$ , it is uniquely determined by $G$ ; so $\backslash ve$ may denote
it. by $|G|$ . Now the following proposition is an immediate consequence
of the “ principle of conservation of number “.:

PROPOSITION 2. Let $P$ be ’a generic Point of $C$ over its field of de-
finition $k$, and let $\varphi$ be a non-constant function on $C,$ $defin\ell d$ by

$z=\varphi(P)$

over $k$, then we ltave
$deg$ . $(\varphi)_{0}=deg$ . $(\varphi)_{\infty}=[k(P);k(z)]$

Now let $G$ be a positive C-divisor, which is rational ovcr a field $k$,
then the set of functions on $C$ satisfying
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$(\varphi)\succ-G$

form a K-module $L(G)$ , where $K$ means the “ universal domain ” of.our
algebraic geometry. Let

$\varphi_{0},$ $\varphi_{1},\ldots\ldots\varphi,$. $(\varphi_{0}=1)$

be“ $(r+1)$ linearly independent functions in $L(G)$ , all defined over $k$ ; we
shall apply the results in 6) and 7) to this set of functions.

Since $\varphi_{0}=1$ , we have $A=0$ ($cf$. cor. 1 to th. 2); since $\dot{G}\succ(\varphi)_{\infty}$ , we
have $deg$ . $G\geqq deg$ . $(\varphi)_{\infty}$ , so that

$r<=\deg W(/I)^{\prime}=deg$ . $(\varphi)_{0}=deg$ . $(\varphi)_{\infty}\leqq deg$ . $G$ .
It follows that there exists a maximal set of such functions; we may
assume that our set is already maximal; then this set forms a base for
the K-module $L(G)$ . Now set

’
$B=G-(\varphi)_{\infty}\succ 0$ ,

and consider the linear series on $C$ with the generic element

$B+W(\Pi)$

over $k$ ; let $\overline{G}$ be a positive C-divisor, which is linearly equivalent to $G$ .
Then there exists a tunction $\overline{\dot{\varphi}}$ on $C$ such that $(\overline{\varphi})=\overline{G}-G.$ we can find a
Point $\$\overline{\Pi}$ of $L_{r}$ with a representative $(x)-$ such that $\{$

$\overline{\varphi}=\overline{x}_{0}\varphi_{0}+\overline{x}_{1}\varphi_{1}+\ldots\ldots+\overline{x}_{r}\varphi,$ ;

by th. 2 we have then

$W(1\overline{7})+B=(\overline{\varphi})+(\varphi)_{\infty}+B,=\overline{G}$

Thus the following result is obtained:
THEOREM 4. The complete linear series is uniqnely determined by its

arlzitrary elemen. ; for any positive $C$-divisor $G,$ there cxists a complete li\mbox{\boldmath $\iota$}ear
series, which contains $G$ .

We ‘shall denote the dimension of $|G|$ by $l(G)$ ; we have always
$deg$ . $G-l(G)>0$ ;

we shall show $*$

LEMMA 1. Let $G_{0}$ and $G$ be two positive C-divisors satisfying $ G\succ$

$G_{0}$ , tlien we have
$l(G_{0})+deg$ . $(G-G_{0})\geq-l(G)\geqq\cdot l(G_{0})$

Proof. Since $G\succ G_{\sigma}$ , we have $-G_{0}\succ-G$ so that $L(G)\supset L(G_{0})$ ,
$l(G)_{=}>l(G_{0})$ . Assume now that 1 $(G)>l(G_{0})+deg$ . $(G-G_{0})$ and take a fidd
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of definition $k$ of $C$, over which both $G_{0}$ and $G$ are rational; then a generic
element of $|G|$ over $k$ contains at least deg. $’(G- G_{0})+(l(G_{0})+1)$ independent
generic Poit ts of $C$ over $k$ We fix $l(G_{0})+1$ of them, and specialize $deg$ .
$(G- G_{0})$ of them to $G- G_{0}$ over $k;$ the rest of Points among the generic
element of $|G|$ over $k$ has at least one specialization over that speciali-
zation. It follows that there exists a positive \v{C}’-divisor $G_{0}^{\prime}$ , whicb con-
tains at least $l(G_{0})+1$ independent $ger_{1}eric$ Points of $C$ over $k$ , and which
is lincar$1y$ equivalent to $G_{0}$ ; this is impossible.

LEMMA 2. Tkere exists an integer $ g^{\prime}s\iota c/\iota$ that, for every $ positiv\ell$ C-.
divtsor $G$, we have.

$deg$ . $G-t(G)\leqq g^{\prime}$ .
Proof By a remark in 1), \S I (and in the proof of $P^{r}9P\cdot 2$ , \S I), we

may use the same riotation as in that place. Let $\varphi_{x};\varphi_{y1},\ldots\ldots,$ $\varphi_{yn}$ be $n+$

$1$ functions on $C$ , defined over $k_{0}$ by

$x=\varphi_{x}(P),$ $y_{1}=\varphi_{y1}(P),\ldots.’..y_{n}=\varphi_{yn}(P)$ ,

there exists a positive integer $m_{0}$ such that
$(\varphi_{y1}),\ldots\ldots,$ . $(\varphi_{yn})\succ-(m_{0}+1)\cdot(\varphi_{x})_{\infty}$

Then for any integer $m$ greater than $m_{0}$ , the functions
$\varphi_{x}^{e}\cdot\varphi_{yi}(0\leqq e<m-m_{0} ; 1=<i\leqq n)$

$are\backslash $ linearly independent and belong to. $L(m(\varphi_{x})_{\infty})$ ; it follows

1 $(m(\varphi_{x})_{\infty})_{=}<n(m-m_{0})$ .
Set $\swarrow=nm_{0}$ ; we shall $sh\sigma w$ that $g^{\prime}$ satisfies the requirement of our lemma.

’ A positive C-divisor $G$ being given, take so large as
$\backslash $

$n\cdot m>n\cdot m_{0}=+deg\cdot G$ ;
then a generic element, of $|m(\varphi_{x})_{\infty}|$ contains at least $deg$ . $G$ independent
generic Points of $C$ over $\chi_{0}$ , so that that there exists a positive C-divisor
$R$ such that

$m(\varphi_{x})_{\infty}\equiv G+R$ .
It follows

$deg$ . $G-l(G)=<\deg(G+R)-l(G+R)$ (cf. lem. 1)
$=deg$ . $(m(\varphi_{x})_{\infty})-l(m(\varphi_{x})_{\infty})$

$.=<n$ . $ m=\swarrow$ ,

as asserted.
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$Ncw$ the following definition of the “ genus ‘’ of a Curve is due to

WEIERSTRASS :
$DEFI\Lambda^{\gamma}1\Gamma IO\Lambda^{\gamma}$ If. $G$ runs over all positive $\acute{C}$-divisors, $t1_{l}e$ non-nega-

tive integer $\deg- l(G)$ has a maximal value $g,$ $whCh$ is called $t/\iota e$ genus
of $C;every^{1}$

, positive C-divisor $G$ , which atiains $g$, is called to be non-special.
$4^{\psi or\ell oner}$ a Curve $Cwit/lg=0$ is called to be rational; a Curve $ Cwit,/\iota$

$g=1$ is called $e\mathscr{K}iptic$.
We shall use the celebrated $RIEM_{A}4_{1}V\Lambda^{7}- RoCH^{\prime}S$ theorem in the following

special form:

PROPOSITION 3. If $G$ is non-spccial, every C-divisor $G$ such thal
$ G\succ(’\omega\neg$ is nlso non-special. $T_{J^{\prime}l}^{\prime}us$ every positrve C;divisor $Gsuc/lt/tat$

$deg$ . $G>=deg$ . $G_{0}+g$

is non-special.
Proof. Since we have

$\mathcal{E}\underline{->-}deg$ . $G-l(G)\geqq dcg$ . $G_{0}-l(G_{0})=g$ ,

$G$ is non-special. If $deg$ . $G\geqq deg$ . $G_{0}+g^{J}$ , we have $l(G)>deg$ . $G_{0}$ ,
so that $|G|$ contains a $G^{\prime}$ with $G^{l}\succ G_{0}$ ; thus $G$ is non-special, which c.om-
pletes the proof.

Now for every non-special C-divisor $G_{0}$ , it holds

$deg$ . $G_{0}=l(G_{0})+g\geqq g$ ;

. we shall see later (in \S V) that there exists a non-special C-divisor $G_{0}$ ,
which attains this minimal degree $g$. If we assume this fact, we have the
following corollary:

COROLLARY. If a positive C–dit/isor $G$ satisfes $\cdot$

$deg$ . $G>2g-2$
we have always

$l(G)=deg$ . $G-g$.
In fact if $deg.G\geqq 2g$, our relation follows from, prop. 3; if $\deg G=$

$2g-.1$ , and if $deg.G-l(G)<g$, we have $ l(G)\rightarrow\geq\circ\cdot$ , so that $G$ is equivalent
to a non-special C-divisor, this is a contradiction.

In particular every positive divisor on the rational or elliptic Curve is
non-special; clearly the converse is also true.
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III. Faithful Representation of the
Multiplication Ring.

1

- 9) Primitive divisor. Let $C$ be a Curve and $C$ a positive C-divisor,
then a Point $\overline{P}$ of $G$ is contained in the fix.part of $|G|$ if and only if we

have
$L(G)=L(G-\overline{P})$ , $i$ . $e$ . I $((,)=l$ $(G-\overline{P})$ .

In $hct$ if $L(G)=L(G-\overline{P})$ , every function $\varphi$ in $L(G)satisfies-P\succ(\varphi)_{\infty}$

so $tk\iota t$ we have

$G-L$ . C. M. $(\varphi)\succ-G\{(\varphi)_{\infty}\}\succ\overline{P}$ ,

and conversely; this proves our assertion (cf. 8), $1I$).
Now a positive C-divisor $G$ is called primitive, if $|G|$ has no fix-part;

every positi.ve C-divisor is surely primitive only if its degree is sufficiently
large (cf. prop. 31 \S II).

LEMMA. Let $W_{1},\ldots\ldots,$ $W_{n}$ be Subvqrieties of a $l^{r\grave{o}}J^{\ell chve}space_{\backslash }L^{r}$ ,
1

none of wkich coincide with $L^{\prime},$ $t/len$ for any non-finite field $k$, we $c$an find
a rationaf Point II of $L^{\prime}$ over $k,$ $wI_{l}ic$’ does not lie $/n$

$iV_{1}\cup\cdots\cdots uV^{r_{n}}$ . $\backslash $

This is a consequence of the following statement, which can be proved
by induction on $r$ :

Let $F(x)=F(x_{1},\ldots\ldots, x,.)\neq 0$ be a polynomial with coefflcients in some
field, then ‘ for any non-finite field $k$ , there exists a set of $r$ quantities $(\overline{x)}$

$=(\overline{x}_{1}, \ldots,\overline{x},)$ of $\overline{k}$ such that $F(x-)\neq 0$

The following proposition is useful in some occasion :

PROPOSITION 1. Let $G$ be a primitive C-divisor arld $\iota\{\overline{P}_{1},\ldots\ldots,\overline{P}_{m}\}$

a set of $m$ Points of $C$, then there exists a positive C-divisor $G,$ $whic1_{l}$ is
$lin\ell qrl_{J^{\prime}}$ equivalent to $G$ , and which. does not contain any of $th\ell P$ $(1\leqq i\leqq$

$-$

$m)$ . Moreover if
$deg$ . $G\equiv 0(mod. l)$ ,

$\overline{G}$ can be taken such thaf it consists of distinct Points. Tliereby if $G$ is ra-
tional over a non-finite $fi\ell ld$ of definition $k$ of $C,\overline{G}$ can $b_{-}ltak|c^{J}n$ as ’atimal
over $k$.

Proof. Let $W(\Pi)=Q_{1}+\ldots\ldots+Q_{d}(d=deg. G)$ be a generic element
of $|G|$ over the field $k(\overline{P}_{J},\ldots\ldots.\overline{P}_{m})$ then $W(\Pi)$ satisfies all the require-
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ments except the last one. Let $U^{\prime}(r=l(G))$ be the Locus of the Point
$II\times Ql\times\ldots\ldots\times Q_{i}$ over $\overline{k}$

$\backslash |$

$L^{r}\times C^{(d)}=L^{\prime}\times C\times\ldots\ldots\times C$ ($(d+1)$.-factors);

then $U$ is not cotained in any of the Varieties $L^{\prime}\times Z_{lj}$, and $L^{r}xZ_{\pi}$ , if $d$

$\underline{=}_{I^{1}}\equiv 0(mod. p)$ , where
$Z_{j}=C^{(\succ l)}\times\overline{P}_{i}\times C^{(d-j)}(1\leqq i\leqq m;1\leqq j\leqq d)$ ,

and where $Z_{\pi}$ is the Subvariety of $C^{(rl)}$ , which corresponds to a $\times\overline{C}^{tae-2)^{*}}$

by
the possible interchange $\pi$ of factors in $C^{(d)}$ . Let $If^{7_{1}}..$ ( $\ddagger V_{n}$ be the Sub-
varieties of $L^{\prime}$ , which are the projections on $X^{r}$ of the components of the
intersections $/L^{r}\times Z_{j}$) $\cap U$, and $(L^{r}\times\nearrow_{\pi}d)\cap$ $U$, if $d\equiv|\equiv 0(mod. p)$ ; then
$\ddagger V_{1},\ldots\ldots W_{n}$ are all different from $L^{r}$ It follows that there exists a rational
Point 11 of $I^{\prime}$ , which does not lie on $I1_{1}\cup\cdots\ldots\cup W_{n}$ ;

$\backslash $

then the rational

C-divisor $W(\overline{\Pi})$ over $k$ satisfies all the requirements.

COROLLARY 1. Let $|J^{y_{J}}-,\ldots\ldots,\overline{P}_{m}$ } be a set of $m$ Points of $C$, then
we can find a C-divisor $A_{i}$ . which docs not contain $ an\gamma$ of $t$he $\overline{P_{i}}$ and $’\iota vhic/\ell$

satisfies
$1$

$A_{i}\equiv\overline{P}_{i}(1\underline{<}-;\leqq rn)$

Let $\overline{Q}$ be a Point of $C$ other than $\overline{P_{i}}$ , then for a sufficiently large $m$ ,
$P+m\overline{Q}$ is primititive; thus there exists. a C-divisor $\overline{G}$ , which $d6es$

$n$ot contain any of the $\overline{P}_{i}$ s’uch that $\overline{G}_{i}\equiv\overline{P_{i}}+m\overline{Q}$ ; set
$A=\overline{G}_{i}-m\cdot\overline{Q}$ .

COROLLARY 2. Let $G$ be a rational C-divisar and $\overline{Q}$ a ralional Point
$\phi C$ over a non-finite field of definition $k_{1}$ of $C,$ th\’en we can find a positive
integer $m$ and a positive C-divisor $\overline{G}$ , conststing. of $d\iota stinct$ Points, wlticlt is
rational over $k_{1}$ and sa.isfies

$G+m\overline{Q}\equiv\overline{G}$

In fact let $G=G_{1}-G_{\underline{o}}(G_{1}, G_{2}\succ 0)$ be the reduced.expression of $G_{*}$

then we can take $m$ as
1 ( $G_{1}+m_{0}\overline{Q)}\geqq deg$ . $G_{2}$ ;

there $eXi\mathfrak{R}$ a positive C-divisor $G_{\$}$ , which we can assume to be rational
over $k_{1}$ , such $t_{\backslash }hat$
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’

$G_{1}+m_{0}\overline{Q}\equiv G_{2}+G_{3},$ $i$ . $e$ . $G+m_{0}\overline{Q}\equiv G_{s}$ .
/

Now if $m_{1}$ is sufficiently large, $G_{\delta}\cap+m_{1}Q^{-}$ is primitive and we may assume !

that $deg\cdot(G_{3}+m_{1}\overline{Q})\equiv|\equiv 0(mod. l)$ ; there exis,ts a rational C-divisor
$\overline{G}(\overline{G}\succ 0)$ over $k_{1}$ consisting of distinct Points such that $G_{s}+m_{1}\overline{Q}=\overline{G}$ ;
put $\prime n=m_{0}+m_{1}$ .

