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Abstract. We give the boundedness of the maximal operator on Musielak-Orlicz-
Morrey spaces, which is an improvement of [7, Theorem 4.1]. We also discuss the sharpness
of our conditions.

1. Introduction. For f € Llloc (RY), its maximal function M f is defined by

M@ =sip——— [ ridy,
r>0 |B(x, r)| B(x,r)
where B(x, r) is the ball in RY with center x and of radius r > 0 and |B(x, r)| denotes its
Lebesgue measure. The mapping f +— Mf is called the maximal operator. When f is a
function on an open set £2 in R", we define M f by extending f to be zero outside £2.

The classical result that M is a bounded operator on L?(R") for p > 1 has been ex-
tended to various function spaces. Boundedness of the maximal operator on variable exponent
Lebesgue spaces L”() was investigated in [3] and [4]. Variable exponent Lebesgue spaces are
special cases of the Musielak-Orlicz spaces, which were first considered by H. Nakano as
modulared function spaces in [12] and then developed by J. Musielak as generalized Orlicz
spaces in [9]. The boundedness of the maximal operator was also studied for variable ex-
ponent Morrey spaces (see [1, 8]). All the above spaces are special cases of the so-called
Musielak-Orlicz-Morrey spaces

In [7, Theorem 4.1], we established the boundedness of the maximal operator M on
Musielak-Orlicz-Morrey spaces L?“(RV) defined by general functions @ (x, ¢) and « (x, r)
satisfying certain conditions. Our aim in this paper is to give its improvement by relaxing
assumptions on @ (x, t) (Theorem 7). In fact, we shall show our result by assuming (®5; v)
and (©6; w) below instead of (@5) and (@6) in [7]. Further, the result is proved without the
doubling condition on @ (x, -) which is (@4) in [7]. As a result, we can include a variety of
examples of @ (x, t) to which our theory applies; in particular, non-doubling functions @ (x, )
as in Examples 2-5. See also Histo [6]. His conditions for the boundedness of the maximal
operator on Musielak-Orlicz spaces are different from ours.

In the final section, we discuss the sharpness of the conditions (@5; v) and (©6; w).
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2. Preliminaries. Let £2 be an open set in RV and consider a function
D(x,t): 2 x[0,00) = [0, 00)

satisfying the following conditions (@ 1)-(P4):

(®@1) &(-,t)is measurable on £2 for each t > 0 and @ (x, -) is continuous on [0, c0)
foreach x € £2;

(®2) there exists a constant A; > 1 such that
AT' < @(x, 1) < Ay forallx € 2;

(®3) t — D(x,1)/t is uniformly almost increasing on (0, o), namely there exists a
constant A, > 1 such that

D(x,11)/t1 < AyD(x,12)/tp forall x € £2 whenever 0 <t <1;.
Note that (©2) and (@3) imply

(1) D(x,1) < AjArt forO<r<1 and &(x,1) > (AjA2) "'t fort > 1.

Let ¢ (x, 1) = supy_,; P (x,s)/s and

t
D(x, 1) = / d;(x, r)dr
0
for x € £2 and ¢ > 0. Then @ (x, -) is convex and

) D(x,1/2) <P (x,1) < ArD(x,1)

forallx € 2 andr > 0.

We also consider a function «(x,r) : £2 x (0, 00) — (0, 00) satisfying the following
conditions:

(k1) there is a constant Q1 > 1 such that
k(x,2r) < Qik(x,r)

forallx € 2 andr > O;

(«2) r — r~%x(x, r) is uniformly almost increasing on (0, co) for some ¢ > 0, namely
there exists a constant Q> > 1 such that

rk(x,r) < Qs %k(x,s)

for all x € £2 whenever 0 < r < s;
(k3) there is a constant Q3 > 1 such that

05" min(1, rV) < k(x,r) < Q3 max(1, rV)

forallx € 2 andr > 0.
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Given @ (x, t) and k (x, r) as above, the Musielak-Orlicz-Morrey space L% (£2) is de-
fined by

LP*(92)
= {f e Ll.(2): sup ez ) q§<y, M>dy < oo for some A > O}.
xef2,r>0 |B(X, r)l B(x,r)N$2 A
It is a Banach space with respect to the norm

