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Abstract. We obtain an estimate of the operator norm of the weighted Kakeya
(Nikodym) maximal operator without dilation on L2(w). Here we assume that a radial weight
w satisfies the doubling and supremum condition. Recall that, in the definition of the Kakeya
maximal operator, the rectangle in the supremum ranges over all rectangles in the plane pointed
in all possible directions and having side lengths @ and aN with N fixed. We are interested
in its eccentricity N with a fixed. We give an example of a non-constant weight showing that
/Tog N cannot be removed.

1. Introduction and Preliminaries. In 1977 A. Cérdoba obtained the sharp bound
for the Kakeya (Nikodym) maximal operator, which is related to many important problems
in Fourier analysis. Recall that the Kakeya (Nikodym) maximal operator is equipped with
a sufficiently large natural number N and positive real number a and that this is given as
follows: Let B}, be the set of all rectangles in R which are pointed to all possible directions
and are congruent with [0, a]"~! x [0, a N]. The Kakeya (Nikodym) maximal operator without
dilation K, is defined by

1
K§f(x):= sup —
xeReB‘,‘le|

fR [fO)ldy. for f e LL (R,

where the supremum is taken over all rectangles R € B}, containing x € R". The Kakeya
(Nikodym) maximal operator is defined by
Knf(x) == sup K f(x).

a>0

It is conjectured that Ky is bounded on L"(R") with the norm which grows no faster than
O ((log N)*») for some «;; > 0 as N — oo. When n = 2, the optimal bound

(1.1 1KY fll2@ey < Cy/10g NI fll 22

was proved by Cérdoba [5, Proposition 1.2]. In this paper, we shall carry over this result to
a weighted setting. So, we place ourselves in the setting of R” with n > 2 equipped with a
weighted measure w dx, where w : R" — (0, co) is a measurable function. In the higher
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dimensional case, n > 2, (1.1) is still open in general; (1.1) was proved only for some special
classes of functions.

Before we describe the conditions on weights, let us recall some related definitions. A
more powerful but complicated maximal operator has been studied on the plane. Stromberg

studied the directional maximal operator defined to be
r

1
(1.2) Mg f(x1,x2) := sup - |f(x1 +tvr, x0 + 1)l de (x1, x2) € R?,
reR+, (v1,v2)ef 2r J-,

where € is the set of unit vectors in R? of cardinality N. He proved that

(1.3) Mo fll 2wy < Clog NI fllL2®2) »

when 2 is equidistributed [15, Theorem 1(2)]. Moreover, a geometrical observation shows
(1.4) Knf(x) < CMqof(x) (xeR"),

if Q is equidistributed. Note that (1.3) and (1.4) yield

(1.5) IKN flln ey < CAog N)* || fllLr ey

with a, = 1 and n = 2. Katz established (1.3) without assuming that €2 is an equidistributed
set of directions; see [9, Theorem 1] for (1.5) with o, = 1. Alfonseca, Soria and Vargas [1,
2] studied Mg by using a geometrical method and they simplified Katz’s proof. The first
author and H. Tanaka [13] discussed the weighted version of Mg by the method of [1, 2],
and extended Katz’s result for the power weight w, i.e., w(x) = |x|* for any A > 0. We will
explain this more precisely. Let L?(w) be the weighted L? space of all measurable functions

f for which the norm
1

1 = ([ 1roPuear)’

is finite. The weighted Kakeya maximal operator is defined to be

1
1.6) K f @)= s o [ If@lwody e R,
XEREBN U)(R) R
where w(R) := f g W(x)dx. The weighted directional maximal operator Mg 4 is defined
analogously starting from the definition (1.2). In a similar fashion, we can verify
(L.7) Kyuwf(x) <CMguf(x) (xeR"Y),

if Q is equidistributed. The result in [13] together with (1.7) implies
(1.8) KN w2y < Clog NI fllz2w) -

In a similar way, we define the weighted Kakeya maximal operator without dilation by
1
Ky f(x):= sup —— / [fDw(y)dy
rereBy WR) JR

fora > 0, so that

(1.9) Kywf =supKy , f

a>0
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for all measurable functions f. By (1.8) and (1.9), we have immediately the estimate
1K ]”V’w Sz = Clog NI fllp2()- However, unfortunately this estimate is not sharp. In
this paper, we improve the upper bound of the operator norm of K 1‘\‘, w - L*(w) — L*(w).
Moreover, we can consider slightly general radial weights, not necessarily power weight, sat-
isfying the following two conditions:

Doubling condition: Forall0 < r; <r] <r) <ry <oowithry —ry =2} —r}),

/

r r2
(1.10) / wo(r)dr < C/ wo(r)dr;
1 r
Supremum condition: For all 0 < r; < rp < 00,
(o 2
(1.11) sup wo(r) < / wo(r)dr.
ri<r<ry r2—=riJn

We shall show the following estimate:

THEOREM 1.1. Assume that w satisfies the doubling condition (1.10) and the supre-

mum condition (1.11). Then there exists a constant C which depends only on constants C in
(1.10) and (1.11) such that

||K1‘\l/,wf||L2(w) <Cy 10gN||f||L2(w)
forall N >2,a > 0and f € L*(w).

To pass to our weighted case, the following lemma, which is used in the proof of the
weighted maximal operator in [13], is indispensable. For an A C R2, we denote by rad(A)
an interval (infyea |x[, sup,c4 |x]). We have obtained the following lemma in [13]. Here and
below, to denote the inequality X < CY, where C is a positive constant independent of main
parameters and functions. By X < Y we mean X < CY for some constant C. We write
X ~Yifboth X < YandY < X are true. Keeping these notations in mind, we invoke our
key lemma from [13].

LEMMA 1.2. LetR C R%bea rectangle, and let wo satisfy (1.10) and (1.11). Then
IR|
|rad(R)| Jrad(r)
Here we recall some related estimates. More is known when f is a function of product
type or radial type. In [8, Theorem], Igari obtained (1.5) with o, = 3/2 and n > 2 for all
functions of product type. H. Tanaka improved Igari’s result in [16]; o, = 1 — 1/n suffices.

Next, we will show that our bound is the optimal, i.e., it is natural to ask ourselves
whether there exists a function f such that

(1.12) 1K o Fll2) = Cv/10g NILF L2

holds and we answer this question in the affirmative.

w(R) ~

wo(r)dr.
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By using the function fy (x) = ﬁX{lf\x\sN}(x), in [12, Lemma 1], Miiller checked that
(1.1) is optimal. He actually placed himself in R” and showed

n—1
1Ky fnllizngny = CUog N) = || fnll L gy -

See also the textbook [7, Proposition 10.3.4].

We would like to thank Professor Joonil Kim who motivated this study. We also express
deep gratitude to a suggestion on Section 3 by Professor Neal Bez. We thank anonymous
referee for his (or her) helpful comments.

2. Proof of Theorem 1.1. We start with the reduction. First, we may assume that f
is nonnegative and essentially bounded. Write f,(x) = f(ax) and w,(x) = w(ax) fora > 0.
Observe that the constants in (1.10) and (1.11) for w and those for w, can be taken the same.
By a scaling argument, we can verify

||K1av,wf||L2(w) _ ”KI{/,wa ftl”Lz(wa)
||f||L2(w) ”fa”Lz(wa)

s

so that it is suffices to consider a = 1. We divide R? into open unit squares Q, which have
center at lattice point & € Z> and whose sides are parallel to the axes, so that

Y xe.=1
aeZ?

almost everywhere. By the essential boundedness of f, for every square Q,, we can find a
rectangle R, € lev such that O, N Ry # ¥ and

2
w(Ry)

Kl /(o < fR FOwG)dy forx € Qq.

Then, it suffices for the proof of the theorem 1.1 to estimate

1
Tyf(x):= Z ( /wa> x0,(x) for f e L*(w)

wez? w(Ry)

by using the bounds which are independent of the R, ’s.
For the proof, we need two lemmas. The first one is a simple geometric argument.