10) Properties of ;he $correspondences^{\prime}$. In the following we shall con-
sider the $cor\backslash respondences$ between two Curves $C_{1}$ and $C_{2}$ . The following
proposition

$t$

is known as the “ Homomorphiesatz “ in HASSE’J school:,
PROPOSITION 2. Let X. $\delta c$ any $correslor/dence$, then for $e\tau\prime ery$

$C_{1^{-}}$

divisor $A$ $s$zich Cbat $A\equiv 0$ , we have $X(A)\equiv 0$

Proof. By the linearity of $X(A)$ in $X$ , we may assume that $X$ is
irreducible. If $X$ is a $d$ . l.-correspondence, we have $X$ . ($ A\rangle$ $=0$ for every
$C_{1}$-divisor $A$ ; if $X$ is of the form $C\times\overline{P}$ with some Point $\overline{P}$ of $C_{2}$ , we
have

$X(A)=prC_{2}((C_{1}\times\overline{P})\cdot(A\times C_{2}))=(deg. A)\overline{P}=0$ ;

and if 1(X), $r(X)\neq 0$ , we have $X(A)\equiv 0$ by the postulates $(A),$ $(C^{\prime})$ of
the equivalence theory.

It follows from prop. 2 and from

$deg.X(A)=1(X)$ deg.A,

where $A$ is an arbitary $C$-divisor, that $X$ induces an operator of the divisor-
class group of degree zero on $C_{1}$ into the similar group on $C_{2}$ .

Now we shall prove the “ Additionssatz ” :

PROPOSITION 3. $L\ell t,$ $X$ be any correspandence with valence zero,
$t/l\ell^{\prime}n$ for $e7$)$\ell ryC_{1}$-drvisor $A$ of degree zero, we have $X(A)\equiv 0$

$Proo$[ At first we may assume that $X$ does not contain any $d$ . $1$ . $-$

correspoudence; since $X$ is of valence zero, we may put

$X=(\varphi)+\Sigma_{i}a_{i}(\overline{P_{i}}\times C_{2})+(C_{1}\times B)$ .

Let $A$ be a $C_{1}$-divisor, which does not cohtain any of the. $\overline{P_{i}}$ , then the
intersection-product $(\varphi)\cdot(A\times C_{2})$ is defined on $C_{1}\times C\underline,$ . It follows from
the postulates $(C)$ of the equivalence theory that
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$X(A)=prc_{2}((\varphi)\cdot(A\times C_{2}))_{-}+(deg. A)\cdot B$

$\equiv(deg. A)\cdot B$ .
Now let $A_{i}$ be the $C_{1}$-divisor as stated in cor. 1 to prop. $l^{\backslash }$, then by prop.
2 and by what we have proved above, we have

$X(\overline{P})\equiv X(A_{:})\equiv B$ ;

so that $X(A)\equiv(deg. A)\cdot B$ for every $C_{1}$-divisor $A$ , and. this completes
our proof.

. We conclude from prop. 3 that every correspondence with va-
lence zero induces a zero operator of the divisor-elass gr\‘oup of degree zero
on $C_{1}$ into the similar group on $C_{2}$ ; we shall prove the converse:

PROPOSITION 4. Let $X$ be any $correst^{\rho}$ndence $s\iota ch$ that $ X(\overline{P})\equiv$

$X(\overline{P_{0}})$ for infinit $ly$ matry $l^{\supset}oin;s\overline{l^{3}}$ and for fixpd Point $P_{0}$ of $C_{1}$ , then $X$

is a correslondence with va $ence\sim_{i}ero$ .
Proof. Let $k$ be a common field of definition of $C_{1}$ and C. , over which

both $\overline{P_{0}}$ and $X$ are rational. We put

$Y=X-(C_{1}\times X(\overline{P}_{\omega}))$ ,

then $Y$ is also rational over $k$ such that $Y(\overline{P})=0$ for infinitely many Points
$\overline{P}$ of $(_{l}$ ; we shall show that $Y$ is a correspondence with valence zero:

If there exists a generic Point $P$ of $C_{1}$ over $k$ among the $\overline{P}$ , we can
find a function $\theta$ on $C_{2}$ , defined over the field $k$ $(P)$ such that $Y(P)=(\theta)$

Let $Q$ be a generic Point of $C_{2}$ over $k(P)$ , then we can find a function
$\varphi$ on $C_{1}\times C_{2}$ , defined over- $\prime k$ , by $\varphi(P\times Q)=\theta(Q)$ ; we have

1

$(\varphi)\cdot(P\times C_{2})=P\times(\theta)=Y\cdot(P\times C_{2})$

It follows that $(\varphi)-Y$ is a $d$ . $1$ . -correspondence, and $Y$ is a correspondence
with valence zero; this is the trivial case of our proposition (and later we
shall use only this case). In the general case, all the Points $\overline{P}al\cdot e$ alge-
braic over $k$ ; taking if necessary a suitable extension of $k$ , we may assume
that there exists a rational Point $Q$ of $C_{2}$ over $k$ . Let $P$ be a generic
Point of $C_{1}$ over $k$ , then since the field $x_{1}’=k(P)$ is $n$ot a finite field, we
can find a positive integer $m$ and a positive $C_{2}- divisor\cdot Q_{1}$ $+\ldots\ldots+Q_{m}$ ,
which is rational over $k(P)$ \S nch that

$Y(P)+m\overline{Q}\equiv Q_{J}+\cdots\cdots+Q_{|},$ ,

and such that
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$Q_{i^{fi}}^{\Delta}Q_{j}$ ( $i$ it y), $Q_{i\neg}^{s-}Q(1\leqq i\leqq m)$

(cf. cor 2 to prop. 1). There exists a correspondence $Z,$
$wh^{\prime}ich$ is rat\’ional

over $k$ and which does not contain any $d$ . $1.-$-correspondence such that

$Z(P)=Q_{1}.+\cdots\ldots+Q_{m}$ ;

now if we can show
$Z(P)\equiv m\overline{Q}$ ,

we have $Y(P)\dot{\equiv}0$ , and by the trivial case, $Y$ is a correspondence with
valence zero.

In order to prove that linear equivalence, let $\varphi_{0}$ , $\varphi_{1}$ , $\ldots,$ $\varphi_{r}$ be $r+$

$1$ functions on $C_{2}$ , which are, defined over lr and which form a base for
$L(m\overline{Q})$ .

’

If $Z(P)\equiv|\equiv mQ$ , we have rank $||\varphi_{i}(Q_{j})||>r$ and the set of
$\prime l(r+1)$ quantities $||\varphi_{i}(Q_{j})||$ has dimension 1 over $k$ . Let $\overline{P}$ be a specia-
lization of $P$ over any specialization

$|1\varphi_{l}(Q_{j})||\rightarrow|\overline{|\varphi_{i}(Q_{j})}||$

with $\cdot$ reference to $k$ , then we have $\overline{\varphi_{i}(Q_{j})}=\varphi_{i}(\overline{Q}_{j})$ , where

$(Z(\overline{P})=\overline{Q}_{1}+\ldots\ldots+\overline{Q}_{m,\backslash }$

$-$ Since every specialization $||\varphi_{i}(Q_{j})|\rfloor\rightarrow||\varphi_{i}(\overline{Q}_{j})$ II over $k$ such that rank
$||(\varphi_{i}(\overline{Q}_{d})||\leqq r$ is not generic, whence algebraic over $k$ , such specializa-

tions are in finite number. By a similar reason, the specializations of $P$

over every one of such specializatioris are in finte number. . Since every
Point $\overline{P}$ of $C_{1}$ such that

$Z(\overline{P})\equiv m\overline{Q},$ $i$ . $e$ . $Y(\overline{P})\equiv 0$
$\backslash $

is one of such specializations, there are only a finite number of such $P^{-}$;

this is a contradiction.
Now if we consider only the correspondences between a Curve $C$ and

itself, $i$ . $e$ . the elements of the ring $\mathfrak{X}$ , and if we note that the product in
$\mathfrak{X}$ induces,the prodtict of the $correspondin_{cD}\sigma$ operators on the divisor-class
group of degree zero on $C$ , we have proved again that, $\mathfrak{X}_{0}$ is a two-sided
ideal in ce together with the following result:

$T_{F}iEOI_{t^{)}}EM- T/\iota e$ $multipli_{C\ell l}iion$ ring alitaclted to a Curve $C$ can be
$repres\ell nFedfaithf\iota rlly\iota n$

’ the $opera\iota^{1}or$-ring of $r/le$ divisor-class gronp $\phi$ degree

zero on C.
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In the classical case this representation is explicitely obtained by the
Abelian integrals of $ihe$ firsi’ kind attached to $C$.

IV. A Generalization of Schubert’s Formula.
.

$11)_{\backslash }$ A general remark. Let $P$ be a simple Point of a, Variety $V$ ,
defined over a field $k$ , then $P$ determines uniquely a prime rational V-cycle
with a generic Point $P$ over $k$ ; we shall denote this V-cycle by $(P;k)$ .
Moreover it is sometimes convenient to generalize the symbol

$[k(x):k]$

for non-algebraic set of quantities $(x)$ over $l^{7}$ , as being zero.
PROPOSITION 1. Let $U,$ $V$. be two $Varieti\ell s$ , defined $0?^{f}er$ afield $k$ ,

then for every simple Point $P\times Q$ of $U\times\nabla^{-}$, it holds.
$pr_{t^{r}}(P\times Q;k)=[k(F, Q):k(P)]\cdot(P;k)$ . .

Proof. The set of all generic specializations of the Point $P$ over $k$ splits
into $\cdot$ several cIasses over $\overline{k}$ : two such specializations are put into the same
class if and only if they are also generic specializations of each other over

$\overline{k}$ . Take a representative $P^{\sigma}$ from each one of these ,classes; then the
Varieties $(P^{a} ; k)\backslash are$ exactly all the distinct conjugates of the Variety ($P$ ;
k) over $k$ . Let $Q^{a}$ be a geniric specialization of $Q$ over the specialization. $P\rightarrow P^{\sigma}$ with reference to $k$ ; then the set of all generic specializations of
$Q^{\sigma}$ over $k(P^{O})$ splits, as above, into,several classes over le $(P^{\sigma})$ ; take a
representative $Q^{\sigma\tau}$ from each $011^{\prime}e$ of them. It is, easily seen that every
generic specialization $P^{\prime}\times Q^{\prime}$ of $P\times Q$ over $k$ is a generic specialization of
some $P^{\sigma}\times Q^{\sigma\tau}$ over $\overline{k}$ ; ’so the Varieties $(P^{\sigma}\times Q^{\sigma\tau};^{-}\overline{k})$ are exactly all the
distinct conjugates of the Variety $(P\times Q;\overline{k})$ over $k$ . It follows

$(P;k)=[k(P)’ : k]_{\ell}\cdot\Sigma_{a}(P^{\sigma};\overline{k})$ ,

$(P\times Q ; k)=[k(P, Q) : k]\cdot\Sigma_{0\tau}(P^{a}\times Q^{\sigma^{-}} ; \overline{\overline{k}})$

so that we have
. $pr_{U}(P\times O_{J}\sim\cdot/e)=[k|(P, Q):k]_{e}$

. $\Sigma_{q,\tau}[\overline{k}(P^{\sigma}, Q^{a\tau})]$ : $-\chi,$

$(P^{\sigma})$ ] $(P^{\sigma};k)-$ .
Now if it holds [$k(P,$ $Q)$ : fi $(P)$] $=0,$ $Q$ is $not$ algebraic over $k(P)$ ; since
$P^{\sigma}\times Q^{\sigma\cdot r}$ is a generic specialization of $P\times Q$ over $k,$ $Q^{\sigma\tau}$ is not algebraic
over $k(P^{a})$ , hence also over its algebraic extension $\overline{k}(P^{\sigma})$ . $It^{\{}$ follows $[\overline{k}$

$(P^{\sigma} , Q^{\sigma\tau}):^{-}k(P^{\sigma})]=0$ for every $\sigma,$ $\tau$ , so that we $\cdot$ have $prU$ ($P\times Q$ ; k)
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$=0$ . On the other band if $Q$ is algebraic over $k(P)$ , we have

$[\mathcal{L}^{y}(P, Q) : k(P)]=[k(P^{\sigma}, Q^{\sigma^{-}}) : k(P^{\sigma})]$

$=\sum_{\tau}[\overline{k}(P^{\sigma}, Q^{\sigma\tau}) : \overline{k}(P^{\sigma})]_{s}[k(P, Q) : k(P)]_{i}$

$=([k(P, Q) : k]/[k(P) : k]_{\iota})\cdot\Sigma_{\tau}$ [ $\overline{k}(P^{\sigma}$ . $Q^{\sigma\tau})$ : ke $(P^{\sigma})$];

so that we. have
$pr_{U}(P\times Q;k)=[k(P^{1},Q) : k(P)][k(P) : k]_{t}\Sigma_{\sigma}$ ($P^{\sigma}$ ; k)

$=[k(P, Q) : k.(P)]\cdot$ ($P$ ; k) ;

which completes our proof. $l$

We note that prop. 1. is nothing but the definition of the algebraic
projection of $(P\times Q;k)$ , if this pririte rationnal cycle over $k$ is reduced to

a Variety; in the same manner some other formulae in WEIL’S book

remain to hold, if we $replace^{l}$ the Varieties by the prime rational ’ cycles
(over some field).

12) Algebraic series. Let $C_{1}$ , $C_{2}$ be two Curves, defined over a field
$k$ ; since $C_{1}$ plays merely a subordinate part, $C_{2}w,ill$ be denoted also as
$C$. Let $X$ be a correspondence between $C_{1}$ and $C_{2}$ , which does not con-
tain any $d$ . $1$ . -correspondence, and which is rational over $k$ ; let $P$ be a
generic Point of $C_{1}$ over $k$ , then the set of ‘all the $specializat^{\backslash }\iota ons$ of the

C-divisor. $X(P)$ over $k$ constitutes an algebraic series on $C$ with a generic
element $X(P)$ over $k$ ; the integer

$rn=deg.X(P)=1(X)$

is called the degree of the algebraic series. -The linear series of dimension
1 on $C$ is a special type of the algebraic series. In the following we
shall restrict our alg\’ebraic series by the following condition:

(A I) $X$ is a posirive divisor on $C_{1}\times C_{2}$ , and if we put $t1_{I}e$ Point-set
$\{Q_{1},\ldots\ldots, Q_{m}\}$ is composed of $disri_{7l}cr$ Points.

It follows from (A $I$) that $X$ is of the form

$X=X_{1}+\ldots\ldots+X_{l}$ ,

where $X_{i}(1\leqq j\leqq d)$ are mutually distinct pri.me. rational divisors on $ C_{1}\times$

$C_{2}$ (which are all different from $d$ . $1$ . -correspondenjces) such that the field
$k(P, Q_{1},\ldots\ldots, Q_{m})$ is separable over $k(P)$ ; conversely this condition
implies,(A $I$)

Now at first.we shall consider the special case, where $d=1$ ; in this
case it holds

$q$
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$X=\langle P\times Q_{1}$ ; $k$),

and the Point-set $\{Q_{1},\ldots\ldots, Q_{m}\}$ is a complete set of conjugates of $Q_{1}$ over
$\backslash k(P)$ so that we have

$[k(P, Q_{1}) : k(P)]=m$ .
Let $\mathfrak{G}$ be the Galois group of $k(P, Q_{1},\ldots\ldots.Q_{m})$ over $k(P)$ ; we shall
consider $\mathfrak{G}$ as a (transitive) permutation group on $\{Q_{1}\ldots\ldots, Q_{r’\iota}\}$ .

