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Galois theory for uni-serial rings.

Gor\^o AZUMAYA.
(Received Dec. 29, 1947) ,

In a previous paper1), I have given a new method to the theory $6f$

simple rings, which enables us in particular to prove the fundamental theorem

of simple rings in a quite natural wav as well as to extend the Jacobson’s
Galois $theory^{-}2$ from quasi-fields to simple rings; our principal method was

in fact to ernb $ed$ the simple ring into an absolute endomorphism ring (of

a $cel\{ain$ module) and take commuter ring in it. In this paper We shall

show that by means of the similar method thes\‘e results can be extended

completely to the uni-serial case3) and shall obtain some other detailed results

which have significance even in the case of simple rings. Further, after

establishing the Galois theory, we shall give a new and silnpler proof to

the existence theorem of normal bases4).

Rroughout the present paper, we mean by a ring always one posses-

sing an unit element and by a subring always one whose unit element coin-

cides with that of the $origin^{\mathfrak{l}}a1$ ring, and when we deal with a mo.dule with

$\dot{o}perator$-ring we assume always that the unit element of the latter operates

on the former as the identity endomorphism; Further, $\tau v\#en\mathfrak{S}$ is a sub-

ring of a ring $\mathfrak{R}$ , we denote by $\lceil\nearrow\Re(,\mathfrak{S})the-$ commuter ring of $\mathfrak{S}$ in $\Re$ .
For the sake of completeness, let us begin with the following con-

sideration concerning moduli with operator-ring:

\S 1. Moduli with operator-ring and their submoduli.

Lemma 1 Let $\mathfrak{R}$ be a $two- s^{p}de’ d$ simple ring6) $witl\iota t/\iota e$ center $Z^{\prime\tau)}$ and

1) Azumaya $\lfloor 2$]. Cf. also NakayaIna-Azumaya [13].

2) Jacobson $[6J$ .
3) While their $e\backslash tention$ to irreduc}ble rings is treated in N.‘kayama-Azumaya $[13\rceil$ .
4) In case of quasi-fields, this theorem was proved in Nakayama $\lfloor 12\rceil$ . The same method

can readily be transferred to the case of simple rings. IIowever, it can no longer, as it $se.ems$

to the writer, apply to our $c\{\iota se$ .
. 5) Cf. Kurosli [8].

6) By a two-sided simple ring wc understand a ring which possesses no non-trivial two-

sided ideal, while if a two-sided simple ring satisfies the $lnini\ln\grave{T}l\mathfrak{l}tl$ condition for right (or

equivalently left) ideals we call it a simple ring.

7) $Z$ forns a (commutative) field.
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let thtre be $pv\ell^{\nu}n$ an $\mathfrak{R}- \mathfrak{R}- t$?vo-sided-module $\mathfrak{M}$ suck that $\mathfrak{M}=\mathfrak{R}\mathfrak{R}$ , wltere
$\mathfrak{R}fs$ the Z-module consisting of all elements of $\mathfrak{M}$ zvhich are $eIement$-wise
commulatiie $ wit1\iota$ R. $T/len$

1) $\mathfrak{M}$ is the direct $p_{\backslash }roduct$ of $\mathfrak{R}$ and $\mathfrak{R}$ (over $Z$) : $\mathfrak{M}=\mathfrak{R}\times \mathfrak{R}$ .
2) Berween $\Re- \mathfrak{R}- su\delta modulf.\mathfrak{M}_{0}$ of $\mathfrak{M}$ and Z-submoduli $\mathfrak{R}_{0}$ of $\mathfrak{R}$ , there

, is $a$ one-to-one correspondence $l_{J}yt/\iota e$ following relation:
$\backslash $

$\mathfrak{M}_{0}=\mathfrak{R}_{0}\mathfrak{R}$ , $\mathfrak{R}_{0}=\mathfrak{M}_{0\wedge}\mathfrak{R}$ .
3) An element $u\epsilon \mathfrak{M}$ satisjies $\Re u=n\mathfrak{R}$ ifand only if $t/\iota ere$ exists a regular

element $c$ in $\mathfrak{R}$ sucfi $t/\iota a_{b^{f}}x^{\prime}u=u(c^{-1}xc)$ for every $\chi\xi$ R.
Proof First ’it is to be observed, $t\dot{I}t\dot{a}t$ an $(\Re-\Re-)$ submodule $\mathfrak{m}$ of

EM is (non-zero and operator-homomorphic whence) operator-isomorphic to ,

the simple module $\Re^{\sim}if$ and only if there exists an element $v\neq 0$ in $\mathfrak{R}$

such $that^{\backslash }\mathfrak{m}=v\mathfrak{R}$ ; and, when this is the case, the isomorphism is given by
$x\rightarrow(xv=)vx(x\epsilon \mathfrak{R})$ . Now since $\mathfrak{M}=\mathfrak{R}\mathfrak{R}=\overline{v\mathfrak{e}\mathfrak{R}}v\mathfrak{R}^{8)}$ is completely reducible,
$\mathfrak{M}$ is indeed expressed as the direct sum of a number of simple submoduli
$v\mathfrak{R}$ , that is, we can find a, subset $\{v$ . $\}$ of $\mathfrak{R}$ linearly independent over $\Re$

su.ch that En} $=\sum_{\mu}v_{\mu}\mathfrak{R}$ . Then we have readily $\mathfrak{R}=\sum_{\mu}v_{\mu}Z$, which shows the

the assertion 1). Further, since every submodule $\mathfrak{M}_{0}$ of $\mathfrak{M}$ is also com-
pletely reducible, $\mathfrak{M}_{0}$ is the, (finite or infinite direct) sum of simple submoduli
of the form $v\Re(v\epsilon \mathfrak{R})$ , i.e. $\mathfrak{M}_{0}=\mathfrak{R}_{0}\Re$ provided $\mathfrak{R}_{0}=\mathfrak{M}_{0\wedge}\mathfrak{R}$ . Conversely, since
the product $\mathfrak{R}_{0}\mathfrak{R}=\mathfrak{R}_{0}\times \mathfrak{R}$ is direct for any (Z-) submodule $\mathfrak{R}_{0}$ of $\mathfrak{R}$ , it
follows $\mathfrak{R}_{0}=\mathfrak{M}_{0\rightarrow}\mathfrak{R}$ when $\mathfrak{M}_{0}=\mathfrak{R}_{0}\Re$ . Thus 2) is proved. To prove 3 $)^{}$ let
$u\neq 0$ satisfy $\mathfrak{R}n=W$ . Then this is simple, as R-R-two-sidqd-module,
and hence operator-isomorphic with $\mathfrak{R}$ i.e. there exists an element $v$ in $\mathfrak{R}$

such that $n\mathfrak{R}=v\mathfrak{R}$ ; this means also the existence of a regular element $c$

in $\mathfrak{R}$ such that $u=71C$ whence $xn=xvc=uxc=uc^{-1}xc$ for every $ x\epsilon\Re$ . The
converse is evident.

From this lemma we have immediately
Theorem 1. Let $\mathfrak{P}$ be a ring and $\Re$ be a ruo-sided simple subring of

$\mathfrak{P}$ wliose center $Zi$ ) $conta\dot{r}ned\prime nt/le$ center of $\mathfrak{P}$ and let $\mathfrak{S}$ be the commuter
ring of $\mathfrak{R}iri!${; : $\mathfrak{S}=r_{\mathfrak{B}(\mathfrak{R})}^{\Gamma}$ . If $!\beta=\mathfrak{R}\mathfrak{S}$ , then

1) $\mathfrak{P}$ is the direct of $\mathfrak{R}$ and $\mathfrak{S}$ (over $Z$): $\mathfrak{P}=\mathfrak{R}\times$ S.
$2)^{9)}$ Betwcen $rwo$-slded ideals $\mathfrak{p}$ of $\mathfrak{P}$ anti $f’\iota\ell 10$-sided ideals 6 of $\mathfrak{S}$ , be-

8) $U$ means module sum.
9) Cf. Noether [14], Kurosh $\lfloor 8$].
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twee’t left [righl] ideals $\mathfrak{p}$ of $\mathfrak{P}$ which are $right-[left-]alloZ_{1}va\delta le$ with respect
to $\mathfrak{S}$ and left [riglrt] ideals $@^{\prime}$ of $\mathfrak{S}$ , or between subri$ngs\mathfrak{p}$ of $\mathfrak{P}$ whick contain
$\Re$ and subrings 6 of $\mathfrak{S}$ wliiclt contain $Z$, tlzere exists $a$ one-to-one corres-
pondence by the $folIo_{\iota}^{r}ving$ relation:

$\mathfrak{p}=@\times\Re$ , $\epsilon=\cdot \mathfrak{p}_{\wedge}\mathfrak{S}$ .
3) An $auto\prime norp/\iota ism$ of $\Re$ can be extended to an inner automorphism’

of $\mathfrak{P}$ if and only if it is alreaay inner in R.
Now we may refine readily Nakayama-Azumaya [13], Lemma 1 as

follows:.
$Le^{\prime}m$ma 2. Let $\mathfrak{M}$ be a right module of a ring $\mathfrak{R}$ and let $\mathfrak{M}=\sum_{\mu}m_{\mu}$

be a direct $deco;Zlposition$ of $\mathfrak{M}$ into mutually operator-isomorpkic $\mathfrak{R}$ -submoduli
$m_{\mu}$ . Take an arbitary dfrect summnd $\iota\iota\tau_{0}$ and $l_{t}t\mathfrak{R}^{*}$ and $\mathfrak{R}_{0}$ be the operator-
endomrphism $ri’\iota g$ of $\mathfrak{M}$ and $\mathfrak{m}_{0}$ respectively. $T/len$

1) $T/lere$ exists a $on\beta\prime to$-one correspoudence between $\mathfrak{R}^{*}$ -submoduli En of
$\mathfrak{M}$ and $\mathfrak{R},- submoduIi\mathfrak{n}_{0}$ of $\iota \mathfrak{n}_{0}$ by $t/le$ following relafion,

$\mathfrak{R}=\lambda_{\iota^{\urcorner}}\mathfrak{n}_{\mu}t$

wkere $\mathfrak{n}_{\mu}$ is, for $ eac\lambda\mu$ , the $su\delta m^{\prime}$odule of $\mathfrak{m}_{\mu}$ correiponding to $\mathfrak{n}_{0}$ . Further,

for any element. $a$ in $\mathfrak{R},$ $\mathfrak{R}$ is allowable with respect to $a$ if and only if $\mathfrak{n}_{0}$

may be.
2) $\mathfrak{R}$ may be considered as the $\Re*$ -endomorphism ring of $\mathfrak{M}lfaudonl_{1^{\prime}}$

$lf\mathfrak{R}$ is considered as $t/\iota..e\mathfrak{R}_{0}- endomo’$ phtsm ring of $\mathfrak{m}_{0}$ . $T/\iota e$ ” if” $pa’\cdot t$ also
holds even in case wlen $eve’\prime y\mathfrak{m}_{\mu}$ is (not necessarily $operator- isom,o_{(}rphic$ but)
$operator-/lomo\dot{m}orphic$ to )$\mathfrak{n}_{0}$ .