LEMMA 2.1. Forally € 7?
.1 > IR« NRy| < NlogN .

aeZ?
This is essentially due to Cérdoba [5, p. 7 line 4] and also closely related to [12, Lemma 2].
For reader’s convenience, we recall the proof of (2.1) in Section 4.
The following lemma is originally due to Carbery in [3, Theorem 2]:

LEMMA 2.2. Let Ty, be as above. Then T, is of strong type (p, p) with respect to the
weighted measure w(x) dx if and only if there exists a constant Cg4, such that for any sequence
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{Aa} C Ry, we have

w(Qq) / .
22) Y e DRy e ) | W) dx < € > 2w(Qa)
aeZ? ¢

aeZ?

where q is the conjugate of p. Moreover, the infimum of the constants (Cq)l/ 9 satisfying (2.2)
is | Tl Lp (w)y— 1P (w)-
PROOF. We go through the same argument as the proof of [2, Theorem 3]. O

By Lemma 2.2 with p = ¢ = 2 it is sufficient to show (2.2) with C, = O(log N). We
set

w(Qy) 2
I:= /]1@2(2“ A w(R:) XR(X(X)> w(x)dx .

e7?

Calculating the integral, we obtain

=33 rp w@)w(Qp) |\ p Rp)

aeZ? BeZ? w(Ry)w(Rg)
= Aahp R, N R - .
a§2ﬂ§2 “w(R)w(Rp) (Rg ) w( B) -/ w(Qa)w(0p)

From Lemma 1.2, we deduce that

Vw(Qa)w(Qp)

w(Royu Ry e R

1 2 1 2
(i fut)” (g Ju)
1 \Irad(Qa)| Jrad(0n) [rad(Qp)l Jrad(0p) |Ry N Rg|

N2 T o o, " |rad(Ry N Rp)| rad(RaﬂRﬂ)
| Tad(Re)| Jrad(ry) | rad(Rp)| Jrad(Rp)
1 1
( sup w0)7 ( sup w0)7
S w00 md0n g ARy sup .
~ N2 sup wo sup wo rad(RyNRp)
rad(Ry) rad(Rp)
where we have used the supremum condition in the last inequality and |Qy| = 1. Since

Qq C 2R, for any «, we have rad(Qy) C rad(2R,). By the doubling condition of wy,

\/w(Qa)w(Q,s)w(Ra A Ry)
w(Ry)w(Rp)

1 1 1

1
sup wo \ 2 sup wo \ 2 sup wo \ 2 sup wo\ 2
1 rad(Qg) rad(Qp) rad(RyNRg) rad(RyNRg)
S — |Ra N Rg|
N sup wo sup wo sup wo sup wo

rad(Ry) rad(Rg) rad(Ry) rad(Rpg)



644 H. SAITO AND Y. SAWANO

1
< 3 lRa N Ryl

Therefore, we have

1
23) PS5 20 D ke w(Qu)w(Qp)I Ry N Ry

aeZ? Be7?

Therefore, from (2.1), we have

r’ 5% Y dakpy/w(Qu)w(Qp)| Ry N Rp|

aeZ? BeZ?
1 1
fﬁ . 5{ Z Aiw(Q'”(Z [Ry N Rﬂl) + Z A%MQ,B)(Z |Ry N Rﬂ|)}
ac7? BeZ? BeZ? aeZ?
1 1
Sﬁ . 5{Nz log N Z A2w(Qq) + N?log N Z A%w(Q,s)}
ae?? Bez?
=log N Z rew(Qa),
aeZ?

where we have used the inequality of arithmetic mean and geometric mean in the second
inequality, and also we have used (2.1) in the third inequality. This completes the proof.

REMARK 2.3. By definition it is easy to see that

Tuf(x) < Ky, f(x)

for any choice of rectangles {R,}. This technique is known as the linearization of sublinear
operators.

3. Sharpness of the operator norms in some special cases. In this section, we shall
prove that the bound of Theorem 1.1 is optimal for the weights w(x) = |x|*, and w(x) =
log(1 + |x]), x € R?, where A > 0 is a fixed parameter. It is easily seen that these weights
satisfy the doubling and supremum conditions (1.10) and (1.11).

