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Abstract. The purpose of this paper is to give positive answers to some questions
which are related to Fox, Rhodes, Gottlieb-Fox, and Gottlieb-Rhodes groups. Firstly, we show
that for a compactly generated Hausdorff based G-space (X, xg, G) with free and properly
discontinuous G-action, if (X, xg, G) is homotopically n-equivariant, then the n-th Gottlieb-
Rhodes group Goy, (X, xg, G) is isomorphic to the n-th Gottlieb-Fox group Gt,(X/ G, p(xg)).
Secondly, we prove that every short exact sequence of groups is n-Rhodes-Fox realizable for
any positive integer n. Finally, we present some positive answers to restricted realization prob-
lems for Gottlieb-Fox groups and Gottlieb-Rhodes groups.

1. Introduction. The n-th Fox homotopy group or the n-th torus homotopy group
7, (X, x0) of a based space (X, xp) was given by Fox in 1945 to explain a geometric inter-
pretation of the classical Whitehead product of elements of higher homotopy groups ([5, 6]).
For a transformation group (X, G) or a G-space X, Rhodes introduced the n-th Rhodes group
0, (X, x0, G), where xq is a base point in X, which is an analogue of the higher homotopy
groups 7, (X, xp). In 1983, Woo and Yoon [19] investigated Gottlieb-Rhodes groups which
is a generalization of classical Gottlieb groups, and extended some results on classical Got-
tlieb groups to Gottlieb-Rhodes groups. Golasinski, Gongalves, and Wong [8] in 2007 studied
Gottlieb-Fox groups and Gottlieb-Rhodes groups, and presented some interesting properties
of those.

The purpose of this paper is to give some positive answers to the following questions
which are related to Fox groups, Rhodes groups, Gottlieb-Fox groups, and Gottlieb-Rhodes
groups.

The first one is when Gottlieb-Rhodes groups of a space X with free and properly discon-
tinuous G-action are isomorphic to Gottlieb-Fox groups of its orbit space X/G. The second
one is a realization problem for Rhodes groups. And the third one is about some restricted
realization problems for Fox, Rhodes, Gottlieb-Fox, and Gottlieb-Rhodes groups.

In 2007, Golasinski, et al. showed in [8, Theorem 1.2] that for a finite group G and a posi-
tive integer n, if G acts freely on a based space (X, x¢), then the Rhodes group o, (X, x9, G) of
(X, G) is isomorphic to the Fox group 7, (X/G) of its orbit space under the isomorphism @,
induced from a regular covering projection. By the same argument as in the proof of [8, The-
orem 1.2] we may also conclude that if an arbitrary group G acts freely and properly discon-
tinuously on a based space (X, xp), then for any n > 1, 0,(X, x0, G) is isomorphic to the Fox
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group 7, (X/G) under the isomorphism @,,. Thus it is natural to ask whether Go, (X, x9, G)
is isomorphic to G1,(X/G, p(xp)) for all n under the same isomorphism @,,. But we can
not expect a positive answer to this question as in Example 3.3, since Gt,(X/G, p(xo)) is
abelian and Go, (X, xo, G) is not abelian in general. However we can show in Theorem 3.11
that for a compactly generated Hausdorff based G-space (X, xo, G) with free and properly
discontinuous G-action, if (X, x9, G) is homotopically n-equivariant, then the n-th Gottlieb-
Rhodes group Go, (X, xo, G) is isomorphic to the n-th Gottlieb-Fox group Gt,,(X/ G, p(x0)).
As a byproduct, we can conclude that for a compactly generated Hausdorff based G-space
(X, x0, G) with free and properly discontinuous G-action, if (X, xo, G) is homotopically n-
equivariant, then Go, (X, xo, G) is abelian.

In order to give an affirmative answer to the second question, we apply the result of
Lokutsievskii [13]. Recall that if a group G acts freely and properly discontinuously on a
topological space X, then p : X — X/G is a regular covering projection and there is a group
extension 1 — 71(X) = 71(X/G) — G — 1. Itis natural to ask whether the converse of
this holds, i.e., given any group extension | - N — I' — G — 1, there exits a topological
space X on which G acts freely and proper discontinuously such that the extension | — N —
I' - G — 1lisisomorphicto 1 — m1(X) — 71(X/G) - G — 1. The positive answer to
this question seems to be well-known or a folklore. But we can not find any reference except
Lokutsievskii’s paper. In [13], Lokutsievskii presented these in very details. In fact, he showed
that given an extension of groups | - N — I' — G — 1 with finite G, there is a K (N, 1)-
complex X with a free G-action such that 1 — 71(X) — 71(X/G) — G is isomorphic to
the given extension. Moreover, he proved that there is a one to one correspondence between
the set of all free actions up to homotopy conjugation of G on K (N, 1)-complexes and the
set of all classes of isomorphic extensions of N by G. Without any difficulty we have the
same result of his for the case of arbitrary group extensions. Using this result, we show in
Theorem 4.8 that every short exact sequence of groups is n-Rhodes-Fox realizable for any
positive integer n, more precisely, for any extension of groups 1 - N — I' - G — 1
and any positive integer n, there is a K (N, 1)-complex X with free G-action such that for
any positive integer n, the exact sequence of groups 1 — 7,(X) — 0,(X,G) - G — 1lis
isomorphictol - N - I' - G — 1.

For the third question, recall the following question posed by Oprea and Strom [15]: for
a finitely generated abelian group I and a positive integer n, is there a finite C W-complex or
a compact manifold X with G,(X) = I'? They proved that for any finitely generated abelian
group I, there exists a compact manifold X with G1(X) = I'. Forn > 1, they proved that for
a finite abelian group I, there is an N so that for each n > N there is a compact manifold X
with I" isomorphic to a subgroup of G, (X). Moreover they showed using rational homotopy
theory that for any even number n, any torsion-free abelian group cannot be realized as G, (X)
for a finite complex X.

It can be seen in Lemma 4.14 that if I” is an arbitrary abelian group and » is any positive
integer, then t,(K (I',n)) = Gt,(K(I',n)) = I'. Thus if there is no restrictions on spaces,
then the third question about Fox-groups and Gottlieb-Fox groups is trivial like the ordinary
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Gottlieb groups ([15]). In Theorems 4.15 and 4.16, we prove that for a finitely generated
abelian group I" and any positive integer n, there exists a compact manifold X which is a
Gottlieb-Fox space such that 7,(X) = Gt,(X) = I'. Also we show in Theorem 4.18 that
if I" is a finitely generated abelian group, N is a free abelian subgroup of I', and G is a
torsion subgroup of I', then for any positive integer n, there exists a compact G-manifold X
such that the group extension 1 — Grt,(X) - Go,(X,G) - G — 1 is isomorphic to
l1>N—->T—->G—1.

2. Preliminaries. Through out this paper, every group is a discrete group and all
spaces considered are supposed to be topological spaces.

In this section, we collect some basic properties and definitions of Fox, Rhodes, Gottlieb,
Gottlieb-Fox, and Gottlieb-Rhodes groups. We also briefly recall some miscellaneous facts
which we will used in the main results. For more details, we recommend corresponding
references.