Now, let us say that a right module $\mathfrak{M}$ of a ring $\mathfrak{R}$ is $(rig1\iota t-)$ regular
(with respect to R) if there exists a (direct summand) right ideal $\mathfrak{r}_{0}$ of $\Re$

such that both $\mathfrak{M}$ and $\mathfrak{R}$ directly decomposable into submoduli each of
which is operator-isomorphic to $\mathfrak{r}_{0}$ .

Theorem 2. Let $\mathfrak{M}$ be a regular riglit module of $\mathfrak{R}$ and let $\mathfrak{R}^{*}\delta e$ its
$operator- endmorp1_{l}ism$ ring. Then

1) There exists a $one- to- OJl\mathcal{E}$ correspondence $\delta er_{\iota}^{\prime}\ell/een\mathfrak{R}^{*}$ -submodzdi and

left ideals I of $\mathfrak{R}$ by $t/le$ follo$’\iota\ell/ing$ relation:
$\mathfrak{R}=\mathfrak{M}I^{\mathfrak{n}))}$

10) $Conversely,\cdot I$ is characterized by $\mathfrak{R}$ as tbe set of all elements $a$ in $\Re suc1_{i}$ that

$\mathfrak{M}a\subseteqq \mathfrak{R}$ .
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Further, when $\mathfrak{R}\leftarrow\rightarrow I,$ $\mathfrak{R}$ is allorvalle with respect to an element $a$ in $\Re if\backslash $

and only $\iota f$ I is so.
2) $\Re$ may be considered as the $\Re*$ -endomorphism ring of $\mathfrak{M}$ ; the same

is the case also when $\mathfrak{M}$ is a direct sum of submodrli each of which is
$Ol’ or\iota omomorpl^{\prime}C$ to $\mathfrak{r}_{0}$ and at lcast one of tlzem is operntor-isomorplic
to $\mathfrak{r}_{0}$ .

3), If M. is finite wilh respect to $\mathfrak{R}$ , then $\mathfrak{M}$ is also regular and $ finit\ell$

with respect to $\Re*$

Proof. $\mathfrak{r}_{0}$ is $genera\dot{t}ed$ by an idempotent element $e;\mathfrak{r}_{0}=e\mathfrak{R}=\ell \mathfrak{r}_{0}$ , and
(the left operator-ring) $e\mathfrak{R}e$ can be, as usual, regarded as the operator-
endomorphism ring or $\mathfrak{r}_{0}$ . Suppose $\mathfrak{M}=\sum_{\mu}\mathfrak{m}_{\mu}$ be a direct decomposition of
$\mathfrak{M}$ into submoduli $1tt_{\mu}$ operator-isomorphic to $\mathfrak{r}_{0}$ and consider any $e\Re e-$

submodule $s_{0}$ of to $\cdot$ Then, since $\mathcal{B}_{0}=c\mathfrak{R}e\mathcal{B}_{0}=\mathfrak{r}_{0}@_{0},$ the submodule of $\mathfrak{m}_{\mu}$

corresponding to $\wedge e_{0}$ is $\mathfrak{m}_{\mu\sim 0}^{a}$ In virtue of the preceding lemma, every $\Re-$

. submodule $\mathfrak{R}$ is uniquely expressed as $\mathfrak{R}=\sum_{\mu}\mathfrak{m}_{\mu}@_{0}=\mathfrak{M}e_{0}$ by an eRe-submodule
$\mathcal{B}_{0}$ of $\mathfrak{r}_{0}$ . Similarly, every left ideal I of $\mathfrak{R}$ can be uniquely expressed in
the form $I=\Re_{\vee}^{o_{0}}\wedge$ by $\mathcal{B}_{0}$ . Combining$\cdot$ these, we have $\mathfrak{R}=\mathfrak{M}@_{0}=\mathfrak{M}\Re@_{0}=\mathfrak{M}I$ .

Now, since $\mathfrak{R}$ is a direct sum of a finite number, say $r$ , of right ideals
operator-isomorphic with $\mathfrak{r}_{0}$ , we can $constru^{\int}ct$ as usual a system of matrix
units $\{e_{\ell j};\}i,$ $j=1,2$ , ..’...., $r$ } in $\Re$ linearly independent with respect to

$t$

its commuter $ring\backslash \mathfrak{R}_{0}$ in $\mathfrak{R}$ such that $\Re=\sum_{i,j}\rceil\Re_{0_{\wedge}}e_{ij}$ and $\mathfrak{r}_{0}=\sum_{j}\Re_{0}e_{1j}$ ; $\Re_{0}$ is

considered naturally as the operator-endomorphism ring of (the right ideal)

to and $conversely_{1}\mathfrak{R}$ can be looked $upon|$ as the $\Re_{0}$-endomofphism ring of
the r-dimensional vector module $\mathfrak{r}_{0}$ (over $\mathfrak{R}_{0}$). From this follows directly
the assertion 2), by virtu $e$ of Lemma 2, 2). To prove 3), we may assume
that $\Re$ is in fact the r-dimensional matrix ring over $\mathfrak{R}_{0}$ . and $\mathfrak{r}_{0}$ is the r-
dimensional row-vector space over $\mathfrak{R}_{0}$ and further $\mathfrak{M}$ is finite, say $nr$

dimensional column-vector space $over|\mathfrak{r}_{0}$ , that is, the totality of matrices
of type ( $’\iota$ , r) over $\mathfrak{R}_{0}$ . $\mathfrak{R}^{*}$ is therefore nothing but the n-dimensional
m\S trix ring $ov\overline{e}r\mathfrak{R}_{0}$ , considered as left operator-ring of $\mathfrak{M}$ . Then the fact
that $\Re*and\mathfrak{M}$ are respectively the n-dimensional and r-dimensional row-
vector spaces over the n-dimensional column-vector space over $\Re_{0}$ implies
that $\mathfrak{M}$ is finite $an_{\zeta}i$ regular with respect to $\mathfrak{R}^{*}$ .

$\iota$

Corollary. Let $\mathfrak{M}$ be finite and $\iota^{J}egnlar$ with respect to $\Re$ and let $\mathfrak{R}^{*}$

be its $opera\acute{r}or- endomorp1_{l}ism$ ring. Then belween $\Re- \mathfrak{R}^{*}$ -sultmoduli $\mathfrak{R}$ , lrvo-

slded ideals $\mathfrak{a}$ of $\mathfrak{R}$ and two-sided ideals $\mathfrak{a}^{*}$ of $\mathfrak{R}^{*}$ there $\ell xist_{S}a.$ one-to-one
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$cor\gamma\ell^{\prime}spondertce$ by. $tk\ell followi\dot{n}_{\delta^{t^{\gamma}}}$ relation: $\mathfrak{R}=\mathfrak{M}\mathfrak{a}=\mathfrak{M}\mathfrak{a}^{*}$ .
Finally we point out the following simple fact:
Lemma 3. Let $\mathfrak{M}$ be an $\mathfrak{R}-\grave{r}igl_{l}t$-module $w/lick$ is $op\ell rator- isomo’\prime pl_{i}ic$

with $\Re$ and let $\mathfrak{R}^{*}$ be its $operator- emtomorp\nearrow\iota ism$ ring. $TJ\prime en\mathfrak{M}$ is, as $\mathfrak{R}^{*}-$

.module, operator-isomorphic wltk $\Re_{3}^{*}$ Jnrther for any element $u$ of $\mathfrak{M}$ suclt
that $tl\iota emap\mu ng1\rightarrow u$ gives an $oper\cdot ator$-isomorpJzism bettveen $\mathfrak{R}$ and $\mathfrak{M}t/\iota e$

mapping $1^{*}\rightarrow u$ also gives an $\mathfrak{R}^{*}$ -isomorplnsm belween $\Re*$ and $\mathfrak{M}$ , where 1
and 1*denote $tke$ unit element of $\mathfrak{R}$ and $\mathfrak{R}^{*}$ respectively.

\S 2. Moduli with uni-serial operator-ring.

Let $\mathfrak{R}$ be a ring satisfying the minimum (whence the $ma_{X}imum$) condi-
tion for left and right $\dot{K}$leals and let $\mathfrak{C}$ be its radical. $\mathfrak{R}$ is called primary
if the residue class ring $\overline{\mathfrak{R}}=\mathfrak{R}/\mathfrak{C}$ is simple. For that it is necessary, and
sufficient that $\mathfrak{R}$ is decomposable into a direct sum of mutually operator-
isomorphic directly indecomposable right (or left) ideals. And, when this
is the case, the number of right (or left) ideals is independent of the direct
decomposition; we shall denote the number by $[\mathfrak{R}]$ .

A primary ring $\cdot \mathfrak{R}$ is called $\tilde{u}ni- serial^{11)}$ if every (or equivalently at
least $one)_{t}directly$ indecomposable direct summand right or left ideal, that
is, the right ideal $ e\Re$ as well as the left ideal $\mathfrak{R}e$ generated by a primitive
idempotent element $e$ possesses only one composition series. For that it
is necessary and sufficient that $\mathfrak{C}$ is a principal two-sided ideal (generated
by a single element $c$) $;\mathfrak{C}=\mathfrak{R}c=c\mathfrak{R}$ . And, when this is the case, the right
ideals $\ell \mathfrak{R},$ $e\mathfrak{C},$ $e\mathfrak{C}^{2}$ , ......, $e\mathfrak{C}^{l-1},$ $e\mathfrak{C}^{l}=0$ form in fact the only composition
series of $e\mathfrak{R}$ , where $l$ is the exponent of the radical $\mathfrak{C}$ ; the similar is also
true for $\mathfrak{R}e$ .

