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HOMOGENEOUS ISOPARAMETRIC HYPERSURFACES I1

HUul MA AND YOSHIHIRO OHNITA

(Received November 1, 2013, revised March 6, 2014)

Abstract. In this paper we determine the Hamiltonian stability of Gauss images, i.e.,
the images of the Gauss maps, of homogeneous isoparametric hypersurfaces of exceptional
type with ¢ = 6 or 4 distinct principal curvatures in spheres. Combining it with our previous
results in [12] and Part I [14], we determine the Hamiltonian stability for the Gauss images
of all homogeneous isoparametric hypersurfaces. In addition, we discuss the exceptional Rie-
mannian symmetric space (Eg, U(1) - Spin(10)) and the corresponding Gauss image, which
have their own interest from the viewpoint of symmetric space theory.

1. Introduction. This paper is a continuation of PartI ([14]). The image of the Gauss
map, i.e., the so-called Gauss image, of any compact oriented isoparametric hypersurface in
the standard unit sphere $"*1(1) is a compact minimal Lagrangian submanifold embedded
in the complex hyperquadric Q, (C). This provides a nice class of compact Lagrangian sub-
manifolds embedded in complex hyperquadrics. For example, the Gauss image of a compact
oriented isoparametric hypersurface with ¢ distinct constant principal curvatures in $"*1(1)
is orientable if and only if 2n/ g is even ([19]). Moreover, it is a compact monotone and cyclic
embedded Lagrangian submanifold with minimal Maslov number 2n/g = m; 4+ my ([14]).
Here m; is the multiplicity of the i-th distinct principal curvature which satisfies m; = m;42
for i (mod g). Thus inspired by Y. G. Oh’s work ([18]), it is an interesting problem to investi-
gate the Hamiltonian stability of those compact minimal Lagrangian embedded submanifolds
in Q,,(C) obtained as the Gauss images of isoparametric hypersurfaces in $"*1(1).

It is well-known that all homogeneous isoparametric hypersurfaces in the standard unit
sphere are obtained as principal orbits of the isotropy representation of rank 2 Riemann-
ian symmetric pair (U, K) ([9] , [22]). We have determined the Hamiltonian stability of
Gauss images of homogeneous isoparametric hypersurfaces of classical type with g = 1,2, 3
([12]) and ¢ = 4 distinct principal curvatures ([14]). In this paper we study the remain-
ing cases for Gauss images of homogeneous isoparametric hypersurfaces of exceptional type
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with ¢ = 6 or 4 distinct principal curvatures. Our method is based on harmonic analysis
over compact homogeneous spaces and fibrations on homogeneous isoparametric hypersur-
faces. In particular, we prove the following theorem in the case when (U, K) is an exceptional
symmetric space of rank 2, which was announced and proved for classical symmetric spaces
(U, K) of rank 2 in Part I ([14]).

THEOREM 1.1. Suppose that (U, K) is not of type Elll, that is, (U, K) # (Ee, U(1) -
Spin(10)). Then the Gauss image L = G(N) is not Hamiltonian stable if and only if mp —
my > 3. Moreover if (U, K) is of type Elll, then (m{, mz) = (6,9) but L = G(N) is strictly
Hamiltonian stable.

General discussion on our method was described in [14]. Sections 1, 2 and 3 of [14]
are especially prerequisite for what follows. We continue to use the notation and the general
introduction of Part I. This paper is organized as follows: For the convenience of readers, we
review the most necessary background and formulations briefly in Section 2. In Sections 3 and
4, we determine the strict Hamiltonian stability of the Gauss images of compact homogeneous
isoparametric hypersurfaces with ¢ = 6. In Section 5, we discuss the exceptional Riemann-
ian symmetric space (Eg, U(1) - Spin(10)) and determine the strict Hamiltonian stability of
the corresponding Gauss image, which may have their own interest from the viewpoint of
symmetric space theory.
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2. Preliminaries. Let N" be a compact oriented homogeneous isoparametric hyper-
surface immersed in the standard unit sphere §"*1(1) ¢ R"*! with g distinct principal cur-
vatures, where g must be 1, 2, 3, 4 or 6 ([17]). Denote by x its position vector of a point of N
and n the unit normal vector field of N in §”*!(1). Then the image G(N") of the Gauss map
defined by

