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Abstract. We discuss a polynomial approximation on R with a weight w in F(C 24
(see Section 2). The de la Vallée Poussin mean v, (f) of an absolutely continuous function
f is not only a good approximation polynomial of f, but also its derivatives give an approx-
imation for the derivative f’. More precisely, for I < p < oo, we have lim,— o ||(f —
v (wllzp gy = 0and limy— o0 [|(f" = va(f)wllLr ) = 0 whenever f”w € LP(R).

1. Introduction. LetR = (—o00, co). We consider an exponential weight

w(x) = exp(—=Q(x))

on R, where Q is an even and nonnegative function on R. Throughout this paper we always
assume that w belongs to a relevant class F(C2+). A function 7 = T, defined by
/
(1.1) Ty = 22
Q)
is very important. We call w a Freud-type weight if T is bounded, and otherwise, w is called
an Erdos-type weight.

For x > 0, the Mhaskar-Rakhmanov-Saff number (MRS number) a, = a,(w) of w =
exp(— Q) is defined by a positive root of the equation

3/1 axuQ'(axu)
0

7 Jo (A—u)i2

x#0

(1.2) X = du .

When w = exp(—Q) € F(C*+), Q' is positive and increasing on (0, 00), so that
(1.3) lim a; = 0o and lim X =0
X— 00 xX—>00 X

hold. Note that those convergences are all monotonically.
For 1 < p < oo, we denote by L?(R) the usual L? space on R. For fw € L?(R) and
n € N, the degree of weighted polynomial approximation £, , (w; f) is defined by

(1.4) Epn(w; f) = Piggn I(f = Pwllrrm) .
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where P, is the class of all polynomials of degree not more than #. It is known that when
w € F(C?*+), then
(1.5) lim E,,(w; f) =0
n—o0

for every fw € LP(R) (if p = oo we further assume that fw € Co(R), i.e., it is continuous
and vanishes at infty) (e.g., [4, Theorems 1.4 and 1.6]). Moreover, we can find a constant
C > 1 such that

(1.6) Epn(w; f) < c“n—"E,,,n_l(w; 1)

holds whenever f is absolutely continuous and f'w € LP(R)(see [6, Theorem 1]).
In [1, Corollary 14], we proved that if w € F(C?+) satisfies

0 \2/3
(1.7) T(an) < Ci (-)
an
with some constant C; > 1, then there exits a constant C > 1 such that
(1.8) ICf = va(Owlir@ < CTY* @) Epn(w; f)
holds for every fw € L”(R), here v, (f) is the de la Vallée Poussin mean of f. Note that if
/
COl_ ¢ (x> 1)
0*(x)

holds for some 0 < A < 2 and C > 1, then (1.7) holds (see [7, Remark 16]).
In the present paper, we discuss a derivative version of (1.8). The following theorem is
established.

THEOREM 1.1. Let w € F(C?+) satisfy (1.7). Then there exists a constant C > 1
such that for every 1 < p < 00, n € N and every absolutely continuous function f,

(1.9) I = vn (A wllr@y < CTY*(@n) Ep 1 (w; f1)
holds whenever f'w € LP (R).
By (1.3), (1.6) and (1.7), we see

5/6
T4 @) Epnw: ) = € (2) Epui i f) = 00— 00)
n
whenever f'w € L?(R), and similarly
1/2

lim T34@n) Epi (i 1) < lim € (%) Epuoaus 1) =0

n—00 n—o00o n
whenever f”w € LP(R). Hence Theorem 1.1 means that if f”w € L?(R), then the de la
Vallée Poussin mean of f is not only a good approximation polynomial for f, but also its
derivatives give an approximation for the derivative f’. Note also that if w is Freud-type, then
(1.7) is always true and
(1.10) I = v (D) YwllLr ey < CEpn—1(w; f7)

holds. Theorem 1.1 is derived from the following estimate.
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THEOREM 1.2. Let w € F(C?+) be Erdos-type and assume (1.7). Then there exists
a constant C > 1 such that for every absolutely continuous function f with f'w € L? (R), if
I(f — P)wlrrwr) < & holds forn e N, P € P, and ¢ > 0, then

(1.11) ICf = PHwlir@) < C <T3/4(an)Ep,n(w; i+ fT”%a@s)

n

also holds.

H. N. Mhaskar discussed the above assertion for Freud-type weight ([5, Chapter 4]). Our
proof is also done along his methods, however analyses for Erdos-type weights are necessary.
The Favard type inequality (1.6) plays an important role in our argument, which was shown
in our previous paper [6].