Now let $\mathfrak{M}$ be a rIght module of a primary uni-serial ring $\mathfrak{R}$ . Then
$\mathfrak{M}$ is, in virtue of the $mai\iota i$ theorem of uni-serial rings, directly decomposed
into (directly indecomposable and cyclic) $s\iota!bmod nli$ operator-homomorphic
to $ e\Re$ , and the. direct decomposition is, by Krull-Remak-Schmidt theorem12)

for instance, unique up to operator-isomorphism. It $_{is}$ obvious that $\mathfrak{M}\iota s$

regular $wnh$ respect $ t^{o}\Re$ if and, $onl_{J^{\prime}}\iota f$ every directly indecomposable direct

$-$

11) For uni-serial $(=einreihig)$ rings, see Kothe [7], Asano [ $ 1\rceil$ , Nakayama [11], Azumaya-
Nakayama $\lfloor 5$].

12) See Azumaya $|A$].
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summand is operator-isomorphic to $ e\Re$ , or what is the same $\backslash $ every (not

necessarily $directl\parallel indeco\prime nposable$) direct $s\iota m’ J1and$ is faithfzil $u/ith$ respect
to $\mathfrak{R}^{13)}$ We denote, when this is the case, by $[\mathfrak{M}|\mathfrak{R}]$ the (cardinal) number
of direct summands ($appeari_{il}g$ in a direct decomposition) of M. $\mathfrak{M}$ possesses
linearly independent $(right-)bas$ is over $\Re$ if and only if em is regular and

moreover $[\mathfrak{M}|\mathfrak{R}]$ is divisible by $[\mathfrak{R}]^{14)}$ . And, when this is the case, the
number of elements consitituting the basis is equal to $[\mathfrak{M}|\Re]/[\Re]$ , which -

we shall call the (right-sided) rank of $\mathfrak{M}$ over $\mathfrak{R}$ and denote by $[\mathfrak{M}:\mathfrak{R}]$ .

Observing that if we $\backslash embed\mathfrak{R}$ into the absolute endomorphism ring’5)
$\mathfrak{A}$ of $\mathfrak{M}$ , which is considered as right operator-domain, the commuter ring
$\nabla(\Re)=V_{\mathfrak{A}(\mathfrak{R})}^{\prime}$ of $\mathfrak{R}$ in $\mathfrak{A}$ is. nothing but the operator-endomorphism ring

of the $\Re$-module $\mathfrak{M}$ , we obtain from the above statements, combined with
Theorem 2, the $followin_{\vee}\sigma$ results:

Theorem 3. Let $\mathfrak{A}$ be an $abjolut\ell endomorpl\iota ism$ ring of $a$. module. $\mathfrak{M}$

and $su\mathscr{R}ose$ that there be ginen a $(pri^{t}mary)$ uni-serial subring $\Re$ of $\mathfrak{A}$ . Tken
1) $\int\nearrow(\nabla(\Re))=\mathfrak{R}$ .
2) $ Ever\parallel$ automorpl $ism$ of $\mathfrak{R}$ can $\delta e$ extended to an inner $automorph\grave{i}sm$

of $\mathfrak{A}$ .
3) In case $\mathfrak{M}$ is regorlar $witl_{l}$ respect to $\Re$ , any isom rplzism $\tau$ of $\Re$

into $\mathfrak{A}$ , such $tk\dot{a}t\mathfrak{M}$ is $rp_{\delta^{0^{-\iota lar}}}$ zvith respect .to $\mathfrak{R}^{\tau}$ and moreover $[\mathfrak{M}|\mathfrak{R}]$

$=[\mathfrak{M}|\mathfrak{R}^{\tau}]$ , can be extended to an inner $au^{f}\vee omorphism$ of $\mathfrak{A}$ .
4) $-\mathfrak{M}$ is finite $a7ld$ regular $u^{\prime}it/l$ respect $\prime 0\Re$ if and. $ onl\parallel$ if $T^{\nearrow}(\mathfrak{R})$ is

primary $($and kence u’it-serial $)^{}$ In tkis case, $zvel\iota ave$
/

$[\mathfrak{M}|\Re]=[\nabla(\mathfrak{R})]$ , $[\mathfrak{M}|V(\mathfrak{R})]=[\Re]$ .
$\iota$

We prove only the first half of 4), where the “ only if ” part is obvious. ,

Let $1=e_{1}+e_{2}+\ldots\ldots+p_{n}$ be a decomposition of the unit $elem^{\prime}ent$ into mutually

orthogonal and mutually isomorphic primitive idempotent elements in the

$primar\dot{y}$ (R-endomorphism) ring [$\nearrow(\mathfrak{R})$ of. M. Then $\mathfrak{M}=\mathfrak{M}e_{1}+\mathfrak{M}e_{2}+\ldots\ldots$

$+\mathfrak{M}l_{n}$ gives a direct decomposition of $\mathfrak{M}$ into- mutually operator,-isomorphic
directly indecomporable $\mathfrak{R}$ -submoduli, which are necessarily operator-isomor-

13) If in particular $\Re$ is $simp$] $e$, every $\Re- right-\Pi lodule$ is necessarily $regui_{ar.ahd}$ we need

not the notion of regularity.
14) Of co.urse this $is_{c}$ the case when $[\mathfrak{M}|\Re]$ is infinite.

15) That is, the totality of all homomorphisms of EM into itself.
’

, 16) Asano $tl1$, Satz 8.
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/

phic with (the. directly indecomposable direct summand right ideal), $ e\Re$ (of
$\Re)$ . $c$ .

Theorem 4. Let $\mathfrak{M},$ $\mathfrak{A},$ $\Re$ be as in the preceding theorem $a’\iota^{\mathfrak{l}}d$ let $\mathfrak{S}$

be a (primary) $ur\iota i$-serial subring of R. If $\mathfrak{M}$ is $reg\iota/lar$ with respect $l^{\lrcorner}O\mathfrak{R}$ ,
then $\mathfrak{M}$ is regular with respect to $\mathfrak{S}$ if and onty if $\Re$ is $(rigJ_{lt-})replar$ zvith
respect to $\mathfrak{S}$ ; furtler $[\mathfrak{M}|\mathfrak{R}]$ is $fi\prime\prime ite$ if and only $\iota f$ both $[\mathfrak{M}|\mathfrak{R}]and[\Re-|\mathfrak{S}]$

.

are so. And, $\prime zvh\ell n$ this is the cast,

1) Any $isomorp\prime_{l}ism\tau^{t}$ of $\mathfrak{R}$ into $\mathfrak{A}whic/\iota$ maps $\mathfrak{S}$ onto itstlf and such
that willz $r\ell spect$ to $\mathfrak{R}^{-}\mathfrak{M}$ is also regular can be extended to an inner auto-
$morp\nearrow\iota ism$ of $\mathfrak{U}$ .

2) Among $\mathfrak{M},$ $t^{\prime}(\mathfrak{S})$ and $\nabla(\Re)$ there holds the same situation as among
$\mathfrak{M},$ $\Re$ and $\mathfrak{S}$ , as $ab_{d}^{\Gamma}ve$ , and moreoz er

$[\Re|\mathfrak{S}][\nabla(\mathfrak{R})]=[\nabla(\mathfrak{S})|V(\Re)]\{\mathfrak{S}$] ;

in particular $\Re$ possesses linearly $ind?pende_{ll}t(rig/zt-)\delta asis$ over $\mathfrak{S}$ if and only
if $\nabla(\mathfrak{S})$ lias the same over $\nabla(\Re)$ , and we’ have $iu$ tkis case

$[\grave{\mathfrak{R}} : \mathfrak{S}]=[V(\mathfrak{S});l^{7}(\Re)]$ .
Proof. 1) follows from Theorem 3, 3) because $[\mathfrak{M}|\Re][e\mathfrak{R}|\mathfrak{S}|=[\mathfrak{M}|\mathfrak{S}]$

$=[\mathfrak{M}|\mathfrak{R}^{\tau}][(p\Re)^{\prime r}|\mathfrak{S}]$ and [ $\mathcal{E}\mathfrak{R}|\mathfrak{S}\rfloor=[(c\mathfrak{R})^{\tau}|\mathfrak{S}]$ is finite. The first half of
2) is an immediate consequence of $\cdot Theorem2,3$), while the second half is
readily obtained by eliminating three arguements $[c\Re|\mathfrak{S}],$ $[\mathfrak{M}|\mathfrak{R}]$ and
$[\mathfrak{M}|\mathfrak{S}]fro_{\backslash }m$ the following equalities:

$[\mathfrak{M}|\mathfrak{R}][e\mathfrak{R}|\mathfrak{S}]=[\mathfrak{M}|\mathfrak{S}]$ , $\lfloor \mathfrak{R}$] $[e\mathfrak{R}|\mathfrak{S}]=[\mathfrak{R}|\mathfrak{S}]$

$[\mathfrak{M}|\mathfrak{R}]=.[\nabla(\mathfrak{R})]$ , $[\mathfrak{M}|\mathfrak{S}]=[\ddagger^{\nearrow}(\mathfrak{S})]$ .
Corollary.’7) Let $\mathfrak{R}$ be a $l/ni$-serial ring and $\mathfrak{S}$ its uni-serial subring

such that $\Re$ is $rig\cdot ht$-regular and Jinite with resjccl to $\mathfrak{S}$ . $T/n^{J}n$ two $\mathfrak{R}-’\cdot igl_{l}t-$

modulz are operator-isomo’ $p\nearrow zic\iota f$ a$nd^{\prime}only$ if they are so with respect to $\mathfrak{S}_{:}$

\S 3. Uni-serial subalgebras of a simple ring.

Above preparations now enable us to prove the following
Theorem $S.l8$) Let $\Re$ be a simple $ing$ rvitk the center $Z$ and $\mathfrak{S}$ \’oe a

(primary) $uni$-serfal $subatge\delta r_{t}$?(of $fi\prime lite$ rank) over $Z$ and further $\mathfrak{S}$ be

17) This is an equivalent statement with Theorem 4, 1), as a matter of fact.
18) This theorem is a refinement of results in Asano $|1$], \S 5. /
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tlte commrrter ring of $\mathfrak{T}$ in $\mathfrak{R}$ : $\mathfrak{S}=t_{\mathfrak{R}}^{\nearrow}(\mathfrak{T})$ . $T/len$

1) $\nabla_{\mathfrak{R}}(\mathfrak{S})=\mathfrak{T}$ .
$2)\backslash Ev\ell^{\prime}\prime\prime yautomol^{\prime}phism$ of $\mathfrak{R}$ which leaves invariant $c$very $elrme\prime\prime i$

. of
$\mathfrak{S}$ is inner.