1. ([6, 7]) The n-th Fox homotopy group or the n-th torus homotopy group of a based
space (X, xo) is defined to be 7, (X, x0) 1= 1 (X", Cx,)> Where XT"" is the space of con-
tinuous maps from the (n — 1)-dimensional torus 7"~ to X with the compact open topology
and cy, is the constant map based at xq. It is clear that 7;(X, xo) = m1(X, xp). It can be
seen that for a path connected space X, 7, (X, x¢) is independent of the base point xo up to
isomorphism groups. Thus 7, (X, x¢) is usually simply denoted by 7,,(X) for a path connected
space X. The following are well-known facts concerning Fox homotopy groups:

(a) For any positive integer n > 2, the sequence

n
1 — Hm(X,xo)”"' — 1,(X, x0) = T—1(X, x0) > 1
i=2

is split exact, where «; is the binomial coefficient (?:22)
Moreover, ]_[;‘=2 i (X, x0)% = 1,-1(£2X, cx,), Where £2X is the loop space of X and ¢y, is
the constant map based at x¢.

(b) The Whitehead product of two elements « € 7, (X, x0), B €7, (X, x0) in 7Tp4n—1(X,
Xo) is a commutator when 7;,,4,,—1 (X, x0) is embedded in 74 (X, x¢) fork > m +n + 1.
In [7] Golasiniski et al. reformulate the definition of Fox homotopy groups and investigate
generalized Fox homotopy groups.

2. For a transformation group (X, G) or a G-space X, the n-th Rhodes group o, (X, xo,
G), where x is a base point in X, is defined to be

JWfsgl 1 £ <1 = X, £O 1, ta) = X0, f(L 11, 1) = g - X0))
geG
with the operation [ f1; g1] * [f2; ¢2] := [f1 + g1 - f2; g192]. It is clear that 7, (X, xo) =
0, (X, x0, {€}). It can be seen that for a path connected G-space X, t,(X, xo, G) is indepen-
dent of the base point x¢ up to isomorphism groups. Thus o, (X, x9, G) is usually simply
denoted by o, (X, G) for a path connected G-space X. It is well-known that the sequence
1 = (X, x0) = 0,(X, x9, G) - G — 1 is exact.
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3. ([10, 11]) Let (X, xo) be a based space. Consider the class of continuous maps F :
X x 8" — X such that F(x, sg) = x, where x € X and s is a base point of §”. Then the map
f 8" — Xdefinedby f(s) := F(xo, s), where xq is a base point of X, represents an element
[f] € m, (X, x0). The set of all elements [ /] € 7, (X, xo) obtained by the above manner from
some F forms a subgroup of m, (X, xo), which is called the n-th Gottlieb group G, (X, xo),
and the map F is said to be an associated or affiliated map to f. For a compactly generated
Hausdorff space X, it can be seen that G, (X, x¢) is the same as the evaluation subgroup of
(X, x0), i.e., Go(X, x0) = Im(evy : m, (XX, 1x) — m,(X, x0)). By definition, a path
connected space X is n-Gottlieb if G, (X) = m,(X). If X is n-Gottlieb for all n > 1, then it
is said to be Gottlieb. It is well-known that any H -space is a Gottlieb space.

4. ([7, 8,9, 19]) Let X be a G-space. For any [f; g] € 0,(X, x0, G), a continu-
ousmap H : X x I x T"~! — X is said to be an associated or affiliated map to f if
H(x,0,t1,....th—1)=x,Hx,1,t1,....th—1)=9-x, H(x0,8, 11, ..., th—1)= f(s, 11, ...,
t,—1). The n-th Gottlieb-Rhodes group Go, (X, x¢, G) is defined to be the subgroup of o, (X,
x0, G) which consists of elements [ f; g] such that f has an associated map. For a compactly
generated Hausdorff space X with G-action, it can be seen that Go, (X, xo, G) is the same as
the evaluation subgroup of o, (X, x9, G), i.e., Go, (X, x9, G) = Im(evy : oy (X%, 1%, G) —»
0, (X, x0, G)). For a based space (X, xp), if we consider X as X with trivial G-action, then the
n-th Gottlieb-Fox group G, (X, x¢) is defined to be Go, (X, xo, {€}). A path connected space
X is said to be n-Gottlieb-Fox if Gt,(X) = 1,,(X), and a path connected G-space X is said to
be n-Gottlieb-Rhodes if Go, (X, G) = 0,(X, G). By definition, a path connected space X is
Gottlieb-Fox if it is n-Gottlieb-Fox for all n > 1 and a path connected G-space X is Gottlieb-
Rhodes if it is n-Gottlieb-Rhodes or all n > 1. The following facts about Gottlieb-Fox and
Gottlieb-Rhodes groups have been shown in [7, 8, 9]:

(a) For a compactly generated Hausdorff space X with G-action, the sequence 1 —
G1,(X, x9) — Goy(X,x9,G) - Go — 1 is exact, where Gy is the subgroup of G con-
sisting of elements g considered as homeomorphisms of X which are freely homotopic to
1x.

(b) For a compactly generated Hausdorff space X and an integer n > 2, there is a split
exact sequence of groups:

I = Gt—1(82X, ¢cxy) > Gtu(X, x0) > Gr—1(X, x0) > 1,

where £2X is the loop space of X and cy, is the constant map based at xo. Moreover Gt,—1
(22X, cxy) = [T72, Gi(X, x0)% ,where o = (?:5) and G, (X, x0) = [[i_, Gi(X, x0)",
where y; := (*7}).

(c) For a compactly generated Hausdorff space X and any positive integer n, Gt, (X, xo)
is central in 7, (X, x0) so that Gt, (X, xo) is abelian. But for a compactly generated Hausdorff
space X with G-action, Go, (X, xo, G) is not necessarily abelian in general.

(d) Forall k < n, 1 (S™) = m (S™).

(e) Let G be any abelian group and n > 2. For any K (G, n)-complex X, if k < n then

w(X) = 1, and if k > n then 7e(X) = GG). In particular, 7 (K (G, 1)) = G forall k > 1.
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(f) A compactly generated Hausdorff path connected space X is n-Gottlieb if and only if
it is n-Gottlieb-Fox.

5. ([16, 17, 20]) By definition, a transformation group (X, G) admits a family of pre-
ferred paths at xq if it is possible to associate with every element g; of G a path k; from
g1 - xo to xo such that the path kg associated with the identity element e is ¢y, and for every
pair of elements g;, g» the path k1 2 from g1 ¢2 - xo to xo is homotopic to ¢; - k2 4 k. For a
transformation group (X, G) and g € G, a continuous map H : X x I — X is said to be a
homotopy of order g if H(x,0) = x, H(x, 1) = g - x. A family K of preferred paths at x¢ is
called a family of preferred traces at x if for every preferred path kg in K, E is the trace of
a homotopy of order g, where E is the inverse path of k4. The following shows that why the
notions of preferred paths or preferred traces are important.