G:N"3 pr— x(p) An(p) = [x(p) + V—In(p)] € Gr2(R"?) = 0,(C)

is a compact minimal Lagrangian submanifold embedded in the complex hyperquadric Q,,(C)

with the Deck transformation group Z4. Let gSQ”‘ll(C) be the standard Kihler metric of Q,(C)

induced from the standard inner product of R"*2. Note that the Einstein constant of ggd(c)

is equal to n. The Gauss image G(N") C Q,(C) is Hamiltonian stable if and only if the first
(positive) eigenvalue of G(N™) is n (cf. [2]). By Hsiang-Lawson ([9]) and Takagi-Takahashi
([22]), any homogeneous isoparametric hypersurface in a sphere can be obtained as a principal
orbit of the isotropy representation of a compact Riemannian symmetric pair (U, K) of rank 2.
Let u = £+ p be the canonical decomposition of u as a symmetric Lie algebra of a symmetric
pair (U, K) of rank 2 and a be a maximal abelian subspace of p. Define an AdU -invariant
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inner product ( , ), of u from the Killing-Cartan form of u. Then the vector space p equipped
with the inner product (, ),, can be identified with the Euclidean space R"*2 and $"1(1)
denotes the (n + 1)-dimensional unit standard sphere in p. The linear isotropy action Ad, of
K on p and thus on S"*1(1) induces the group action of K on Gry(p) = Q,(C). For each
regular element H of a N S"*1(1), we get a homogeneous isoparametric hypersurface in the
unit sphere
N" = (AdpK)H C $"T'(1) c p =R,
Its Gauss image is
L"=G(N") = K - [a] = [(AdyK)a] C Gra(p) = 0,(C).

Here N and G(N") have homogeneous space expressions N = K /Ko and G(N") = K /K|q],
where we define
Ko:={ke K|Adp(k)(H)=H}
={k € K | Adp(k)(H) = H foreach H € a},
Kq:=1{k e K|Ady(k)(a) =a},
K(q) :={k € Ko | Adp(k) : a — a preserves the orientation of a} .

Let X (U, K) be the set of (restricted) roots of (u, £) and X (U, K) be its subset of positive
roots. We have the following root space decompositions of £ and p as follows:

b=b+ Y. b, p=at Y py,
yeZ+(U,K) yeZ+(U,K)

where

By ={Xet|[X,a]lCa}

={Xet|[X,H]=0 foreach H € a},

¢, :={X e t| (adH)*X = (y(H))*X foreach H € a},

py :={Y € p| (adH)*Y = (y(H))?Y foreach H € a}.
Foreachy € Xt (U, K), set m(y) := dim¢, = dimp,, . Define
(1) m:= Z ¢, and o= Z Py .

yeZ+(U,K) yeX+(U,K)

Then the tangent vector spaces Tek,(K/Ko) and Tek, (K/K[q1) can be identified with the

vector subspace m of €. We can choose an orthonormal basis of m and a with respect to

<7>u
(Xyict |y e ZTW.K)Li=12....my)

and

2) {Y),,l-epy|yeE+(U,K),i=l,2,...,m(y)}

such that

3) [H.X,il=~v=1y(H)Y,;, [H Y,1=—vV=1y(H)Xy,



198 H. MA AND Y. OHNITA

for each H € a. Let {, ) denote the Ady, (Ko)-invariant inner product of m corresponding to
the induced metric G* g“Qtd(C) on K /K. Thus we know ([12]) that

1 .
{”y—nxw|yex+(U,K),z=1,2,...,m(y)}
u

is an orthonormal basis of m relative to ( , ).