3) $T/\iota efollo^{\prime}\iota ving$ five conditions are equivafent to each $oth_{\backslash }er^{1\dot{9})}$ :
i) $\Re$ is $ r\iota gI_{l}t-\eta^{\prime}e_{X}\sigma$ular $\prime q/itkr\mathcal{E}Spect$ to $\mathfrak{T}$ ,

$i^{\prime})$ $\mathfrak{R}is,JcP$-rcgular $’\angle vit/\iota$ respec: to $\mathfrak{T}$ ,
ii) . $\mathfrak{S}$ is (primary) uni-serial,
iii) $\mathfrak{R}$ is riglrt-regular wttk $resp_{\mathfrak{c}}’ ct$ to $\mathfrak{S}$ ,
iii’) $\mathfrak{R}$ is $left- r\ell_{a^{\sigma}}\cdot ular’\iota\ell/it1tl\gamma spect$ to S.

4) If $\mathfrak{S}_{0}$ is a $(p_{J}\tau mar,\gamma)$ uni-serial subring of $\mathfrak{R}$ confaining $\mathfrak{S}$ , then
$V_{\mathfrak{R}}(\nabla_{J\grave{\iota}}\backslash (\mathfrak{S}_{0}))=\mathfrak{S}_{0}$ . Hencc, in particular, uni-scrial subalgcbras $\mathfrak{T}_{0}$ of $\mathfrak{T}’\iota\ell/ith$

respect $to\prime\prime c?J_{l}ick\mathfrak{R}$ is $rC_{<>}^{\sigma’[ar}$ and uni-scrial $subrin_{\delta}^{\sigma}s\mathfrak{S}_{0}$ bctrvecn $\mathfrak{R}$ and $\mathfrak{S}$

$’\iota vith$ ,cspcct to $’\ell/11$ ich $\mathfrak{R}$ is regular arc in $ouc$-to-one $corr’ sp_{0\prime l}denc\ell^{r}$ by $t/le$

commntcr rclation in $\mathfrak{R}$ : $\nabla\Re(\mathfrak{T}_{0})=\mathfrak{S}_{0},$ $V_{\mathfrak{R}(\mathfrak{S}_{0})=\mathfrak{T}_{0}}$ .
S) If $\mathfrak{R}$ is regu. $ar\prime cC!it/l$ respect to $\mathfrak{T},$ $ t1\iota en\mathfrak{R}possessc\sigma$ a lincarly in-

dcpendent (, $\prime i_{:\supset}^{r}1\iota t$ and left) basis over $\mathfrak{S}$ and moreo $’\iota^{\prime}C’[\Re : \mathfrak{S}]=[\mathfrak{T}:Z].$

’

$F\iota n^{r}tlicr$ , tlici $cexij\cdot ts$ an $elemcnt\prime b$ in $\Re|$ zi $ cl\iota$ tliat for any lincarly indepcndcret
baris $a_{1},$ $a_{2},$ $\ldots\ldots,$

$a_{\iota}$ of $\mathfrak{T}$ over $Z$ $(: n=[\mathfrak{T}:Z]),$ $a_{1}b,$ $a_{2}b,$ $ a_{n}\delta$ and $ba_{1}$ ,
$\delta a\underline{.)}$ $=\delta a_{n}$ form respcctively a linearly independent rigkt- and. left-basis of

$|\mathfrak{R}07Jcr\mathfrak{S}$ ; in otltcr $’\iota\zeta 10rds,$ $t_{l}^{\prime}e$ rcgular $rcpre\dot{\circ}cntatio\overline{n}^{\underline{9}0)}$ of $\mathfrak{T}$ (in $Z$) is equi-
$vaICJlt_{l}^{\backslash _{r}}vit1\iota tke$ rcprcscutation of $\mathfrak{T}$ in $\mathfrak{S}’\angle vl_{l}ich$ is oblained by tlte, ( $\mathfrak{S}- \mathfrak{T}-$ or
$\mathfrak{T}- \mathfrak{S}-)$ reprcsentation module R.

6) In casc $\mathfrak{R}$ is regular $ wit/\iota$ respcct to $\mathfrak{T},$ $ t1_{l}cr\iota$ exists between right
[left] ideals $\mathfrak{r}$ of $\mathfrak{R}’\angle vkick$ are $lef’-[right-]allo_{\overline{\iota}U}abfe$ zvith $resp\iota’ ct$ to $\mathfrak{S}$ and
$r_{\sim}’\dot{g}1\prime t$ [left] $ideals^{2)}t$ of $\mathfrak{T}$

$a$ one-to-one $\cdot$ correspondencc by $t/l\dot{e}$ follo$’\iota vi_{\mathscr{X}}’$ relation:

$\mathfrak{r}=1\Re[\mathfrak{r}=\Re t]$ , $t=\mathfrak{r}_{\wedge}\mathfrak{T}$ .
$ Tk\ell$ samc also liolls bettveen riglt [ltift] ideals of $\mathfrak{R}lcft-[ri/zt_{\backslash }]allo_{C}^{\prime}v-$

allc $\prime \mathcal{L}vit1_{l}$ respect to $\mathfrak{T}$ and right [left] ideals of S.
7) In case $\mathfrak{R}$ is regular rvilli respcct to $\mathfrak{T}$ , any isomophism $\tau$ of $\mathfrak{T}$ into ’

$\mathfrak{R}$ leaving $Ze1m?nt\prime vise$ fixed such that $\Re$ is regular $r_{\dot{\vee}}\prime ithr\mathcal{E}spect$ to $\mathfrak{T}^{\tau}$ can

19) Further $\mathfrak{S}$ is simple if simple if and only if ! is so.
20) Since every uni-serial algebra is Frobeniusean, its right and left regular representations

are equivalent to each other and moreover its right and left ideal lattices $a\tau e$ dual-isomorphic
to each other (1) $y$ annihilation $\tau e$lation). See Nakayama $[10\rceil$ .
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le exlended to an inner $antomorp1_{l}ism$ of $\mathfrak{R}$

Proof. Consider the absolute endomorphism ring $\mathfrak{A}$ of $\mathfrak{R}$ . By right-
sided multiplication’ each element of $\mathfrak{R}$ induces on $\Re$ an absolute endo-
morphism and their totality forms a subring of $\mathfrak{A}$ isomorphic with $\mathfrak{R}$ , which
we shall denote also by $\Re$ . Similarly, by left-sided $mn1t\iota_{P}1ication$ there is
obtained a $sub\grave{r}ing\mathfrak{R}^{\prime}$ of $\mathfrak{A}$ inverse-isomorphic,with R. They are, as is
well known, commuter rings to each other and hence their intersection

$($

$\mathfrak{R}_{\rightarrow}\Re^{\prime}$ coincides with their common center $Z$.
’ According to Theorem 1, the.product ring $\mathfrak{T}\mathfrak{R}^{\prime}$ of $\mathfrak{T}$ and $\mathfrak{R}^{\prime}$ (con-

$struct6d$ in $\mathfrak{A}$ ) is in fact direct (over $Z$): $\mathfrak{T}\mathfrak{R}^{\prime}=\mathfrak{T}\times\Re^{\prime}$ , and moreover $i_{t}s$

two-sided ideals and two-sided ideals of $\mathfrak{T}$ , correspond one-to-one, and this
implies that $\mathfrak{T}\times \mathfrak{R}^{\prime}$ is uni-serial. Hence by Theotem 3, 1)

$t\langle\nabla(\mathfrak{T}\times\Re^{\prime}))=\mathfrak{T}\times \mathfrak{R}^{\prime}$ .
But since

$\mathfrak{S}=V_{\mathfrak{R}}(\mathfrak{T})=V(\mathfrak{T})_{\wedge}\Re=r\nearrow(\sim T)_{\wedge}V(\mathfrak{R}^{\prime})=V(\mathfrak{T}\times\Re^{\prime})$ ,
we obtain

$V_{\mathfrak{R}}(\mathfrak{S})=V(\mathfrak{S})_{\wedge}\mathfrak{R}=\nabla(V(\mathfrak{T}\times \mathfrak{R}^{\prime}))_{\wedge}\nabla(\mathfrak{R}^{\prime})=(\mathfrak{T}x\mathfrak{R}^{\prime})_{\wedge}V(\mathfrak{R}^{\prime})=\mathfrak{T}$ .
To $prove_{\sim}2$), let $\sigma$ be any automorphism of $\Re$ which leaves invariant

every element of S. Regarding $\sigma$ as an element of $\sigma$)$\backslash I$ , it mu $st$ belong to
$K\mathfrak{S})=\mathfrak{T}\backslash \times \mathfrak{R}^{\prime}$ since $a\sigma=\sigma a^{\sigma}$ holds for every a $e\mathfrak{R}$ . $\sigma$ satisfies also $a^{\prime}\sigma=F^{(a^{\prime})^{\sigma}}$

for every $a^{\prime}\iota \mathfrak{R}^{\prime}$ and hence $\sigma$ is, by Theorem 1, 3), inner in ( $\Re^{\prime}$ whence) R.
Since $\nabla(\mathfrak{T}\times \mathfrak{R}^{\prime})=\mathfrak{S},$ $\nabla(\mathfrak{S})=\mathfrak{T}^{I}\times \mathfrak{R}^{\prime}$ and $\mathfrak{R}$ is finite with respect to $(\mathfrak{R}^{\prime}$

whence) $\mathfrak{T}\times \mathfrak{R}^{\prime}$ , Theorem 2, 3) sliows that $\mathfrak{R}$ is (right-)regular with respect
to $\mathfrak{T}\times \mathfrak{R}^{\prime}$ if and only if $\mathfrak{R}$ is (right-) egular with respect to $\mathfrak{S}$ , while
Theorem 3, 4) asserts that this holds if and only if $\mathfrak{S}$ is primary $(uni-$

serial). On the other hand, since $\mathfrak{T}\times \mathfrak{R}^{\prime}$ possesses a linearly independent
basis over $\mathfrak{T}$ and there exists a one-to-one correspondence $/between$ two-
sided ideals of $\mathfrak{T}\times \mathfrak{R}^{\prime}$ and $\mathfrak{T},$ $\mathfrak{R}$ is (right-)regular with respect to $\mathfrak{T}\times \mathfrak{R}^{\prime}$ if
and $only_{s}$ if $\mathfrak{R}$ is (right )regular with respect to $\mathfrak{T}$ . Observing further that
the primarity of $\mathfrak{S}$ is a condition of the left-right symmetry, we complete
the proof of 3).