3.1. Casew(x) = |x|*, A > 0. Before starting to prove, we introduce some notations
due to Keich [11]. Let / be a line segment ! := {(x,ax + b) : x € [0, 1]}. For such a line
I, we define [(x) = ax + b and put a(l) := a and b(l) := b. We consider lines such that
a(l) € [0,1]and b(l) € [—1,0]. For § > 0 and such an /, let Rs() be the triangle defined by
the vertices {(0, [(0)), (0,1(0)—46), (1,1(1))}. Let I_ég (/) be the triangle obtained by translating
Rs(I) by 2+/2 along the (positive) direction of /. In words of the book [14, p. 435], we can
say that I_ég () is areach of Rs(I). We use the following theorem:

THEOREM 3.1 [11, Theorem 1]. For any n, there exists a collection of 2" line seg-
ments {II' :i =0,1,2,...,2" — 1} such that the triangles Ry-n(I!") satisfy the following two
properties:

() a(l) =i27"
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2] |
) U Ry (M) | < ~
i=0
(3) The translated triangles, Ry-n(I}') are disjoint.
See [14, p. 435, Theorem 1] for a similar construction.
Let

2"—1
Eyi= | Rpn]).
i=0

Then E, has a unit length line segment with any given slope a € [0, 1], it is composed of
triangles with area 27", and |E,| < 1/n. Moreover, it should be noted that we can construct
the union of such triangles R,-»(l!') and I_éz—n (I') in a compact disc D, independent of n,
which does not contain the origin.

COROLLARY 3.2. For the power weight w(x) = |x|*, Theorem 1.1 is optimal, that is,

” KI{//Iu\i le(w)—>L2(w) z m.

PROOF. For fixed N, N > 1,letn € Nbe 2" ~ N, and a = 1/N. Applying Theo-
rem 3.1 to n, we get the family of rectangles { Ry« (I?')} such that

2]
1
E,|l = Ry-n(I) | S ——.
Eal = | U Rl | S ooy
i=0
We can find a compact disc D, containing these triangles and translated ones, independent
of n. The weight w(x) = |x|* can be regard as a constant function on D so that we see
/N /N .
that || ll2) ~ | - 22 and Ky f(x) ~ KV f(x). Let f, := xg,. Then by (i) of
Theorem 3.1,

2 2
”anLZ(w) NHf" ||L2(R2) =IEl 5 logN

= /N = /N . .
On the other hand, let Ky ,, = K ; \//5 Now and Ky = K 3 «//EN’ respectively. Then we can verify

easily that
Knwfa(x) ~ Ky fu(x) > 1

forall x € [J*, ! Ry-n(I7). Since Ry-n (1) are disjoint, it follows that
~ 2 ~
RSl = [, R P do

> / i KN fn(x)? dx
U Ry—n (1)

2"—1 2"—1

2 Rt |~ Y 1Ry = 1.
i=0 i=0
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Therefore we have
2
”Kllv/]lfn ||L2(u)) > 1o

FA

~

d

3.2. Case w(x) =log(1+|x]). Forthe moment, we assume that f € L?(w) is radial,
ie., f(x) = fo(|x|) for some fy, and f is supported on an annulus Ay = {x € R®> : 1 <
|x| < N}. Then by polar coordinates,

N
”f”iz w) — fE?w)dx =27 | fo(r) wo(r)rdr.
(w) Ay !

On the other hand, if x € Ay, as in [7, 12], we choose a rectangle

R=[0,N L]
=10.90% [ -5.3]

in B}\, whose short-side contains origin. Thus,
1
Kotz o [ pwueds
Now w(R) Jroay

11
2r

1 N psin™
= m'/z [) Jom)wo(r)rdo dr

1 N
30R) /2 Sowo(r) dr

v

for all x € R N Ay. Due to the rotational invariance of K 11\, wf ),

1 N
Ky f(x) > ) /2 forywo(r) dr

for all x € Ay, and hence

w(Ay) N
1K N f 72 = ngz ( /2 fo(rywo(r) dr)

2

Therefore, we have the following formula:

N
||K]{,’wf||iz(w) - w(Ay) ' (/2 So(rwo(r) dr)
2 = 5 7
”f“Lz(w) w(R) / Fo) wo(r)r dr
1

COROLLARY 3.3. For the weight w(x) = log(1 + |x|), Theorem 1.1 is optimal, that

2

3.1

is,

1
”KN,w”Lz(w)—)Lz(w) Z IOgN .
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We consider wg(r) = log(1 + r) in the formula (3.1). By simple calculation, we have
w(Ay) ~ N> logN, w(R)~ NlogN .