The Laplace operator A%,, = 4d acting on C*°(K /Ky, C) with respect to the induced
metric G *g“Qtd ©) corresponds to the linear differential operator —Cz» on C*° (K, C)g,, where
Cyn is the Casimir operator relative to the Ady, (Ko)-invariant inner product ( , ) of m defined

by

m(y)

) Coni= Y. >

yeX+U,K) i=1

||y||2( i’

Suppose that X' (U, K) is irreducible. Let y denote the highest root of X' (U, K). For g =
3,4, or 6, the restricted root system X' (U, K) is of type Az, By, BC, or G3. Then for each
y € ZT(U, K),

1 if X(U, K) is of type Az,
||y||fl _ lorl/3 if YU, K) is of type G2,
ol lor1/2 if X(U,K)isof type By,

1,1/2o0r1/4 if X (U, K)isof type BC>.
Set
5) SHUK) :={y e ZT W, K) | IyI% = Inll?) .

Define a symmetric Lie subalgebra (i1, £1) by

b=ttt Y. b, pii=at+ Y py.

yexi(U.K) yeEf (UK)
up =8 +p.

Let K1 and U; denote connected compact Lie subgroups of K and U generated by £; and u;.
Suppose that X+ (U, K) is of type BC;. Define

©) 2XW.K) =y € YUK | IvIG = llvolly or llvolla/2) -
Define a symmetric Lie subalgebra (uy, £) by
b =1t + Z b, p=a+ Z Py,
yeEy (U.K) yeE (UK)
uy =¥t +ps.
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Let K> and U; denote connected compact Lie subgroups of K and U generated by £, and u,.
We have the following subgroups of K in each case:

Ko CK, if ¥ (U, K) is of type A»;
Ko C K1 CK, if ¥ (U, K) is of type B; or G»;
KoCcKiCcKyckK, if ¥Y(U,K)isoftype BCy.

Set

m(y)

Ch/Kol b= D, D (X7,

yeX+U,K) i=1
m(y)

@) Chy/Kol = D, D Xy,

yext,.K) i=1

m(y)

Chokol e = D, D (0%

yexy (U.K) i=1

Then the Casimir operator Cz» can be decomposed as follows:

LEMMA 2.1.
1 . .
ol Ck /Ko (e if Z(U,K)isof type Az ;
3 2 . .
—=Ck/Ko(, 2w — T3 CK1/Ko () I XU, K) is of type G ;
Ivoll2 T hwl?
r=1_2 ! L f S K) is of type B
—_— Ko, (, )u K K ) s s oy type b3 ;
o2 KXo G e T gz K Kol
4 2 1
——Ck/Ko,(, ) — ——5CKa/Ko.( ) }u — Ck, /K
o2 K/Ke G e T R Ko e T fa K Ko
if ¥(U,K) is of type BCy .

Moreover, the Casimir operators Ck /k,, Ck,/k, (and Ck,/k,) commute with each other.

For homogeneous isoparametric hypersurfaces of exceptional type with ¢ = 6 or 4
distinct principal curvatures, we have the following interesting fibrations on homogeneous
isoparametric hypersurfaces by lower dimensional homogeneous isoparametric hypersurfaces,
which give rise to the decompositions of the Casimir operators.

(i) Inthe case g =6 and (U, K) = (G2, SO4)), (my,mp) = (1, 1).
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N® =K/Ko=SO4)/(Zr+ 1)

Ki1/Ko=S003)/(Z2 + 1)

K/Ki =SO#)/SO3) = §3
(i1) Inthe case g = 6 and (U, K) = (G3 x G2, G2), (m1, mp) = (2, 2).
N2 =K/Ko=G/T?

K1/Ko=SU@3)/T?

K/Ki = G,/SU3) = §6

(iii) Inthe case g =4 and (U, K) = (Ee, U(1) - Spin(10)), (m1, mz) = (6, 9).