Consider now a.uni-serial subriug $\mathfrak{S}_{0}$ of $\mathfrak{R}$ which contains S. Then
$V(\mathfrak{S}_{0})^{\prime}$ lies necessarily between $V(\Re)=\mathfrak{R}^{\prime}$ and $V(\mathfrak{S})=\mathfrak{T}\times \mathfrak{R}^{\prime}$ and so, if.we
put $\mathfrak{T}_{0}=\mathfrak{T}_{\wedge}T^{\prime^{\tau}}(\mathfrak{S}_{0})=V_{\mathfrak{R}(\mathfrak{S})_{\wedge}I/^{\gamma}(\mathfrak{S}_{0})=}|/r_{\mathfrak{R}(\mathfrak{S}_{0})}$ we have, in virtue of Theorem
1, 2). $r/^{\prime}(\mathfrak{S}_{0})=\mathfrak{T}_{0}\times \mathfrak{R}^{\prime}$ . Since $\mathfrak{S}_{0}$ is uni-serial, it follows $\mathfrak{S}_{0}=V(\nabla(\mathfrak{S}_{0}))$
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$=\nu^{\prime}(\mathfrak{T}_{0}\times\Re^{\prime})=V(\mathfrak{T}_{0})_{\wedge}V(\Re^{\prime})=\nabla_{\mathfrak{R}(\mathfrak{T}_{0})}$ This proves 4). $($

Assum\’e, from now on, that $\mathfrak{R}$ is regular $wit1_{1}$ respect to $\mathfrak{T}$ . $Si_{*}nce$

every (linearly independent) basis of $\mathfrak{T}$ over $Z$ is at the same that of $\mathfrak{T}\times \mathfrak{R}^{\prime}$

over $\Re^{\prime}$ , the first part of 5) follows from Theorem 4, 2); the existence of
left-basis is a consequence of the left-right symmetry. Since $\mathfrak{T}\times\Re^{\prime}$ is
operator-isomorphic to the n-times direct sum. of $\mathfrak{R}$ as $\mathfrak{R}^{\prime}\underline{\backslash }\backslash (right-)mod\iota_{i}$ le,
they are, by Corollary to Theofem 4, operator-isomorphic even as $\mathfrak{T}\times\Re^{\prime}-$

whence $\mathfrak{T}\times$ S’-(right-)module; $\mathfrak{S}^{\prime}$ being the subring of $\mathfrak{R}^{\prime}$ corresponding
to $\cdot \mathfrak{S}$ . On the other hand, $si_{11}ce$ every linearly independent (right-)basis of
$\mathfrak{R}^{\prime}$ over $\mathfrak{S}^{\prime}$ is at the same that of $\mathfrak{T}\times \mathfrak{R}^{\prime}$ over $\mathfrak{T}\times \mathfrak{S}^{\prime},$ $\mathfrak{T}\times \mathfrak{R}^{\prime}$ is, as $\mathfrak{T}\times \mathfrak{S}^{\prime}-$

(right-)module, operator-isomorphic to the n-times direct sum of $\mathfrak{T}\times \mathfrak{S}^{\prime}$ .
Hence $\mathfrak{R}$ and $\mathfrak{T}\times \mathfrak{S}^{\prime 21)}$ are, by Krull-Remak-Schmidt theorem, operator-
isomorphic as $\mathfrak{T}\times$ S’-module. Now let $b$ be the element of $\mathfrak{R}$ correspond-
ing to the (unit element of $\mathfrak{T}\times \mathfrak{S}^{\prime}$ . Then, since $V(\mathfrak{T}\times \mathfrak{S}^{\prime})=V(\mathfrak{T})_{\wedge}T^{\nearrow}(\mathfrak{S}^{\prime})$

$=\nabla(\mathfrak{T})_{\wedge}(\mathfrak{R}\times \mathfrak{T}^{\prime})=\mathfrak{S}\times \mathfrak{T}^{\prime}$ , there is, by Lemma 3, an $\mathfrak{S}\times \mathfrak{T}^{\prime}$-isomorphism
between $\mathfrak{R}$ and $\mathfrak{S}\times \mathfrak{T}^{\prime}$ in which $b$ corresponds $a$’lso to the unit element of
$\mathfrak{S}\times \mathfrak{T}^{f}$ . This shows that $b$ is the desired element in the second part of 5).

Every left ideal of $\mathfrak{T}\times \mathfrak{R}^{\prime}$ which is right-allowable with respect to $\mathfrak{R}$ ‘

is, in virtue of Theorem 1, 2), expressed as $t\times \mathfrak{R}^{\prime}$ by a (uniquely deter-
mined) left ideal $t$ of $\mathfrak{T}$ and’ therefore every $\mathfrak{S}-\Re^{\prime}$ -submodule of $\mathfrak{R}$ is,
according to Theorem 2, 1), of the form $\mathfrak{R}\cdot(t\times \mathfrak{R}^{\prime})=\mathfrak{R}t$ This proves the
first half of 6). The proof of the second half is obtained by using Theorem
3 and is rather simple.

As for 7), the isomorphism $\tau$ can be extended $\dot{q}n$ a natural manner to
an isomorphism between $\mathfrak{T}\times \mathfrak{R}^{\prime}$ and $\mathfrak{T}^{\tau}\times \mathfrak{R}^{\prime}$ which leaves $\mathfrak{R}^{\prime}$ element-wise
invariant. Then Theorem 4,, 1) implies that there is a regular element $a$

in $\mathfrak{A}$ such that $a^{-1}xa=x^{\tau}$ for every $x\epsilon \mathfrak{T}$ and moreover $a$ is elementwise
commutative with $\mathfrak{R}^{\prime}$ ; but the latter condition means that $a$ (and $n^{-1}$)

belong, to $\lceil\nearrow(\mathfrak{R}^{\prime})=\mathfrak{R}$ . The proof is thu $s$ completed.

\S 4. Galois theory for uni-serial rings (in the sense of Jacobson).

Let $\mathfrak{R}$ be first any ring and $\sigma$ its arbitrary automorphism. If we difine,
for any pair of elements.$a,$ $\chi$ of $\Re$ , a new product $a\star x$ by

21) The $\mathfrak{S}- \mathfrak{T}$-module SX $\mathfrak{S}^{\prime}$ intermediates the regtilar representation of $\mathfrak{T}_{l}$ as $caIl$ easily
$b^{e}$ seen,.
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$a\star x=a^{\sigma_{\chi}}$ ,

then $\Re$ becomes a new R-left-module and moreover, if, the right-sided
multiplication is taken as the original one, $\Re$ is considered as an $\mathfrak{R}- \mathfrak{R}-$

two-sided-module, which we shall denote by $(\mathfrak{R}, \sigma)^{2\underline{?})}$ . We may readiIy
prove. Lemma 4 $\underline’$ )

$(\mathfrak{R}, \sigma)amt(\mathfrak{R},$ $\overline{)}$ are $0l^{\prime rator- iso\prime morpkic}$ , as $\mathfrak{R}-\Re- t_{\mathcal{L}}^{r}vo-$

sdtd-moduli, if and only if tlie $a\iota tomorp1_{l}ism\sigma\tau^{-1}$ is inner (in $\mathfrak{R}$ ).
Now let $\mathfrak{R}$ be (primary) uni-serial and $\mathfrak{C}$ its radical having exponent

1 and put $\overline{\mathfrak{R}}=\mathfrak{R}/\mathfrak{C}$ . $\mathfrak{C}$ is a principal two-sided ideal generated by a single
element $c;\mathfrak{C}=\Re c=c\mathfrak{R}$ If we associate witll each $x\in \mathfrak{R}$ the element $ye\mathfrak{R}$

such that $xc\equiv cy(mod \mathfrak{C}^{2})$ , we obtain, since $ x\mathfrak{C}\subset \mathfrak{C}^{2}=[\mathfrak{C}\parallel=^{\mathfrak{C}^{2}\rfloor}\subset$ is equi-
valent to $x\in \mathfrak{C}[yc\mathfrak{C}]$ , an automorphism of the simple ring $\overline{\mathfrak{R}}$ , which we shall
denote by $\varphi^{\mathfrak{B})}$ . $\mathfrak{C}/\mathfrak{C}^{2}$ is then operator-isomorphic, as $\Re- \mathfrak{R}- two$-sided-
module, with (ER, $\varphi$) $;$ . hence $\varphi$ is, -by Lemma 4, uniquely determined up to
inner automorphism of se. Since $\mathfrak{C}^{i}=\mathfrak{R}c^{i}=c^{i}\mathfrak{R}$ and mo‘reover $x\mathfrak{C}^{i}\subset \mathfrak{C}^{i+1}=$

$[\mathfrak{C}^{i}y\leqq \mathfrak{C}^{i+1}]$ if and only if $ x\mathfrak{c}\mathfrak{C}[,\gamma c\mathfrak{C}\rfloor$ for each $i=1,$ 2, $l-1,$ $\mathfrak{C}^{i}/\mathfrak{C}^{i+1}$

is operator-isomorphic to $(\overline{\mathfrak{R}}, \varphi^{i})$ . Now every $anto^{\prime}morphism\sigma$ of $\mathfrak{R}$

induces naturally an automorphism in $\overline{\mathfrak{R}}$ , which will be denoted also by $\sigma$ .
Then, since $\mathfrak{C}=\mathfrak{C}^{\sigma}=\mathfrak{R}c^{\sigma}=c^{O}\mathfrak{R}$ , necessarily

$’\sigma\varphi\equiv\varphi\sigma$ ,

where $=meails$ the congruenc\’e modulo the totality. of inner automorphisms
of R.

