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On the differentiability and the representation of
one-parameter semi-group of linear operators.
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1. The theorems. Let $\{U_{\ell}\}|$ $0\leqq t<\infty,$ be a one-parameter semi-
group of linear ( $=ad\dot{d}$ itive, continuous) operators from a complex Banach
space $E$ to $\Gamma_{d}^{\gamma}$ :

$tU_{t}U_{s}=U_{t+\delta}\cdot,$ $U_{o}=I$ ( $=the$ identity operator), $(1 \cdot 1)$

such that

$su_{f)}t\Vert U_{t}\Vert<1=$ ’ $(1 \cdot 2)$

$\lim_{t\rightarrow t_{O}}C^{\gamma_{t}}x=U_{t_{O}}x$
($\lim=strong$ limit), $\dot{0}\leqq t_{o}<\infty,$ $x\epsilon E$. $(1 \cdot 3)$

The purpose of the present note is to prove the following two theoremsl).

$\mathcal{I}/\iota\ell or_{l}’ m$ I. If $’\iota vcdeno;_{)}te$ by $Dt/l\mathcal{E}$ totality of $\chi$ for $’\angle v^{l_{l}}ic_{J}^{r_{l}}$

$w\ell af_{\nu}^{7}h_{l1l}/l^{-1}(U_{h}-I)x=Ax$ $(1 \cdot 4)$

$h+0$
$\{$

$ex\iota sts$ , elzen $D$ is $di’ nse$ in E. $1VIorl$ over $A$ is a clos$ed$ additive operator from
$-$

$D$ to $E\prime z\iota\prime it/\iota t/lel^{r/J}l^{erti\ell s:}$

for a$nyx\epsilon D,$ $l_{h\rightarrow 0}in\iota/\iota^{-1}(U_{t+h}-U_{t})x=AU_{t}x=U_{\ell}Ax$ , $(1 \cdot 5)$

$t/\iota ere$ exists a $sc’ qupnce\{I_{n}\}$ of linear operators cack $co$mmutative
with $e\ell/\ell ryU_{t}$ and A suelt $tl\iota at$ i) the range $R(I_{n})=\{I_{n}x$ ;
$x\epsilon E\}=\subset D,$ $AI_{n}=n(I_{n}-I)$ , ii) $\Vert I_{n}\Vert\leqq 1,$

$\lim_{n\rightarrow\infty}I_{n}x=x,$
$iii$) $U_{\ell}x$

$=\lim_{n\rightarrow\infty}exl(tAI_{n})x=\lim_{n\rightarrow\infty}\sum_{m=0}^{\infty}(m!)^{-1}(tAI_{n})^{m}x^{\prime}umform[\parallel for$ $t$ in

any finite interval 2)
$(1 \cdot 6)$

$||(A-nI)x\Vert\geq n\Vert x||(n=1,2^{1}$ , ...... $)$ for $\chi\epsilon D$ and the $ra\tilde{n}_{\delta^{0}}e$

$R(A-nI)$ coinsides $w$itlt $B(n=1,2$ , ...... $)$ , $(1 \cdot 7)$

let, by $(1 \cdot 7),$ $y$. be the unique solution of $(A-nI)y_{n}=y(n=1$ ,
2, ......), tlten

$\lim_{n\rightarrow,\infty}A(-ny_{n})=\lim_{n\rightarrow\infty}(-n(y+ny_{n}))=A\parallel for$
$ye$D.

$(1 \cdot 8)$

$T/leorcm2$ . Let, coizversely, $A$ be an addilive operator from a dense
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$lir\iota ear$. subset $D$ of $E$ to $ Esuc/\iota$ tfmt $(1 \cdot 7)$ and $(1 \cdot S)$ are satisfied. $f^{\prime}/l\mathcal{E}l$

there exists a $oJ9-t^{arameter}$ scmi-group $U_{\ell}w/tic/lsatisJic^{J}s(1\cdot 1)-(1\cdot 3)$ and
(1 $\cdot$ 5).