I fllo.x:2 = I1f | pex (o)
=inf{k>0: sup K a(y,m> dygl}
xe.r>0 1B, M| Jpi,rne A
(cf. [11]).
In case « (x, ) = rV, L®%(£2) is the Musielak-Orlicz space L? (£2) (cf. [9]).
We shall also consider the following conditions for @ (x,#): Let p > 1,g > 1,v > 0
and w > 0.
(®3;0; p) t +— t Pd(x,t) is uniformly almost increasing on (0, 1], namely there
exists a constant Az o , > 1 such that
tl_p@(x, n) < Az,o,ptz_p D(x,tp) forall x € 2 whenever0 <t <) <1;

(@3;00;q) t — t79®(x,t) is uniformly almost increasing on [1, c0), namely there
exists a constant Az o 4 > 1 such that

17D, 1) < Asoogty '@ (x,1n) forall x € 2 whenever 1 <t < t;
(P5;v) forevery y > 0, there exists a constant By, ,, > 1 such that
®(-xa t) S B}/,Ué(y5 t)

whenever x,y € 2, |x —y| <yt Vandt > 1;
(®6; w) there exist a function g on §2 and a constant By, > 1 suchthat0 < g(x) <1
forall x € £2, g € L*(£2) and
By @(x. 1) < @(x', 1) < Boo®(x,1)

whenever x, x’ € 2, |x/| > |x|and g(x) <t < 1.
Note that (@3;0; 1) + (@3; 00; 1) = (D3). If @ (x, t) satisfies (@3; 0; p), then it satis-
fies (@3;0; p) for 1 < p’ < p;if d(x, 1) satisfies (P3; 00; q), then it satisfies (P3; 00; g)
forl <q’' <gq.
If @ (x, 1) satisfies (@3; 0; p), then
3) D(x,1) < A1Azopt? for 0<t<1;
if @ (x, t) satisfies (P3; oo; g), then
D(x,1) > (A1Ar00q) ' 19 for t > 1.
If ®(x, 1) satisfies (P5; v), then it satisfies (®5; v') for all v/ > v; if @ (x,t) satisfies
(®6; w), then it satisfies (P6; ') for all ' > w.
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REMARK 1. In view of (©2), if |£2| < oo, then (®6; w) is automatically satisfied for
every w > 0 with g(x) = 1.

In the following examples, let
f~:=inf f(x) and f7' :=sup f(x)
xeR xeR

for a measurable function f on 2.

EXAMPLE 2. Let p;(-),i =1,2andg; (), j=1,...,k;, bereal valued measurable
functions on §2 such that p;” > 1 and qifj >—00,i=1,2,j=1,... k.

Set Lo(t) = log(c +1) forc > Land ¢ > 0, LY @¢) = L), LYV @) = L.(LY ().
Let
(P10 H’;;l(Lij_)l(l/t))—m.j(X) if0<t<1;

D(x,1) = o0 - .
P2 [T (L2 ()92 if t>1.

Then, @(x, t) satisfies (@1), (P2) and (P3). It satisfies (@3;0; p) for 1 < p < p; in
general and for 1 < p < p; incase ‘11_,]' >0forall j =1,...,kp; it satisfies (@3; oo; g) for
1 <g < p, ingeneraland for1 < g < p, incaseqij >Q0forall j =1,..., k.

Moreover, we see that @ (x, t) satisfies (@5; v) for every v > 0 if pa(-) is log-Holder
continuous, namely

C
|p2(x) = p2() = m (x, y€R)
with a constant C, > 0 and g2, (-) is (j + 1)-log-Holder continuous, namely
Cj
L 1 = y)y

with constants C; > O foreach j =1,..., k3.
Finally, we see that @ (x,t) satisfies (®6; w) for every > 0 with g(x) = (1 +
lx[)~NVED/@f pi() s log-Holder continuous at co, namely

lg2,j(x) —q2,; (V)| < (x, ye )

/ Cp,OO
[p1(x) — p1(x)] < LD

whenever |x'| > |x| (x, x" € £2) with a constant C}, o > 0, and g1, ;(-) is (j + 1)-log-Holder
continuous at co, namely
/.
I J
|Q1,J(X) q1,](x)| =< L£j+1)(|x|)

whenever |x'| > |x| (x, x’ € £) with a constant C;. > 0, foreach j = 1,...,k;. In
fact, if (1 + |x|)~@+D/@ ¢ < 1, then =PI =PI < o(N+DCpoo/® for |x/| > |x| and
(L (1 )ai@=a1iO] < c(N, €)) for |x'] = x|,
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EXAMPLE 3. Let p(-) be a measurable function on §2 such that 0 < p~ < pT < 0.
Then,