This paper is organized as follows. In Section 2, we give the definition of class F(C>+)
and recall some notations. Basic facts for MRS numbers are also provided. In Section 3, we
prepare some propositions, which we use in the proof of our theorem. The main result (1.11)
of this paper is shown in Section 4. Theorem 1.1 is its corollary. An estimate of higher order
derivative is also discussed here.

Throughout this paper, C denote a positive constant which is independent of p, n, f
and P. The value C is not necessary the same at each occurrence; it may vary within a
line. For nonnegative functions f and ¢ on a subset I C R, we write f(x) ~ g(x) for [ if
C~'g(x) < f(x) < Cg(x) holds for all x € I. Similarly, for two positive sequences {en}n,
and {d,}° |, we write ¢, ~ d, if C"'¢c, < d, < Cc, holds for all n.

2. Preliminary Results. We say that an exponential weight w = exp(— Q) belongs
to class F(C24), when 0 : R — [0, c0) is a continuous and even function and satisfies the
following conditions:

(a) Q'(x) is continuous in R and Q(0) = 0.
(b) Q" (x) exists and is positive in R \ {0}.
(¢) lim Q(x) = oo.

X—>00
(d) The function

20
Q2.1 T(x) = oo £0

is quasi-increasing in (0, co)(i.e., there exists C > 1 such that 7 (x) < CT(y) whenever
0 < x < y), and there exists A € R such that

Tx)>A>1, x eR\{0}.

(e) There exists C > 1 such that
" /
0" (x) - CIQ (X)|7
[Q'(x)] o(x)
and also there exist a compact subinterval J (> 0) of R, and C > 1 such that
Q') _ 1)
Q') ~ Q)

ae.x € R

ae.x e R\ J.
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A typical example of Freud-type weight is w(x) = exp(—|x|%) with @ > 1. Foru >
0, « >0withae +u >1and! € N, we set

Q(x) := |x|"(exp;(|x|*) — exp;(0)),
where
exp;(x) := exp(exp(exp(: - - (expx))))(l — times) .

Then w(x) := exp(—Q(x)) is an Erdos-type weight, which satisfies (1.7).
Let {a;} be MRS numbers for w € F(C>+). We use the following estimate frequently
(cf. [3, Lemma 3.5 (3.27), (3.28)]).

LEMMA 2.1. Fort > 0,

2.2) a ~ a
and
(2.3) T(ax) ~ T(ar).

Next we recall the de la Vallée Poussin mean v, (f) of a function f with fw € LP(R).
Let {p,} be orthogonal polynomials for a weight w € F(C 21), that is, Pn 1s the polynomial
of degree n such that

/ P () P OW (X)X = Sy -
R

We set
n—1

2.4) sn(f)(x) = Zbk(f)])k(x) where bi(f) := /R @ prw?(n)dt
k=0

for n € N (the partial sum of Fourier series). Then v, (f) is given by
2n

1
(2.5) ()=~ D7 s (H).

j=n+1
We see the following lemma by a direct computation.

LEMMA 2.2. Forevery P € P, and f € LP(R), we have

(2.6) v (P)(x) = P(x)
and
2.7 /R(f(t) —u (O POw(t)dt = 0.

3. Propositions. In this section we prove some propositions which need in next sec-
tion. Let w € F(C?>4+) and 1 < p < co. We use ¢ as the conjugate exponent to p, that is,
1/p+1/g = 1holds, and if p = cotheng = 1 and p = 1 then g = oco.

The first proposition may be known for 1 < p < oo (cf. [5, Appendix A.1.1]), however
we give a proof for 1 < p < oo, for the sake of completeness.
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PROPOSITION 3.1. Let fw € LP(R), then

3.1 Epo(w; f)=  sup f fFOg@wdr .
llgwllra ®m)y<!1 R
Jr 9w ()dt=0
PROOF. Let fw € LP(R). If f is a constant function, (3.1) holds clearly, so we may
assume that f is not constant. Then for any @ € R and gw € L9(R) with ||[gw|¢®) < 1 and
Jp 9(Ow?(t)dt = 0, we have