The elements $\sigma$ in $\mathfrak{G}$ such.that $Q_{1}^{\sigma}=Q_{1}$, constitute a dubgroup $\mathfrak{g}$ of $\mathfrak{G}$

which is a Galois group of $k(P, Q_{1},\ldots.:., Q_{m})$ over $k(P, Q_{1})$ . Every
element of $\mathfrak{G}$ induces an automorphism of the field $k(Q_{1}, \ldots\ldots, Q_{m})$ over
$k$ ; Let $L$ be its “ invariant subfield “, $i$ . $e$ . the largest subfield of $ k(Q_{1},\ldots$

..., $Q_{m}$), every element of which is invariant by all automorphism of G.
Then $\mathfrak{G}$ and $\mathfrak{g}$ are the Galois groups of $k(Q_{1},\ldots\ldots.Q_{m})$ over $L$ and over
$L(Q_{1})$ , respectively; it follows from this the following identities:

$[k(Q_{1},\ldots\ldots, Q_{m}) : L]=[k(P, Q_{1},\ldots\ldots, Q_{m}) : k(P)]=(\mathfrak{G})$ ,
$[L(Q_{1}) : L]=[/6(P, Q_{1}) : k(P)]=(\mathfrak{G} : \mathfrak{g})=m$

We shall denote the common value
$[k(P, Q_{1},\ldots\ldots, Q_{m}) : k(Q_{1’}Q_{m})]$

$=[k(P, Q_{1}) : L(Q_{1})]=[k(P) : L]$

$by.\mu(X)$ , and we put
$[L(Q_{1}) : k(Q_{1})]=\nu(X)$ ;

then we have
$\mu(X)\cdot\nu(X)=[\chi(P, Q_{1}) : x(Q_{1})]=r(X)$

(cf. prop. 1). We note that $\mu(X)$ may be zero, but $\nu(X)$ is always a posi-
tive integer; we shall call $\nu(.X)$ the index of the‘ algebraic series, deter-
mined by $X$ on $C$ .

Now in the general case, we put
$X_{f}(P)=Q_{i1}+\ldots\ldots+Q_{i_{7Jl_{i}}}(1\leqq i\leqq d)$ ,

then we have
$Q_{1}+\ldots\ldots+Q_{7Jl}=\Sigma_{i=^{d_{1’}}}\Sigma_{j=}^{m_{1^{i}}}Q_{tj}$

$\prime n=rn_{1}+\cdots\cdots+m_{t}$ .
Let $\mathfrak{G}$ be the Galois group of the field $k(P, Q_{1} \cdot\cdot, Q_{m})$ over $k(P)$ , and
let $\mathfrak{G}_{i}$ be the Galois group of the subfield $k(P, Q_{i1},\ldots\ldots, Q_{im_{i}})$ of $k(P,$ $Q_{1}$ ,
......, $Q_{\nu\iota}$ ) over $k(P)(1\leqq i\leqq d)$ . Let $L$ be the $i_{1}|veriant$ subfield of $ k(Q_{1},\ldots$

$b$
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$Q_{m})$ by $\mathfrak{G}$ , and put

$[k(P) : L]=\mu(X)$ .
Now $\mu(X_{i})$ and $\nu(X_{i},)$ being defi ed for $X_{i}$ as before $(1\leqq i\leqq d)$ , we
shall assume that

(A $\Pi$) $\mu(\grave{X})=\mu(X_{i})(1\leqq.i\leqq d)$ ;
$|$

this coadition is equivalent to the assumption that $L$ is at the same time
the iuvariant subfield of $\cdot k\langle Q_{i1},\ldots\ldots,$ $Qi\prime n_{i}$ ) by $\mathfrak{G}_{i}(1\leqq i\leqq d)$ . In this case
$\backslash ve$ shall define the index of the $algeb\propto tic$ series, determined by $X$ on $C$, by

$\nu(X)=\nu(X_{1})+\cdots\ldots+\nu(X_{\iota l})$ .
13) ]$\psi ultip\prime e$ . divisor of $t1_{l}e$ algebraic $s$eries. $Co\iota 1.serving$ the notations

in 12), we shall consider the cycle $U^{1,}$ on $C^{(m)}$ :
$U=\sum(Q_{1}^{\pi}\times\ldots\ldots\times Q_{m}^{\pi} ; k)$ ,

where. $\pi$ runs over all permutations of $m$ Points $Q_{1},\ldots\ldots,$ $Q_{m}$ mudulo $\mathfrak{G}$ ;
we put

$S=pr_{c\times c}$ (first and second faetors) $(U)$ .
$Non^{\gamma}$ the $m_{j}$ Points $Q_{j1},\ldots\ldots,$ $Q_{j/’\iota_{j}}$ are, in general, no more c\‘onjugate to
each other over $k(P, Q_{i1})$ , but they split into several complete sets of
conjugates over $k(P, Q_{i1})$ :

$\{Q_{j1+ap-1}^{(i)},\ldots\ldots, Q_{ja\rho}^{(i)} \}(1\leqq\rho\leqq d_{ij})$ ,

where $a_{0}=0(1\leqq i, j=<d)$ . Thereby if $i=j,$ $Q_{i1}$ has only one conjugate,
$i$ . $e$ . $Q_{i1}$ itself, over $k(P, Q_{\ell 1})$ ; we put

$Q_{ia_{1}}^{(i)}=Q_{i1}(1\leqq i\leqq d)$ .
Let $\mathfrak{G}^{(j)}be$ the Galois group of $k(P, Q_{\sim^{)}},\ldots\ldots, Q_{v},)$ over $k(P, Q_{i1})(1\leqq i$

$\leqq d)$ , then $U$ can be writtn as

$U=\Sigma_{i},$ $\pi i(Q_{i1}\times Q_{11}^{\pi i}\times\ldots\ldots\times Q_{i1}\times\ldots\ldots.\times Q_{dm_{d}^{\prime}}^{\pi i} ; k)$ ,

where $\pi_{i}$ runs over all permutations of $(m-1)$ Points
$Q_{11},\ldots\ldots,\hat{Q}_{i1},\ldots\ldots,$

$Q_{dm_{d}}$

modulo $\mathfrak{G}(i)$ ( $\wedge$ means to omit that element). I.et $\mathfrak{G}^{j}jr^{j}$ and $G^{(ip)}$ be the
Galois groups of $k(P,\acute{Q}_{L},\ldots\ldots, Q_{n},)$ over $t^{\prime}(P, Q_{i1}, Q_{j’ p}^{(t)})$ and over $k(P$ , $\bullet$

$Q_{i1},$
$Q_{i’\iota_{p}}^{(i)}$ ) respectively, then $\backslash vc$ have

$\Sigma_{\pi i}(Q_{i1}\times Q_{11^{j}}^{\pi}\times\ldots\ldots\times\hat{Q}_{i1}\times\ldots\ldots\times Q_{dm^{j}rl}^{\pi} ; \cdot k)$
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$=\Sigma_{i,\neq i,\rho.\pi ij\rho}(Q_{i1}\times Q_{jap}^{(i)}\times Q_{11}^{\pi_{i}}JP\times\cdots\times\hat{Q}_{i1}\times...\cdot\hat{Q}_{ja_{\ell}}^{(i)}\times\ldots\times Q_{dnd}^{\pi ijp};k)$

$+\Sigma_{f^{\prime}*i,\pi ip}(Q_{i1}\times Q_{ap}^{(i)}\times Q_{11}^{\pi ip}\times\ldots\times\hat{Q}_{i1}\times\ldots\times\hat{Q}_{ia}^{(i)}\times\ldots\times Q_{dmd}^{\pi ip};k)$

Since we have
$(\mathfrak{G} : \mathfrak{G}^{(ijp.)})=[k(P^{\prime},Q_{i1}, Q_{ja_{P}}^{(i)}):k(P)],$’

$(\mathfrak{G} : \mathfrak{G}^{(ip)})=[k(P, Q_{i1}, Q_{ia_{P}^{(i)}}) : k(P)]$ ,

it follows from prop. 1 that
$t$

$S=\Sigma_{i,j\neq i,p}[k(Q_{1}.\cdots. Q_{m}):k(Q_{i1}. Q_{jap}^{(l)})]$

. $|(m-2)!/(\mathfrak{G}^{(ij\rho)}$ : 1 $)$ } ( $Q_{i,\underline{1}}\times Q_{fa_{p}}^{(:)}$ ; k)

$+\Sigma_{i,p+1}[k(Q_{1},\cdots. Q_{m}) : k(Q_{i1}. Q_{a_{P}}^{(i)})]$

. $\{(m-2)!/(\mathfrak{G}_{\backslash }^{(ip)} : 1)\}$
$\cdot$ ( $Q_{i1}\times Q_{ia_{P}}^{(i)}$ ; k)

$=\{(m-2)!/\mu(X)\}\Sigma_{i.j+i,\mu}[k(P, Q_{i,1}Q_{ja_{P}}^{(i)}) : k(Q_{i1}, Q_{jap}^{(i)})]$

. $(Q_{i1}\times Q_{ja_{P}}^{(i)} ; k)$ .

. $+\{(\prime n-2)!\Sigma_{i,p\neq 1}[L(Q_{i1}, Q_{ia_{P}}^{(i)}) : k(Q_{i1}, Q^{(i\int_{ta_{P}}})](Q_{i1}\times Q_{iap}^{(i)};k)$

$=\{(m-2)!/\mu(X)\}\Sigma_{i,j.+t_{}p}pr_{CXC}$ ( $P\times Q_{i1}\times Q_{ja_{P}}^{(i)}$ ; k)
$+(rn-2.)!\Sigma_{t}1/(m_{i}-2)!S_{i}$ ,

’

$S_{i}=(m_{i}-2)$ ! $\Sigma_{r+1}[L(Q_{1}, Q_{iap}^{(i)}) : k(Q_{1}, Q_{iap}^{(i)})]$ ( $\sim O_{i1}\times Q_{iap}^{(i)}$ ; k)
and where the first sum must be omited if $\mu(X)=0;S$ “will be reduced
to $S$ , if $X$ is reduced to $X(1\leqq i\leqq d)$ .

Let $R$ be a generic $1^{\supset}oint$ of $C$ over $k(P)$ , then we have
$(P\times Q_{i1}\times R;k)\cdot(P\times R\times O_{j1}\sim’ l)$

$=\sum_{P}\chi_{P}(P\times\sim O_{i1}\times Q_{j0_{P}}^{(i)};4,)$

with $\chi_{P}\underline{\geq}1$ ; taking the algebraic projection on $C_{1}\times C_{0}-$ , we get
$m_{j}X_{i}(C_{1}\times C_{\sim^{\supset}})=\sum_{P}x_{P}(a_{P}-a_{p-1})’\cdot X_{i}$

(cf. prop. 1), so that
$m_{j}=\Sigma_{P}x_{P}(a_{P}-a_{p-1})\underline{>-}\Sigma_{P}(a_{P}-a_{p-1})=m_{j}$ ;

since $a_{P}>a_{p-1}$ we have $x_{f},=1$ for every $\rho$ . It follows
$pr_{c}(\Sigma_{P}\{pr_{cXc}(PxQ_{i1}\times Q_{jap}^{(i)} ; k\}\cdot\Delta)$

$=pr_{c}$ { $\Sigma_{P}(P\times Q_{i1}\times Q_{jap}^{(i)}$ ; k) $\cdot(C_{1}\times\Delta)$ }
$=pr_{c}[\{(P\times Q_{i1}\times R;k)\cdot(P\times R\times Q_{j1} ; k)\}\cdot(C_{1}\times\Delta)]$

$=pr_{c}$[ $(P\times Q_{i1}\times R;k)\cdot\{(P\times R\times Q_{j1}$ ; k) $\cdot(C_{1}\times\Delta)\}$]
$=pr_{c}\{(P\times Q_{i1}\times R;k)\cdot(P\times Q_{j1}\times Q_{j1} ; k)\}$

$=pr_{r}$ { $(P\times Q_{i1}$ ; l) $\cdot(P\times Q_{j1}$ ; $k)$ }
$=pr_{c}(X_{i}\cdot X_{j})$ ;
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thus we $l_{1}ave$

.

’
$P^{r_{r}(S}$ $\Delta$ ) $=\{(m-2)!/\mu(X)\}.\cdot\Sigma_{i,j+i}pr_{c}(X_{\iota}\cdot X_{j})$

$+(m-2)$ ! $\Sigma_{i}1/(m_{i}-2)$ ! $\cdot pr_{c}(S_{i}\cdot\Delta)$ .
Now’the C-divisor

$J=\Sigma_{i,j+t}pr_{c}(\backslash X_{i}\cdot X_{j})+\Sigma\mu(X)/(m_{i}-2)$ ! $\cdot pr_{c}(S_{i}\cdot\Delta)$

may be $cal1^{\backslash }ed$ the multiple dzvisor of the algebraic series, difined by Xon
$C$ ; if $X$ is reduced to $X_{i}$ , $J$ will be reduced to $J_{i}$ ;

$J_{i}=\{\mu(X_{i})/(m-2) ! \}_{P^{\prime}}r_{c}(S_{i}\cdot\Delta)$ ,

so that we may write
$\dagger^{\}}$

$J=\Sigma_{i,j\neq i}pr_{c}(X_{i}\cdot X_{j})+\Sigma_{i}J_{i}$ .
14) Jacolian divisor. We shall consider a special case, where

$d=1$ , $\nu(X)=1$ ;

in such case we have
$[L(Q_{i1}, Q_{ia_{P}^{(i)}});k(Q_{ia_{P}^{(i)}})]=1$ ,

so that
$S=(m-2).!\Sigma_{P\neq J}(Q_{i1}\times Q_{iap}^{(i)} ; k)$ . $\sim$

In particular if $C$ is a Curve as defined in 1), \S I, and if $(x)$ is a generic
Point of thb projective straight line $D$ , the correspondenece $X$

$X=\{(x)\times P;k_{0}\}$

between $D$ and $C$ is $irreduci^{\backslash }ble$ and s\‘atisfies $r(X)=1$ , hence

$\mu(X)=\nu(X)=1$ .
Let $(P,$ $P_{\vee}$, ,.. ...., $P_{n})$ be a complete set of conjugates of $P$ over $k_{0}(x),$ and

$S=(m-2)!E$ ,

then we have $E(P)=P_{\sim^{\prime}}+\ldots\ldots+P_{n}$ . Since every D-divisor of degree zero
is linearly equivalent to zero on $D,$ $X^{*}$ is a c\’orrespondence with valence
zero; it follows that $X$ is a correspondence with valence zero. Thus $X(x)=$

$P+P_{2}+\cdots\cdots P_{n}$ determines an algebraic series on $C$, whose elements are
linearly equivalent to each other on $C$. Since

$(E+\Delta)(P)=P+P_{2}$ \dagger ...... $+P_{n}$ ,

$ E+\Delta$ is a correspondence with valence zero; the correspondence $B^{-}fs$ called
an elemetitary $corr\ell slondence$, and the multiple C-divisor

$J=\{\mu(X)/(\prime\prime t-2)!\}\cdot pr_{c}(S\cdot\Delta)=pr_{c}(E\cdot\Delta)$
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is called a Jacobian’ divisor on $C$.
15) $SCHUBERT’ S$ fornzula. Comming back to our general case, we

shall omit the trivial cases, where $C$ is a rational Curve or $\mu(X)=0$ . We
shall consider a linear series of dimension $r$ , defined over $k$ , \’on $C$ ; let
$P_{1}+\cdots\cdots+P_{n}$ be a generic element of it over $k$ , where $P_{1},\ldots\ldots P$, are in-
dependent generic Points of $C$ over $k$ ; then the C-divisor $P_{r+1}+’\cdots\cdot\cdot+P_{n}$

is rational over $k(P_{1},\ldots\ldots P_{r})$ . We shall assume that
$(LI)$ $P_{r+1}+\ldots\ldots+P_{n}$ consists of $disrinct^{1}$ Points and is $p_{l^{\prime}}ime$ rational over

$k(P_{1}, \ldots., P_{r})$ ;
or equivalently that $k(P,\ldots\ldots, P_{n})$ is separable over $k(P_{1},\ldots\ldots,P_{r})$ and
its Galois group $\mathfrak{H}$ is transitive on $P_{r+1},\ldots\ldots,$ $P_{n}$ . $(LI)$ is independent of
the choice of the generic element over $k$ , and the linear series with a
generic element $P_{1}+\ldots\ldots+\hat{P_{r}}+\cdots\cdots+P_{n}$ over $k(P_{r})$ satisfies also $(LI)$

(over $k(P,)$ ). Moreover since $C$ is not a rational Curve, our linear series
has no fix-part for $r\geqq 1$ , and is “ simple “ for $r\geqq 2$ .