D(x, 1) =P — plx)r — 1

satisfies (@1), (©2) and (@3). It satisfies (©3;0; p) and (P3;00;g) for 1 < p < 2 and
qg=1

Moreover, we see that @ (x, t) satisfies (@35; v) for every v > 0 if p(-) = const. and for
v > 1/a if p(-) is «-Holder continuous , namely

Ip(x) = p(»)] < Calx — yI*
with a constant Cy, > 0 (0 < o < 1). In fact,
(1= 1+ p e ?)e!D < d(x, 1) < eP™!
forall x € 2 andr > 1 and

Ip()t — p(t] < Coy”
whenever 1 <1 < (y/|x — y]%.
Finally, we see that @ (x, t) satisfies (®6; w) for every w > 0 with g(x) = 0, since

1 e”+
E(P(X)f)z < ®(x,1) < T(p(x)z)2

forallx e 2and0 <t < 1.

EXAMPLE 4. Let p(-) be a real valued measurable function on 2 such that p~ > 1.
Then,

D(x, 1) = e'tP™

satisfies (@ 1), (©2) and (@3). It satisfies (@3; 0; p) and (@3;00;¢) for | < p < p~ and
g =1

Moreover, we see that @ (x, t) satisfies (@5; v) for v > 0if p(-) is log-Holder continu-
ous, and @ (x, 1) satisfies (P6; w) with g(x) = (1 + [x|)~V+D/@ for every w > 0if p(-) is
log-Holder continuous at co.

EXAMPLE 5. Let p(-) be a measurable function on §2 such that p~ > 1 and p* < 0.
Then,

P

D(x,t)=e 1

satisfies (@ 1), (®2) and (@3). It satisfies (@3; 0; p) and (@3; 00;¢g) for1 < p < p~ and
qg>1.

Moreover, we see that @ (x, ¢) satisfies (@5; v) for every v > 0 if p(-) = const. and for
v > pT/aif p(-) is a-Holder continuous (0 < o < 1). In fact, there exists a constant C > 1
such that

$P(X) 1P

cle™ <o) <e
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forall x € 2 and¢t > 1 and
P& — 1P| < |p(x) — p(y)|log )’ < C

whenever 1 <t < (y/|x — y)V/" forv > pt/a.
Finally, since

tP(x) < (p(x, t) < etp(x)

forallx € 2 and 0 < ¢t < 1, we see that @ (x, t) satisfies (P6; w) with g(x) = (1 +
|x|)~N+D/o for every w > 0 if p(-) is log-Hélder continuous at 0.

EXAMPLE 6. Let v(-) and B(-) be functions on £2 such that infyco v(x) > O,
SUP,co V(x) < N and —c(N —v(x)) < B(x) < ¢(N —v(x)) for all x € §2 and some
constant ¢ > 0. Then «k(x, r) = r"(x)(log(e +r 4+ 1/r)P® satisfies (x 1), (2) and («3).

3. Boundedness of the maximal operator. Throughout this paper, let C denote var-
ious constants independent of the variables in question and C(a, b, ...) be a constant that
dependsona,b, . ...

For f € LI (RV), its maximal function Mf is defined by

loc

Mf(X)=Sup¥ lfD)ldy.
r=0 | B, )| JBx.rn
When f is a function on §2, we define M f by extending f to be zero outside §2. As the
boundedness of the maximal operator M on L% (£2), we give the following theorem, which
is an improvement of [7, Theorem 4.1]:

THEOREM 7. Suppose that @ (x,t) satisfies (93;0; p), (P3;00;q), (P5;v) and
(®6;w) forp > 1,9 > 1,v > 0 and w > O satisfying

“4) v<qg/N and w<=<p.

Then the maximal operator M is a bounded operator from L®*($2) into itself, namely
Mflo € L% () forall f € L**(£2) and

IMfllo:2 < Clfloxe

with a constant C > 0 depending only on N and constants appearing in conditions for @.

N

In case « (x, r) = r", we have the following corollary.

COROLLARY 8. Suppose that ®(x, t) satisfies (3;0; p), (D3; 00; q), (®5;v) and
(@6;w) forp > 1, g > 1, v > 0and w > 0 satisfying v < q/N and w < p. Then the
maximal operator M is a bounded operator from L® (2) into itself.