‘ fR fOgOw?(t)dr| = ‘ fR (f() — a)g(yw?(1)dt

= I —awllprm) lgwliaw) = 10/ —awllpem)
which implies
(3.2) Epo(w; f) = sup /Rf(f)g(l)wz(t)dl-

lgwliam)=<1
Jr 9OWX()dt=0

For the opposite direction, we first consider the case of 1 < p < co. For ¢ € R, we put
I(©): = f sign (f(1) — I f (1) — clrwa (@t
R
where sign (A) = 1if A > 0, sign (A) = —1if A < 0 and sign (A) = 0if A = 0. Since I (c)

is continuous for ¢ € R and lim I(c) = —oo, lim I(c) = o0, we can find a constant ¢
c—>00 c—>—00

such that 7 (cp) = 0. Then the function ¢ defined by

S0 — @l (0 = clrwi 0
9@) == i

ICf = cowllfp e,

P

satisfies [|gwll o @) = 1, f 9w ()t = 1(co)/I(f — coywll{ g, = 0and

fR FOgw (1)dt = /R (F () = c)gOw D)t = |(f — cowllLr-
Hence

(3.3) Epo(w; f) < sup / fOgw(t)dr .
lgwle@m=<1 JR
Jr 9w ()dt=0

Next we discuss the case p = 1. For ¢ € R, we put
I(c) := /R(sign (f(@) —c)w(r)dt

and let

c1 :=sup{c; I(c) > 0}, ¢ :=inf{c; I(c) <O0}.
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Note that —00 < ¢1 < ¢ < o0. If 1 < ¢2, we put g := (c1 + ¢2)/2. Then ¢ < cp
implies 1 (co) < 0 and ¢y < ¢y implies I (cg) > 0, that is, I (co) = 0. In this case, if we put
g(t) = (sign (f(t) — co))/w(t), then [gwllow) = 1, [ g(Ow?()dt = I(co) = O and
Jg fOg@®w*(0)dt = ||(f — co)wll 11 g hold, which shows

(3.4) Eio(w; f) < sup / FOgOw@)dr .
lgwlgoom=! JR
Jz 9w ()dr=0

On the other hand, if ¢; = ¢2 = ¢g, we put

lim I(c)=A, lim I(c)=B8B

c—cp—0 c—>co+0
and
Ei ={xeR; f(x) —co >0},
E_:={xeR; f(x)—co <0},
Eo:={xeR; f(x) =co} .
We may suppose B < A. Since

A= lim (/ w(t)dt—/ w(t)dt)
c>a=0 \J{f(1)>c} {f(t)<c}
= lim </ w(t)dt+/ w(t)dt—/ w(t)dt)
e=c0=0 \J{eo> f(1)>c} E4UEy {f()<c}

=/ w(t)dt—/ w(t)dt
ELUE E_

and B = fE+ w(t)dt — onuE, w(t)dt, wesee A — B = 2fEO w(t)dt > 0. We consider the
case of A < on w(t)dt (the case of —B < on w(t)dt is similar). We put

| 1 IEE+
g(t) == o x 41— A/(fE0 w(t)dt) teEy .
—1 te E_

Then |lgwll ~®) = 1, [z g()w?()dt = 0 and

/R fOgOw()dt = fR (f (1) = coygwdt = ||(f — cowll L1

hold, and hence (3.4) follows.
Finally, we show the case of p = co. For fw € L>®(R), we put
I(c) :=essinf(f — c)w +esssup(f —c)w.

As in the previous case, there exists a constant cp such that 7 (co) = 0. For any small ¢ > 0,
let

Fy={x e R; (f(x) — co)w(x) > ||(f — co)wlzom) — €} .
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Foi={x e R; (f(x) = cQw(x) < =[I(f = cowlrom) + &} .

Then F; and F_ are disjoint and

A::/ xF. (Hw*(1)dt > 0, B::/ xr_ (Hw?@)dt > 0
R R

hold, where xr is the characteristic function of a subset F' of R. We define

1
=7 XF+(t)w(t)dt+_/ xF_(Ow(t)dt
and

._ 1 1 1
g(t) == — <ﬂXF+(f) - EXF (l‘)>

Then by direct computation, we see || gw|| 1 ®) = 1, fR g(t)wz(t)dt = 0and
fR fOg@w* (dt = /R (f () = co)g(Hw*()dt

_ 1 (f(@®) —co) » 1 —(f(t) —co) ,
=CJn A ¥ (t)dt + C/ — g v (t)dt

1 1 1
> SUG = el — o) <2A/ widr+ o [ woar)
= (f = cowllLom —¢.
Letting ¢ — 0, we have

(3.5) Eso0(w; f) = sup_ /f(t)g(t)w (r)dr .

lgwll 1 gy=<
Jz 9w ()dt=0

The proof of the opposite direction is completed, and from (3.2) to (3.5) we have (3.1). O

For hw € LP(R) and x € R, we set
I(h)(x) := —wz(x)/x h(t)w~(t)dt .