(a) The transformation group (X, G) admits a family of preferred paths at x¢ if and only
if 0, (X, x0, G) is a split extension of 7, (X, x¢) by G.

(b) If the transformation group (G, G) admits a family of preferred paths at e, then
0,(X, x0, G) = 1,(X, x0) X G.

(c) (X, G) admits a family of preferred traces at xq

if and only if Go1(X, x9, G) = G11(X, x0) X Go
if and only if Go1 (X, x0, G) = Gt1(X, x0) X Go.

6. ([4, 18]) By definition, a group G is said to act properly discontinuously on a space
X if every point x € X has a neighborhood U such that{g € G | g - U N U # (} is finite.
It is well-known that (a) if G acts freely and properly discontinuously on a path connected
Hausdorff space X, then p : X — X /G is a regular covering projection (b) if G acts freely
on a connected C W-complex X, then G acts also properly discontinuously on X.

7. (cf. [4]) By definition, an extension of a group N by a group G is a short exact
sequence of groups 1 - N — I' — G — 1. Two group extensions | — N; — I —
Gy — land 1 - Ny — I — G, — 1 are said to be isomorphic if there are isomorphisms
N1 — Nz, G1 — G2 and I} — I3 such that the following diagram commutes:

1 Ni I G1 1
1 Ny I Gy 1.

3. When are Gottlieb-Rhodes groups of a compactly generated Hausdorff space
X with free and properly discontinuous G-action isomorphic to Gottlieb-Fox groups of
its orbit space X/G? In this section we investigate the question stated in the title above.
Let G be a group which acts freely and properly discontinuously on a space X with a base
point xo. Then p : X — X /G be a regular covering projection. In 2007, Golasinski, et al.
[8] showed that for a finite group H and any positive integer n, if H acts freely on a space Y,
then the Rhodes group o, (Y, yo, H) of (Y, H) is isomorphic to the Fox group 7,,(Y/H) of its
orbit space under the map @,, below which is induced from the regular covering projection p.
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They used the result of Armstrong [3] and the mathematical induction. Since the proof given
in [8] for the case of finite groups works in general, we have the following theorem.

THEOREM 3.1 (cf. [8, Theorem 1.2]). Let G be a group which acts freely and prop-
erly discontinuously on a based space (X, x¢). Then

®n : Un(X7x07 G) - 7:}'l()(/(;’ P(XO))

defined by @, ([ f; g1) = [p o f] is an isomorphism for alln > 1, where p : X — X/G isa
regular covering projection.

Due to Theorem 3.1 it can be naturally asked whether Go, (X, x9, G) is isomorphic
to G1,(X/G, p(xp)) for all n under the same isomorphism &,. But we can not expect a
positive answer to this question, since G1,(X/G, p(xo)) is abelian and Go, (X, xg, G) is not
necessarily abelian in general. We will give an example which shows that Go, (X, xo, G) is
not isomorphic to Gt,(X/G, p(xp)). Other examples can be founded in [8, Example 2.3].

LEMMA 3.2 ([8, Example 2.6]). Let a finite group G act freely on an odd dimensional
sphere X = S?"T1. Then G = Gy, where G is the subgroup of G consisting elements g
considered as homeomorphisms of X which are freely homotopic to 1x.

PRrROOF. It follows from the Lefschetz fixed point theorem (cf. [12]) and the Hopf clas-
sification theorem (cf. [12]) as explained in [8, Example 2.6]. O

EXAMPLE 3.3. It is well-known that a finite group G acts freely on some sphere if
and only if G satisfies both the p? and the 2 p condition for all primes p, i.e., every subgroup
of order p? or 2p is cyclic (cf. [1]). Let X be an odd dimensional sphere S3 or §7, and let G
be a nonabelian group which acts freely on X. For instance, if G is the generalized quaternion
group, then G acts freely on 3. Note that G = G by Lemma 3.2. Since 3 and §7 are
H -spaces, they are Gottlieb-Fox and so G11(X) = 71(X) = {1}. Since | — G171 (X) —
Go1(X, G) — G — 1is exact, it follows that Go1 (X, G) = G. Since G11(X/G) is abelian,
Go1(X, G) can not be isomorphic to G11(X/G).

The n = 1 case of the following proposition was proved in [19, Theorem 1.2]. To help to
understand Definition 3.5 and Remark 3.6 we give a proof of the following proposition which
is along the lines of the proof of [19, Theorem 1.2].

PROPOSITION 3.4. Let (X, x9, G) be a based G-CW-complex. Suppose that there
exists an associated map H : X x I x T"~! — X such that
H(x,0,t1,...,th—1) = x,
Hx,1,t,...,th-1) =9g-x,
H(xo, 8,1, ..., th—1) = f(s, 11, ..., th—1) .
Then for any [ f'; g1 € Gon (X, x0, G) with [ f; g1 = [f; g, there exists also an associated

map H' : X x I x T""' — X such that H'(x, 0,11, ..., t,—1) = X, H/(x, L,H, oo they) =
g-x,and H' (xg, 5,11, ..., ta—1) = f/(s,t1, ..., th_1).
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PROOF. Let F: I x T"~! x I — X be a homotopy between f and f’ such that
F(s,ti, oo th—1,0) = f(s, 11, ..., th—1),
F(s,t1,evoytnot, D) = f/(s, 01,000 a1,
FQO,11,...,t4—1,1) = X0,

F(l,t1,....,th—1,8) =g -X0.

Let Z be the subcomplex of X x I x ! given by (X x 0 x T" 1) U (X x 1 x " Hu
(xo x I x T"~1). Define a homotopy K : Z x I — X on Z as follows:

K(xaoatla"'at}’l—lat) ::x5
Kx,1,t1,...,th—1,8) =9 -x,

K(x()as’tla "'7tn—lat) = F(s7t15 "'7tn—lat)'
Note that K|zxo = H|z. By the homotopy extension property, there exists a homotopy
L:XxIxT" !'x]— XonXsuchthat L(—, —, —,0) = H and L(—, —, —, t)zxr = K.
Then it can be easily seen that H' := L(—, —, —, 1) : X x I x T"—1 5 X is an associated
map to f’. O

DEFINITION 3.5. A based G-space (X, x9, G) with free and properly discontinuous
G-action is said to be homotopically n-equivariant if it satisfies the following: for any ho-
motopy class [f; g] € o,(X, x0,G), [f; 9] € Go,(X, xo, G) if and only if there exist
[f; g1 € Goy(X,x0,G) with [f; g1 = [f'; ¢] and an associated G-map H : X x I x
T"-! — X to f’ such that H(x,0,¢(,...,t,—1) = x, H(x,1,t1,...,t,_1) = ¢ - x, and
H(xo,8,t1,...,ta—1) = f'(s,t1, ..., In—1). Here G acts trivially on I x "1 1f (X, x9, G)
is homotopically n-equivariant for any n > 1, then we say that it is homotopically equivariant.