We hav\‘e, thus, a characterisation of the differential quotient $A$ of the
one-parameter semi-group of linear operators. I’his may be applied to an
operator-theoretical treatment of temporally homogeneous stochastic process3).
As an application of the theorem 1, we give a new proof of Stone’s theorem4)

(see 4 below).
2. Proof of the theorem 1. $T/ledi\grave{f}erentia\delta ihty$ . We may define the

integral

$C_{\varphi}\cdot x=\int_{0^{\infty}}\varphi(s)U_{s}xds$ (2 $\cdot$ 1)

for complex-valued continuous function $\varphi(s)$ following after S. Bochner, G.
Birkhoff, I. Gelfand, B. J. Pettis and other authors5). Let $\varphi(s)$ satisfy

$\lim_{h\downarrow 0}\int_{/}^{\infty_{l}}|\frac{\varphi(s-/l)-\varphi(s)}{h}+\varphi(s)|ds=0$ . $\backslash (2\cdot 2)$

We have, by $(1 \cdot 1)$

$\frac{1}{h}(U_{h}-I)C_{\varphi}x=\frac{1}{h}\int_{0^{\infty}}\varphi(s)\Gamma\nearrow_{h}U_{\epsilon}xds-\frac{1}{h}\int_{0}^{\infty}\varphi(s)U_{s}xds$

$=\int_{h}^{\infty}\frac{\varphi(s-I_{l})-\varphi}{/l}(s\underline{)}U_{\theta}xds-\frac{1}{h}\int_{0}^{h}\varphi(s)U_{\epsilon}xds$ .2

Thus, by $(\overline{2}\cdot 2)$ and $\mathcal{E}^{\gamma_{0}}=I$,

$\lim_{h\downarrow.0}\frac{1}{/l}(CI_{h}-I)C_{\varphi}x$ exists and $=C_{-\varphi},$ $.x-\varphi(0)x.$ . (2.3)

Such $C_{\varphi}x$ is dense in za since for any $\delta>0$

$\varphi_{\delta}(s)=\delta e_{\wedge}^{\tau}<p$ (-\‘os) $(2_{P}4)$

satisfies $(2\cdot 2)$ and moreover, for any $x\epsilon E,\lim_{\delta>\infty}C_{\varphi_{\delta}}\cdot x=x$.
We have, by $(1 \cdot 4)$ , for $x\epsilon D$ , $d$

weak $\lim\frac{1}{h}(U_{h}-I)^{r}\nearrow_{t}x=weak\lim_{hh^{\tau}\downarrow 0\star 0}\frac{1}{h}(U_{\ell+h}-U_{\ell})x$

$=C_{t}/^{\vee}\cdot\backslash veak\lim_{r^{}\nu 0}\frac{1}{h}(U_{i}\iota-I)x$ .
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IJence $U_{t}\cdot D^{C_{\vee}}D=$ and $A\Gamma^{f_{t}}x=U_{\ell}Ax$ for any $x\epsilon D_{/}viz.$ $A$ is commutative
with every $U_{t}$ , and

$\{_{=A\Gamma\nearrow x^{1}=\Gamma/Ax^{\vee}foranyx\epsilon D^{\vdash}}^{therig1tw_{r}ea1_{\backslash }derivativeD.\Gamma I_{t}x}\ell t$

ex $i^{sts}$ and
$($2 $\cdot$ $r_{)})$

Hence, $by^{1}$ the continuity $(1 \cdot 3)$ we $1\iota ave$ , for any $f\epsilon E^{*}(=the$ conjugate
space of $E$)

$f(C^{\gamma_{\ell^{\lambda}}}\cdot)-f(x)=\int_{0}^{\ell}D^{+}f(fI_{s}x^{\prime})ds=\int_{(}^{t_{)}}f((\Gamma_{\$}A_{\lambda}\cdot)ds=f(\int_{()}^{t}C^{\gamma_{S}}Axd_{\not\in})$

and therefore

[ $\nearrow_{t^{\chi}}--x\cdot=\int_{0}^{\ell}(/^{\tau_{S}}Ax^{\prime}c/s$ for $x\epsilon D$ . $(2 \cdot 6)$