Now consider the following $C^{(n)}$ -cycle $V$’ :
$\nabla=\Sigma_{\pi}(P_{1}\times\cdots\cdots P_{r}\times P_{r+1}^{\pi}\times\ldots\ldots\times P_{n}^{\pi};l^{\prime})$ ,

$*$

where $\pi$ runs over all permutations of $(n-r)$ , Points $P_{r+1},\ldots\ldots,$ $P_{n}$ modulo
$\mathfrak{H}$ . Let $Q$ be a generie Point of $C$ over $k$ , then $t\mathfrak{h}e$ specialization

$O_{i1}\sim\rightarrow Q$

over $k$ can be extended in $\nu(X_{i})$ -way (where the same specialization is
counted $[L(Q_{i1}) : k(Q_{i1})]_{i}$-times) to the $speciaI^{i}zations$

$Q_{1}+\ldots\ldots+\sim O_{m}\rightarrow Q+Q_{i)}X_{\vee}+\ldots\ldots Q_{i)\iota m}$

$(1\leqq x\leqq\nu(X_{i});1\leqq i\leqq d)$

over $k$ . Moreover the set of $\nu(X_{i})\cdot(\mathfrak{E}^{(i)})$ Points
( $Q\times Q_{i}^{\pi_{X^{2}}}\times\ldots\ldots\times Q_{i\iota m}^{\pi}$ ; $\pi\epsilon \mathfrak{G}^{(t)},$ $1\underline{<}x--\underline{-<}\nu(X_{i})$ }

forms a complete set of conjugates of the Point $Q\times Qix_{2}\times\ldots\ldots\times Qi_{\{}x_{\iota}$ over
$k(Q_{i1})$ , so that we have

$\sum_{\pi i}$ ( $Q_{i1}\times Q_{11}^{\pi i}\times\ldots\ldots\times\hat{Q}_{tlm^{r}l}^{\pi i}$ ; k) $\cdot(Q\times C^{(m-1)})$

$.=\Sigma_{r\iota.\pi}(Q\times Q_{i^{\vee}}r_{\gamma_{\vee\sim}^{\underline{0}}}\times\ldots\times O_{if}\times\cdots\times Q_{iXm}^{\pi})$

where $\pi$ runs over all permntatiolls of $(m-1)$ Points $Q_{ix2}\ldots\ldots,$ $Q_{i’\iota_{m}}$ .
In. the following we shall assume $t1_{1}at$

$(L\Pi)$ tlle intersection-product
$(C^{(m-r-1)}\times\nabla)\cdot(U\times C^{(n-r-t)})$

is defincd on $C^{(m+n-r-1)}$ ;
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. it follows that the intersection-product $V\cdot\{(prc^{(r+1)}U)\times C^{(n-r-1)}\}$

is defined on $C^{(n)}$ ; we put
$\deg\{V(prc^{(r+1)}U)\times C^{(n-r-1)}\}$

$=(r+1)$ ! $(\ell^{\prime}n-r-1)$ ! $(n-r-1)$ ! $Z(r,. n)$ .
Let $W^{-}$ be the $Subvariety^{1}$ of $C^{(m+n\infty r)\backslash }$ which $corres_{\zeta^{\backslash }}\lrcorner onds$ to $ C^{(m+n-r-2)}\times\Delta$

by the interchange of the first and the last factors of $C^{(m+n-f)}$ ; then the in-
tersection-product $(U\times C^{(n-r)})$ . va is defined on $C^{(m+n-r)}$ . By our assumption
$(L\Pi)$ , the $intersecti_{011}- product,$ $(C^{(m-r)}\times l^{\nearrow})\cdot\{(U\times C^{(n-r)})\cdot W\}$ is defined
on $C^{(m+n-:)}$ , such that its algebraic projection on $C^{(m+n-r-1)}\{$ $=(\hat{C}\times$

$C^{(m+n-r-J)}\}is(C^{(m-\cdot-1)}\times t^{\nearrow})\cdot(U\times C^{(n-r-1)})$ ; it follows in particular that the in-
tersection-product $(C^{(m-\cdot)}\times\nabla)$ $(U\times C^{(n-r)})$ is $defi_{11_{\backslash }}ed$ on $C^{(m+n-r)}$ . Thus if
we put

$T=pr_{0XC}$ (first and last factors) $\{(C^{(m-r)}\times\overline{V})(U\times C^{(n-r)})\}$

we have
$deg$ . $(T\cdot\Delta)=deg$ . $[\{(C^{(m-r)}\times\nabla)^{-}(U\times C^{(n-r)})\} W]$

$=deg$ . $\{(C^{(m-r-1)}\times\nabla)\cdot(U\times C^{(n-r.-1)})\}$

.
$=deg$ . $\{\nabla\cdot(prc^{(r+1)}U)\times C^{(n-r-1)}\}$

$=(r+1)$ ! $\cdot(m-r-1)$ ! $\cdot(n-r-1)$ ! $\cdot Z(r,n)$ .
On the other hand $si_{1l}ce$ the intersection-product $(C^{(?n-r)}\times\nabla)\cdot\{(U\times C^{(n-r)})$

$(Q\times C\backslash m+n-r-1))\}=\{(C^{(m-r)}\times\eta.(U\times C^{(n-r)})\}(Q\times\sigma^{m+n-\leftarrow 1)})\iota$ is defined on
$C^{(m+n-r)}$ , we have

$(C^{(m-r)}\times\nabla)\cdot\{(U\times C^{n-r)})\cdot(Q\times C^{(7n+n-r-1)})\}$

$=\Sigma_{i,x,\pi,\overline{\pi}}(Q\times Q_{tx2}^{\pi}\times\ldots\ldots\times Q_{j}^{\pi_{lm}}\times R_{r+1}^{\overline{\pi}}\times\ldots\ldots\times R_{n}^{\pi}\overline{)}.$
’

where $\overline{\pi}$ runs over all permutations of $(’ t-r)$ Points $R_{r+1},\ldots\ldots,$ $R_{n}$ . In the
following we shall calculate the number, $Z(r, n)$ ; at first a generalization
of $C_{IJASLES}$ ’ formufa.$\cdot$

PROPOSITION 2. Let $X$ be a $correspond\ell jnce$ $w\iota th$ valence zero bet-
ween a Curve $C$ and itself such that $ th\ell$ intersection-lroducJ $ X\cdot\Delta$ is defined
on $C\times C$, then we $ha^{\prime}t^{\prime}e$ $-$

$deg$ . $(X\cdot\Delta)=1(X)+r(X)$ .
Proof. Put $X=(\varphi)+(A\times C)+(C\times B)$ , the $n$ the intersection-product

$(\varphi)\cdot\Delta$ is defined on $C\times C$ ; it follows
$\ddagger\wedge)r_{c}(X\cdot\Delta)=A+B+Pr_{(}.\{(\varphi)\cdot\Delta\}\equiv A+B$ .

Let $k$ be a field of definition of $\varphi$ , over which both $A$ and $B$ are rational,
and let $P$ be a gerieric point of $C$ over $k$ , then we have

$X(P)=(\varphi)(P)+B\equiv B$ ,
so tliat $\deg^{\backslash }$. $X(P)=1(X)=\deg B$ ; in the same $way$ , we have $r(X)=deg$ .
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$A$ ; it follows 1

$deg$ . $(X\cdot\Delta)=deg$ . $l^{r_{c}}(X\cdot\Delta)=deg:A+deg.B$

$=1(X)+r(X)$ .

Now we can prove the following theorm, which is a generalization of
SCHUBERT’S formula in $the^{\backslash }$ classical case:

THFOREM 1. The numbcr $Z(r. n)$ has tihe following $\cdot$ value

$Z(r, n)=\nu(X)\cdot n\cdot\left(\begin{array}{l}m-1\\l\end{array}\right)-(D(X)/2)\cdot\left(\begin{array}{l}m-2\\r-1\end{array}\right)$

$=D(X)=deg$ . $J/\mu(X)$ .
In particular, $Z(r, n)$ depends only upon $X,$ $r$ and $n$ .

Proof. If $r=0$ , we have

$\deg\{V\cdot(lr_{c}(C^{\gamma})\times C^{(n-1)}\}=deg\cdot[\nabla\cdot\{\nu(X)\cdot(m-1). .J_{-}C^{(n)}\}]$

$=\nu(X)(m-1)$ ! $n!=(m-1)$ !. $Z(0. n)$ ,

so that $Z(0, n)=\nu(X)n$ ; this is the SCHUBERT’S formula for $r=0$ ; we
may therefore use induction on $\kappa$, assuming $r\leqq 1$ :

’ $Sin\grave{c}e$ the algebraic series determined by $T+’\cdot\cdot(n-r-1)$ ! $S$ on $C$

consists of equivalent C-divisors, it is a $corres_{f}$)$ondence$ with valence zero.
It follows from $C^{pIASIF_{\lrcorner}S’}\lrcorner$ formula that

$deg$ . $(T\cdot\Delta)+r(n-r-1)$ ! $deg$ . $(S\cdot\Delta)$

$=1(T)+r(T)+r(n-r-1)$ ! $\cdot\{1(S)+r(S)\},$ $i_{:}e$ .
$(r+1)$ !. $(m-, -1)$ ! $\cdot(n-r-1)$ !. $Z(r, n)+r(n-r-1)$ ! $(m-2)!D(\prime Y)$

$=r(T)+r)(X)\cdot(m-1)!\cdot(n-r-1)!\cdot 2\cdot(m-1)!\cdot\nu(X)$ .
Let $\phi(\pi)$ be the least integer such that $P_{\beta(\pi)}$ is algebraic over, $k(P_{n}^{\pi},$ $P_{1}$ ,
......, $P_{\beta(\pi)-1}$ ); since $P_{n}^{\pi}$ can not be algebraic over $l^{y}$ , we have $\phi(\pi)\leqq r$,
and the Points

$P_{1},\ldots\ldots,$ $P_{\beta(\pi)-1},$ $P_{\beta(\pi)+1},$
$\ldots.,$

$P_{r}$ , PPU

are independent generic Points of $C$ over $k$ . Let
$ P_{1}\times\cdots\cdots\times P_{r}\times P_{r}^{\pi_{\vdash 1}}\times\ldots\ldots\times P_{n}^{\pi}\rightarrow$

$P_{1}\times\cdots\cdots\times P_{\beta(\pi)-1}\times P_{r+.1}^{\varphi(\pi)}\times P_{\phi(\pi)}\times\cdots\ldots\times P_{n}^{\varphi(\pi)}\times P_{r}$

be a generic spcialization over 4, then $\varphi(\pi)$ is a uniquely dqtermined per-
mutation of $(n-r)$ Points $P_{r+1},\ldots\ldots,$ $P_{n}$ modulo $\mathfrak{H}$ ; moreover $if.\varphi(\pi_{1})\equiv$

$\varphi(\pi_{2})$ modulo $\mathfrak{H}$ , we have $\pi_{1}\equiv\pi_{-}$, modulo $\mathfrak{H}$ ; it follows
$\nabla=\Sigma_{\pi}$ $(P_{1}\times., \times P_{\beta(\pi)-1}\times P_{r+1}^{\pi}\times P_{\beta(\pi)}\times\cdots\times P_{r-1}\times P^{\pi_{+}}\wedge’\times\cdots\times P_{n}^{\pi}\times P_{r} ; k)$ .

Since the intersection-product $\{(C^{(m-r)}\times l^{\nearrow})(C^{(m+n-\cdot-1)}\times P_{r})\}(U\times C^{(n-r)})$
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$=\{(C^{(m-r)}\times V)\cdot(U\times C^{(n-r}))\}\cdot(C^{(m+n-r-1)}\times P_{r})\backslash $ is defined on $C^{(m+n-r)}$ , and
since $U$ is invariant by any interchange of factors of $C^{(m)}$ , we have

$T^{*}(P_{r})=prc(f^{\prime^{\prime}st}f^{act)\{(C^{(m^{-r)},}\times\nabla)\cdot(U\times C^{(n-r)})\}\cdot(C^{(m+n-r-1)}\times P_{r})}a\prime^{\prime}$

$=pr_{c}[\{C^{(m-r)}\times\Sigma_{\pi}(P_{1}\times\ldots\ldots\times P_{r-1}\times P_{r}^{\pi_{+1}}\times\ldots.\times P_{n}^{\pi} ; k(P_{r}))\}\cdot(U\times C^{(n-r-1)})]$ .
The linear series with a generic element $P_{1}+\cdots\cdots+\hat{P}_{r}+\ldots\ldots+P_{n}$ over.
the field $k(P_{r})$ satisfies both $(LI)$ and $(L\Pi)$ ; so that if we out

$\overline{V}^{r-1}=\Sigma_{\pi}\{P_{1}\times\cdots\cdots\times P_{r-1}\times P_{r+1}^{\pi}\times\ldots\ldots\times P_{n}^{\pi};\prime k(P,)\}$ ,

we have
$r(T)=\deg T^{*}(P,)$

$=\deg(\overline{V}\{(prc^{(r)}U)\times C^{(n-r-1)})\}$

$=r$ ! $(m-r)$ ! $\cdot(n--1)$ ! $\cdot Z(r-1, n-1)$ ,

It follows that

$(r+1)$ ! $\cdot(m\cdot-r-1)!\cdot(n-t-1)!\cdot Z.(r,n)+r\cdot(m-r-1)$ ! $\cdot(m-2)!D(\prime X)$ .
$=v(X)\cdot(m-1)$ ! $\cdot(n-r-1)!.(n+r)+r!\cdot(m-n)$ ! $(n-r-1)$ ! $\cdot Z(r-1,n-1)$ ;

this formula holds also for $r=\backslash 0$ . Thus ‘ adding ‘ for $r=0,1,\ldots\ldots.r$, we get.
$(r+1)$ ! $(m-\prime^{\prime}-1)!(n-r-1)$ ! $\cdot Z(r,n)+(n-r-1)!(m-2)!\cdot D(X)\cdot\not\in\cdot r\cdot(r+1)$

$Z(r.n)=\nu(X)n(m-1)!/(m-r-1)!r!-(D(X)/2)(m-2)!/(m-r-1)$ !
$(r-1)!=\nu(X)(m-.1)!\cdot(n-r-1)!\cdot(r+1)\cdot n,i.e$

.

$=\nu(X)\cdot n.\left(\begin{array}{ll}m & -1\\ & r\end{array}\right)-(D(X)/2)\cdot\left(\begin{array}{l}m-1\\;^{a}-1\end{array}\right)$

which proves our theorem.