REMARK 3.6. Let (X, x9, G) be a based G-space with free and properly discontinu-
ous G-action and [ f; g] € Go,(X, x0, G). Then there exists an associated map H : X x
I xT" 1 > Xto f such that H(x,0,#1,...,t,—1) = x, H(x, 1,t1,...,t,—1) = ¢ - x,
and H(xo,s,t,...,th—1) = f(s,11,...,t;,—1). Suppose that the map H is a G-map. Let
[f; 9] € Go,(X, xo, G) with [f; g] = [f; g]. Suppose that f and f’ are G-homotopy
equivalent. Let Z be the subcomplex of X x I x T~ ! givenby (X x 0 x T" ) U (X x 1 x
T" YU (@xgxIxTHu (UgeG g-xox I x T"™1). Define a homotopy K : Z x [ — X
on Z as follows:

Kx,0,t1, ..., tho1,8) ==X,
KO, L, o te1, ) i=g - X,
K(xo, S, 81, .oy tne1,8) := F(s, 01, ..., ta—1, 1),
K(g- %0, 8,11 e ostyo1st) =g F(s,11,...,tn_1,1) forany g € G.
If we apply Z and K to Z and K, respectively, in the proof of Proposition 3.4, then we may see

from the G-homotopy extension property (cf. [2]) that [ f'; ¢g] has also an associated G-map
H'’. But it is not necessarily that f and f’ are G-homotopy equivalent. Thus in Definition 3.5



146 K. H. CHOL, J. H. JO AND J. M. MOON

we require that for any [f; g] € Go, (X, xo, G), there exists an associated G-map H to f’,
where [f; g1 = [f’; g1. When we consider the notion of homotopically n-equivariantness,
we may assume that representations of homotopy classes [ f; g] € Go, (X, xo, G) have an
associated G-map.

It can be seen from the argument of the proof of [10, Theorem 1.3] or [19, Theorem 1.3]
that for any G-C W-complex X, if A : I — X is a path from xp € X to x; € X, then A induces
an isomorphism

he 1 Gow(X. X0, G) > Goy(X, x1,G)

such that A, ([ f; g]) = [M"0" + f 4+ gA™; g], where p" : I x T""! — I x T""!is a map
defined by p" (s, 11, ..., th_1) == (1 —s,t1, ..., ta_1) and A" : I x T"~! — X is a map de-
fined by A" (s, t1, 2, ..., t,—1) := A(s). By the similar argument, we can show the following
proposition which says that the notion of homotopically n-equivariant is independent of the
base point for a path connected free G-C W-complex.

PROPOSITION 3.7. Let X be a path connected CW -complex with free G-action and
n a positive integer. If (X, xo, G) is homotopically n-equivariant for some xo € X, then
(X, x1, G) is homotopically n-equivariant for any x1 € X.

PROOF. For any point x| € X, let A be a path from xg to x;. Let [ f/; g] € Go, (X, x1, G).
Since iy : Gou(X,x0,G) — Go,(X, x1,G) is an isomorphism, there exists [f; g] €
Go, (X, xo, G) such that [f'; g] = [A'p" + f + gA"; g]. Since (X, x¢, G) is homotopi-
cally n-equivariant, it follows from Remark 3.6 that there exist an associated G-map H :
X xIxT" ! — Xto fsuchthat H(x,0,t1,...,th—1) =x, H(x, 1,11, ..., th—1) = g - X,
and H(xo, s, t1,...,t—1) = f(s,11,...,1,—1). Consideramap p : X x T"~1 5 X defined
by p(x, 1, ..., ts—1) := x. Itis clear that p is a G-map. Define A := UgeG{g-xl}. Itis clear
that A x I x T"~!is a G-C W-subcomplex of X x I x T"~!. Define F : Ax I xT"! - X
by F(g-x1,8,t,...,t4—1) =g -A"p"(s,t1,...,t,—1) forany g € G. It is clear that for any
(g X101 ta) € AX T F(g X180, ... tg1) = g - X1 so that F| 4, (o) n-1 =
Plaxjojxrn-1> and F is a G-map. By the G-homotopy extension property, there is a G-
homotopy K : X x I x T"~! — X such that K|y, j0yx7n-1 = p and K|, jxpn-1 = F. Thus
foranyx € X, K(x,s,t1,...,tp—1) = x and K (x,s,t1,...,ty—1) = X' 0" (s, t1, ..., th—1).
DefineL: X x I x T" ! — XbyL(x,s,t1,...,t—1) :=

K(x73sat17"‘5tn—1) if Ofsf%
HKG, 1t te1),3s — Lty o tym) if 3 <s <3
g‘K()C,3(1_S),t],...,tn_l) lf%fsfl

It is clear that L is a G-map such that
L(x1,8,t1, ..., ) = A"+ f4+gM)(s, t1, ... 1) € Goy(X, x1,G).

Hence L is an associated G-map to f’ so that (X, x, G) is homotopically n-equivariant. O
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PROPOSITION 3.8. Let G be a group which acts freely and properly discontinuously
on a space X with a base point xo. If (X, xo, G) is homotopically n-equivariant, then it is
homotopically k-equivariant for every 1 < k < n.

PROOF. Let k be an integer with 1 < k < n and [f; g] € Gor(X, x9, G). Then there
exists an associated map H : X x I x T*¥~! — X to f such that

H(X,O,tl,...,tk_l)zx,
H('x517t15"'7tk—1)=g'x5
H(xo,s,t1, ... tk—1) = f(s, 01, fk—1)

Defineamap f : I x T"' — X by f(s,t1,...,tu_1) := f(s,11,...,%—_1) and a map
H:XxIxT" ' = XbyH(s,t1,...,t,_1) := H(s,t1,...,1_1). Itis clear that [ f; ¢] €
Go, (X, x9, G). Since (X, xo, G) is homotopically n-equivariant, it follows from Remark 3.6
that there exist an associated G-map F : X x I x T"~! — X to f such that

f(xsoyl‘l,...,ln_l):)(;7
F, 1t tyo1) =g x

f(x()asatl’""t}’l—l) =7(S5 tl,--',tn—l) = f(sa tla"'5tk—1)‘
Defineamap F : X x I x T¥! — X by
F(x,s,t1,...,tx—1) ::f(x,s,tl,...,tk_l,O,...,O).

Then it is clear that F is an associated G-map to f. Hence [f; ¢g] is homotopically k-
equivariant. This completes the proof. O

EXAMPLE 3.9. (a) Let Z,, = (1) act freely and properly discontinuously on S! ¢ C
by 1.6 = O+ By Lemma 3.2, it follows that (Z,,)o = Z,. Since S' is an H-
space, it is Gottlieb-Fox and so t, (SH = G, (S") = Z for any n > 1. Thus we may see
that (Sl, Zy) is Gottlieb-Rhodes. It can be easily seen that for any n > 1, o, (Sl, 1,Zy) =
Ga,,(Sl, 1,Z,,) = 7Z, which is generated by [ f; ¢], where f = {eie [0<6 < %’}. Define a
homotopy H : §' x I x T""! — S'by H(e?,s,11,...,t,_1) := O3S Tt can be easily
checked that H is an associated G-map to f. Hence (S', Z,,) is homotopically equivariant.