We prove this theorem by modifying the proof of [7, Theorem 4.1].
For a nonnegative measurable function f on £2, x € £2 andr > 0, let

1
I(fix,r) = ——— S dy

|B(x, )| Jpix,rne
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and

1
J(fix,r) = —— Dy, dy.
350 = 50 e SO T ON D

LEMMA 9. Suppose @ (x, t) satisfies (P3; 00; q1) and (P5; v) forgy > 1 andv > 0
satisfying v < q1/N. Then, given L > 1, there exist constants C; = C(L) > 2 and C; > 0
such that

D(x, I(f;x,7)/C1) < C2J(fx,7)

for all x € 2, r > 0 and for all nonnegative measurable function f on §2 such that f(y) > 1
or f(y) =0 foreachy € £2 and

k(x,r)
(5 sup  ————— D(y, f(yDdy < L.
xef2, r>0 |B(x, r)| B(x,r)N$2

PROOF. Given f as in the statement of the lemma, x € 2 andr > O,set I = I(f; x,r)
and J = J(f; x, r). Note that (5) implies

(6) J <Kk, 'L.

By (1), @(y, f()) = (A1A2)"! f(y) forall y € 2. Hence I < AjApJ. Thus, if J < 1,
then by (®3)

Q(x,1/C1) = A2JP(x,1) < A1AzJ

whenever C1 > A1 Aj.
Next, suppose J > 1. Since @(x,t) — oo ast — oo by (1), there exists K > 1 such
that

Dd(x,K)y=D(x,1)J.
With this K, we have by (©3)

[ rmar= oy + [ ) dy
B(x,r)N§2 B(x,r)N2N{y: f(y)<K} B(x,r)N2N{y:f(y)>K}

?(y. f()
K|B(x,r)| + A2K ———=d
< K|B(x.r)| + A fB oo B0E)

Since K > 1, by (©3; 00; q1) we have
®(x, )] =P(x, K) = AL, KT (x, 1),
so that, in view of (6) and (k3),
K9 < Az oo d < Azogic(x, 1)L

< A2.00,4 Q3L max(1, 7).

Since J > 1, k(x,7) < L by (6). By (k2) and (k3), k(x, p) > (Q203)" ' p® for p > 1, so
that k (x, p) > L forx € 2if p > R := (Q203L)"/¢. Thus r < R. Since R > 1, it follows
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that max(1, »=™) < RNr~V . Hence
K < Aj.co.q, Q3 LRV r™N

orr < yK~9/N with y = (A2,004,Q3L)/NR. Thus, if |[y — x| < r, then |y — x| <
yK_‘“/N < yK™". Hence, by (®5; v) there is 8 > 1, independent of f, x, r, such that
P(x,K) < BP(y,K) forally e B(x,r)Ns2.
Thus, we have by (£2) and (®3)
AyBK

2
/ Sdy < K|B(x,r)| +
B(x,r)N$2

_— Dy, d
P(x, K) B(x,r)N§2 (y f(y)) Y

=K|B(x,r)| + A2BK|B(x, r)]

D (x, K)
Az
=K|B(x,r)| |1+ < K|B(x,r)|(1+ A1A28) .
D(x, 1)
Therefore
I =+ A1A8)K,
so that by (@2) and (®3)
D(x,1/C1) < A2®P(x,K) < A1AzJ

whenever C1 > 1+ A1 A»8. O

The next lemma can be shown in the same way as [7, Lemma 3.2]; note that the value of
w is irrelevant in this lemma.

LEMMA 10. Suppose ®(x,t) satisfies (®6; w) for some w > 0. Then there exists a
constant C3 > 0 such that

S(x, I(fix,1)/2) < C3{I(f5x,1) + (x, g(x))}

for all x € §2, r > 0 and for all nonnegative measurable function f on §2 such that g(y) <
f(y) <1lor f(y) =0 foreachy € §2, where g is the function appearing in (®6; w).

We use the following lemma which is the special case of the theorem when @ (x, ) =
tP0 (po > 1); this lemma can be proved in a way similar to the proof of [10, Theorem 1].