V. Additive Function on the Multiplication Ring.
1

16) Abelian function-field. Let $C$ be a Curve as defined in 1), \S I,
and let $P_{1},\ldots\ldots,P_{!l}$ be a set $of^{t}d$ independent generic Points of $C$ over a
field $k$ , containig $k_{0}$ . Let, $P_{i}$ be the representative of $P_{i}$ in $C$, and let $X$

bc an indeterminate; we put
$P_{i}=(x^{(t)},y_{1^{(i)}}\cdots\cdot\cdot y_{n}^{(i\rangle})(1\leqq i<d)\sim=$ ;

$\Pi_{t=^{d}i}(T-x^{(i)})=T^{d}-s_{1}T^{d-1}+\ldots\ldots+(-1)^{d}s_{d}$ ,
$\Pi_{i=^{rt}1}(T-y_{j^{(i)}})=\mathcal{T}^{\gamma i}-f_{j1}T^{l-1}+\ldots\ldots+(- 1)^{d}t_{jd}$ ;

$(s)=(s_{1},\ldots\ldots,s_{d})$ , $(t)=(t_{11},\ldots\ldots, t_{nd})$ .
Then at first we have

$[k(P_{1},\ldots\ldots,P_{d}) : k(x^{(1)}, ,x^{(d)})]=n^{d}$ ;
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we shall show
$k(P_{1},\ldots\ldots, P_{d})=k(x^{(\downarrow)}, ,x^{(l)};;)$ .

Let $(y_{j1}^{(i)},\ldots\ldots,y_{j\overline{n}}^{(i)})$ be a complete set of conjugates of conjugates of $y_{j^{(i)}}$

over the field $k(x^{(i)})$ , then $t\iota vo$ polynomials
$\Pi_{k=1}^{\overline{n}}(T-y_{j/}^{(i)}\vee)$ , $\Pi_{i=^{d}1}(T-y_{j^{(i)}})$

have their coefficients in $k(x^{(1)},\ldots\ldots,x^{(d)}, r)$ . Since $T-y_{J^{(i)}}$ is the G. C. D.
of them, $y_{J^{(i)}}$ must be in $/_{\iota’}(x^{(1)},\ldots\ldots,x^{(l)}(t)(1\leqq j\leqq n;1\leqq i\leqq d)$ .

Now let $L$ be the invariant subfield of 7 $(P_{\rfloor}, \ldots.,P_{d})$ by the symme-
tric group $\mathfrak{S}_{d}$ , operating ott $\{P_{1},\ldots\ldots,P_{d}\}$ , then we have

$[k(P_{1},\ldots\ldots,P_{d}):L]=(\mathfrak{S}_{d})=d!$ ;

we know that $k(s)$ is the invariant subfield of $l(x^{(t)},\cdots\cdots x^{(rl)})$ by, $\mathfrak{S}_{\prime},$ . It
follows that $L=k(s, t)$ ; $\backslash ve$ shall denote this field by $k(P_{1}*\ldots\ldots*P_{d})$ .

In particular if $d$ is equal to the $gen\llcorner\iota sg$ of $C$, the Point ( $s$ , Y) in
$g(n+1)$ -space has a locus $A_{g}$ over $k$ , which depends only upon $g$ , the abs-
tract field of all functio is on $A_{g}$ is called the field of Abelian functions $\dot{a}t-$

tached to $C$ ; the set of all Abelian functions, defined over $k$ , constitutes
an abstract field, which is isomorphic to $k(P_{1}\cdots.P_{g})$ .

We shall show

PROPOSITION 1. Let $P_{1},\ldots\ldots,$ $P_{g}$ be $g$ independent gene’ $ic$ Poinfs of
$C$ over $k,$ $f/\iota ent/\iota e$ C’-divisor

$G_{0}=P_{1}+\ldots\ldots+P_{g}$

is non-special.
Proof If $d$ is stifficiently large, the C-divisor

$G=P_{1}+\cdots\ldots+l^{r_{g}}+P_{g+1}+\ldots\ldots+P_{t}$

is non-special (cf. prop. 3, ‘} II). Since $\chi(P_{1}*\ldots\ldots*P_{d})$ is a fie($d$ of de-
finition of $|G|$ , any $0$‘ne of the Points $P_{1},$ , $P_{d}$ can not be contained in
the fix-part of $|G|$ , unless, $l(G)=d-g=0$ . It follows that $l(G-P_{(1})=d-$

$g-l$ , so that $P_{J}+\ldots\ldots P_{-1}=G^{\prime}$ is lloil-special; repeating this reasoning,
we. see that $G_{0}$ is $1lOj1specia|$ .

17) $CompfementaJ^{\prime}yC0^{\prime}l^{\prime}CSl^{ond\iota ncc}$ . Let $C_{J}$ and $C_{2}=C$
’ be two Curves

lvitl] $\backslash genusg_{1}$ and $\delta^{0}-=g$ respectively; we shall assume that $C^{\urcorner}$ is not a
rational Curve, $t$. $e$ . $g\geqq 1$ . Lct $X$ be a positive divisor on $C_{1}^{\backslash }\times C_{2}$ , and
let $\overline{P}$ be a Poiat of $C_{1}$ . Take a $com\iota no\iota l$ field of definition 1. of $C_{1}$ and $C_{2}$ ,

over which both $\overline{P}$ and $X$ are rational; then take a generic Point $P$ of $C_{1}$
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over $k$ , and a set ofg independent generic Points $\{\overline{R}_{1}, ,\dot{\overline{R}}_{g}\}$ of Cover
$k(P)$ : Consider the complete linear series, determined by

$X(\overline{P})+\overline{R}_{1}+\ldots\ldots+\overline{R}_{g}\equiv\overline{G}$ ;
since $\overline{R}_{1}+\cdots\cdots+\overline{R}_{g}$ is $non^{\underline{\iota}}specia1$ , we have $l(G)=deg$ . $X(\overline{P})=1(X)$ .
There exists at least one C-divisor $R_{1}+\ldots\ldots+R$ such that

$X(P)+R_{1}+\ldots\ldots R_{g}\equiv\overline{G}$ .
$\iota$

Let $R^{\frac{\backslash }{1^{\prime}}\sim}+\cdots\cdots+^{\prime}R_{g}^{K}$ be a specialization of $R_{1}+\cdots+R_{g}$ over the specialization
$P\rightarrow\overline{P}w_{-}ith$ reference to $k(\overline{R}_{1}\#\ldots\ldots \overline{R}_{g})$ ; since $|\overline{G}|$ is defined over$\cdot$ this
field, we have $X(\overline{P})+R_{1^{r}}^{\prime}+\ldots\ldots+R_{g}^{*}=G$ , whence $ R_{1^{)\backslash }}’+\ldots+R_{g}^{*\equiv}\overline{R}_{1}+\ldots$

$...+\overline{R}_{g}$ ; since $R_{1}\ldots\ldots R$, is non-special, we have $R_{1^{\backslash }}^{\prime}+\ldots+R_{g^{*}}=\overline{R_{1}}+..+R_{g}^{-}$ . .
It follows that $\{R_{I},\ldots\ldots,R_{g}\}$ is a set of independent $ge_{1}\iota erie$ Points of $C$ over $k$,
so that $R_{1}+\ldots\ldots+R_{g}$ is, non-special; thu $s$ there exists one and only one
C-divisor $R_{1}+\cdots\cdots+R_{9}$ such that

$X(P)+R_{1,}+\cdots\cdots R_{g}\equiv\overline{G}$ .

Moreover $R_{1}+\ldots\ldots+R_{g}$ is rational over $k(\overline{R}_{1}*\ldots\ldots*\overline{R}_{g})(P)$ , so that
there exists a correspondence $Y$, between $C_{1}$ and $C_{2}$ , which does not
contain any $d$ . $1$ .-correspondetice, and which is rational- over $\backslash k(R_{1}*\ldots\ldots\star$

$\overline{R}_{g})$ , such that
$Y(P),=R_{1}+\cdots\ldots+R_{g}$

Since $(X+Y)(f))\equiv\overline{G},$ $X+Y$ is a correspondence with valence zero, and
we have

1 $(Y)=g$ ;
the correspondence $Y$ is $ca1^{\underline{|}}ed$ a gcneric complcmentary correslondence to $X$

over $k$ ; any correspondence $Y$ , which satisfies the last two conditions is
called a comjlementary correslondence to $X$.

PROPOSITION 2. $T/le$ C-divisor $Y(\overline{\overline{P}})$ is .non-special for every
Point $Pof=C_{1}$ .

$Pra/r$. If $P=$ is a generic $Poi_{1^{\urcorner_{A}}}t$ of $C_{1}$ over $k(R_{\iota}*$ $\ldots.*\overline{R}_{g}\underline{),}Y(P)=$ is
the generic $s_{P^{ecia1}i^{zation}}$ of $Y(P)$ over the specialization $P\rightarrow\overline{P}-$ with re-
ference to $k(R\star\ldots\ldots\star\overline{R}_{g})$ , so that $Y(P)=$ is non-special. If $P=$ is alge-
braic $\iota_{over}J\triangleright^{2}\gamma(R_{1^{-k}}\ldots\ldots\star\overline{R}_{d})$ and if we have 1 ( $Y(\overline{\overline{P)}})\geqq 1$ there exists a
C-divisor $R_{1^{K}}^{\prime}+\ldots\ldots+R_{g^{*}}$ in $|Y(\overline{\overline{P)}}|$ such that

$X(\overline{P})+\overline{R}_{1}+\ldots\ldots+\overline{R}_{9}\equiv X(\overline{\overline{P}})+R_{1}^{*\prime}+\ldots\ldots+R_{9^{\prime}}$ ,
$\dim k(\overline{R}_{1*}\overline{1_{t^{)}}}g)(R_{1^{-}}, \ldots,R_{g}^{*})\geqq 1$ ,
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since. $R_{1}+\cdots\ldots+\overline{R}_{g}$ is non-special, it is rational over $b(\overline{\overline{P}}\backslash , R_{1}^{\prime}\subset\cdot,\ldots\ldots,R_{g}^{*})$ ,
hence we have.

$k(\overline{\overline{P,}}R_{1^{*}},\ldots\ldots,R_{g^{*}})\supset k(R_{1}ee\ldots\ldots\star\overline{R}_{g})$ .
It follows that

$\dim k(\overline{P}-, R_{g^{\star}},\ldots\ldots,R_{g}^{*})\geqq g+1$ ,

so the $\{R_{1}^{\star},\ldots\ldots,R_{g}^{*}\}$ is a set of $g$ independent generic Points of $C$ over
$k$ , which brings a contradiction.

PROPOSITION 3. $Y$ is $l^{\gamma}ime$ rational over every’ field $k_{1},$ $\ell vhich$ is
linearly disjoinf to $\acute{k}(\overline{R}_{1},\ldots..,\overline{R})$ over $k(\overline{R}_{\perp}\backslash \star\ldots\ldots\star\overline{R_{g}})$ .

Proof. Let $Y=\sum_{i}a_{i}Y_{i}(a_{i}\leq 1)$ be the unique expression of $Y$ as $a$ .sum
of prime rational components $Y_{i}$ over $k_{1}$ , and llet $P$ be a generic Point of
$C_{1}$ over $k_{J}$ ; then we have

$1$

$Y(P)=R_{t1}+\ldots\ldots+R_{iS}$ ,

where $\{i_{\iota’\cdots\cdot\cdot;}, i_{s}\}$ is a subset of $\{1, \ldots., g\}\cdot$ . Since $Y_{i}(P)$ has a uniquely
determined specialization $Y$ $(\overline{P})$ over the specialization $P\rightarrow\overline{P}$ with reference
to $k_{1}$ , we have, $\cdot$

$Y_{i}(\overline{P})=\overline{R}_{j1}+\cdots\cdots+\overline{R}_{jS}$ ,

where $\{j_{1},.,\ldots j_{s}\cdot\}$ is a subset of $(1, \ldots g)$ . Since $h_{oWev}e_{r}$

$[k_{1}(\overline{R}j_{1}) : k_{1}]=[\chi(\overline{R}_{1}\star\ldots\ldots\star\overline{R}_{g})(\overline{R}_{jI}) : k(\overline{R}_{1}\star ...... \star\overline{R}_{9})]$ ,

we must have $ s\geqq g\cdot$ , so that $Y=Y_{i}$ .
PROPOSITION 4. Let $P$ be a generic $l^{J}oint$ of $C_{1}o2^{f}er\iota 1\iota e$ field $k_{1}$ ,

Ofen $k_{1}(P_{1}R_{1},\ldots\ldots.R_{9})$ is separable over $k_{1}(P)$ , and its Galois $\delta\sigma\gamma oul$ is
$s$

$t/\iota es\gamma mmeJric$ group $\mathfrak{S}_{g}$

Proof. Since the C-divisor $R_{1}+_{:}\cdots\cdot\cdot+R_{g}$ is rational over $k_{1}(P)$ , the
$C^{(g)}$-cycle

$\Sigma(R_{1}^{\pi}\times\cdots\cdots\times R_{g}^{\pi})$ ,

where $\pi$ runs over $\mathfrak{S}_{J}$ , is rational over $k_{1}(P)$ ; it follows that there exists
a rational $(C_{1}\times C^{(g)})$ -cyble $W$ over $k_{1}$ , every component of. which has the
projection $C_{1}$ on $C_{1}$ , such that

$l^{\prime}V(P)=\Sigma_{\pi}(R_{1}^{\pi}\times\cdots\cdots\times R_{9}^{\pi})$ .

Since $W(\overline{P})$ is prime rational over $k_{1}$ , by a similar argument as before,

we see that $W,(P)$ is prime rational over $k_{1}\cdot(P)$ ; which proves our assertion.
We shall not repeat the similar proof for the following proposition:
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PROPOSITION 5. Le’ $P_{1}+\cdots.\ldots’\vdash P_{1(X)+9}$ le a generic elernent of
$|\overline{G}|$ over $\chi_{1}’\ell md$ let

$\{P_{1},\ldots\ldots,P_{1\{X)}$ $\{$

be a set of independen1 $\delta\sigma ene’\prime ic$ Points of $C$ over $k_{1}$ , then $k_{1}(P_{1},\ldots\ldots,P_{1(X)+g})$

is separaltlc over $k_{1}(P_{1},\ldots\ldots,P_{1(X\rangle}()$ , and its Galois group is the syrnmefric
$grou_{l}\mathfrak{S}_{9}$

It follows that $|\overline{G}|$ satisfies the condition $(LI)$ with reference to
such field $k_{1}$ .

18) Equivalence defect $/$)$f$ the $alg\ell b,\prime aic$ series. In the following we
shall assume that the correspodence $X$ satisfies the conditions (A $I$) and
$(A,\Pi)$ in \S IV; we’ shall also omit the trivial case, where $\overline{\mu}(X)=0$ .
Let $P$ be a generic Point of $C_{1}$ over the field $4_{1}$ ; we put

$X(P)_{\vee}=O_{1}+\cdots\ldots+Q_{m}$ ,
$\tilde{U}^{1}=\Sigma_{\pi}(P\times Q_{1}^{\pi}\times\ldots\ldots\times Q_{m}^{\pi} ; k_{1})$ ,

$\backslash v1_{1}ere\pi$ runs over all permutations of $m$ Points $Q_{1},\ldots\ldots,Q_{m}$ modulo the
Galois group of $\chi_{1}(P, Q_{1},\ldots\ldots\vee O_{7’ l})$ over $4_{1}(P)$ ; moreover, $P_{1}+\cdots\ldots+P_{m+g}$

being as in prop. 5, we put
$\tilde{\nabla}^{7n}=(P_{1}\times\ldots\ldots\times P_{m+p} ; k_{1})$ .