N30 — K _ U()-Spin(10) K _ U)-Spin(10)
Ko ST.8pin(6) Ko ST.Spin(6)
Ky _ S'-(Spin(2)-(Spin(2)-Spin(6))) Ky _ U()(Spin(2)-Spin(8))
Ko ™ S1.Spin(6) Ko — ST-Spin(6)
Ky _ _ U()-(Spin(2)-Spin(8))
1~ ST(Spin(2)-(Spin(2)-Spin(6))
K _ U)-Spin(10) _ - K _ U(1)-Spin(10)
K1 = S1.(Spin(2)-(Spin(2)-Spin(6))) Ky = U)-(Spin(2)-Spin(8))

3. Thecase (U,K) =(Gy x G2,Gy). LetU =Gy xGo, K={(x,x)eU|xe€
Gr}and (U, K) is of type G2. Then Kog = {k € K | Ad(k)H = H foreach H € a} = T2 is
a maximal torus of G, and N2 = K /Ko = Gy/T 2 is a maximal flag manifold of dimension
n = 12. Thus its Gauss image is L'> = G(N'?)(= N'?/Z¢) = K - [a] = (K/K[q)) C
012(0).

Set (, )u = —By(, ), where By, (, ) denotes the Killing-Cartan form of u. Let ( , ) be the
inner product of m corresponding to the invariant induced metric on L" from (Q,(C), gSQ“j (C)).

The restricted root system X (U, K) of type G2, can be given as follows ([5]):

2(U, K) ={£(e1 — &2) = L1, £(e3 — &1) = £(a1 + a2),
* (63 —&2) = £Qa1 +a2) , £(—2¢1 + &2 +€3) = Ly,
* (61 — 262+ €3) = +(Ba; +a2),

+ (263 — &1 — &2) = £(30 + 2a2) = @},
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where IT(U, K) = {a] = €1 — &2, ap = —2¢1 + &2 + €3} is its fundamental root system.
Here
L.
— if y is short,
lylIs =
— if v is long .
] 14 g

Now K| = SU(3) and Ko =T? C K; = SU(3) C K = Goa.
In Lemma 2.1 the Casimir operator

= Tl KR T gl R/
of L" with respect to (, ) corresponding to —A; 12 becomes
CL =24Ck /Ko () — 16Ck\/Ko.(\ )
(®) =12Ck x, — 8Ck,/x,
=12Ck /k, — 6CK 1k,

where CIE( /K, and CIE(1 /k,, denote the Casimir operators of K /Ko and K/ K relative to the Ko-

invariant inner product induced from the Killing-Cartan form of &, respectively, and CIB<11 /Ko
denotes the Casimir operator of K1/Kj relative to the Ky-invariant inner product induced
from the Killing-Cartan form of ;.

Let {o1, @z} be the fundamental root system of G, and {Aj, A>} be the fundamental
weight system of G,. In our work we frequently use Satoru Yamaguchi’s results ([26]) on the
spectra of maximal flag manifolds.

LEMMA 3.1 (Branching law of (G2, T?) [26]).
D(K, Ko) =D(G2,T*) = D(G2)
) ={A=miA1 +maAy |my,my € Z,m; >0, my > 0}
={A=piai+piz| p1.pp€Z,p1 =1, pr > 1}.
The eigenvalue formula of the Casimir operator Ck k, relative to the inner product induced
from the Killing-Cartan form of G is
(10) —c(A, (, )g,) = 2—14(7111171 +3mapr +2p1 + 6p2)

for each A € D(Ga, T?) = D(G>).
Since
—CL = —<4czg<2/1<o + 2 16(X%i)2> > —4Cgk,
y :short

if the eigenvalue —cy of —Cy satisfies —c; <n = 12, then —c4 < 3.
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By using the formula (10), we obtain
{A €D(G2, T | —c(A, {, )g,) < 3)
=1{0, A1((p1, p2) = (2, 1)), 2A41((p1, p2) = (4,2)),3A1((p1, p2) = (6, 3)),
A2((p1, p2) = (3,2)),242((p1, p2) = (6,4)), A1+ A2((p1, p2)=(5, 3)),
241 + A2((p1, p2) = (7,4)}

Let {«], )} be the fundamental root system of SU(3) and {A}, A’} be the fundamental
weight system of SU(3). For each A € D(G», T2) with —c(A, (, )go) < 3, by using the
branching law of (G2, SU(3)) in [15], we can determine all irreducible SU (3)-submodule
V, with the highest weight A" = m/ A + m2 A/, contained in an irreducible G2-module V4
as in Table 1.