Now we choose fo(r) = %, then

”Kl{l,wf||iz(w) > NlegN .
[0y~ W loN)?

N1
/ —log(l +r)dr
1 r

(log(1 + N))2 N
2log N

=

log N .

N
/ log(1+7r)dr =
1

1
log N 147

We conclude this paper with related examples.

REMARK 3.4.
1

(1) In particular, when wo = 1, choosing fo = -, we recover the classical result from
3.1):

b s
1712 ey
(2) Consider wo(r) = r* for A > 0, which corresponds to the power weight |x|*. We
observe
w(Ay) ~ N**2 . w(R) ~ N**1,
If we apply (3.1) to fy = %, it follows that
2

N
5 a1
||K11\7,wf”L2(w) > 1 <./1 ' dr)
I AN N

~ 1.

2 N
||fHL2(w) / P dr
1
This means that the classical example, f(x) = ﬁ supported on Ay, does not work
to get optimality for the power weight w(x) = |x|*. Moreover, if we substitute
fo(r) = 1/r% to the right-hand side (3.1), then a simple calculation gives us
N 2
- log N)?
([ | SN,
RASGD~ T = F ™) 1/logN  (a=282).
A+1-2a d 3
/1 r r 1 (otherwise) .

Therefore, we cannot obtain the /log N growth for any a € R.

(3) It is natural to expect that the bound of Theorem 1.1 is optimal for all weights w
satisfying (1.10) and (1.11). But this seems subtler and it is an open problem.

(4) In this paper, we handle the weighted Kakeya maximal operator without dilation
Ky, only. It is natural to ask ourselves what happens for the (ordinal) weighted
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Kakeya maximal operator Ky ,,, when w satisfies the doubling and supremum con-
ditions. However, we leave the matters to the forthcoming paper because it needs a
different approach.

4. Proof of (2.1). In this section we will prove

Z [Re NRy| S N%logN, foreacha € Z?.
yeZ?

We begin with the following lemma:

LEMMA 4.1. Let Ry and Ry be infinite strips with width 1 and 0 be the angle of their

long sides. Then
1
|[Ri N Ry| = P

The proof of this lemma is not hard and the proof is omitted. With this lemma in mind,
we prove (2.1).

We start with some reductions and some notations. By the translation invariance, we may
suppose that « = 0. Denote by 6y € [0, ) the angle of the long side of Ry and the x-axis.
By the change of coordinates (x, y) — (y, x) we may suppose that 6y € [0, 7/2), so that Ry
is parallel to the line € : y = x tanfp. Let R be the smallest infinite strip containing R and
having the same slope.

Let us set

By :={ (x,y) € Z* : dist((x, y), &) < 5}.

In order that Ry and R,, intersect, we need to have |y| < 3N. Thus,

D> IRONRy = > [RNRy+ > [RoNRy.

yeZ? y€Z*NBy y€Z?\ By
ly|<3N ly|<3N

As for the first term, we use a crude estimate
[RoNRy| < Nand#(Bon{y eZ* : |y| <3N})SN.

To bound the second term, we observe that the angle 6, of the long sides of R, and Ry

s —1 _dy—1 ly2—y1 tan 6| ; ; i
always exceeds sin , where d,, = 2= — |y, cos By —y; sin 6| is the distance
Y 241 14 A/ 1+tan2 6, Iy 14 |

between y = (y1, y2) and £. Therefore,

VNZ+1 N
o0 o0
Yo RNRy = 30 IROTNR)X = 3, —— =4 ) —,
y€Z*\By y€Z*\By y€Z*\By y€Z*\By
ly|<3N ly|<3N ly|<3N ly|<3N
where we have used Lemma 4.1. Thus
N

> |RoﬂRy|§/ dxdy

s dist((x,),0)=5,x24y2<9N2 |y €088y — x sin bp|
0
ly|<3N
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N
< / —dxdy
y>5,x24y2<9N? |y|

N
5/ —dxdy = O(N*logN).
|Xx|<N,5<y=<N Y

Thus, the estimate of the second term is valid.
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