Thus we have the strong differentiability $(1 \cdot’))$ .
The rlosedness of $A$ . Let $x_{n}\epsilon.D$ $(n=1,2$ , ...... $)$ and let $\lim_{n->\infty}x_{n}=x$,

$\lim_{n\rightarrow\infty}Ax_{n}=z$. Then, by $(2 \cdot 6)$ ,

$U_{\ell}x-x=\int_{0}^{\ell}p\nearrow_{\epsilon}\approx ds$ . $\cdot$

)

$T/\iota ere\nearrow^{\prime p}s\prime ntatin(1\cdot 6)$ . Put

$I_{n}=C\varphi_{n}$ $(Fl=1,2$ , ...... $)$ , $(2 \cdot 7)$

$t1_{1}en$ , by $(2\cdot 3)$ and $(2 \cdot 4),$ $i$ ) and ii) are surely satisfied. In fact, we have
by $(1\cdot 2)$ and $(2\cdot 4)$

$\Vert I_{n}\Vert\leqq\int_{0}^{\infty}n\exp(-ns)ds=1$ . $(^{\iota}2\cdot\grave{8})$

Thus, since
$AI_{n}=\prime l(I_{n}-I)_{-}$ $(2\cdot 9)$

by $(2 \cdot 3)$ , we have

$\exp(tAI_{n})=_{m^{\underline{\infty_{1_{1}}}m}}\supset_{<0}-\frac{(tAI_{n})}{\prime\prime\iota!}\simeq-\exp(tn(I_{l}-I)),$ $ 0\leqq t<\infty$ . $(^{\underline{\backslash 7}}\cdot 10)$

Thus

$\Vert\exp(tAI_{n})\Vert=\Vert e\backslash p(tnI_{n})ex_{I)}(-t;/1)\Vert\leq\exp(tn)e4\backslash \iota)(-t/t)=1$ . $(2\cdot 11)$

Since $AI$. is commutative with each $U_{t}$ , we have, for $x\cdot\epsilon D$ ,
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$\Vert U_{\ell}x-e\lambda\})(tAl_{n})’\iota^{\prime 1}|=\Vert\int_{(1}^{t}\frac{d}{ds}(’(e\wedge\backslash p(t-s)A\Gamma_{n})\Gamma/^{r}\mu^{-})ds|^{i}$

$=.\Vert\int_{1\downarrow(c_{1)}^{\tau_{\backslash }}}^{t}\cdot(t-s)Af_{Jl})l^{\tau_{?}}/(A-Af_{n})’\iota_{l}fs\Vert$

$\leqq\int_{tJ}^{\ell}\Vert(A-\Lambda_{-}f_{\iota})x||d_{\sim}\backslash \backslash $
[) $\backslash ^{\prime}(1\cdot\underline{)})$ and (2 $\cdot$ 11)

$=r|^{(}(A-Af_{n})x\Vert$ . $(2 \cdot 12)$

$1l^{\gamma}e$ have
$Af_{\iota}=I_{n}Ax$ for $\iota\cdot\iota D$ , $(2 \cdot 13)$

for $A$ is a $C[\cap\sigma_{ied}0_{1}$ ) $eratorcomru\iota\iota t’\iota tive$ with each $T^{\gamma_{t}}$ . Tlms, $b\}^{\prime}X2\cdot 12$ ),

$\Vert^{\zeta^{\sim}},x^{\prime}-c\backslash 1^{J}(tA\Gamma_{z},)x\Vert\leq t\Vert(I_{-}-I_{l})Ax\Vert$ for $A^{\cdot}1$ D. ( $\cdot$ I4)

Since $r_{t}^{r}$ and $ex_{1}$) $(tAf_{ll})$ are both of norm $\leqq 1$ , we have iii) by the fact
that $D$ is dense in $E$.