(b) Let n > 2 and m be positive integers. Consider $*~! as the unit sphere in C”,
ie., ASzn_1 ={G1,....z) € C" | 1211 + -+ + |za|? = 1}. Then the map (z1, ..., z,) —
(e%z Lovens e%zn) defines a free action of the finite cyclic group Z,, on $*~!. By Lemma
3.2, it follows that (Zy,)o = Zm. Since 71(S¥" 1) = G (S 1) = 1, we may see that
o1 (S 1. Z,) = Goy(S* 1, Z,) = Z,,. Moreover it can be seen that Goy (S~ !, Z,,)
is generated by [ f1; g], where f1 = {(em,O, .,00 <06 < 27”}. Define a homotopy
Hy: S 1 x 1 — §2 by

2msi

Hi((z1,...,z0),8) = (e m 21,...,e m z).
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It can be checked that H is an associated Z,,-map to f1. Thus (82"_1, Zy,) is homotopically
1-equivariant. By the same argument, we may see that Gazn_z(Sz"_l, Zim) = Zy, which is
generated by [ fon_2; g], where fo,_o : [ x T?"=3 — §27=1 s defined by fo,_2(s,11, ...,
tn_3) := fi(s). Define a homotopy Ha, o : S?"~! x I x T?"=3 — §2"~1 py

Hyp2((z1, ..oy zn), 85t ooy t2p—3) i= H1((21, ..., Z0), 8) .

It can be seen that Hp,_» is an associated Z,,-map to f2,—>. Thus we can conclude that
(§2-1 7..) is also homotopically (2n — 2)-equivariant. Moreover it follows from Proposi-
tion 3.8 that (S"~!, Z,,) is homotopically k-equivariant for any 1 < k < 2n — 2.

It is of interest to find out which spaces with free and properly discontinuous G-action
are homotopically n-equivariant owing to Theorem 3.11, which is one of the main results of
this paper.

The following lemma is immediate and we state it without its proof.

LEMMA 3.10. Foranyn > 1,letiy : IxT" Vs IxT"andm, : IXT" — I xT""!
be the map defined by

in : (s7t15 .. '7tn—l) - (s7t15 .. '7t}’l—170)
n}’l : (s7 t11 .. ‘7tn—17tn) H (S7 tl? AR ] tn_l) .
The maps i,, and 7, induces the following injective homomorphisms and surjective homomor-
phisms:
(@) inx 1 Gopg1(X, x0, G) = Gon(X, x0, G),  inx([f5 g]) = [f 0in; gl
() inx 1 GTup1(X, x0) = GTa(X, x0),  ins([f]D = [f 0inl.
(©) 7nx : Gon(X, x0, G) = Gopg1(X, x0, G),  7ux([ S5 g1) = [f o703 gl.
(d) 7ps 1 GTp(X, x0) = GTup1 (X, x0), T (LfD = [f 0 70al.
THEOREM 3.11. Let G be a group which acts freely and properly discontinuously on

a compactly generated Hausdorff space X with a base point xo. If (X, xo, G) is homotopically
n-equivariant, then the map

@i : Gop(X, x0, G) = G (X/ G, p(x0))

defined by i ([ f; g]) = [p o f1is an isomorphism forall 1 <k <n,where p: X — X/G
is a regular covering projection.

PROOF. We will show this by induction. Consider first the n = 1 case. Take any
[f; 9] € Goi1(X, xo, G). Since (X, xg, G) is homotopically n-equivariant, it follows from
Proposition 3.8 and Remark 3.6 that there exists an affliated G-map H : X x I — X to f
such that H(x,0) =x, H(x,1) = g-x and H(xg,t) = f(¢). Defineamap K : X/G x I —
X/G by K(p(x),t) = p o H(x,t). In order to see that K is well-defined, suppose that
p(x1) = p(x2). Then x; = g - x for some g € G. Since H is a G-map, it follows that

K(p(x1),t) =poH(x1,t) =poH(g-x2,1)
=p(g-H(x2, 1) = p(H(x2,1) = K(p(x2),1).
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Thus K is well-defined continuous map. Since K (p(x),0) = p(x) = K(p(x),1) and
K(p(x0),t) = p o f(2), it follows that [p o f] € G11(X/G). Suppose now that [ f1; g] =

[f2: g]. Itis clear that f1 >~ f2,and so @([f1: g]) = [po fil = [po f2] = @([f2: g]. Hence
we can define a well-defined homomorphism

@1 : Goi1(X, x0, G) = GT1(X/G, p(x0))

by @1([f; g]) = [p o f]. Recall that p, : 01(X, x0, G) — 171(X/G, p(xp)) defined by
p«([f; g]) = [p o f]1is an isomorphism ([16], [8, Theorem 1.2]). Thus a restriction homo-
morphism @ = p«|Go, (X,x,G) 15 @ monomorphism.

In order to show that @; is surjective, take any [ f] € Gt1(X/G, p(xp)). Then there
exists a cyclic homotopy F : X/G x I — X/G such that F(p(xo),t) = f(¢). For each
p(x) € X/G, define fyry : I — X/G by fpu)(t) == F(p(x),t). Since fp)(t) is a
loop at p(xp) in X/G, it follows from the hftlng theorem ([14, Lemma 54. 1]) that for any
x€ep ~I(p(x)), there exists a unique lifting path fp(x) I — X such that p o fp(x) freo
and f,,(x)(O) = x. Now define H : X x I — X by H(x,t) = fp(x)(t) It is clear that
H is well-defined and continuous, since [ is locally compact Hausdorff (cf. [14]). Note that
H(x,0) =x and H(x,1) = g - x for some g € G. Thus H is a homotopy between 1x and
g - 1x. and thereby [ﬁ,(xO); g] € Go1(X, xo, G). Therefore

D1 ([ pio)s 9D = [P 0 foe)] = Lol = L]

Hence @ is surjective and thereby Go1 (X, xo, G) = G11(X/ G, p(x0)).
Now assume that @ : Gor(X, x0, G) = Gt (X/G, p(xg)) is true for k < n. From
Lemma 3.10 we have the following commutative diagram:

Gt (22X, Cxo) Ky
l ———— Grn(Xﬂ xO) - GGn(Xa X0, G) GO 1

| | |

l —— Gt 1(X, x0) —— Goy—1(X, x9, G) —— Go —— 1,

where c,, is the constant loop at xg, G is the subgroup of G consisting of elements g consid-
ered as homeomorphisms of X which are freely homotopic to 1y, and K, := ker(Go, (X, xo,
G) — Go,—1(X, x9, G)). It can be easily seen that Gt,_1(£2X, x9) = K,. Note that
G, (X, x0)/Gtao1(£2X, cxy) = G1—1(X, x0). Note also that

n
Ky = Gy 1(R2X. ¢x) = 71 (82X, cxp) = [ [ (X, x0)% .
i=2

Consider the following commutative diagram:
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[17—p 7i (X, x0)%

1 K, Gop (X, x9, G) —— Goy_1(X,x9,G) —— 1

! l 5

| —— Gt 1(R(X/G), ¢ p(xg) — Gta(X/G, p(x0)) —> Gy 1 (X/ G, p(xg)) — 1

T}’l—l (Q(X/G)’ Cp(xo))

l:

H?:Z ;1 (X/G, xp)% .