PROPOSITION 3.2. Suppose that w € F(C*(+) is an Erdos-type weight. If hw €
L? (R) satisfies

(3.6) f h(Ow?()dt =0,
R
then
(3.7 11" (hwliLr®y < ClhwllLe(w) -

Moreover, if g is absolutely continuous and wg' € L1(R), then

(3.8) / g)h(x)w?(x)dx = / g OI(h)Ow(t)dr .
R R
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PROOF. Since
/ _20'0)
I'(hw() = w()
=20' I (h)(Hw(r) —h(Ow(),

- h)w?w)du — h(®)w(t)
t

(3.7) follows from

(3.9) 10" T(WwllLrw) < CllhwllLr ) -

We first prove (3.9) for p = oo. If ¢ > 0, then

w(t)
0w’

/, wi)dr = oo / 0’ (x) exp(— Q(x))dx =

because Q' is increasing. Hence

Q" () I () (Hw(r)| = EAY) h(x)w? (x)dx
w(t) J;
< hwl =) % [ wndx| < il .
Fort < 0, since
(3.10) /t w(x)dx—/oow(x)dx w()
' 0 i Q" ()]
the assumption (3.6) implies
| Q" ()T (h)(H)w(1)]
_ 2O [ v d] = Q(t) h(x)wz(x)dx
w(t) J;
Q') [
< hwl|Loo(r) o) w(x)dx| < |hwll L) ,

thatis, | Q"I (W w| Lo®) < |hw] Lo ®) holds true.

Next we discuss the case p = 1. Let H(x) := |h(x)| + |h(—x)|. Then by (3.6) again,
we have
Q ()
10" T(hywl L1 gy =

) h(x)wz(x)dx dt

. , 0 ’ 00

:/ A h(x)wz(x)dx dt+/ o h(x)w?(x)dx | di
o lw® J; o0 | W(t) Ji
| o0 0 !

:/ 25 h(x)w? (x)dx dt+/ o h(x)w?(x)dx | dt
o w(t) . —00 w(t) _

:/oo 20 00h(x)wz(x)ﬁlx dt~|— A _Sh(x)wz(x)dx ds
0 w([) u)(s)

5/ o' </ H(x)w (x)dx)dt / H(x)wz()(/ A )d
o w()
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(g e o
=/ Hx)w (x)[ — —1 dxf/ Hx)w(x) dx
0 0

w(x) w(x)

='/R|h(x)|w(x)dx = [hwllp1 (R -

Therefore, for all 4 satisfying (3.6), we have (3.9) with C = 1 for p = ocoand p = 1.
Now we define a linear operator

f)w?(x)dx
F(f) ==

/ wz(x)dx
R
for fw € LP(R). Then |F(f)| < Cll fwllLrw) for p=1and oo, so that [(f —F(f)wlrrmw)

< Cllfwllrr) for p =1 and co. Moreover
/ (f (1) = F(fHw?(n)dt = /R fOw@)dt — F(f) /R w(t)dt =0,
that is, f — i( f) satisfies (3.6). For fw € L?(R), we consider the operator
U(N)x) = Q' )I(f = F(f)(x).
Then by (3.9) for p = 1 and oo, we have
U wllLr@ < I1(f = FUOwlLr@ < Clfwlire -

The Riesz-Thorin interpolation theorem shows that the above inequalities holds for all 1 <
p < oo. If h satisfies (3.6), then F(h) = 0, so we have || Q"I (h)w|zr®) < Cllhw| Lr®) for
all 1 < p < oo. This completes the proof of (3.9) and hence (3.7) follows.

Finally we discuss (3.8). Let ¢’w € LY(R). Note that gw € L4 (R) (cf. [6, Theorem 6]).
By (3.6), we may assume that g(0) = 0 and

0
/ g()h(x)w?(x)dx

0 0
= —f h(x)w?(x) (/ g’(t)dt) dx
0 t
- _/ q @) <f h(x)w2(x)dx> dt
0 00
=/ q @) (/ h(x)wz(x)dx> dt
—00 t

0
= / g I h)Ow(t)dt .