Suppose now that there is given a finite group $\mathfrak{G}=\{1, \sigma, ..\ldots, \tau\}$ of
automorphism of $\mathfrak{R}$ each element $\sigma$ of whiclt sati $s$fies $t\overline{h}e$ following condition:

$(^{*})\underline{9}4)$ If $\sigma\neq 1$ tken $\sigma\equiv|\equiv\varphi^{i}f_{0^{\backslash ,}}$, any $i=0,1,2,$ $\ldots\ldots.l-1$ .
Then we can define a crossed $proa^{\nu}nct(\mathfrak{R}, \mathfrak{G})$ of $\mathfrak{R}$ by $\mathfrak{G}$ as follows:

$(\mathfrak{R}, \mathfrak{G})$ is a ring containing $\mathfrak{R}$ as a subring and with each $\sigma \mathfrak{c}\mathfrak{G}$ there
is associated a regular $ele\rho \mathfrak{n}entu_{\sigma}$ of ( $\Re$ , G) such that

( $\mathfrak{R}$ , (S5) $=u_{1}\Re^{\bigvee_{l1_{\sigma}}}\mathfrak{R}^{\vee}?/\tau!r_{\iota}$ , $Xll_{O}=u_{\sigma^{\chi^{a}}}(xc\mathfrak{R})$ .
Then we prove

22) Cf. Azunlaya $[3\rceil,$ $l2$ .
23) In case the c\‘enter of $\mathfrak{R}$ is not a field, it contains a nilpotent element $d\neq 0$ . Then the

two-sided ideal $ d\Re$ is of a form $\mathfrak{C}^{i}$, where $1\leqq i\leqq l-1$ , and $\alpha:cor\zeta lingly$ we have $\varphi^{\dot{t}}\equiv 1$ . In
the contrary case, it may happen that $\varphi^{l}$ \ddagger 1.

24) In case $9\mathfrak{i}$ is commutative, $t1_{1}i_{b}con(lition$ means simply:
If $a\neq 1$ then $\sigma$ is not $iclentit\rangle$

: in ‘su too.
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$T1_{1}eorem6$ . $u_{1},$ $u_{\sigma},$
$\ldots\ldots,$

$u_{\tau}$ are linearly $indepe//dento_{L^{\prime}}^{\neg}er\backslash \mathfrak{R}$ (on both
left- and rigkt-kand sides), and

$\tau 1)$ ( $\mathfrak{R},$ $\mathfrak{G}\rangle$ is a (primary) uni-serial $ ring^{\sim^{\prime}\theta)}\ulcorner$ and between two-sided ideals
$\mathfrak{z}^{*}$ of $(\mathfrak{R}, \mathfrak{G})$ and two-sided ideals 8 of $\mathfrak{R}the’\cdot e$ is a $a4e-to- onp$ correspondence
by $t/\iota e$ follo$\tau vin_{\zeta}$ relation :

$\mathfrak{z}^{*}=(\mathfrak{R}, \mathfrak{G})\mathfrak{z}=\mathfrak{z}(\mathfrak{R}, \mathfrak{G})$ , $\mathfrak{z}=\mathfrak{z}^{*}-\mathfrak{R}$

Furtker, every Zeft $[ri_{\delta^{\prime\gamma}}1\iota t]$ ideal of $(\mathfrak{R}, \mathfrak{G})\prime cc!kic/p$ is $rigkt-[left^{-}]allo_{C}^{r}vable$

with respect to $\mathfrak{R}$ is $ necessa’\cdot i[\gamma$ a $t_{\overline{L}}v$o-sided ideal.
2) Evcry subring of $(\mathfrak{R}, \mathfrak{G})z\ell f$ is right-(or $left-$)$regnlar$

witlt respect to $\mathfrak{R}$ is $exp_{1^{\prime}}essed$ in the for, $(\mathfrak{R}, \mathfrak{H})$ by a suitalle $sub_{\llcorner}^{t}\backslash ^{\gamma}ronp\mathfrak{H}$ .
of $\mathfrak{G}$ .

3) A regnlar $\ell l\ell m\ell ntu$ of $(\Re, \mathfrak{G})$ satisfies $\Re_{=\iota t},\mathfrak{R}$ if and only if
$u\mathfrak{R}=u_{O}\mathfrak{R}$ for a suita(le $\sigma irl$ G.

4) $T/le$ commuter ring of $\mathfrak{R}$ in $(\dot{\mathfrak{R}}, \mathfrak{G})$ coinci les $\prime L\iota it1_{l}$ the center of $\mathfrak{R}$ .
Proof. Each $u_{o}\mathfrak{R}$ is operator-isomorphic, as $\mathfrak{R}-\Re- two$-sided-module, .

with $(\mathfrak{R}, \sigma)$ and hence possesses $ttle$ composition $residue- class- mod_{\backslash }ule$ series
$(\overline{\mathfrak{R}}, \sigma),$ $(\overline{\mathfrak{R}}, \sigma\varphi),$ $(\overline{\mathfrak{R}}, \sigma\psi^{\underline{o}})$ , ....... $(\overline{\mathfrak{R}}, \sigma\varphi^{\iota-1})$ , as can easily be seen. That
$\mathfrak{G}$ satisfies the condition $(^{*})$ means there ore, in virtue of Lemma 4, that
if $\sigma\neq\tau u_{O}\mathfrak{R}$ and $u_{\tau}\mathfrak{R}$ have no composition residue class $rno$dule in common.
From this follows fhat $(\mathfrak{R}, \mathfrak{G})$ is indeed a direct sum of $u_{J}\mathfrak{R},$ $u_{o}\mathfrak{R},$

$\ldots\ldots$ ,
$u_{\tau}\mathfrak{R}$ and moreover every $\mathfrak{R}- \mathfrak{R}$ -submodulc of $(\mathfrak{R}, \mathfrak{G})$ is expressed in the

form , .
(1) $\sum_{\sigma}u_{\sigma}\mathfrak{z}\sigma$

where $\mathfrak{z}\sigma$ is, for each.$\sigma\epsilon \mathfrak{G}$ , a two-sided ideal of $\Re^{\underline{o}_{6)}}$ .
(1) forms a left ideal of $(\mathfrak{R}, \mathfrak{G})$ i.e. left-allowable with respect to every

$u_{\sigma}$ il and only if $81^{=\mathfrak{z}_{\sigma}=}$ $=_{0^{\tau}}$ , that is, (1) is of the form $(\mathfrak{R}, \mathfrak{G}_{\backslash })_{8}$ by a
certain two-sided ideal $\mathfrak{z}$ of R. Further, since $\mathfrak{z}=\mathfrak{z}^{\sigma}$ for every $\sigma\epsilon \mathfrak{G}^{\underline{1}}\sim$

) we
have $(\mathfrak{R}, \mathfrak{G})\mathfrak{z}=\mathfrak{z}(\mathfrak{R}\mathfrak{G})$ . And 1) is proved.

Consider now a regttlar element $u$ of $(\mathfrak{R},\mathfrak{G})\rightarrow$ such that $\Re n=u\mathfrak{R}$ Then

25) This may be seen as a generalization of $Nakaya\overline{m}a\lfloor 9\rceil,$ IIirfssatz 1.
26). Let, generally, a module $\mathfrak{M}$ (with operator-donlain) be a sum of (allowable) $sul$ )$m\circ duli$

$\mathfrak{M}_{1},$ $\mathfrak{M}_{0,\sim}$, ...... each of which possesses $\dot{a}$ composition series and such that if $i\neq j$ Mt and $\mathfrak{M}_{j}$

have no composition $res$ due class module in common. Then $\mathfrak{M}$ is indeed direct sum of tbem

and every (allowable) submodule $\mathfrak{R}$ of $\mathfrak{M}$ is expressed in thb form $\mathfrak{R}=\mathfrak{R}_{1}+\mathfrak{R}_{2}+\cdots$ . , where $\mathfrak{R}_{1}$ ,
$\mathfrak{R}_{0}.’\ldots\ldots$ are submoduli of $\mathfrak{M}_{1},$ $\mathfrak{M}_{\underline{0}},$ $\ldots\ldots$ respectively.

27) Because $\mathfrak{z}\alpha oincides$ with some $\mathfrak{C}^{i}$ .
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since $\Re$ is primary whence is $t\iota vO$-sided directly indecomposable, the $\mathfrak{R}-\Re-$

two-sided module $n\mathfrak{R}$ is also directly indeconlposable and hence is contained
in one of $u_{\sigma}\Re s$ . Comparing further the composition lengths, we have indeed
$ u\Re=u_{\sigma}\Re$ for some $\sigma\epsilon \mathfrak{G}$ . $\cdot$ In particular, we have $n_{\sigma}u_{\tau}\mathfrak{R}=\iota_{\sigma\tau}\mathfrak{R}^{28)}$ for any
automorphism $\sigma,$ $\tau$ in $\mathfrak{G}$ , because $\chi p\ell_{a}u\rightarrow(=u_{\sigma}x^{\sigma}u_{r})=u_{\sigma}\iota_{\tau X^{\sigma\tau}}$ for every $xe\mathfrak{R}$

. Combining $|this$ with the fact that (1) is right-regular with respect to $\mathfrak{R}$ if
and only $if\backslash \mathfrak{z}\sigma^{=\Re}$ or $\mathfrak{z}\circ^{=0}$

’ we can readily verify the validity .of 2).
$\iota$ Take finally any commuter $\sum_{\sigma}\iota_{\dot{\sigma}}a_{\sigma}$ of $\mathfrak{R}$ in $(\Re, \mathfrak{G})$ . Then $\sum_{o}u_{\sigma}n_{\sigma}x$

$=x\sum_{\sigma}u_{o}a_{\sigma}=_{\sigma}\sum u_{\sigma}x^{\sigma}a_{\sigma}$ whence $a_{\sigma}x=x^{\sigma}a_{\sigma}$ for. every $ xe\Re$ and $\sigma\epsilon \mathfrak{G}$ . This. implies however that the two-sided ideal $\Re a_{a}=a_{\sigma}\mathfrak{R}$ of $\Re$ is, for each $\sigma\epsilon \mathfrak{G}$ ,
operator-homomorphic to $(\Re, \sigma^{-1})$ . It follows from this, since if $\sigma\neq 1$

$\mathfrak{R}=(\Re, 1)$ and $(\Re, \sigma^{-1})$ possess as above no composition residue , class
module in common, that $a_{\sigma}=0$ unless $\sigma=1$ . Hence the commuter
$\sum_{\sigma}u_{\sigma}a_{\sigma}=u_{1}a_{1}$ belongs necessarily to the center of $\mathfrak{R}$

Now we obtain
Theorem 7. Let $\Re$ be a $(prin\cdot ar_{l}\gamma)$ uni-serial ring and $l_{t}t\mathfrak{G}=\{1,$ $\sigma$,

......: $\tau$ } be a finite.$4^{\prime ro\iota}l$ of its $automorp/\iota isms’\iota y/lOS\iota^{p}$ elemcnls satisfy tlie
condition $(^{*})a,bove$. $T/\ell en$