Since

gf=tC+ D "=+ > "+ ) o,

2eX(Gy) a:short a:long
sudC=tC+ ) g”,
a:long
we know that
T2 . Zs ={a € G3 | Ad(a)(t) = t preserving the orientation of t}
D{a € SUQ3) | Ad(a)(t) = t preserving the orientation of t}
=T7%.75.
Now we use results on SU (3)/ T2, which were already treated in the case of g = 3 and m = 2
([12D).
LEMMA 3.2 (Branching law of (SU (3), 72) [26]).
D(K1, Ko) =D(SU(3), T?)
(11) ={A" = m A} + mhA, | m; € Z,m; > 0}
={A" = pio) + phe; | p; € Z, p} = 1},
where
my=2py—py =0, my=—p +2p3=0.

The eigenvalue formula is
1
12) —c(A, (, Vsud) = g(m’lp/l +mypy +2p| +2p))

for each A’ € D(SU(3), T?).

Using Lemma 3.2, we get that A" = m| A} +m/, A}, € D(SU(3), T2) such that V4, C V4 for
some A € D(G2, T?) with —c(A, (, )g,) < 3 satisfies

(my, my) € {(1,1), (3,0, (0,3), (2,2)}.

By using the formula (12), we compute the corresponding eigenvalues of Cg,/k, given in
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(my1,my) | (p1,p2) | —¢ | dimg V4 | irred. SU(3)-submodules (m, m5)
(1,0) 2,1 % 7 (1,0), (0, 1), (0,0)
2,0), (1, 1),(0,2), (1,0), (0, 1),
2.0) @.2) % . (2,0, (1, 1), (0,2), (1,0), (0, 1)
0,0)
3,0), (2,1),(1,2),(0,3), (2,0,
3.0 ©.3) ) - (3,0), (2, 1), (1,2), (0,3), (2,0)
(1, 1), (0,2), (1, 0), (0, 1), (0, 0)
O, 1) 3,2) 1 14 (1,1),(1,0), (0, 1)
2,2),(2,1),(1,2),(2,0), (1, 1),
©.2) 6.4) % 77 (2,2),(2,1),(1,2),(2,0), (1, 1)
0,2)
2,1),(1,2),(2,0),2(, 1), (0, 2),
i 5.3) % 64 2,1),(1,2), (2,0),2(1, 1), (0,2)
(1,0), (0, 1)
(3,1),(2,2),(1,3),3,0),2(2, 1),
2,1 (7,4) % 189 2(1,2), (0, 3), (2,0),2(1, 1), (0, 2),
(1,0), (0, 1)

Table 2.

TABLE 2. Eigenvalue computation for Cg, /k,-

(Pl ph) | myomb) | =/ = —e(A (. Vsuz)
(1, (1, D 1
@1 (3.,0) 2
(1,2) 0.3) 2
2,2 2,2 §

203

Therefore, for all A € D(G>, T?) and all A’ € D(SU(3), T?) such that V4 C Vyu
and —c(A, {, )g,) < 3, the corresponding eigenvalues of —C; = —12 CIE(/K0 + 6021/1(0 =
—12¢ + 6¢’ are given in Table 3:

Since A + A} ((m}, m)) = (1, 1)) corresponds to the complexified adjoint representa-
tion of SU (3), we see that (V,/1/1+A/2)T2 ~ 2 and (V//13+A’2)T2'Zz = {0}. Then

and thus

A+ A, ¢ DSUQB), T? - Zs),

241, Ay € D(G2, T? - Zs) .

Now we obtain that G(G2/T?) C Q12(C) is Hamiltonian stable.



204 H. MA AND Y. OHNITA

TABLE 3. Eigenvalues of —Cy for L = G, /(T3 - Zg).