LEMMA 11. Let po > 1. Then there exists a constant C > 0 for which the following
holds: If f is a measurable function such that

f lfFD)IPody < |B(x, r)li(x, 7)™
B(x,r)N$2
forallx € 2 andr > 0, then
/ [Mf ()17 dy < ClB(x. Pl (e, 1))
B(x,r)N$2

forallx € 2 andr > 0.
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PROOF OF THEOREM 7. Set po = min(p, q, q/(Nv)). Then pg > 1. Consider the
function

Do(x, 1) = D (x,0)!/P0

Then @ (x, t) satisfies the conditions (@), j = 1,2, (®5; v) and (P 6; w) with the same g.
Condition (@3;0; p) implies that Pg(x,t) satisfies (@3;0; p/po) and condition
(@3; 00; q) implies that @q(x, t) satisfies (@3; 00; g/ po).

Let f > 0and || fllo.x:2 < 1/2. Let fi = fXx:fo=1) 2 = fX{xg)<fx)<1y With g
in (P6; w)and f3 = f — f1 — f2, where x is the characteristic function of E.
Since @ (x,t) > (A1A2)_1 for ¢t > 1 by (1), in view of (2) we have

Do(x, 1) < (A1ADTYPD (x, 1) < (A1A) "VP0D(x, 21)

if + > 1. Hence

K(x,r) B
YT Do(y. fi(y)dy < (AjAg)' =P,
xe€2, r>0 |B()C, V)| B(x,r)NS2

If we set g1 = q/po, then g1 > 1 and v < g1/N. Hence applying Lemma 9 to &, f; and
L = (A1A2)1_1/1’0, there exist constants C; > 2 and C> > 0 such that

@o(x, Mfi(x)/C1) < C2aM[Do(-, f1())](x),
so that
@) @ (x, Mfi0)/C1) = CL[MI®o (-, FO)I)]”

forall x € 2.
Next, applying Lemma 10 to @¢ and f>, we have

Po(x, Mf(x)/C1) = € [MIo (-, 2())I) + Po(x, 9()] -
Noting that @g(x, g(x)) < Cg(x)P/Po by (3), we have
®) @ (x. M2/ C1) = € {[MIo(- FO)I " + 9017

for all x € £2 with a constant C > 0 independent of f.
Since0 < f3<¢g<1,0<Mfz < Mg < 1. Hence by (3) we have

©) @ (x, Mf3(x)/C1) < C[Mg(x)]”

for all x € £2 with a constant C > 0 independent of f.
Combining (7), (8) and (9), and noting that g(x) < M g(x) for a.e. x € §2, we obtain

(10) @ (x, MF(0)/GC) = C {[MIdo(-, O] + Mgeo17]

for a.e. x € £2 with a constant C > 0 independent of f.
Since || f|l¢.c.2 < 1/2,in view of (2), we have

/ Doy, fFyNPdy = / D@y, f())dy < |B(x,r)lk(x,r)”!
B(x,r)NS2

B(x,r)N$2
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for all x € £2 and r > 0. Hence, applying Lemma 11 to @¢(y, f(y)), we have
Po _1
[Mio( FONW]™ dy = CIBGx K. 7)
B(x,r)N$2

with a constant C > 0 independent of x, r and f. Here note from g € L% (§£2) N L*(£2) for
w < pthat g € LP(£2). Therefore, by (x3) we see that

/ g»? dy < min(lgll?, o). 1BG. NI < CIBGx, Dlic(x, )™
B(x,r)N$2

with a constant C = C(||g||€,,(m) > 0 independent of x and r. Hence, by Lemma 11 again,

/ [Mg()1” dy < CIBGr, Pk, 1)
B(x,r)N$2
for all x € £2 and r > 0. Thus, by (10), there exists a constant C4 > 1 such that

/ ®(y, Mf(y)/(3C1) dy < Ca|B(x, r)ic(x, )"

B(x,r)N$2
forall x € £ and r > 0, so that
/ D (y, Mf(y)/(3A2C1Ca)) dy < |B(x,r)lk(x,r)”!