Since 7;(X) = 7;(X/G) fori > 2, we have G1,—1(£2(X/G), cx,) = K. Hence @, :
Go, (X, x9, G) - Gt1,(X/G, p(xp)) is an isomorphism by the five lemma. This completes
the proof. O

COROLLARY 3.12. Let G be a group which acts freely and properly discontinuously
on a compactly generated Hausdorff space X with a base point xo. If (X, xo, G) is homotopi-
cally equivariant, then the map

D, : Gon(X, x0, G) — G, (X/G, p(x0))

defined by @,([ f; g]) = [p o f] is an isomorphism for all n, where p : X — X/G isa
regular covering map.

PROOF. This follows immediately from Theorem 3.11. O

As we mentioned in preliminaries, Gottlieb-Rhodes groups G, (X,x¢,G) are not abelian
in general. But, it follows immediately from Theorem 3.11 that for a compactly gener-
ated Hausdorff based G-space (X, xo, G) with free and properly discontinuous G-action, if
(X, x0, G) is homotopically n-equivariant, then Go, (X, x9, G) is abelian.

COROLLARY 3.13. Let G be a group which acts freely and properly discontinuously
on a compactly generated Hausdorff space X with a base point xo. If (X, xo, G) is homotopi-
cally n-equivariant, then Go, (X, xo, G) is abelian.

EXAMPLE 3.14. Letn and m be positive integers which are greater than or equal to
2. Consider §?"~! with free and properly discontinuous Z,,-action in Example 3.9. Then
(§2"~1, Z,,) is homotopically k-equivariant for any 1 < k < 2n — 2 by Example 3.9. Hence
we see that Gox (S*"~!, Z,y) = Grp (S~ /Z,,) for all 1 < k < 2n — 2 by Theorem 3.11.
Therefore we conclude that Gak(Szn_l, Zy) is abelian for all 1 < k < 2n — 2 by Corol-
lary 3.13. Similarly we can show that Goy(S', Z,) = Gt (S'/Z,) and Goy(S', Zy) is
abelian for all k > 1 by Example 3.9, Theorem 3.11, and Corollary 3.13.
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COROLLARY 3.15. Let G be a group which acts freely and properly discontinuously
on a compactly generated Hausdorff path-connected space X with a base point xo. Let n be
any positive integer. If (X, xo, G) is homotopically n-equivariant, then X /G is n-Gottlieb
if and only if X is n-Gottlieb-Rhodes. Thus if (X, xo, G) is homotopically equivariant, then
X/ G is Gottlieb if and only if X is Gottlieb-Rhodes.

PROOF. Recall that a compactly generated Hausdorff path connected space X is n-
Gottlieb if and only if it is n-Gottlieb-Fox. Note that the isomorphisms 0% (X, G) = 7 (X/G)
and Goy (X, G) = G14(X/G) are given by the same map ®;. Thus we may see from Theo-
rems 3.1 and 3.11 that

X /G is n-Gottlieb if and only if X/G is n-Gottlieb-Fox
if and only if 74 (X/G) = Gtx(X/G) forall 1 <k <n
if and only if ox (X, G) = Gox(X,G) forall 1 <k <n
if and only if X is n-Gottlieb-Rhodes .

Hence we have the desired result. O

4. Realization problems. By definition, an extension of a group N by a group G is a
short exact sequence of groups 1 - N — I’ - G — 1. Two extensions | - Ny — [ —
G; — land 1 - Ny — I — Gy — 1 are said to be isomorphic if there are isomorphisms
N1 — N, G1 — G7 and I'1 — I such that the following diagram commutes:

1 Ni I G1 1
1 Ny I Gy 1.

DEFINITION 4.1 ([13, Definition 2.1]). Let 67 and 6, be actions of groups G and G»
on spaces X1 and X», respectively. The action 6 is said to be homotopy conjugate to 6>,
denoted by 81 ~ 65, if there exists a homotopy equivalence & : X1 — X5 and an isomorphism
¢ : Gy — Gy suchthat h o 01(G) = 62(p(g)) o hforall g € G;.

REMARK 4.2. If we denote the actions 01 and 6, by - and *, respectively, then the
condition above in Definition 4.1 can be rephrased as follows: h(g - x) = ¢(g) * h(x) for all
g € Gyandall x € X;.

LEMMA 4.3. Let 61 and 6, be free and properly discontinuous actions of groups G
and Gy on path-connected spaces X1 and X7, respectively. Assume that 01 is homotopy con-
jugate to 0, then the short exact sequences 1 — m1(X1) — 71(X1/G1) — G1 — 1 and
1 - m(X2) > m(X2/G2) — G2 — 1 are isomorphic so that the following diagram
commutes:
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| ——m(X) ——=m(X1/G1) —= G ——1

l; l; l;

| ——m1(X2) —m(X2/G2) —= G, —= 1.
PROOF. It can be proved by the same argument as in [13, Lemma 2.1]. O

LEMMA 4.4. Let 6 and 6> be free actions of groups G1 and Gy on CW-complexes X
and X, of the type K (N, 1), respectively. Assume that there exist isomorphisms ¢ : G1 — G2
and & 1 11(X1/G1) — m(X2/Gy) such that the following diagram commutes:

m1(X1/G1) — G

Pk
11(X2/G2) —= G2
Then 61 is homotopy conjugate to 0y by the isomorphism ¢ and a homotopy equivalence
h: X1 — Xj such that & o pri, = pray o hy, where priy : m1(X;) — m1(X;/G;).
PROOF. It can be proved by the same argument as in [13, Lemma 2.2]. O

LEMMA 4.5. Letl > N — I' = G — 1 be an exact sequence of groups. Then there
exist a K(N, 1)-complex X and a free action 6 of G on X such that the following diagram
commutes:

1 N r G 1

| —=m(X) —=m11(X/G) —= G ——= 1.

Here X/G is a K(I', 1)-complex.
PROOF. It can be proved by the same argument as in [13, Lemma 2.3]. O

THEOREM 4.6. Letl - N — I' — G — 1 be an exact sequence of groups. Then
there is a one-to-one correspondence between the following two sets:

(a) the set of all free actions up to homotopy conjugation of G on K (N, 1)-complexes,
(b) the set of all classes of isomorphic extensions of N by G.

PrROOF. It follows from Lemmas 4.3, 4.4, and 4.5. d

DEFINITION 4.7. Letn be a positive integer.
(1) An exact sequence of groups | — N — I' — G — 1 is said to be n-Rhodes-Fox
realizable if there exists a path-connected space X with G-action such that 1 — 7,(X) —
o,(X,G) - G — lisisomorphictol - N - I' - G — 1, i.e., the following diagram
commutes:
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1 N r G 1

]l —15,(X) —0,(X,G) —= G —— 1.