1) $T/les\iota 1;ri.n\mathscr{S}\mathfrak{S}\prime pt/kic1z$ beloiigs to $\mathfrak{G},$ $t//at$ is, $t1\iota esnbr\prime ng$ consisting
of all $\ell le\prime ncnts$ of $\mathfrak{R}’\iota y’\ell ick$ revlain invariant under every $antomc$)$r\mathscr{J}\iota ism$ in $\mathfrak{G}$

is $(lri\prime\prime zary)$ uni-ser:al and $t^{J}u^{\prime}o$-sided ideals $a$ of $\mathfrak{R}$ and, $lno$-sided ideals
$b$ of $\mathfrak{S}$ correspond one-lo-one by the following relation:

$\mathfrak{a}=\Re b=b\Re$ , $b=\mathfrak{a}_{\rightarrow}\mathfrak{S}$ .
Morcovcr $ev\ell ry$ left $[rig/:t]$ ideal of $\mathfrak{R}$ whiclt is $ri_{\delta^{\gamma}}1_{l}t-\lfloor/\ell ft-$] $aI/0\overline{d}$ able $’\iota vitl\iota$

respect to $\mathfrak{S}$ is necessarily a tzvo-sided ideal
2) Any $automorpi_{1}ism$ of $\mathfrak{R}$ which leaves $ invarian\oint$ every element of $\mathfrak{S}$

is in G.
3) The commuter ring of $\mathfrak{S}$ in $\Re$ coincides with tlte center of $\mathfrak{R}$ .
4) $\mathfrak{R}$ possesses a ($linea’\cdot ly$ independent) basis over $\mathfrak{S}$ and $[\Re : \mathfrak{S}]$

$=(\mathfrak{G}:1)$, at both left- and $rigJ\iota t-/land$ sides. Furtkermore $\mathfrak{R}/\iota as$ a left (or
$rig/lt)$ normal basis over $\mathfrak{S}$ , or $zvl\iota at$ is $lJze$ same, tlie regular $ r\ell presentati_{0\prime}\iota$

of $\mathfrak{G}$ is equivalent $ witJ\iota$ the $reprsntation$ of $\mathfrak{G}$ in $\mathfrak{S}’\iota v/\iota ich$ is obtained by the

28) This means the existence of regular elements $a_{\sigma,\tau}$ in the center‘ of such that $tt_{6}u_{T}$

$=n_{a\tau}a_{a.\tau}$ ; they form the so-called factorset of $(\Re, \mathfrak{G})$ . Further, it is to be noticed that $ u_{1}\Re$

coincides with $\mathfrak{R}$ . 2



$Ga[\dot{\alpha}s$ theory for uni-serial rings. 143

$\mathfrak{S}- \mathfrak{G}-(or\mathfrak{G}- \mathfrak{S}-)\gamma ppresen$tation moduJe $\mathfrak{R}$ ; If in particular $\backslash \mathfrak{G}$ is altelian,

tken every left $\lfloor rigkt|$ ’ormal $bas_{f^{S}}$ is at $t/ze$ same $time_{\backslash }$ a riglrt [left], normal
basis.

5). Any subring of $\mathfrak{R}$ zvhick contains $\mathfrak{S}$ and wlth respect to which $\mathfrak{R}$

is $rig/\iota t-$ or left-regular $bd^{\backslash }\rangle_{ong\dot{s}}$ to $a\backslash \backslash \sigma uitabte$ subgroup $\mathfrak{H}^{a’ td}$ hence $\grave{\iota}s$ (primary)
u/;i-serial.

Proof. Consider again the absolute endomorphism ring $\mathfrak{A}$ of $\Re$ and
define in it two subrings $\mathfrak{R}$ and $\Re^{\prime}$ as in the proof of Theorem 5. Looking
upon each $\sigma e\mathfrak{G}$ as an element of $\mathfrak{A}$ , we have

(2) $x^{\prime}\sigma=^{\backslash }\sigma_{-}(x^{\prime})^{\sigma}$ for every $x^{\prime}\epsilon \mathfrak{R}$
‘

and hence $\mathfrak{R}^{\prime\rightarrow}\sigma \mathfrak{R}^{r\vee\ldots..\vee}’.\tau \mathfrak{R}^{\prime}$ forms a crossed product $(\Re^{\prime}, \mathfrak{G}).\cdot$ Since
each $\sigma e\mathfrak{G}$ satisfies the condition $(^{*})$ for. $\mathfrak{R}^{\prime}$ , it follows from Theorem 6, 1)
that ( $\Re^{\prime}$ , G) is uni-serial and $indeed_{\backslash }$ ‘its two-sided ideals and two-sided
ideals of $\mathfrak{R}$

‘ correspond one-to-o,ne in the usual manner. These imply that
$\Re$ is (right-)regular and finite with respect to $(\Re^{\prime}, \mathfrak{G})$ . Now the subring
$\mathfrak{S}$ belonging to $\mathfrak{G}$ is, because of (2), nothing but the commuter ring of
( $\mathfrak{R}$ ‘, G) in $\mathfrak{A}$ : $\mathfrak{S}=.V(\mathfrak{R}^{\prime}, \mathfrak{G})$ . Hence $\mathfrak{S}$ is, according to the Theorem 3,
(primary) uni-serial and $\nabla(\mathfrak{S})=(\Re^{\prime}, \mathfrak{G})$ . Let $\mathfrak{a}^{\prime}$ be any two-sided $\cdot$ ideal of
$\mathfrak{R}^{\prime}$ . Tben $(\mathfrak{R}^{\prime}, \mathfrak{G})\mathfrak{a}^{\prime}$ forms a two.-sided ideal of $(\Re^{\prime}, \mathfrak{G})$ and there corres-
ponds, by Corollary to Theorem 2, $a^{t}$ (uniquely determined) $two- s\ddagger ded$ ideal
$b$ of $\mathfrak{S}$ such that $\mathfrak{R}b=\mathfrak{R}\cdot\Re(\mathfrak{R}^{f}, \mathfrak{G})\mathfrak{a}^{\prime}=\mathfrak{a}$ and $b=\mathfrak{a}_{\wedge}\mathfrak{S}$ ; by the left-
right $symmet\dot{r}y$ we should also have $\mathfrak{b}\mathfrak{R}=\mathfrak{a}$ . Conversely ’take any two-
sided ideal $b$ of S. $T1_{1}en$ again by Corollar.y to $T1_{1}eorem2$ there exists
a two-sided ideal which we may write according to Theorem $6^{\sim},$ $1$ ) $(\Re^{\}}, \mathfrak{G})\mathfrak{a}^{\prime}$

with a two-sided ideal $\mathfrak{a}^{\prime}$ of $\mathfrak{R}^{\prime}$ . such that $\mathfrak{R}b=\Re\cdot(\mathfrak{R}^{\prime}, \mathfrak{G})\mathfrak{a}^{\prime}=\mathfrak{a}$ . This im-
plies that Rb is a two-sided ideal of $\mathfrak{R}$ and hence $\mathfrak{R}b=b$ R. Further since
every left ideal of $(\mathfrak{R}^{\prime}, \mathfrak{G})$ which $i_{S}$ right-allowable with respect to $\mathfrak{R}^{\prime}$ is
also expressed in the form $(\mathfrak{R}^{\prime}, \mathfrak{G})\mathfrak{z}^{\prime}$ by a certain two-sidcd ideal $8^{\prime}$ of $\mathfrak{R}^{\prime}$ ,

every left ideal of $\mathfrak{R}$ which is right-allowable with respect to $\mathfrak{S}$ is, in virtue
of Theorem 2, 1), of the form $\mathfrak{R}\cdot(\mathfrak{R}^{f}, \mathfrak{G})_{8^{\prime}}=\mathfrak{z}$ and so is a two-sided ideal
of R. $T1_{1}us1$ ) is proved.

To prove 2), let $\rho$ be any $a\dot{u}tomorphism$ of $\mathfrak{R}$ under which every
element of $\mathfrak{S}$ remains invariant. Then since $x\rho=\rho x^{P}$ for every $x\epsilon \mathfrak{R}(=\subset \mathfrak{A})$ ,
$\rho$ being $eo^{t}\iota\iota sidered$ as an element of $\mathfrak{A},$

$\rho$ lies necessarily in $V(\mathfrak{S})=(\mathfrak{R}^{\prime}, \mathfrak{G})$ .
Since further $x^{\prime}\rho=t^{1}(x^{\prime})^{P}$ for every $x^{\prime}\epsilon \mathfrak{R}^{\prime}\rho satisfie\acute{s}\cdot \mathfrak{R}^{\prime}\rho=\rho \mathfrak{R}^{\prime}$ and therefore
$\rho\Re^{\prime}$ coincides, according to Theorem 6, 3), with a certain $\sigma \mathfrak{R}^{\prime}$ , that $is_{\sim}$, there
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exists an automorphism $\sigma$ in $\mathfrak{G}$ and a regular element $c^{\prime}$ in $\cdot \mathfrak{R}^{(}$ such that
$\rho=\sigma c^{\prime}$ . Then $x^{P}=\rho^{-l}x\rho=(c^{\prime})^{-1}\sigma^{-1}x\sigma c^{\prime}=(c^{\prime})^{-1}x^{\sigma}c^{\prime}=x^{\sigma}$ for every $ x(\mathfrak{R}a_{|1}d\cdot$

hence we have $(’=\sigma(\mathfrak{G}$

3) is a direct consequence of Theorem 6, 4) since 1 $\mathfrak{R}(\mathfrak{S})=\mathfrak{R}_{\wedge}\dagger/\vee(\mathfrak{S})$

$=V(\Re^{\prime})_{\wedge}(\mathfrak{R}^{\prime}, \mathfrak{G})$ and the center of $\mathfrak{R}^{\prime}$ coincides. with that of R.
That $(\Re^{\prime}, \mathfrak{G}-)$ has the linearly independent basis 1, $\sigma,$