Then the intersection-product $\tilde{U}(P\times C^{(m)})$ is defined on $C_{1}\times C^{(m)}$ such that
$\tilde{U}\cdot(P\times C^{(m)})=\Sigma_{\pi}(P\times Q_{1}^{\pi}\times\ldots\ldots\times Q_{m}^{\pi})$ ,

where $\pi$ runs over all permutations of $m$ Points $Q_{1},\ldots\ldots,Q_{m}$ ; thus the in-
tersection-product $(C_{1}\times\tilde{\nabla})\cdot\{(\tilde{U}\times C^{(g)})\cdot(f)\times C^{(m+g)})\}$ is also defined on $C_{1}$

$\times C^{(m+g)}$ such that
$(C_{I}\times\nu\gamma\{(\tilde{U}\times C^{(g)})\cdot(P\times C^{(m+g)})\}\sim$

$=\Sigma_{\pi.\pi}-(P\times Q_{1}^{\pi}\times\ldots\ldots\times Q_{m}^{\pi}\times R_{1}^{\overline{\pi}}\times\cdots\ldots\times R_{g}^{\overline{\pi}})$ ,

where $\overline{\pi}$ runs over all permutations of $g1^{)}ointsR_{1},\ldots\ldots,R_{g}$ , which are de-
fined as before. In palticnlar the intersection-product $(C_{1}\times\tilde{\nabla})(\tilde{U}\times C^{(g)})$

is defined on $C_{1}\times C^{(m+g)}$ ; we put
$\tilde{T}=prc_{1}\times c$( $last$ factor) $\{(C_{1}\times\tilde{V})\cdot(l/\sim\times C^{(g)})\}$ .

By prop. 2, $\tilde{T}$ does not contain any $d$ . $1$ .-correspondence, and we have
$\tilde{T}(P)=m$ ! $\cdot(g-1)$ ! $Y(P)$ ;

it follows that
$\tilde{T}=m$ ! $\cdot(g-1)!Y$.
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On the other hand the linear series with a generic element $P_{1}+\ldots\ldots-\vdash P_{m+g-1}$

over $\chi_{1}’(P_{\iota\vdash g})$ satisfies the condition $(\gamma_{d}I)$ in \S IV; moreover if we put
$V=(P_{I}\times\ldots\ldots\times P_{m+g-1} ; \chi_{1}’(P_{m+g}))$ ,

the $intersection- pr\dot{o}d_{c}\iota ct$

$\{(\tilde{U}\times C^{(g-1)})\cdot(C_{1}\times\nabla)\}\times P_{m+g}$

$=\{(\tilde{U}\times C^{(g)})\cdot(C_{i}\times\tilde{\nabla})\}\cdot(C_{1}\times C^{(m+g-1)}xP_{m+g})$

is defined on $C_{1}\times C^{(m+g)}$ . Thus if we put
$U=\Sigma_{\pi}(Q_{J}^{\pi}\times\ldots\ldots\times Q_{m}^{\pi} ; k_{1})$ ,

where $\pi$ runs over all $pe_{\iota}rmn$tations of $m$ Points $Q_{1},\ldots\ldots,O$ modulo $\mathfrak{G}$ , the
intersection-product $V\cdot(U\times C^{(g-1)})$ is defined on $C^{(m+g-1)}$ ; since $U$ is invari-
ant by the interchange of factors in $C^{(m)}$ , we may assume that $P_{1},\ldots\ldots,P_{m-1}$

are independent generic Points over $k_{1}(l_{m+g}))$ . It follows that our linear
s.eries satisfies also ‘the condition $(L\Pi)$ in \S IV; and we have

$r(\tilde{T})=deg$ . $\{(\tilde{U}\times C^{(g-1)})\cdot(C_{1}\times\nabla)\}$

$=\mu(X)deg$ . $\{V\cdot(U\times C^{(g-1)})\}$

$=\mu(X)rn$ ! $(g-1)$ ! $Z(m-1, m+g-1)$ ;
-d hence

$r(I^{\prime})=_{t}u(X)\cdot Z(rn-1, m+g-1)$

$=r(X)(m+g-1)-\neq deg$ . $J$.
The number $Z(m-1, m+g-1)$ :

$Z(m-1, m+g-1)=\nu(X)(m+\backslash \sigma-1)-\underline{!}D(X)$

is called the equivalence clfect of the algebraic series, determined by $X$ on
$C$. In fact we have $Z=0$ if and only if $r(Y)=0$ , i.e. $Y$ is a $d$ . $r$.-corres-
pondence so that $X$ is a $Corres_{1^{J}Qndence}$ with valence zero. In particular
if $X$ is the correspondence with valence zero, considered in 14), \S IV, we
have

$dg.-2r\iota=2_{\ell\backslash }-2$ ,

$\backslash AereJ$ is a Jacobian divisor on $C$ ; this is known as $RIEMA\Lambda^{7_{-}}W- ffUI\iota iVITZ^{\prime}$

relation in the classical case.
19) Virtual $de.\prime r_{l^{\prime}e/j}\backslash $ of $r/l\ell co\prime^{\prime}\prime^{\prime}es\nearrow omJencc$ . Let $C$ and $C_{2}=C$ be two

Curves with $ge\downarrow lfisg_{1}$ and $a^{\circ_{\sim^{)}}^{\prime}=g}$ . We shall prove the following formula,
which is known as $HoJ_{t^{\supset}}IVIT_{r}Z^{\prime}$ formiila in the classical case:

PROPOSITION 6. Let $X$ and $Y$ le two $cor’\prime eslondencps$ be$\hslash\ell/een$ $C_{1}$

and $C_{2}suc1\iota t^{\gamma_{l}}at$ the $i_{7l\iota}crs\ell ction- l^{rod_{ttC}t}X\cdot Y$ is defined on $C\times C_{2}$ , tken the
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intersection-producl $(X\circ Y^{*})\cdot\Delta$ is also defined on $C_{1}\times C_{2}$ such $t$hat
$pr_{c}\langle X\cdot 1^{\prime})=pr_{c}\{(X\circ Y^{*_{-}})\Delta\}$

Proof. By linearity we may assume that both $X$ and $Y$ are irreducible.
I,et $k$ be a common field of definition for $C_{1},$ $C_{2},$ $X$ and $Y$ ; let $P\times Q$ be

a generic Point of $C_{1}\times C.,$ over $k$ , and let $\overline{P}\times\overline{Q}$ be a generic Point of $X$

over $k$. Let $W$ be the Locus of the Point $Q\times P\times Q$ in $C_{2}\times C_{1}\times C_{2}$ over
$x$ ; then the intersection-product $(C_{2}\times X)\cdot W$ is defined on $C_{2}\times C_{1}\times C_{2}$ and

we have $W\cdot(C_{1}\times X)=Z$ (cf. 4), \S I). Since we have $z\neq_{-}Y^{*}\times C_{2}$ , th $e$ intersec-

tion-product $Z(Y^{*}\times C_{2})$ is defined on $C_{2}\times C_{1}\times C_{2}$ ; it follows that the i.n-
tersection-products $\{(C_{2}\times X)\cdot(Y^{*}\times C_{2})\},W\cdot\{(C_{2}\times X)\cdot(Y^{*}\times C_{2})\}$ are de-

fined on $C_{2}\times C_{1}\times C_{2}$ such that

$Z\cdot(Y^{*}xC_{2})=W\cdot\{(C_{2}\times X)\cdot(Y^{*}\times C_{2})\}$

Taking. the algebraic projection on $C_{2}\times C_{2}$ , we get

$prc\times c(Z\cdot(Y^{*}\times C_{2}))=(X\circ Y^{*})\cdot\acute{\Delta}$ ;

taking one more the algebraic projection, we get

$pr\{(X\circ Y^{*})\cdot\Delta\}=pr_{c}$ (first factor) $(pr_{cXc}\{Z\cdot(Y^{*}\times C_{2})\})$

$=pr_{o}[pr_{e\times c}\{Z(Y^{*}\times C_{2})\}]$

$=pr_{c}(X^{*}\cdot Y^{*})$

$=pr_{c}(X\cdot Y)$ .

The following proposition will be \={u}sed $in$, the next \S :

PROPOSITION 7. Let $X$ be an irreducible correslondence bettveen $C_{1}$

and $C_{2}$ such thaf $1(\})=1,$ $t/\prime en$ we have
$ X\circ X^{*}=r(X)\Delta$ .

Proof. Let $k$ be a common field of definition for $C_{1},$ $C_{2}$ and $X$ ; and

let $\overline{Q}\times\overline{P}\times\overline{R}$ be a generic Point of some component $Zofth\underline{e}--$ intersection
$(C_{2}\times X)\cap(X^{*}\times C_{2})$ over $\overline{k,}$ then the Points $\overline{P}\times\overline{R}$ and $P\times Q$ are in $X$

Since $1(X)=1$ , it holds
$\overline{Q}=X(\overline{P})=\overline{R}$

so that $\overline{P}\times\overline{Q}$ is a generic Point of $X$ over $k$ , and we have

$(C_{2}\times X)\cdot(X^{*}\times C_{2})=aZ$.
Taking the algebraic projection on $C_{2}\times C_{1}$ we get $a=1$ ; taking the alge-
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braic projection on $C_{2}\times C_{2}$ , we get
$ X\circ X^{*}=r(X)\Delta$.

Now we can develope the most important part of the theory of cor-
respondences between $C_{1},a$nd $C_{2}$ :

At first we shall express the “ continuous equivalence “ by –, as the
linear equivalence has been expressed by $\equiv$ . Then for any Points $\overline{P,}\overline{Q}$ of
$C_{1},$ $C_{2}$ respectively, it holds

$X-1(X)\cdot(C_{1}\times\overline{Q})+r(X)(\overline{P}\times C_{2})$ ,
whenever $X$ is a correspondence with valence zero. Now if $C$ is rational,
every $X$ is a correspondence with valence zero, so that for every $X$ it
holds $X-1(X)\cdot(C_{1}\times\overline{Q})+r(X)(\overline{P}\times C_{2})$ ; moreover $(C_{\mathfrak{l}}\times\overline{Q})$ and $(\overline{P}\times C_{2})$

are linearly independent in the sense $of-over$ the $ri\grave{n}g$ of rational integers.
In the following we shall omit this trivial case, where.is nothing to prove;
moreover we shall denote by $x,$ $y,$ $\ldots the$ classes of the correspondences
$by-$ , and by $\mathfrak{x},$ $\mathfrak{h},\ldots\ldots the$ classes of the correspondences modulo the cor-
respondences with valence zero.

LEMMA. Every X contains a representative $x$ such that $X\succ O$ ; ltence
every ic contains a representative $X_{1}$ sucli tltat

$X_{1}=X+\delta(C_{1}\times\overline{Q})+a(\overline{P}\times C_{2}),$ $X\succ 0$ .
Proof. Let $k$ be a common field $ot$ definition for $C_{1}$ and $C_{2}$ over which

a representati.ve $X^{\prime}$ of X an $d$ a Point $\overline{Q}$ of $C_{2}$ are rational; let $P$ be a
generic Point of $C_{1}$ over $k$ . Then for a sufficiently large $m$ . there exists
a rational $C_{2}$-divisor $\overline{G}$ over $k(P)$ such that

$X^{\prime}(f\eta+m\overline{Q}\equiv\overline{G},$ $\overline{G}\succ 0$ ;
we may put $\overline{G}=X(P)$ with some correspondence $X$ such that $X\succ O$ ; and
$X$ is a representative of $\mathfrak{x}$ .

Now let $X_{1},$ $X_{2}$ be any two representatives of $x$ such that $X_{1},$ $X_{2}\succ 0$ ;
let $Y_{i}$ be a generic complementary correspo.ndence to $X_{i}$ for $i=1,2$ . Let
ke be a common field of definition of $C_{1}$ and $C_{2}$ over which both $Y_{1}$ and $Y_{2}$

are rational, and let $P$ be a generic Point of $C_{1}$ over $k$ ; then there exists
a rational $C_{2}$-divisor $B$ (of degree zero) over $k$

. such that
$(Y_{1^{-},}Y_{2})(P)\equiv B$ .

It follows that
$Y_{1}-Y_{2}\equiv C_{1}\times B$ ;
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and in particular $r(Y_{1})=r(Y_{2})$ ; we shall denote this non-negative integer,

which depends only upon $\mathfrak{x}$ , by $\delta(\mathfrak{x})$ ; we have $\delta(\mathfrak{x})=0$ if and only if $\mathfrak{x}=0$ .
THEOREM 1. Let $x,$ $y$ be arbitary given, then we can find a represen-

tative $X,$ $Y$ of $x,$ $y$ such that $\chi(X,Y)$ is defined. Moreover $\chi(X,Y)$ is

independent of the choice of such representatives, so tlzat we may put

$\chi(x, y)=x(X,Y)$ ,

whenever $\chi(X, Y)$ is defined; we skall put

$\chi(X, Y)=\chi(x, y)$ ,

even if $\chi(X,Y)$ is not defined.
Proof. Let

$X=X_{1}+b_{x}(C_{1}\times\overline{Q}_{x})+a_{z}(\overline{P_{x}}\times C_{2})$ .
$Y_{2}=Y_{1}+b_{y}\cdot(C_{1}x\overline{Q}_{y})+a_{y}(\overline{P}_{y}\times C_{2})$

be two representatives of $x,$ $y$ , as stated in the lemma; we may assume

that $\overline{P_{J}}\frac{\underline{\backslash }-}{\backslash }\overline{P}_{y},$ $Q_{x}\neq_{\nabla}\overline{Q}_{y}$ , and that $(C_{1}\times\overline{Q}_{y})$ and $(\overline{P_{y}}\times C_{2})$ are not contained

in $X_{1}$ . Let $k$ be a common field of definition for $C_{1}$ and $C_{2}$ , over which
$X_{t},$ $Y_{1}$ and four Points $\overline{P_{d}},\overline{P_{y}},$ $)_{x},\overline{Q}_{y}$ are all rational; and let $Y$ be a ge-

neric complementary correspondence to $Y_{1}$ over $k$ , and $\underline{1e}t1^{n\prime}$ be a generic.

complementary correspondence to $Y^{\prime}$ over $k(R_{1}\star\ldots\ldots*R_{h})$ , Then we have
$Y_{1}-Y^{\prime\prime}+b_{y}^{\prime}(C_{1}\times\overline{Q}_{y})+a_{y}^{\prime}(\overline{P_{y}}\times C_{2})$

with some rational integers $b_{y}^{\prime}$ and $a_{y}^{\prime}$ ; moreover the intersection-product
$X\cdot Y^{\prime\prime}$ is surely defined on $C_{1}\times C_{2}$ . Thus if we put

$Y=Y^{\prime\prime}+(b_{y}+\delta_{y}^{\prime})\cdot(C_{1}x\overline{Q}_{y})+(a_{y}+a_{y}^{\prime})\cdot(\overline{P_{y}}\times C_{2})$ ,

the intersection-product $X\cdot Y$ is defieed on $C_{t_{\sim}}\times C_{2}$ , and $Y$ is also $a$ repre-
sentative of $y$ .

Now let $X,$ $X_{1}$ and $Y,$ $Y_{1}$ be the representatives $\cdot ofx$ and $y$ snch that

$\chi$ (X, Y) and $\chi(X_{1},Y_{1})$ are defined; by a similar argument as above, we
can find a representative $Y_{2}$ of $t/$ such that the intersection-products $X$ . Y. and
$X_{1}\cdot Y_{2}$ are defined on $C_{1}\times C_{2}$ . It follows from the postulates $(D),$ $(S)$ of

the equivalence theory that
$\chi(X\cdot Y)=\chi(X\cdot Y_{2})=\chi(X_{1}\cdot Y_{2}),=\chi$($X_{1}$ , Y),

which proves our assertions.
Now let $X_{1}$ and $X_{2}$ be two represntives of $x$ , then we have $1(X)=$

$1(X_{2}),$ $r(X_{1})=r(X_{1})$ ; thus $1(x)$ and $r(x)$ have a definite meaning. We

shall prove the following theorem, which is known as SEVERPS formula
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in the classical case:
THEOREM 2. Let $X$ be an arbitary correspondence between $C_{1}$ and $C_{2}$

and let $x$ and $\mathfrak{x}$ be the classes of $X$, then it holds
$\chi(x, x)=21(x)r(x)\cdot-\{\delta(\mathfrak{x})+\delta(-\mathfrak{x})\}$ .