$ T/t\ell$ proof of $(1 \cdot 7)$ . Wc first show that $R(A-;/I)$ is dense in $E$. If
otherwi.$\circ.e$ , there exists $f^{p_{\rightarrow}^{\backslash }:}\epsilon\triangleright,$ $f\neq 0$ , such that $f(Ax-nx)=0$ on $D$ . Thus,
by $l^{\Gamma_{\ell}}D_{-}\subset D--$ we have $f(Ar_{t}^{r}x)=’/f(U_{t}x)$ and hence

$\backslash \frac{cf}{\iota/\prime\prime}f(l_{p})^{\sim}x)=l/f(U_{t}x)$ .

Therefore, by $f(I^{\tau_{()}}x)=f\langle\prime x$), $11^{r}e$ obtain $ f(U_{p}x^{\prime})=f(x)e\lambda$ }) $(\cdot ni)$ . This is a
contradiction. Proof. By $f=|-- 0$ and by the fact $D$ is densc in $Et1^{\backslash }\iota ere$

$c\nwarrow ist_{5}x\epsilon D$ snch that $ f(x)--\vdash- r\rangle$ . Then $f(x)e_{-}\backslash 1)(nt)$ , is $|m\iota bonndccl$ in 1

when $t\rightarrow\infty,$ $cont1^{\cdot}ar\}^{\prime}$ to $|f(lf_{t}x)|\leqq\Vert f\Vert\cdot\Vert l/^{r}t\Vert\cdot|_{J}^{1}x\Vert\leqq\Vert f\Vert\cdot\Vert x\Vert$ . Next we
show that

$\Vert(A-\gamma fI)x\cdot\Vert\geq n\Vert x\Vert$ for $x\epsilon D$ .
As.sume $tlle$ contrary and let $\Vert(A-nI)x|_{1}^{\int}=a<$ ’ for a certain $x\epsilon D$ with
$\Vert x^{\prime}\Vert=1$ . Let $f\epsilon A^{\dagger}\backslash $

, be $\sigma$ uch that $f(x)=1,$ $\Vert f\Vert=1$ . Then, by

$\frac{d}{dt}f_{t}^{r}x=l/^{r_{\ell}}Ax=Jl[\Gamma_{t}\chi+C_{t}^{r}(A-\prime\prime I)x$ ,

we obtain

$\left\{\begin{array}{l}t[\gamma^{\varphi(t)\varphi(t)+f^{\prime}}/l=\prime 1\prime(t), \backslash vhere\\\varphi(t)=f(U_{1}x), f^{\prime_{|(t)=f(U_{t}(AI)x)}}-\cdot l.\end{array}\right.$
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Since $\varphi(0)=1\tau\iota^{r}e$ have

$\varphi(t)=ex[\tau(7lr)(\int_{t^{\ell}},e\kappa_{I)}(-J/t)\}^{\prime}(t)(t^{7}t+1)$

and $1\iota e_{\backslash }nce$ , by $|t^{;,(J)}--\leqq\rfloor|f\Vert\cdot\Vert(_{\ell}^{\gamma\{}||\cdot||(A-nI)x\Vert\leqq a$ ,

$|\varphi(t)|=>ex_{1)}(nt)(1-l\gamma n^{-} (1-ex_{1^{y}}(-nt)))$ .

Thus $\varphi(t)$ is unbounded in $t$ when $t\rightarrow\infty,$ $co^{\backslash }n_{\wedge}trar_{J^{r}}$ to $|\varphi(t)|\leqq\Vert f|_{1}^{1}\cdot\Vert[/^{7}\ell||$

. $\Vert_{X1}^{- 1}|\leqq 1$ . Therefore, for any $\gamma’\epsilon\Gamma_{\lrcorner}^{\prec}$, there exists a sequence { $\chi_{/}^{f}t|_{--}\underline{\subset}D$ such
that $\lim_{/\rightarrow\infty}(A-nI)X_{h,}=2^{\prime}$ . Because of $|_{1}^{1}(A-nI)(\chi_{h}-t_{t}^{\prime},)\Vert\geq’||x_{h}-\iota_{k}\Vert,$ $\{x_{/\iota}\}$

is a Cauclry sequence. Let $\lim_{h\rightarrow\infty}x_{h}^{-}=x$ , then $ 1_{h\rightarrow\infty}in\iota(\Lambda-nf),\iota_{h}^{\prime}=_{J}\tau$
’ and by the.