—00

Similarly, we have

/ ” gORx) W (x)dx = / ” g O (Ow(1)dt .
0 0
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Here we use the Fubini theorem, so we will check the integrability condition. Let r < —1.
For 1 < p < o0, as in (3.10), we see

t
40| / w! (¥)dx < wd (1)

and since w is Erdos-type, |Q'(1)| > C|t|*/P holds (see [6, (2.4)]). Hence by the Holder

inequality,
—1 t
/ lg'(1)] (/ Ih(x)lwz(x)dx) dt

-1 t 1/p t 1/q
5/ |9/(t)|</ (|h(x)|w(x))pdx) </ wq(x)dx) dt

i wq(l) l/qd
< 4
< llhwllL (R)/_ lg'()] <|Q (t)|> t

—1 1 1/p
< CllhwllLr®llg'wllzer) (/ t_Zdt> < 00.

—0o0

If p = oo, then by (3.10) and |Q'(¢)| = |Q'(—1)| fort < —1,

/ lg' ()] (/ Ih(x)lwz(x)dx> dt
-1 "
< / (|g’(r>|||hw||Loo(R) / w(x)dx) ai

—1
< lhwll~@) f |g,((tt))||g/(r>|dt

-1

1 /
= m“hwﬂLm(R)/_ lg’ (t)|w(t)dt

[e.e]

< Cllhwllem®)llg w1 gy < 00.

—1 t
/ lg' ()] (/ |h(x)|w2(x)dx> dt
-1 -1
=/ |h(x)|lw?(x) (f |g’(t)|dt)dx
- -t w(x)
=/ |2 () |w(x) / lg' () |w (t)Tdt dx

= C||hw||Ll(R)||9/w||L°0(R) < 00.

When p = 1, then
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Here we use an estimate

/‘1 w&) o _ 1o 1 w(x) / o' (l)

w(x) <C.

w(t) o w() Q’(t) _IQ( DI

0 t
/ |g’<r>|</ |h<x>|w2<x>dx)dz<oo,
-1 — 00

0 t
/ Ig’(t)l(/ Ih(x)lwz(x)dx>dt<oo

forall 1 < p < oo. Similarly

/Oo 140 (/Oo Ih(x)lwz(x)dx) it < 00
0 t

holds and hence the proof of (3.8) is completed. O

Clearly

so we have

Proposition 3.3. Suppose that 7'(a,) < Ci(n /an)z/ 3 for some Ci>1landletl < p <
oo. Then for every absolutely continuous g with ¢'w € L?(R) and for any n € N, there exists
a polynomial V,, € Py, such that V, = v,(¢’) and

a
(3.11) 1G9 = Vi)wller@ < CT @) Epn(w; g')
holds, where v, (g) is the de la Vallée Poussin mean of ¢'.

PROOF. Without loss of generality, we may assume the g(0) = 0. Let
Gx) = /Ox(g/(t) — v (g)(0)dt
and take a constant a such that [|[(G — a)w|.r®) < 2Ep o(w; G). Then
V) i=at [ un)od =a+ g0 - G € Py

and ||(g — V)wlLr®r) = I(G —a)wlrrwr) < 2Ep o(w; G). By Proposition 3.1, we can find
h which satisfies (3.6), |hw]lpsr) = 1 and

Epo(w; G) < 2f G()h(x)w?(x)dx .
R

Note that I (h)w € L9(R) by (3.9). Hence by changing the order of integration and taking
P € Py such that ||(I(h) — P)wllLewr) < 2E4 ,(w; 1(h)), we see

(g = VwliLrw) =< 2Ep0(w; G) = 4/RG(X)h(X)w2(X)dx

- 4/ </X g t) — vn(g/)(t)dt> h(x)w?(x)dx
R 0

—4 /R (4 () = va(g) (1)) ( / h(x)w%x)dx) dr
t
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=4 A (' (@) — v (g )OI (W) (DHw* (1)t

= 4/R(g’(t) — v (g )OI (W) (1) — PO)w(t)dt
< 8l(g" = va(gNwlLr®) Eqn(w; I(h)).
Here we use (2.7). By [6, Theorem 1] and (3.7), we have
Egn(w: 1() = C21 (wliaey < CIhw] o = €
and by (1.8), we see
(3.12) 19" = va(gHwllLe@y < CT*(an) Epn(ws g) -
The desired result (3.11) follows from the combination of the above inequalities.