Proof. We may assume that $X$ is of the form
$X=X_{1}+b(C_{1}\times\overline{Q})+a(\overline{P}\times C_{2})$

with $X_{1}\succ 0$ ; take a common field of definition $k$ of $C_{1}$ and $C_{2}$ , over which
$X_{1},\overline{P,}\overline{Q}$ are rational. Let $P$ be a generic Point of $C_{1}$ over $k$ , and let
$\{\overline{R}_{1},\ldots\ldots,\overline{R}_{r_{9}} \}$ be a set of independent generic Points of $C$ over $k(P)$ ; let
$Y$ be a generic complementary correspondence to $X_{1}$ , defined over $k$ by

$X_{1}(\overline{P})+\overline{R}_{1}+\cdots\cdots+\overline{R}_{g}\equiv X_{1}(P)+Y(P)$ :
let $Z$ be a generic complementary correspondence to $Y$, defined over $k$

$(\overline{R}_{1^{*}}\ldots\ldots\star\overline{R}_{g})$ by
$Y(\overline{P})+\overline{R}_{9+1}+\cdots\cdots+\overline{R}_{2g}\equiv Y(P)+Z(P)$ .

Then
$X^{\prime}=Z+\delta^{\prime}(C_{1}\times\overline{Q})+a^{\prime}(\overline{P}\times C_{2})$

is also a representative of $x$ for some rational integers. $\delta^{\prime}$ and $a^{\prime}$ . Now if we
put

$k_{1}=k(\overline{R}_{1}\star \star\dot{\overline{R}}_{g},\overline{R}_{g+1}\star \star\overline{R}_{2g})$ ,
$k_{1}$ is linearly disjoint to $k(\overline{R}_{1}, .\overline{R}_{g})$ over $k(\overline{R}_{1}\star\ldots\ldots\star\overline{R}_{g})$ : and if we
put

$Y(P)=R_{1}+\ldots\ldots+R_{g},$ $Z(P)=R_{g+1}+\ldots\ldots+R_{2g}$ ,
the Galois group of $k_{1}(P, R_{1},\ldots\ldots R_{\underline{o}_{g}})$ over $k_{1}(P)$ is the direct product of
the symmetric groups, operating on $\{R_{1},\ldots\ldots R_{g}\}$ and on $\{R_{g+1},\ldots\ldots R_{0,\sim g}\}$ ;
moreover the invariant subfields of $k_{1}(R_{1},\ldots\ldots,R_{g}),$ $k_{1}(R_{g+1},\ldots\ldots R_{Sg})$ and $k_{1}$

$(R_{1}, \ldots R_{2g})$ are the same:
$k_{1}(R_{I}\star\ldots\ldots\star R_{g})=/e_{1}(R_{g+1^{\star}}\ldots\ldots\star R_{2g})$

$=k_{1}(R_{1^{\star}} ...... \star R_{g}, R_{g+1}\star\ldots\ldots\star R_{2p})$ .
It foollows that $t1_{1}e$ correspondence $Y+Z$ satisfies the conditions (A $I$)
and (A II) in \S IV (over $k_{1}$ ); thereby we may assume that

$\mu(Y+Z)$I $0$ ,
for otherwise $X_{1}$ is a correspondence with valence zero, and our formula
holds trivially. Thus we can apply to $Y+Z$ the results on the equivalence
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defect of the algebraic series; it is a correspondence with valence zero,
we have

$r(Y+Z)(3g-1)-*deg$ . $J=0$ ;
thereby

3 dg. $I=\$deg$ . $J_{Y}+*deg$ . $J_{Z}+\chi(Y, Z)$

$=(\delta(\mathfrak{x})(2g-1)-\delta(-\mathfrak{x}))$

$+\{\delta(-\mathfrak{x})(2g-1)-\delta(\mathfrak{x})\}+\chi(Y.Z)$

$=\{\delta(\mathfrak{x})+\delta(-\mathfrak{x})\}(2g-2)$

$+\{\chi(Y+Z, Z)-\chi(Z, Z)\}$

On the other hand, since we have
$Y+Z-2g(C_{1}\times\overline{Q})+\{\delta(\mathfrak{x})+\delta(-\mathfrak{x})\}(\overline{P}\times C_{2})$ ,

by $HURWITZ^{\prime}$ formula we get
$\chi(Y+Z, Z)=\chi\{(Y+Z)\circ Z^{\star}\Delta\}$

$=2g$ . $\delta(-\mathfrak{x})+\{\delta(\mathfrak{x})+\delta(-\mathfrak{x})\}$ . $g$ ;
moreover since $Z=X^{\prime}-\delta^{\prime}(C_{1}\times\overline{Q})-a^{\prime}(\overline{P}\times C_{2})$ , we get

$\chi(Z, Z)=\chi(xx)-2r(x)\delta^{\prime}-21(x)a^{\prime}+2a^{\prime}F$

$=\chi(xx)-2\delta(-\mathfrak{x})b^{\prime}-21(x)a^{f}$ .
It follows

$\{\delta(\mathfrak{x})+\delta(-\mathfrak{x})\}(3g-1)=\{\delta(\mathfrak{x})+\delta(-\mathfrak{x})\}$ . $(2g-2)$
$+2g\cdot\delta(-\mathfrak{x})+\{\delta(\mathfrak{x})+\delta(-r)\}\cdot g+\delta(-\mathfrak{x})\delta^{\prime}$

$+21(\mathfrak{x})a^{\prime}-\chi(xx)$ ,

hence
$\chi(x, x)=2\delta(-\mathfrak{x})\cdot(g+\delta^{\prime})+2a^{\prime}\cdot 1(x)$

$-\{\delta(\mathfrak{x})+\delta(-\mathfrak{x})\}$

$=21(x)\{\delta(-p\lrcorner)+a^{\prime}\}-\{\delta(\mathfrak{x})+\delta(-\mathfrak{x})\}$

$=\dot{2}1(x)\cdot r(x)-\{\delta(\mathfrak{x})-\delta(-\mathfrak{x})\}$ .
COROLLARY. $X$ is a correspondence with valence zero, if and only if

it holds
$X-b(C_{1}\times\overline{Q})+a(\overline{P}\times C_{2})$ .

In fact if we put
$Y=X-b(C_{1}\times\overline{Q})-a(\overline{P}\times C_{2})$ ,

we have $Y\leftrightarrow 0$ , so that
$\chi(y, y)=-\{\delta(\downarrow))+\delta(-\mathfrak{y})\}=0$ ,

whence $\delta(\mathfrak{y})=\delta(-\mathfrak{y})=0$ , and $\mathfrak{y}=0$ .
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We can derive an interesting consequence from this corollary, as it will
be given in the appendix.

Now if we consider the special case of $C_{1}=C_{2}=C$, the elements $t.’ \mathfrak{y}$ ,
.........form the multiplication ring attached to $C$. For every correspondence
$X$ between $C$ and itself, we put

$\sigma(Z)=1(X)+r(X)-\chi(X, \Delta)$ ;

since $\sigma\{b(C_{1}\times Q)+a(P\times C_{2})\}=a+b-(a+b)=0,$ $\sigma$ depends only upon the
class X of $X$, therefore we may put

$a(X)=a(X)$ ;
$\sigma$ is an additive function $\mathfrak{R}$ and it holds

$\sigma(\mathfrak{x}^{*})=\sigma(\mathfrak{x})$ .
By HURWITZ’ formula, we have

$\sigma(X\circ Y^{*})=l(X)r(Y^{\rightarrow})+l(Y)r(X)-\chi$( $X$, Y)
$=1(Y)r(X)+l(X)r(Y)-\chi(Y^{*}, X^{*})$

$=\sigma(Y^{*}\circ X)$ ,

so that it holds
$\sigma(\mathfrak{x}, \mathfrak{y})=\sigma(\mathfrak{h}, \mathfrak{x})$

for exery $\mathfrak{x},$
$\mathfrak{y}$ in $\Re$ .

Moreover by $RIEMANN-HURWIT7_{\lrcorner}^{\prime}$ relation, we get

$a(me)=m\sigma(\mathfrak{e})=-m\sigma(E)$

$=-m\{2(n-1)-deg$ . $J\{=2mg$ ;

this is known as CA YLEY-BRILL’S formula in the classical case.
Furthermore since we have

$a(\mathfrak{x}\mathfrak{x}^{*})=\sigma(X\circ X^{*})$

$=2.1(X)r(X)-\chi(X, X)$
$=\delta(\mathfrak{x})+\delta(-\mathfrak{x}^{\prime})$ ,

$\sigma(\mathfrak{x}\mathfrak{x}^{*})$ is a positive definite function on $\Re$ . It follows

$\sigma\{2gg-a(\mathfrak{x})e\}\{2g\mathfrak{x}^{*}-\sigma(\mathfrak{x})e\}=>0$ .

so that it holds
$\sigma(\mathfrak{x}\mathfrak{x})^{*}\geqq\sigma(\mathfrak{x})^{2}/2g=>0$ .
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VI. Riemann Hypothesis.

20) $\zeta$-functions. In this \S , we shall assunme exclussively that our
Curve $C$ is defined as in 1), \S I over a finite field $th_{1}=k_{0}$ with $q$ elments.
Let $k_{m}$ for $m=t,2,$ $\ldots\ldots$ . be the cyclic field of degree $m$ over $k_{1}$ , and let
$P$ be a generic Point $C$ over $k_{1}$, then the $\zeta$-function $\zeta_{m}(s)$ of the
function-field $k.(P)$ over $k_{m}$ is defined by

$\zeta_{m}(s)=\Sigma_{A\succ 0}(q^{m})^{-sdeg\cdot(A)}$ ,

where $A$ runs over all positive rational C-divisors over $k_{m}$ . We know that
$\zeta_{m}(s)$ is “ divisible ” by the $\zeta$-function $\zeta$

) $(s)$ of the rational function-field
$k_{m}(x)overk_{m}$ :

$\zeta_{m}(s)=\backslash r_{0}(s)L_{m}(s),$ $1/\zeta_{0}(s)=(1-(q^{m})^{-s})\cdot(1-(q^{m})^{1-S})$ ,

and if we put
$q^{\prime}=Z$,

$(q^{m})^{2gl}$. $L_{m}(s)$ is a polynomial of degree $2g$ in $Z^{m}$ with integral rational
coefficients of the form

$G_{m}(Z^{m})=(q^{m})\underline{9}g\delta L_{m}(s)=Z^{2mg}-(1+q^{m}-\nu_{m})\cdot Z^{m\langle 2g-1)}+\ldots+q^{m_{9}}$,

where $g$ means the geuns of $C$, and $\nu_{m}$ means the number of rational
Points of $C$ over $k_{m}$ . Since $\zeta_{0}(s)\neq 0$ for every complex value of $s$ , the
RIEMANN hypothesis, $i$ . $e$ . the statement that “ all the zero points of
$\zeta_{1}(s)$ are of the torm

$g+\gamma_{\overline{-1}\cdot T}$ ( $T$ real number)”
is equivalent to the assertion that‘ all the roots

$\pi_{1}\pi_{\backslash }$

of $G_{1}(\prime Z)$ satisfy
$|\pi|^{2}=q$.

From the functional equation
$(q^{m})^{g}\cdot L_{m}(s)=(q^{m})^{g(1-l)}\cdot L_{m}(1-s)$

of $L.(s)$ , me conclude the following equation

See $e.g.$ IIASSE, $l$ I., Ueber die Kongruenzzetafunktionen, Sitz. Ber. Berlin, 1934.
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$\Pi_{=1}^{2j}(Z-\pi_{i})=\Pi_{i^{\prime}=1}^{2_{J}}(Z-q/\pi_{i})$ ;

we put
$\pi_{i}^{*}=q/\pi_{i}$ $(1\leqq i\leqq 2g)$ .

Since $\dot{L}_{m}(s)$ can be expressed as a product of L-functions of the “ basic
field” $k_{1}(P)$ in the form

$L_{m}(s)=\Pi_{imod\cdot m}L(s-2\pi\gamma_{-}\overline{1}\cdot i/m\cdot\log q)$ ,

we conclude
$G_{m}(Z^{m})=\Pi_{i=1}^{2g}(Z^{m}-\pi_{i}^{m})$ ,

hence
$Sp\cdot(\pi^{m})=\Sigma_{i^{g}1}^{\sim^{)}}-\pi_{i}^{m}=1+q^{m}-\nu_{m}$

$(m=1, 2, .)$ .
22) Frobeniusean $correslo\prime ldence$ . Now let

$P=(x/y_{1},\ldots\ldots,y_{n}),$ $P^{\prime}=(x^{\prime}, y_{1}^{\prime}\cdots\cdot, y_{n^{\prime}})$

be the representatives of $P$ in $C$ , C’ respectively (cf. 1), \S I, then the
points

$P_{m}=(x^{q}y_{I}^{q}\ldots\ldots J^{r_{n^{q}}})mmmP_{m}^{\prime}=(x^{;q}, y_{1}^{\prime q},\ldots\ldots.y_{n^{q}}^{\prime})mmm$

in $(n+1)$ -space are the specializations of $P,$ $P$
’ over $k_{1}$ respectively, since

every element of $k_{1}$ is equal to its q-th power. By the same reason $P_{m}\times$

$p_{\iota}$
’ is a spcciaiization of $P\times P^{\prime}$ over $k_{1}$ so that it defines a Point $P_{m}$ on

$C$ ; furthermore $k_{1}(P_{m})$ is $a$ subfield of $k_{1}(P)$ such that
$\lfloor k_{1}(P)$ : $k_{1}(P_{m})$ ] $=[k_{1}(x) : k_{1}(x^{q})]=q^{m}m$

Let $F_{m}$ be the Locus of the Point $P\times P_{m}$ in $C\times C$ over $k_{1}$ , then $F_{m}$ is an
irreducible correspondence between $C$ and itsel $f$, defined over $k_{1}$ , such that

$1(F_{m})=1,$ $r(F_{m})=q^{m}$ ;
it follows

$F_{m}\circ F_{m^{*}}=q^{m}\cdot\Delta,$ $F_{m}=F\circ\ldots\ldots\circ F$ ( $m$-factors).

In its close connection with the “ Frobeniusean substitution ‘’ in algebraic
number field, it may be called the $Fro\delta eniusean$ correspondence between $C$ and
itself.

PROPOSITION I. Let
$Pr_{c}(F_{m}\cdot\Delta)=\Sigma\ell_{\overline{P}}\overline{P}$

$\delta et/\iota e$ reduced expression for the C-divisor on the $left-/\iota and$ stde, then $\overline{P}$ are
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exactly all $fhe$ rational Points of $C$ over $k_{m}$ ; moreover it holds $e_{\overline{P}}=1$

for every $\overline{P}$ so tiiat we haxe
$\chi(F_{m}, \Delta)=\nu_{m}(m=1,2\ldots\ldots)$ .

Proof. Let $\overline{P}=(a, b_{1},\ldots\ldots, \delta_{n})$ be a representative of the Point $\overline{P,}$

then $\overline{P}\times\overline{P}$ is a specialization of $P\times P_{m}$ or of $P^{\prime}\times P_{m}^{\prime}$ over $k_{1}$ so that we
have

$a^{q^{m}}=a,\underline{\delta}_{1^{q}}^{m}=\delta_{1},-\cdots.,$ $b_{n^{m}}^{q}=b_{n}$ ,
this meas however $k_{m}(P)=k_{m}(P)=k_{m}$ ; and conversely.