B(x,r)N$2

for all x € £2 and r > 0. This completes the proof of the theorem. O

4. Sharpness of conditions. We next show that g /N and p in condition (4) are sharp.
Forp>1,g>1,§ >0,n> 0and ¢ > 0, consider the function

P, 1) =Ppp.gis.n:c1(X, 1)
tP[(1 = h(x))t + h(x) max(r, gs(x))]" if 0<r <1,
19 max(1, h(x))r%) ifr>1,
where x = (x1,...,xN) € RV,
h(x1) = max(0, min(1, x1)) and gs(x) = [max(2, |x|)]""/*.
This @ (x, t) satisfies (@ 1), (@2), ($3; 0; p) and (D3; 00; g). We shall show:
(I) @(x,1) satisfies (D5; ¢);
(Il) @(x,t) satisfies (®6; w) for w > &;
(Ill) If ¢ > q/N, then there is f € L? (RY) such that Mf ¢ L? (RN);
(IV) If 8§ > p + n, then there is f € L? (RY) such that Mf ¢ L? (RV).
These show the sharpness of g/N and p in (4).
Proof of (I). Suppose |x — y| < yt~% and ¢ > 1. Then
Dy, 1) <D, )+ 19 xp —yi| S D(x, 1) + 1! < (14 y)P(x, 1),

since @ (x, t) > t for t > 1. This shows that @ (x, t) satisfies (®5; ¢). O
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PROOF OF (II). Suppose gs(x) < ¢t < 1 and |x’| > |x|. Then max(z, gs(x))
max(t, gs(x')) = t, so that ®(x,1) = ®(x',1) = tPT". Since g5 € L*(RY) for v >
this shows that @ (x, t) satisfies (P6; w) if w > 6.

o=

To prove (IIT) and (IV), we prepare the following lemma.
LEMMA 12. (1) For0 < a < N, let foo(x) = 1x|7%xB0,1)n{x, <0} (x). Then there is
a constant Co(N, a) > 0 depending only on N and a such that

(1) Mfo.a(x) = Co(N,a)lx|™* for |x| <1.

(2) For0 < b < N, let foop(x) = |x|_bx{xl<0}\3(0,1)(x). Then there is a constant
Coo(N, b) > 0 depending only on N and b such that
(12) Mfoop(x) = Coo(N, D)x| ™" for |x|=2.
PROOF. (1)Let|x| < 1. Since B(x,2|x|) D B(0, |x|),
1
[B(x, 21xD)| JB(x,21x))
1 / N
Z e yI™dy = sy
2N1B(0, DIIxIN J B0, 1xhniy <0} 2NFU(N — a)
(2) Let |x| > 2. Then
1

fO,a (y) dy

x|~

- Soo,b(¥)dy
1BGe, 20D i)y ™
. ! / yI™"d
2N1B(O, DIIxIN J (B0, 1x)\BO, 1)N{yi<0}
N s 1-20-Nn
= - l Z ONFI(N — D)
v —p ==

O
PROOF OF (II). Assume ¢ > g/N. Seta = (N+1)/(g+¢). Then0 <a <aq < N.
Since fo, > 1on B(0,1)N{x; <O0}and @(x,1) =¢t9ift > 1 and x| <O,
D(x, fo.a(x)) = x| xB(0.1)N{x; <0 (X)
so that fy , € L®(RYN).
On the other hand, by (11), Mfy o (x) > 1if |x| < ¢o := min(1, Co(N, a)'/%), and hence

D (x, Mfoa(x) > [Mfoq(x)]9x
> 2_1C0(N, a)itt |x|—d(4+{)+1 — 2_1C0(N, a)itt |x|_N

if |[x| < co and x; > |x|/2. It follows that -[RN P (x, Mfo,q(x)) dx = oo, which means that
Mfoq & L®RM). O



494 F. MAEDA, T. OHNO AND T. SHIMOMURA

PROOF OF (IV). Assumed > p+n. Setb = N(6—n)/(pd). ThenN/§ < N/(p+n) <
b<N/p<N.Since0 < foo <lon{x; <0}\B(@O,1)and ®(x,t) =tPTif0 <t <1
and x; < O,

(X, frop(x)) = |x| 2Py <onB@O,1H(X),

so that foo p € LZ(RY).
On the other hand, since M fs , < 1, by (12) we have

D (X, M foo,p(x)) = [M foo,p(x)]” [max(M foo p (x), |x|—N/5)]’7
> Coo(N, b)P x| PP [max(Coo (N, b)|x| 72, |x|~N/%)]"

if [x| > 2and x; > 1. Since b > N/§,
Coo(N,D)|x]72 < |x|7™M/% for |x| > Rp := max(2, Coo(N, b)"/E=N/®y
Since pb + Nn/§ = N, it follows that
B (x, Mfoop(x)) = Coo(N, b)P x|

whenever |x| > Rp, and x; > 1. Hence [gnv @ (x, Mfoop(x)) dx = oo, namely Mfoop &
L?RM). O
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