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On the weak Topology of an infinite Product Space.
Atuo KomMmAaTu.

(Received Oct. 25, 1947.)

, 1. Introduction. We shall define a monotonic topology of a space
R as a closure operator which assigns to each. subset M of R a closure
M= R with following properties '

0=0,. MsN— M2V \

If we assume furthermore |
MUNC MU N,
then we say that the topology is additive.
In this note we define a weak monotonic topology and from it a weak
" additive topology of an infinite product space by means of the closure

operator, and show that these tOpolomes are the weakest respectively in

all allowable topolomes

2. Let R=P{R°|X} be the X={x} product space of R whose
points are p=1{2" | preR*, x¢X}. Usually the topology of R is necessarily
to satisfy the condition that the projection #*: R — R* is continuous. This
condltlon is expressed by the closure operator as follows :

m(M)ow@My—M% for any Mc< R, (L)

where the left side closure means that in R, and the right side closure in
R, | |

]

If we define . ‘
nwf=P{M*|x¢X} for any MR,

this closure determines a monotanic topology of R, for it follows that
MoN — MFSN* — JEDN* — P{M?| X} DP{N*| X }.
Clearly this topology mM is the weakest in all topolomcs of R satisfy-

Cing (1).
3. 'We shall define now the ‘weakest additive topology ot R. Let a#

be a finite subdivision of M (< R), "
S / 3 M=—'M1U ...... Uﬂ/[n(u.))



!
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~and let 9N ={p} be the set of all finite coverings of M.
If we take as a new closure M of M the set

m—

M= 0 (MU ...... U M),
Mm

.

then the topology given by the :closure M is weaker than any additive
“M of R. For an additive topology is monotonic, therefore clearly

M

'AMCM’

also for any peiIit )
M=My ... U Moy © M, U 1

....... U Mpy, ie. M M
We prove next the additivity of A

- Let a binary covering of M be M—AUB and the -sets of all finite
coverings of 4, B repectively =

are from definition

={a}, B=1{B}, then the closure 4 and B
.:47:{;[(141 U U ),

7)11—"

B= n§B (Bl U...... U Bn((f)):

and
. ~ n(a) n— n(3) m-—
; Ay B= n(uA,uuBf)
’ . QI % =1

Any two elements « and B determine a finite covering #;M=A1U

o Udnw U By U U Bug of M, but all pairs (¢, f) form a subset of
M. Hence it follows‘ | .

- Au B> 2)
Conversely we reduce from a covermg p of M to a pair of coverings «
and B respectively of A and 7 such that

CM=U M, A=U (M; N A =v 4, B=u (M; N B)=U B.
From monotonic property

m— m—

UM,Dud uu B, oAdu B,
n(w)

it follows that .
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N(UM)=M>A4U B 3)
m =»w)

From (2) and (3) M=AuB for every binary covering M=A U 5.

The continuity of the projection 7 of R with the topology M on R
is clear from the fact -

(i) < n?('}}) = 17~
4. We shall now consider the bases of neighborhood systems of these

weakest topologies. -
Let U® be a nexcrhborhood of a point p° ia R* and U denote the
complement of U® in R*, then the subset

\ ,
U=U"><P’ {RY|ye X—x} “4)

"is a neighborhood of a point p whose - (.001d1nate is ﬂ”(p) p for

U'=U"x P {RY |yeX—x} = U"x PR} and U" § p* reduge to U’*p
When x and {/” rnn respectively through all elements of X and all neigh-
borhoods U7 of p7 then the system {{/} defined by (4) is a neighborhood
system of p'of R in the monotenic topology.

For let V be a neighborhood of the point p. This means 17\'} "} p, ie.
P{N""|xeX}§p. Therefore for some x

N,Z * pz’

L

also NV'* is a neighborhood U* of p* in R*, ie. N'*= Uz' - Clearly from -

N'© PIN" X} cU”xP{R|X—x}=U" the formula V> U holds.
Hence N must be included in the neighborhood system {U }.

Next. we consider the system of neighborhoods of the weakest additive

e

topology M which is- stronger than the monotonic topology #. A neigh-
borhood U= U"xP’ {R¥|yeX—x} of p={p°} in the topology M therefore

must be a neighborhood of .p in the additive topology M If U,, U, are
two neighborhoods of p thus defined, then from the additive, property of
the topology, &y N U, must be again a neighborhood of 77 Hence the set
of all the neighborhoods of p

Ui=UD <P {RY Iy(-X-—x(z) b,

un.... N U, (n: finite) : { . ()
. T § poo I

\
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gives an ‘additive topology, also the weakest additive. We conclude there-

m—

fore ‘that the neighborhoods U ={/"xP'{RY} in M arg‘a subbase of the
neighborhood system in M. If the-topologies of R* are all additive, then
the usual weak topology defined by means of neighborhoods is equivalent
to the weakest additive topology A
But when the topology of R* is ‘only monotonic, and not additive, then

the set of subsets ' o

U=UxP{R| X—x()}

U, N...... NU,: {T:§po
2(@) £ x(), i i

does not form a neighborhood system of p in M. For in the formula )
when x(1) =x(2) ==,

(Usx P{R}) N(Usx P{R}) =(U5 0 U%) x P{R},
« IS Vg |
is surely a neighborhood of 2, ie.
' :/’_\._—/
(N U xP{R} }p.

But UF N U% is not necessarily a neighbbrhobd of f" in R- /For
example, consider two spaces R', R’ defined as follows:

R'={a, 8, c}. —
topology : a=6, é=a, c=c, aUb=aUé, 6Uc=aUc,
aUc=aUbUc, aUbUc=aUbUec.

R?=segment 7 (0 < #=< 1) with the usual topology of real numbers.
In R' the neighborhoods of @ are 4U«¢, aUb, aubUe¢, and in R=R"'x R?
+ two subsets (aU8) x/, (6Uc)x [ are neighborhoods of a point p=(ax?)
in the weakest additive topology. Hence the meet ((&U&) x7) U (6Uc)
xI)=(6x7) is a neighborhood of p. But & is never a neighborhood of
a in R, : ) ‘ -
A final remark. Let X be a partially ordered set, and suppose that
if and only if # > », a continuous mapping f;, of R in Rv exists, where
{foy} satisfies the transitive law. "Then an infinite product Pr {R*} with
" rélations is a space of points -~ ‘ -
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={flxeX ), 2>y f,(p9) ="
Then the weak additive topology of P.{R*} is defined by means of relative
topology, for P{R*| X} is a subset of P{R*|X}. This topology, for
instance, agrees with-the one of the projections nets of a compact metric
space in the sence of Mr. H. Freudenthal.

Mathematical Institute,
Osaka Umver51ty



	On the weak Topology of ...
	1. Introduction.
	2.
	3.
	4.