In order to show $e_{\overline{P}}=t$ , we may assume e.g. that $\overline{P}$ is the representa-
tive of $\overline{P}$ in $C$ ; let $F_{m}$ and $\Delta^{\prime}$ be the representatives of $F_{m}$ and $\Delta$ in $C\times$

$C$ respectively. We shall prove
$i(F_{m}\cdot\Delta^{\prime}\overline{P}\times\overline{P};C\times C)=1$

by the‘ criterion of multiplicity one ”. Let
$(X, Y, X^{\prime}, Y^{\prime})=(X, Y_{1},\ldots\ldots.Y_{n}, X^{\prime}, Y, \ldots.Y_{n^{\prime}})$

be the indeterminates for $(2n+2)$-space, and let
$P_{\dot{l}}(X, Y)=0(1\leqq i\leqq lV)$

be a set of equations for $C$ over $k_{1}$ , then the set of equations
$P_{i}(X, Y)=0(1\leqq i\leqq N)$ ,
$Q_{0}(X, Y, X^{\prime}, Y^{\prime})=xq^{m}-X=0$

$Q_{j}(X, Y, X^{\prime}, Y^{\prime})=Y_{j^{q}}^{m}-Y_{j}^{\prime}=0(1\leqq j\leqq n)$

is contained in the ideal defining, $F_{\hslash}$ over $k_{1}$ , and
$P_{i}(X, Y)=0(1\leqq i=<\Lambda^{\gamma})$

$R_{0}(X, Y, X^{\prime}, Y^{\prime})=X-X^{\prime}=0$

$R_{k}(X, Y, X^{\prime}, Y^{\prime})=Y_{k}-Y_{k^{\prime}}=0(1=<k=<n)$

is a set of equatiens for $\Delta^{\prime}$ over $k$ Since $\overline{P}$ is simple on $C$ , the rank
of the matrix

$\Vert(\partial P_{i}/\partial X_{a})(\partial P_{i}/\partial Y)_{b}\Vert$

is $n$ , so that the rank of the matrix

$\Vert_{(\partial Q_{j}/\partial X)}^{(\partial P_{i}/\partial X)_{a_{a}}}$ $(\partial Q^{i}/\partial Y)_{b}^{b}(\partial P_{j}/\partial Y)(\partial Q_{j}/^{0}\partial X^{\prime})_{b}(\partial Q_{j}^{0}/\partial Y^{\prime})_{b}$ $\Vert$

$.=\Vert_{0}^{(\partial P_{i}/\partial X)_{a}}0(\partial P_{i}/\partial Y)_{b}00$

$|_{-1}^{\frac{0...0}{-1}}\Vert$
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is $(2n+1)$ . It follows that $\overline{P}\times\overline{P}$ is simple on $F_{m}$ ; since it is simpIe on
$C\times C$ and on $\Delta^{\prime}$ and since the rank of the matrix

$\Vert_{(\partial R_{k}}^{(\partial_{Q/_{\partial X)_{a}}^{\partial X)}}}(\partial^{P_{i_{j}}/_{/^{\partial X)^{a}}}}(\partial(\partial_{R}^{P_{i_{k}}/_{/^{\partial Y)^{b_{b}}}}}(\partial^{Q_{j}/_{\partial Y)^{b}}^{\partial Y)}}$ $(a^{Q_{k}/_{\partial X)_{a}}^{0}}(\partial_{R^{l}/^{\partial X)_{a}}}$
$(\partial^{Q_{j}/_{\partial Y^{\prime})^{b}}^{0}}(\partial_{R_{k}/^{\partial Y^{\prime})_{b}}}\Vert$

$=\Vert_{1_{-1}^{-1}}^{1_{-1}}(\partial P\sqrt 0_{1}0\partial X)_{a}$

.
$(\partial P_{i}/_{1}0^{\partial Y)_{b}}0\ovalbox{\tt\small REJECT}^{\frac{0..\cdot..0}{-1}}\Vert$

is $(2n+2),$ $F_{m}$ and $\Delta^{\prime}$ are transversal to each other at $\overline{P}\times\overline{P}$ on $C\times C$,
which proves our assertion.

Now let $f$ be the element of $\mathfrak{R}$ with the representative $F$, then $F_{m}$ is a
representsive ot $f^{m}$ , and we have

$\sigma(f^{m})=a(F_{m})=1+q^{m}-\chi(F_{m}, \Delta)$

$=1+q^{m}-\nu_{m}=Sp(\pi^{m})(m=1,2,\ldots\ldots)$ .
22) Solution of $fheRtEMA\Lambda^{r_{1}}V$ hypopl esis. Let

$F(x)=\Sigma a_{l\iota}X^{\mu}$

be any polynomial with integral rational coefficients, then
$F(f)=\Sigma a_{\mu}f^{\mu}$

is defined as an element of $\mathfrak{R}$ ; since $f^{*}\cdot f=f\cdot f^{*}=qe,$ we have
$1^{J}\cdot(f)\cdot F(\uparrow)^{*}=(\Sigma_{\mu}a_{|l}^{2}q^{\mu})\cdot \mathfrak{e}+\sum_{\mu<\nu}a_{\mu}a_{\nu}q^{\mu}\{(f^{*})^{v-\mu}\cdot+f^{\nu-\mu}\}$ .

Furthermore since $\sigma(m\cdot \mathfrak{e})=2mg,$ $\sigma\{(f^{*})^{m}\}=\sigma(f^{m})=Sp(\pi^{m})$ , we have
$\sigma\{F(f)\cdot F(f)^{*}\}=\Sigma_{\downarrow\iota}a_{\mu}^{2}q^{\mu}2g+\Sigma_{lh<\nu}2a_{\mu}a_{\nu}q^{\mu}\cdot Sp\cdot(\pi^{\nu-\mu})$ .

On the other hand we have
$F(\pi)\cdot F(\pi^{*})=\Sigma_{l\iota}a_{\mu}^{2}q^{\mu}+\Sigma_{\mu\triangleleft\nu}a_{\mu}a_{\nu}q^{\triangleright}\{(\pi^{*})^{w-\mu}+\pi^{\nu-\mu}\}$ ;

siece $Sp\cdot|(\pi^{*})^{m}$ } $=Sp\cdot(\pi^{m})$ , we have

$Sp\cdot\{F(\pi)F(\pi^{*})\}=\sigma\{F(\uparrow)F(f)^{*}\}$ .
Since $\sigma(\mathfrak{x}\cdot \mathfrak{x}^{*})$ is non-negative for every $\mathfrak{x}$ in $\Re$ , we have

$\sigma\{F(\uparrow)\cdot F(f)^{*}\}\geqq 0$ , whence $Sp\{F(\pi)\cdot F(\pi^{*})\}>0=$
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for all integral rational $a_{\mu}$ ; since $Sp\{F(\pi)\cdot F(\pi^{*})\}$ is a quadratic form in
$a_{\mu}$ , this implies $Sp\{F(\pi)\cdot F(\pi^{*})\}\geqq 0$ for all rational valees of $a_{\mu}$ , hence
also for all real values af $a_{\mu}$ .

Now we shall prove the RIEMANN hypothesis in the form that “ if
we have $|\pi_{i}|^{2}\ovalbox{\tt\small REJECT} q$ for some root $\pi_{i}$ of $G_{1}(Z)$ , we can find a polynomial
$F(X)$ (of degree at most $2g$) wsth real coefficients such that

$Sp\{F(\pi)\cdot F(\pi^{*})|<0$ .
At first the following trivial lemma
LEMMA I. Let $w_{1}$ and $\omega_{2}$ be two different real numbers, $t/\iota en$ we

can find a polynomial
$J(X)=A_{0}+A_{1}X$

witk real cofcienls such $thal\nearrow(0\prime_{1})$ and $l(w_{2})$ take two lreassigned $\gamma eal$

values.
We shall prove a similar statent: .
LEMMA 2. Let $\omega_{1},$ $w_{2},$ $\omega_{\epsilon}$ and $\omega_{4}$ be four different complex numlters

satisfyrng
$\overline{\omega}_{1}=\omega_{3}$ , $\overline{\omega}_{2}=\omega_{4}$ ,

fhen we can find a polynomoal
$J(X)=A_{0}+A_{1}X+A_{2}X^{2}+A_{S}X^{3}+A_{4}X^{4}$

with real coefficients such tltat 1 $(\omega_{1})$ and $J(\omega_{2})$ take two freassigaed
complex values.

Proof. We have only to show that the rank of the matrix

$\Vert$

$1111$
$I(\omega_{2}^{v})J()^{)}R(\omega_{2}^{1})R(\omega_{1}$ $I(\omega_{2}^{u_{2}})I(cu)_{)}^{)}R(\omega_{2^{2}}^{l^{1_{2}^{2}}}R($ $I(\omega)^{)}R(w_{2^{3}}^{2_{\#^{1_{3}}}^{\#}}R(\omega_{2}I(\omega)_{)}$ $I(u)^{)}R(\omega_{2^{4}}^{1^{4^{4}}}R(w_{4^{1}}I(\omega_{2})^{)}$ $\Vert$

is four. By ‘ elementary operations’, which leave invariant the rank in
question, we can transform this matrix in the form

1
$\Vert$ $ 1+\gamma 1+\gamma_{\frac{\frac{-1}{-1}}{-1}}^{\overline{\frac{-1}{}}}1+\gamma 1+\gamma$

$\omega_{v_{4}^{a}}^{2}\omega_{u^{1}}$

$\iota u_{4^{2}}\omega_{1_{\sim}}\omega_{2_{2}^{2}}\omega_{3^{\cap}}$ $\omega_{2_{3}^{3}}\omega_{l_{4^{\$}}}^{1_{3}}\omega_{?}0$ $a\omega_{3}^{\underline{o}_{4}}\omega_{4^{4}}^{J_{1_{4}}}\omega^{4}$

$\Vert$

and the determinant
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USA

$||$

$\omega^{2}\omega_{3}^{1}\omega^{\ell}$

$\omega^{u_{4^{\underline{9}}}}\omega_{3^{2}}^{1_{2}}\omega_{2_{2}}$
$\omega_{3_{\$}}^{2_{3}^{3}}\omega_{4^{1}}^{3}\omega_{u}$ $\omega_{1l_{4^{4}}^{2_{4}^{4}}}^{1}\omega_{u_{l^{4}}}$ $|=w_{12}t’\omega_{3}\omega_{4}\Pi_{i>f}(\omega_{i_{\backslash }}-\omega_{j})$

can not be zero by our assumptions.
Now assume that $|\pi_{i}|^{2}$ I $q$ for some $\pi_{i}$ and put

$\omega_{1}=\pi_{i},$ $\omega_{2}=\pi_{i^{*}},$ $\omega_{3}=\overline{\pi}_{i},$ $cv_{4}=\overline{\pi_{i^{*}}}$ ,
then according to $\omega_{\iota\overline{\vee}}w_{\$}$ or $or_{1}=pu_{3}\backslash $ , the assumptions in lem. 1 or in
lem. 2 are satisfied by $w_{1},$ $w_{2}$ or by $\omega_{1},$ $\omega_{2},$ $w_{3},$ $\omega_{4}$. Let $a_{1},\ldots\ldots,$ $a$ be
all the distinct roots of $G_{1}(Z)$ , which are equal to none of the $\omega_{i}$ , then
the polynomial

$H(X)=Il_{i=1}^{l}(X-a_{i})$

has real coefficients. Let $J(X)$ be the polynomial of degree one $(w_{1}=w_{3})$

or four $(\omega_{1}\neq\omega_{3})$ with real coefficients such that
$J(\omega_{1})=1/H(u_{1})$ , $J(\omega_{2})=-1/H(\omega_{z})$ ,

and put
$F(X)=J(X)\cdot H(X)$ ,

then $F(X)$ has also real coefficients and we have

$Sp\{F(\pi). F(\pi^{*})\}=\{-4\rho-2\rho$ $(\omega_{1}^{1}\neq\omega^{s})(\omega=\omega_{s})$

,

where $\rho$ means the common multiplicity of the roots $oJ_{1},$ $\omega_{2},$ $t_{S}$ and $\omega_{4}$

in $G_{1}(Z)$ ; it follows that
$Sp\{F(\pi)\cdot F(\pi^{*})\}<0$ ,

which proves the RIEMANN hypothesis.

Appendix.
We shall now give an application of our theory to the algebraic

geometry on the Snrfac $d$

$S=C_{1}\times C_{2}$

where $C_{1}$ and $C_{2}$ are two Curves with respective genus $g_{1}$ and $g_{2}$. Let $U$

be any complete Variety without multiple Point; let $\mathfrak{G}_{0}(U)$ , $\mathfrak{G}_{e}(U)$ and
$\mathfrak{G}_{\iota}(U)$ be respectively the group of all $U$-divisors, the group of the $U$-divisors
which are continuously equivalent to zero, and the group of the $U$-divisors
which are $line\tilde{a}rly$ equivalent to zero. If an $S$-divisor $X$ belongs to $\mathfrak{G}_{c}$
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$(S)$ , it foollows from SEVERI’s formula (th. 2, \S V) that $X$ is a corres-
pondence with valence zero:

$X=(\varphi)+(A\times C_{2})+(C_{1}\times B)$ ,

where A $\epsilon \mathfrak{G}_{C}(C_{1})$ ; Be $\mathfrak{G}_{0}(C_{2})$ conversely such $X$ belongs to $\mathfrak{G}c(S)$ .
Thereby $X$ belongs to $\mathfrak{G}_{l}(S)$ if and only if we have

$A\epsilon \mathfrak{G}_{l}(C_{1})$ , $B\epsilon \mathfrak{G}_{l}(C_{2})$ ;
it follows that the factor-group $\mathfrak{G}_{c}(S)/\mathfrak{G}_{l}(S)$ is the direct product of the
factor-groups $\mathfrak{G}_{C}(C_{1})/\mathfrak{G}_{\iota}(C_{J})$ and $\mathfrak{G}_{C}(C_{2})/\mathfrak{G}_{\iota}(C_{2})$ . Since the elements of
the latter groups are in a one-to-one correspondence with the Points of the
” Jacobian Varieties ”

$V(C_{1}),$ $V(C_{2})$ of $C_{1},$ $C_{2}re$spectively, the “ Picard
Variety ”

$V(S)$ of $S$ is the Product of 1
$\nabla(C_{1})$ and $V(C_{2})$ :

$V(S)=\nabla(C_{1})\times\nabla(C_{2})$ ;
in particular we have

$\dim V(S)=\dim V(C_{1})+\dim V(C_{2})$

$=g_{1}+g_{2}$ .
Moreover the module of the differential forms of degree one of the first kind
on $S$ is the direct sum of the similar modules attached to $C_{1}$ and $C_{\underline{\mathfrak{n}}}$ ; it
follows that the dimension of $V(S)$ is equal to the number of linearly
independent differential forms of degree one of the first kind on $S$. Furthermore
from the arithmetical structure of the Jacobian Variety, and from the
results in \S III, we can prove that the factor-group $\mathfrak{G}_{0}(S)/\mathfrak{G}_{0}(S)$ has a
finite number of independent generators. This number is usually denoted
by $\rho(S)$ , and is called the “ Picard number ‘’ of the Surface $S$ ; $\rho(S)$ is
‘in general’, $i$ . $e$ . for ‘ general ‘ Curves $C_{1},$ $C_{2}$ equal to 3, and at most $4g_{1}$ .
$g_{2}+2$ :

$2\underline{\leq}o(S)=<4g_{1}g_{2}+2$ .
Thus we can solve the WEIL’\S conjecture on Picard Variety in the case
of this special type of Surface; this might be regarded as a first step in
this important conjecture.
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