closedness of $A$ we have $y=(\Lambda-nI)x$ .
$T/\iota e/)^{\prime}oof$ of $(1 \cdot S)$ . $l1^{r}e$ have, by $(_{\sim^{)}}\cdot 9),$ $Af_{7\vee^{t^{\prime}-J1}}I_{7i}y=-\prime\prime f^{\prime}$ and hence

$-71t_{n}^{\prime}=I_{\theta^{\prime}}$ . $(2\cdot 1^{r_{)}})$

Thus $(1 \cdot 6)$ and $(2\cdot 13)$ imply $(1 \cdot S)$ .
3. Proof of the theorem 2. ] $;_{y}(1\cdot 7)$ , the operator $J_{n}$ defined by

$J_{n}y=-n)_{n}^{\prime}$ $(;=1.2$ , ...... $)$ (3.1)
satisfies

$\Vert/n\Vert\leqq 1$ .
$\sim$

$(3\cdot 2)$

Since
$AJ,A(-Jlj_{\tilde{n}}^{\prime})=-7lA)_{n}=-Jl(2^{\prime}+;/)_{n}^{\prime})=rl(J. -I)_{J^{\prime}}$ , (3 $\cdot$ 3)

we have, by, $(3 \cdot 2)$ ,

$\Vert$ ext $(tAJ_{n})l^{\prime}\Vert=\Vert\exp(;JtJ_{n})$ ext $(-\nu tI)y\backslash \Vert\leqq ex_{1)}(7ll)e_{-}\backslash \iota)(-\prime rt)\cdot\Vert y\Vert$ ,

hence the linear operator defined $b\backslash y$

$U_{t^{(7t)}}=\exp(tAJ_{l})$ $(^{o_{J}}\cdot 4)$

satisfies
/.

$||U_{\ell^{(n)}}\uparrow|\leqq 1^{\cdot}$ , $($

$(3\cdot\prime 5)$

$C^{\tau}\ell^{(\eta)}x-x=\int_{0}^{\ell}C_{\tau^{(n\rangle}}^{\Gamma_{\backslash }}AJ,.xds$ , $(3\cdot 6)$

$1i\iota n_{)}\rightarrow\{h^{-Y}(\mathcal{E}_{\ell^{(n)}}/^{\gamma}\{h-l_{\ell^{(?l)}}^{r})x\cdot=U_{t}^{(n)}AJ_{n}x$ . $(3\cdot 7)$

We have
$J_{l}J_{J’ l}=J_{l}\nearrow n$

’
$(3 \cdot 8)$
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for, by (3 $\cdot$ 1),
$J_{n}=-ll^{-\uparrow(A-r\iota\Gamma)^{-1}}$ . $(3\cdot 9)$

1

Thus $AJ_{n}$ is commutative with $U_{t^{(m)}}$ and hence

$\Vert(T_{t^{(nr)}}^{*}-U_{t^{\langle n)}})x\Vert=|||\int_{0}^{t}\frac{d}{ds}((\exp(t-s)AJ_{n})U_{R}^{(\dot{m})}x)ds\backslash \Vert$

$l$

$=\Vert\int_{0}^{t}(\exp(t-s)\Lambda.I_{n})U_{s^{(m)}}(AJ_{m}-A\gamma_{n})x\ell k\Vert$

$=\int_{0}^{\ell}\Vert(AJ_{u}-AJ_{n})x||ds$ by (3 $\cdot$ 5) and $(3 \cdot 7)$

$=\gamma\Vert(AJ_{m}-AJ_{n})x\Vert$ .
$T]_{1}erefore$ , by $(1 \cdot S)$ ,

$\zeta/^{\tau_{d^{\prime=\lim_{n\rightarrow\infty}}}}p_{/}^{\tau,J}(n)$
$(y\epsilon D)$