(2) An exact sequence of groups | - N — I' — Q — 1 with N abelian is said to be
n-(Gottlieb-Rhodes)-(Gottlieb-Fox) realizable if there exists a path-connected space X with
G-action such that | — G1,(X) - Goy(X,G) — Go — 1 isisomorphicto 1l - N —
I' - Q — 1, 1., the following diagram commutes:

1 N r 0 1

| —= G1y(X) —= Gon(X,G) —= Gy — 1.

THEOREM 4.8. Every short exact sequence of groups 1| — N — I' - G — 1
is n-Rhodes-Fox realizable for any positive integer n. More precisely, there is a K(N, 1)-
complex X with free G-action such that for any positive integer n, the exact sequence of
groups 1 — 1,(X) — 0,(X, G) - G — lisisomorphictol - N >[I — G — 1.

PROOF. From Lemma 4.5 it follows that there exists a free G-C W-complex X of the
type K(N, 1) such that 1 — 71(X) - 11(X/G) - G — 1 isisomorphicto ] - N —
I' - G — 1. Note that X/G is a CW-complex of the type K (I, 1). From Theorem 3.1 and
the definition of homomorphisms 71(X) — t1(X/G) and 71(X) — 01(X, G) it follows that
the following diagram commutes:

T1(X) —— 11 (X/G)

-

11(X) —01(X, G).

Thus we can show that 1 — 71(X) — 01(X,G) - G — 1 isisomorphictol - N —
I' - G — 1. Since X and X/G are CW-complexex of the type K (N, 1) and K(I, 1),
respectively, it follows from [9, Example 1.4] that 7,(X) = N and 7,(X/G) = I for all
n > 1. By the definition of homomorphisms 71(X) — 71(X/G), t,(X) — 1,(X/G), and
7,(X) = 0,(X/G) we may see that the following diagram commutes:

11(X) —— 1(X/G)

l; l;

(X)) —— 1, (X/G)

-

7:i‘l()() > Gn(X, G)
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Hence we may conclude that 1 - N — I' — G — 1 is isomorphicto 1 — 7,(X) —
on(X,6) > G — 1. O

COROLLARY 4.9. Let1 - N — I' — G — 1 be a short exact sequence of abelian
groups. If the realizable free G-CW-complex X in Theorem 4.8 admits a homotopically n-
equivariant for a positive integer n, then the short exact sequence is n-(Gottlieb-Rhodes)-
(Gottlieb-Fox) realizable.

PROOF. Note that X and X/G are K (N, 1)-complex and K (I, 1)-complex, respec-
tively. Since any H -space is Gottlieb-Fox, it follows that X and X /G are Gottlieb-Fox. Thus
(X)) = Gt,(X) and 1,,(X/G) = G1,(X/G). From Theorems 3.1 and 3.11 it follows
that 0, (X, G) = 1,,(X/G) = G1,(X/G) = Go, (X, G). Hence we can conclude that the
following diagram commutes so that | — N — I' — G — 1 is n-(Gottlieb-Rhodes)-
(Gottlieb-Fox) realizable:

| —= Grp(X) — Gop(X, G) —= Gy — 1

l; l; l;

1 N r G 1.

d

The following proposition implies that the n-th Rhodes groups and the n-th Gottlieb-
Rhodes groups preserve the product. The versions of the first Rhodes groups and the first
Gottlieb-Rhodes groups was proved in [16, Theorem 8] and [19, Theorem 1.9], respectively.
Since their arguments can be applied to the higher dimensional case, we omit the proof of the
following.

PROPOSITION 4.10. Let G and H be groups acting on spaces X and Y, respectively.
Then the following hold:

(1) 0,(X, x0, G) x 0,(Y, yo, H) = 0,(X X Y, (x0, y0), G x H), where G x H acts
componentwisely on the product space X x Y.

2) Goy(X, x0,G) x Gop (Y, yo, H) = Go,(X x Y, (x0,y0), G X H), where G x H
acts componentwisely on the product space X x Y.

EXAMPLE 4.11. Itcan be easily seen that there exist three non-isomorphic extensions
of Z by Z, as follows:

(a) | ——=72 —>7 XUy —>=7p ——>1.
1—(1,0) (x,)—~>1

(b) 1 z 4 7o 1.

(c) | ——= 72 ——-7 Xl —=7p ——>1.
1 (1,0) (x, DT
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Let X be the space S! x §°°, where S®° = K@z_,/l) is an infinite dimensional sphere. Note
that X is a CW-complex of the type K (Z, 1). From Theorem 4.8 it follows that the exact
sequences above are n-Rhodes-Fox realizable for any positive integer n. We give a realization
of them as follows. Consider ' := {¢/? |0 < 6 < 27} c C. Let 1 be a base point of §' and
n a positive integer.

(a) Assume that Z, acts on S! trivially and acts on S by the reflection in the center.
Then T - (x,y) = (x, —y) where (x, y) € §' x §°. From Proposition 4.10 it follows that
(S x 8%, 7Z,) = 1,(S") x 0,(5%, Z,). By Theorem 3.1 we may see that 0, (S, Z,) =
1,(K (Zy, 1)) = Z,. Therefore 0, (S' x §®,Z,) = Z x Z,. Hence the first extension is
n-Rhodes-Fox realizable by X with the Z;-action above.

(b) Assume that Z, acts on S' by 1 ¢! = ¢/+7) and acts on $* trivially. By Propo-
sition 4.10, we have 0, (S1 x 8§, Zs) = 0,(S!, Z2) % 1,(5®) = 0,(S!, Z»). Let f be the
upper half-circle in S! from 1 to —1. Then 1- f is the lower half-circle from —1 to 1. Thus we
may see that if « is a loop based at 1 whose winding numberis 1, thena = f 4 1- f. Hence
every loop based at 1 is generated by [ f; 1]. It is clear that every element in o (S', 1, Zy)
is generated by a linear combination of f and . Thus every path in o1(S!, 1, Z,) is gen-
erated by [f;T] and so o (Sl, 1,7Z;) = 7Z. Hence o (S1 x §%,7Z,) = 7Z. By the proof
of Theorem 4.8, we may conclude that o, (S Iy §%, Zp) = 7 and the second extension is
n-Rhodes-Fox realizable by X with the Z;-action above.

(c) Assume that Z; acts diagonally on S! and S by the reflection in the y-axis and by
the reflection in the center, respectively. Let so be a base point of $* and % be an arbitrary
path from s to 1-s0. Note that 4 + 1 - 4 is an inessential loop, since §°° is contractible. It can
be easily seen that [(c1, &), T] is a torsion-element of order 2, where c; is the constant loop in
S! based at 1. Thus we may see that o (St x §%°,7,) is isomorphic to Z x Zp or Z X 7.
Let f, be the upper half-circle and f; be the lower half-circle from 1 to —1 in S'. It is clear
that f,, is not homotopic to f;. Note that f, 4+ 1 - fj is a loop in S! based at 1 whose winding
number is 1,and fj + 1 f, is a loop based in S' at 1 whose winding number is —1. It implies
that o1 (S1 x §%°, Z;) is not an abelian group and so o] (S1 X 8%, Zy) = 7 X Z. By the proof
of Theorem 4.8, we may conclude that o, (S 1§00, Zy) = 7 X Zo and the third extension is
n-Rhodes-Fox realizable by X with the Z;-action above.