4. Proof of Theorems.
PROOF OF THEOREM 1.2. By Proposition 3.3, we have

4.1) I = Viwlr@ < c%rl/“(anw,,,n(w; I8

and by [3, Theorem 1.15 and Corollary 1.16] and Lemma 2.1, we see
n

(4.2) IV = Phwllier@ < C—T2(@)ll(V = Pywllerc)
n

where V, = v, (f'). Also by (1.8), we have
4.3) I = va(fDwlizr@ < CTV* @) Epn(w; f1).
Hence
I = PHwllrw < I = va(fNwliLew) + 1V, — PHwllLrw)
1/4 . n 12
<CT (an)Ep,n(wa M+ Ca_T (@) | (Vi — P)w”LP(]R)
n
< CT* @) Epn(w; f))
n 12
+ Ca—T (an) (ICf = VwlliLr@) + I1(f — P)wllzrw))
n

n

<C (T”“(an)Ep,n(w; )+ T4 a) Epp(w; f1) + - T”z(am)

<c <T3/4(an)Ep,n(w; £+ 1T1/2(an)s> ,

dn

which shows (1.11).
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PROOF OF THEOREM 1.1. Let P = v, (f) in Theorem 1.2. Then by (1.8) we can take
e = CTY*(a,)Ep »(w; f), hence (1.11) and (1.6) gives us

I = v (A wllLe )

<cC (T”“(an)Ep,n(w; A+ caiT”“(an)Ep,n(w; f))

n
=< CT3/4(an)Ep,n—l(w; f/) .
O
COROLLARY 4.1. Letw € F(C?>+) and p be the same as in Theorem 1.2. Let j > 1.
Then there exists a constant C > 1 such that if an absolutely continuous function <=1

satisfies fPw e LP(R) and if |(f — Pyw|Lrwr) < € holds for somen > j, P € P, and
e > 0, then

IFD = POYw| o w)

i
<c (T@i*”/“(an)Ep,n_,»H(w; £+ <1> Ti/2(an)e>
a

n
holds foralli = 1,2, ..., j.
PROOF. Since f'w € LP(R) implies fw € LP(R), it follows from fw e LP(R)
that f@w e LP(R) forall0 <i < j — 1. Hence by (1.11), we see

1 = Phywlir@my < CTY*an) Epn(w: f)) + —T(an)%e) =t ¢ .

dn

Applying Theorem 1.2 to f’, P’ and & and using (1.6) again, we have
(" = PwllLrmw)

<cC (T3/4(an>Ep,n(w; )+ iT”Z(a,asl)
a

n
2
<C (T5/4(an)Ep,n_1(w; 1+ <1> T(a@s) :
dap
This shows the case i = 2. Repeating this process, we have Corollary 4.1. O
REMARK 4.2. Letw € F(C?+) satisfy (1.7) and let j > 1. If £~ is absolutely
continuous and it satisfies f)w e LP(R), then
(4.4) 1D = (D wllr@) < CTA V@) Ep pi(ws fO)
holds forn > jandi =1,2,..., j.
In fact, by (1.6) and (1.8), we obtain
ICf = vaCNDwlLr@ < CT Y (amEpn(w : f)

< CT @) 2 Ep oy (w; ) < CT V4 (@) 2L B o (ws f7)
n nn—1)
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<...<cr'# D1 B iy fO
= = (an)n(n—l)---(n—i) p.n i(w; f1)
i .
< CTY(ay) (a—”) Epn-i(w: f9).
n

This estimate and Corollary 4.1 show (4.4)
REMARK 4.3. Letw € F(C?+) satisfy (1.7). Then

4.5) 10 = o)z lr) < CEpumn (T ws f)

holds, whenever f'TV4w e LP(R).

In fact, in the proof of Theorems 1.1 and 1.2, if we use

ICf = vn(fDwllLr®) < CEp (T *w; f)

(see [1, Corollary 14]) and
, oW n
v, —pP )—T1/2 lLr@r) < C;”(Vn — P)w|Lrw)

(see [7, Theorem 6.1]) instead of (1.8) and (4.2), respectively, then the similar proof gives us
4.5).

REMARK 4.4. For the case p = oo, under some additional assumption on w, the
inequality

(4.6) ICFD = (NN wllLr @y < CEpp—i (T Ay £ ©)

follows from a result of Jung and Sakai [2], however we do not know whether this is true or
not for general 1 < p < oo.
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