$(3\cdot!^{\sim}0)$

exists uniformly for $t$ in any finite interval. Since $D$ is dense in $E$ and

since we have $(3 \cdot r))^{\prime}$ we see that the limit $U_{\iota^{(n)}}$ exists for all $y\epsilon E$ and that
$U_{t}$ satisfies $(1 \cdot 1)-(1\cdot 3)$ . Hence, by letting $ n\rightarrow\infty$ in $(3 \cdot 6)$ , we obtain

$U_{t}y_{l}-t^{\prime}=\int_{1}^{\ell_{)}}C/^{\tau}A_{J^{\prime}}ds*’ J^{\prime cD}$ . $(3\cdot 11)$

4. Stone’s theorem. If $E$ is a I-Iilbert space and if $T_{t}^{r}$ is, for any $t\geqq 0$ ,

a unitary operator, then $H=-iA(i=\sqrt{-}I)$ is self-adjoint and

$\backslash $

$c^{\gamma_{\ell}}=\int_{-\infty}^{\infty}\exp(i\grave{A}t)d\Gamma_{d}(\lambda)$ , where $H=\int_{-\infty}^{\infty}\lambda d\Gamma_{\lrcorner}(\lambda)$ . (4 $\cdot$ 1)

This theorem due to M. II. Stone may be obtained as follows6). I $ntC_{-\ell}^{r}$

$=l/_{t^{-1}}=U_{t^{*}}$ for $t\geq 0$ , then $\{i/_{t}^{7}\},$ $-\circ 6<t<\infty$ , is a one-parameter group
of unitary operators strongly continuous. in $t$. Thus it is easy to $sec$ , by

$\sim$

$(1 \cdot r))$ ,

$\frac{dU_{\ell}x}{dt}=iHU_{t}=iU_{t}Hx$ for $x\epsilon D,$ $-\infty<t,$ $<c\circ$ . $(1 \cdot 5)^{\prime}$

Hence, if $x,$ $y\epsilon D$ ,

$(I;_{X,j^{\prime}})=\frac{1}{i}(-\frac{d}{[}c’(\zeta\Gamma_{t}\chi, \int^{\prime}))_{t-}-0=\div(\frac{d}{dt}(x, U_{-t}y))_{t=(},=(x, Hy),$ $(4\cdot 2)$

which shows $t1_{1}atH$ is a $s$} $\acute{0}metric$ operator. 1Ve $I^{t}roved$ in 2 that

$R(H+iI)=E((1\cdot 7))$ by letting $ t\rightarrow\infty$ . I.etting $ t\rightarrow--\infty$ , similar argu-
ment shows that $R(ff-iI)=E$ also. Therefore the Cayley transform of
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$H$ is unitary and hence $H$ is self-adjoint. Let $H=\int_{-\infty}^{\infty}\lambda^{\backslash }dE(\lambda)$ be its spectral

resolution, then, as in $(3 \cdot 9),$ $I_{\iota}=(I-n^{-1}A)^{-\iota}$ and hence

$AI_{n}=n(I_{n}-I)=|/l((I-in^{-1}H)^{-1}-I)=\int_{-\infty}^{\infty}7l((1-i\lambda u^{-1})^{-1}-1)d^{\prime}E(\lambda)$

$=\int_{-}^{\infty}i_{8}\lambda(1-il_{1\prime}\ell^{-1})\rightarrow 1dE(\lambda)$ .

Hence

$U_{\ell}x=\lim_{n\rightarrow\infty}exp.(tAI_{n})x=1in1\int_{-\infty}^{\infty}\backslash ^{n\rightarrow\infty}\exp(ti\lambda(1-i\lambda n^{-1})^{-1})\iota tE(\lambda)x$

$=\int_{-\infty}^{\infty}cxp(iJ_{\backslash }t)clE(\lambda)x$ .

$Mathen\iota at_{!}ca1$ Institute,
Nagoya University.
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