$\ldots\ldots,$
$\tau ovcr- \mathfrak{R}^{\prime}$

implies, in virtue of Theorem 4, 2), the first half of 4); the existence of
left basis ( $of\mathfrak{R}$ over S) is a consequence of the left-right symmetry. That
implies also $(\mathfrak{R}^{\prime}, \mathfrak{G})$ is operatorrisomorphic to the n-times direct sum of
$\Re$ with respect fo the right operator-ring $\mathfrak{R}^{\prime},$ ’ being the order of $\mathfrak{G},$ alld.
therefore they are operator-isomorphic, by Corollary to Theorem 4, even .
with respect to $(\mathfrak{R}^{\prime}, \mathfrak{G})$ whence with respect to $(\mathfrak{S}^{\prime}, \mathfrak{G})$ . $O_{1}\iota_{\$}$ the other
hand, since every right-basis of $\mathfrak{R}^{\prime}$ over $\mathfrak{S}^{\prime}$ is at the same time that of
$(\mathfrak{R}^{\prime}, \mathfrak{G})$ over $(\mathfrak{S}^{f}, \mathfrak{G}),$ $(\mathfrak{R}^{\prime}, \mathfrak{G})$ is operator-isomorphic to the n-times direct
sum ,of $(\mathfrak{S}^{\prime}, \mathfrak{G})$ with respect to (the right operator-ring) $(\mathfrak{S}^{\prime}, \mathfrak{G})$ . From
these follows $b\}^{\dot{7}}$ Krull-Remak-Schmidt theorem that $\mathfrak{R}$ is, as $(\mathfrak{S}^{\prime}, \mathfrak{G})$ -right-
module, operator-isomorphic to $(\mathfrak{S}^{\prime}, \mathfrak{G})$ . Let $b$ be then the element of $\Re$

which corresponds to the unit element of $(\mathfrak{S}^{\prime}, \mathfrak{G})$ , the $gro\iota\iota p$ ring of $\mathfrak{G}$

over $\mathfrak{S}^{\prime}$ . Then $b,$ $b^{\sigma}$ , ......, $b^{\tau}$ form a desired left normal basis of $\Re$ over
$\backslash \mathfrak{S}$ . If in particular $\mathfrak{G}$ is abelian, then $\nabla(\mathfrak{S}^{\prime}, \mathfrak{G})=i^{\nearrow}(\mathfrak{S}^{\prime}),\wedge\nabla(\mathfrak{G})=(\mathfrak{R}, \mathfrak{G})_{\wedge}$

$i^{\nearrow}(\mathfrak{G})=(\mathfrak{S}, \mathfrak{G})$ and hence there exists by Lemma 3 an $(\mathfrak{S}, \mathfrak{G})$ -isomorphism
between $\mathfrak{R}$ and $(\mathfrak{S}, \mathfrak{G})$ in which $b$ corresponds to the unit. element of $(\mathfrak{S}$ ,
G), that is, $\theta,$ $\delta^{\sigma},$

$\ldots\ldots,$
$b^{\tau}$ form also a right normal basi $s$ of $\mathfrak{R}ovcr_{\backslash }$ S.

Thus 4) is proved. .
To prove 5) let $\mathfrak{T}$ be a subring of $\mathfrak{R}$ containing $\mathfrak{S}$ such that $\mathfrak{R}$ is

$r\dot{e}gula^{}r$ with $res\grave{p}$ect to it. Theorem 4 implies then that. $i^{\prime}(\mathfrak{T})$ is regular
with respect to its subring $\Re^{\prime}$ and $mo\downarrow\cdot eover\sim\nu^{7}(\nabla(\mathfrak{T}))=\mathfrak{T}$ . From the $fii^{:}st$

$statement\backslash $ follows according to Theorein 6, 2) that 1 $(\mathfrak{T})$ is, for a suitable
subgroup $\mathfrak{H}$ of $\mathfrak{G}$ , expressed as $(\mathfrak{R}^{\prime}, \mathfrak{H})$ , and so we have, $|$ from the second
statement, $\mathfrak{T}=\nabla(\mathfrak{R}^{\prime}, \mathfrak{H})$ , that is, $\mathfrak{T}$: belongs to the snbgro $n_{f)}\mathfrak{H}$ .

$Remar/$ . Meanwhile $I^{\backslash }\backslash ^{\vee}a1\backslash ^{\prime}ayama$ has $sl70\backslash vn$ that our results in this
section can be extended further to $ri_{I1_{\backslash \backslash }^{\sigma}}s$ with $mi_{l1}i_{I1}\iota m\mathfrak{n}$ condition for left
and right ideals ; this, $tl\ell e$ Galois $t/teory$ for $gp;rralf^{\prime}mgs$ , xvill shortly appear
in these journals.

Addendum. In connection with Theorem 1 we may prove the follow-
ing $theore1^{\prime}n$ the first part of which may be considered as a generalization
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of Theorem 1, 3) as’ well as Azumaya [3], Lemma 2.
Theorem 8. $Lel\mathfrak{R}$ and $\mathfrak{S}$ be two rings botk containing a $(commt\iota tative)$

-field $K$ as a subfield of their center ancl construct tlteir direct product $\mathfrak{R}\times \mathfrak{S}$

over K. Tlien
1) Under botk $tl_{l}emaximI\ell m$ and minimum $con$ litions for tzvo-sided iaeals

in $\mathfrak{R},$ $ a\prime\prime$ automorpleism of $\mathfrak{R}$ can be extended to an inner automorphism of
$\mathfrak{R}\times \mathfrak{S}1f$ and only if it is already $im\iota er$ in $\Re$ .

2) Under $tk\cdot mim4llm$ condilion for lefl $a’/d$ rigkt idcals in $\mathfrak{R}$ and $tl\ell e$

fniteness of $tJ_{l}\ell^{\prime}$ ranl [ $\mathfrak{S}:K\rfloor$ , a $t^{r}\iota vo$-sided $i\iota kal\mathfrak{a}$ of $\Re$ is both left and riglt
$pri;lcipal$ if and only if $tket_{\iota}^{r}vo$-sided ideal $\mathfrak{a}\times \mathfrak{S}$ of $\mathfrak{R}\times \mathfrak{S}$ is so.

Proof. Let $\{b_{v}\}$ be a (linearly independent) basis of $\mathfrak{S}$ over $K$. The $fp$

it forms $\backslash also$ a basis of $\mathfrak{R}\times \mathfrak{S}$ over $\mathfrak{R}$ So $\mathfrak{R}\times \mathfrak{S}$ is, as. $\mathfrak{R}-\Re- two$-sided-
module, a direct sum of submoduli $\mathfrak{R}b_{\nu}=b_{\nu}\mathfrak{R}$ operator-isomorphic to $\mathfrak{R}$

Suppose that an automorphism $\sigma$ of $\mathfrak{R}$ can be extended to an inner auto-
morphism of $\mathfrak{R}\times \mathfrak{S}$ which is induced by a regular element $n$ in $\Re\times \mathfrak{S}$ :
$u^{-J}a\iota 1=a^{\sigma}(a\epsilon \mathfrak{R}1$ Then $\mathfrak{R}\times \mathfrak{S}=(\mathfrak{R}\times \mathfrak{S})\prime u=\Sigma \mathfrak{R}\delta_{v}u$ , gives a direct $de_{Com-}$

position of $\Re\times \mathfrak{S}$ into submoduli $\mathfrak{R}b_{\nu}u$ each of which is, since $ab_{\nu}u=b_{\nu}au$

$=\delta_{\nu}ua^{\sigma}$ for every $a\epsilon \mathfrak{R}$ , operater-isomorphic to $(\mathfrak{R}, \sigma)$: Thus we have two
direct decompositions of $\mathfrak{R}\times \mathfrak{S}$ into mutually operater-isomorphic $submod\iota tli$ .
Owing to, the chain condition, $\mathfrak{R}$ can be decomposed into a direct sum of
(mutually.orthogonal whence) mutually never-operator-isomorphic directly.
indecomposable two-sided ideals. This decomposition also gives the similar
$for.(\mathfrak{R}, \sigma)$ . It follows therefore from Krull-Remak-Schmidt

‘

theorem that
$\mathfrak{R}=(\mathfrak{R}, 1)$ is operator-isomorphic to $(\Re, \sigma)$ , which means according to
Lemma 4 that $\sigma$ is inner in R.

$d$

To prove 2), assume that $\mathfrak{a}\times \mathfrak{S}$ is generated by a single element $c$ of
$\mathfrak{R}\times \mathfrak{S}$ on both left- and right-hand $sides^{20)}$ : $\mathfrak{a}\times \mathfrak{S}=(\mathfrak{R}\times \mathfrak{S})c=c(\Re\times \mathfrak{S})$ .
Then, since $l(\mathfrak{a})\times \mathfrak{S},$ $l(\mathfrak{a})$ being the left annihilator ideal of $\mathfrak{a}$ in $\Re$ , is the
left annihilator ideal of $\mathfrak{a}\times \mathfrak{S}$ , i.e. of $c$ , in $\mathfrak{R}\times^{\prime}\mathfrak{S},$ $\mathfrak{a}\times \mathfrak{S}$ is operator-isomor-
phic to $\mathfrak{R}\times \mathfrak{S}/l(\mathfrak{a}),\times \mathfrak{S}^{\wedge}=[\mathfrak{R}/l(\mathfrak{a})]\times \mathfrak{S}$ with respect to the left operator-ring
$\mathfrak{R}\times \mathfrak{S}$ whence with respect to $\mathfrak{R}$ too. Hence we have, again by Krull-.
Remak-Schmidt $theo\iota$ en) that $\mathfrak{a}$ is operator-isomorphic to $\mathfrak{R}/l(\mathfrak{a})$ with respect
to (the left operator-ring) $\mathfrak{R}$ , which implies that $\mathfrak{a}$ is left principal. Similarly
$\mathfrak{a}$ is right principal. The converse is evident.

Remark. After the $\infty mpletion$ . of the present paper, the writer found

29) Cf. Nakamaya [11], Lemma 1.
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that many of the results in the present paper as well as in the $prevlous’$ .

paper Azumaya [2] are, though in the case of simple. rings, proved in
Artin-Nesbitt-Thrall, “ Rings with minimum condition ”, Michigan Press
(1944) by making use of the notion of analytic linear functions; the an-
alytic linear functions of a simple ring $\mathfrak{R}$ are, on retaining the notations
in the proof of Theorem 5 of the present paper, nothing but the elements
in the subring $\mathfrak{R}\times \mathfrak{R}^{\prime}$ of $\mathfrak{A}$ . We no’tice here that their Theorem $\downarrow 7.aH$

can be proved in a somewhat simpler way if we observe that every subring
of $\mathfrak{R}\times \mathfrak{R}^{\prime}$ containing $\Re$

‘ is according to our Theorem 1, 2) expressed as
$\mathfrak{T}\times\Re$ ‘ by a suitable subring $\mathfrak{T}$

, between $\Re$ and $Z^{30)}$

Mathematical Institute,
Nagoya University.
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