Recall that a transformation group (X, G) admits a family of preferred traces at xg if and
only if Go1(X, x9, G) = Gt1(X, x0) X G if and only if Go1(X, x9, G) = Gt11(X, x0) X Go.
By the same argument as in the proof of [20, Theorem 3, Theorem 4], we can show the
following theorem without any difficulty.

THEOREM 4.12. For a transformation group (X, G) and any n > 1, the following are
equivalent:

(a) (X, G) admits a family of preferred traces at x.
(b) Gon(X, x0, G) = G1a(X, x0) X Go.
(©) Gon(X, x0,G) = Gta(X, x0) X Go.
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COROLLARY 4.13. Letl - N — I' = Q — 1 be a short exact sequence of groups
with N abelian. Suppose that I' is isomorphic to the semidirect product N X Q but not the
direct product N x Q. Then for any positive integer n, there is no K (N, 1)-complex X with
free G-action such that Go = Q and 1 — G1,(X) — Go,(X, G) - Go — 1 is isomorphic
tol> N—->T—>Q— 1

PROOF. By Theorem 4.8, there is a K (N, 1)-complex X with free Q-action such that
0,(X, G) = 1,(X) x Q. Since N is abelian, it follows that X is an H-space and so 7,(X) =
G1,(X). Suppose that there is a K (N, 1)-complex X with free G-action such that Go = Q
and 1 - G, (X) - Gop(X,G) - Go — lisisomorphictol - N - ' - Q — 1.
Then Go, (X, G) = Gt,(X) x Go = N x Q. But by Theorem4.12, Go, (X, G) = G1,(X) x
Go = N x Q, which makes a contradiction. O

LEMMA 4.14. Let I" be an abelian group and X a K (I', 1)-space. Then for any posi-
tive integer n, t,(X) = Gr,(X) = I

PROOF. Since I" is abelian, any K (I', 1)-space X is an H-space and so it is a Gottlieb-
Fox space. Thus 7,(X) = Gr,(X) = [['_, Gi(X)", where y; = (:‘:11) Since X is a
K (I', 1)-space, the n-th homotopy group 7r; (X) is trivial for any i > 2. Thus G;(X) is also
trivial for any i > 2. Therefore we may conclude that 7,(X) = [[i_,; Gi(X)" = G(X) =

m(X)=T. O

THEOREM 4.15. Let I' be a finitely generated abelian group and n any positive inte-
ger. Then there exists a compact manifold X such that t,(X) = I'.

PROOF. Since I is finitely generated abelian, it follows that there exist nonnegative
integers s and  such that I" = (B, Z)® (B, Zn,). Define X as [Ti_; S x [T}, 57"/
L i where Z,, ; acts freely on S?"H as in Example 3.9. Note that 7,(S§") = Z. Since
1 = (82" - 0, (8", Zyy ;) — Zin; — 1is exact and 7, (ST = 7, ($7"H) = 1,
we may see that o, (S2" 1, Zim;) = L. From Theorem 3.1 it follows that 7, (52n+1/ij)
o (§2H Zm;) = Zm;. By Proposition 4.10, we can conclude that 7, (X) = I".

o IR

As we noted earlier, Oprea and Strom [15] proved the n = 1 case of the following
theorem. They showed that the higher dimensional version of the following theorem does
not hold in ordinary Gottlieb groups. But for Gottlieb-Fox groups, we can show that for any
positive integer n, every finitely generated abelian group is realized by the n-th Gottlieb-Fox
group of a compact manifold,

THEOREM 4.16. Let I' be a finitely generated abelian group and n any positive inte-
ger. Then there exists a compact manifold X such that Gt,(X) = I.

PROOF. The n = 1 case was shown in [15, Theorem 3.1]. Let n > 2 be a positive inte-
gerand I' = (@i, 2) & (P Zm)). Put X :=[Ti_; S! x [T SJZ."H/ZmJ., where Zy,
acts freely on SJZ."Jrl as in Example 3.9. Note that 7, SH=Gr,(SHh =z by Lemma 4.14, and
o (§2H1 Z;) = L, as in the proof of Theorem 4.15. Since G, (S2t1y < ¢, (821t =
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(8 = Tand 1 — G (8™ — Gon(S*, Zp;) = (Zm;)o — 1 is exact,
it follows from Lemma 3.2 that Goy (S, Z,, ;) = Zm;. By Example 3.9 we may see that
s+ 7, ;) 1s homotopically n-equivariant. Thus it follows from Theorem 3.11 that

Gt (S [T ) = Go(S"H L)) = T, .

Hence we may see from Proposition 4.10 that

s t
Gt (X) = Gr,,(l—[ S}) x G1, ( ]_[ Sf”“/ij)
i=1

j=1

s t
=P Gr(sH & P Gru(57"" /Zn))

i=1 j=1

N t
=@Prze@Pz., =r.
i=1 j=1

a

COROLLARY 4.17. Let I be a finitely generated abelian group and n any positive
integer. Then there exists a compact manifold X which is a Gottlieb-Fox space such that
(X)) =Gr,(X) =T.

PROOF. It follows immediately from Theorems 4.15 and 4.16. O

THEOREM 4.18. Let I be a finitely generated abelian group. Then for any positive
integer n, there exists a compact G-manifold X such that the exact sequence of groups 1 —
Gt (X) - Go,(X,G) - G — lisisomorphictol - N - I' - G — 1, where N is a
free abelian subgroup of I' and G is a torsion subgroup of I.

PROOF. Let I' = (Bi_; 2) & (Bj_ Zm;). Put N := Pj_; Zand G := [’ Zn;.
Define X as [[}_; S! x ]_[;:1 sz.”“. Let G act on each S} trivially and act freely on each
Sf."“ as in Example 3.9. Note that 7,(S') = G, (S!) = Z. Since G1,(S'!) < 7, (521

= 7, (8" = land 1 - Gt (8" — Goy (S, Zn,) — (Zm,;)o — 1 is exact,
it follows from Lemma 3.2 that Go,(S*'+L, Z,, j) = ij. Thus we may conclude from
Proposition 4.10 that

s t
Gon(X,G) = Gt,,(l—[ S}) x Goy < I1 Sf."“, G)
i=1

j=1

N t
= P Gru(sh & P Gon (" Zn))

i=1 j=1

s t
=Przeo@Pz., =r.
i=1 j=1
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Note that Gt,(X) = @}_, Gtu(S}) @ @;zl Grn(S?"+1) = @;_, Z. Moreover it can be
seen that 1 - G1,(X) - Go,(X,G) - G — lisisomorphictol - N - ' - G — 1.
This completes the proof. O
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