(my,mp) | (p1,p2) | dimgVa | —c | (m,m}) | = | —12¢ + 6¢’
2,0) 4,2) 27 oa 1 8
3,0) (6,3) 77 2 | @ 1 18
3,0) (6,3) 77 2 | 30 2 12
3,0) (6,3) 77 2 | 03 2 12
0, 1) (3,2) 14 1] an 1 6
0,2) (6,4) 77 31 @ 1 24
0,2) (6,4) 77 3| @2 § 14
(1,1 (5.3) 64 T2y |1 15
@1 (7,4) 189 81 20, | 1 26
2.1 (7.4) 189 81 o |2 20
")) (7,4) 189 § (,3) 2 20
2.1 (7.4) 189 81 22 | § 16

We need to examine whether 341 € D(K, K[q)) = D(G>, T2 . Zs) or not. Consider
(V3A1)T2 = (V:;A/I)Tz @ (V3/A/2)T2 @ (V//l_,’_A/z)TZ .

Since

/

34 = Sym*(C?) = spancfe;, - e;, -eiy | | <iy <ip <i3 <3},

where {e1, e2, e3} is the standard basis of C3, we get
(V3/A’1)T2 = (V3/A’1)T2~Z3 = spanc{e; - ez - e3}.

Similarly, we get V3/ ~ Sym*(C?) and (V3/A,2)T2 = (V3/A,2)T2‘Z3 with dimension 1. On

45
the other hand we know that (V,/1/1+A/2)T2 = tand (V//13+A’2)T2'Z3 = {0}. Hence we get
dimc(V3a,)72 = 4 and dimc(V34,) 2.7z, = 2. However dimc(V34,)72.2, = 1. In fact,
T?.Ze C G2, T? - Zg ¢ SUB3), T?-Z3 C SU3) and (T? - Zg)/(T? - Z3) = Z;. Thus
there exists an element u € T? - Zg C G, with u & SU(3) which satisfies Ad(u)(SU (3)) C
SU(3) and provides the generators of both (T2 - Zg)/T? = Zg and (T? - Ze) /(T? - 73) =
Z,. Then we observe that P3A; © Ad(w)|sya) = P34, and p34, (u)(V3’A,1) = V3’A,2. Thus
_ 2 _ 2
Pt V3122, = Vi), and (0an Pl e, = (P30 6D,

2

T2-Z3 ’1)T2-Z3 -

Id, because u?> € T? - Z3. Hence we have (V3a))72.7, C (V3’A,1)T2_Z3 ©® (V3/A’2)T2_Z3 and
dim(VgAl)Tz,Z6 = 1. Therefore 3A; € D(G3, T?. Z¢) and its multiplicity is equal to 1. It
follows that

n(L'?) = dim¢(Vag,) = 77 = 91 — 14 = dim(SO(14)) — dim(G2) = npr (L'?),
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that is, G(G2/T?) C Q12(C) is Hamiltonian rigid.
Let A°R'" = o(n +2) = ady(g2) + V = g2 + V. Then

2 2 C
NCH= </\R14> =0(n+2)¢ = o(n+2,C) = ady(g¥) + V€ = ¢§ + VC,

where dimV = 77 and dim¢ V€ = 77. More precisely, we observe that V' is a real 77-
dimensional irreducible G>-module with (V) 2.7 . # {0}, and VCisa complex 77-dimensional
G»>-module with (V)%Zﬁ # {0}. Moreover, we have V¢ = V34, with dimc(V)(szz6 =1.

From these arguments we conclude that

THEOREM 3.3. The Gauss image L'> = G(G2/T?) = G2/(T? - Zg) C Q12(C) is
strictly Hamiltonian stable.

4. The case (U,K) = (G,,50@4)). LetU = G, K = SO4) and (U, K) is of
type G2. Let u = £ + p be the orthogonal symmetric Lie algebra of (G2, SO(4)) and a be the
maximal abelian subspace of p. Here u = g, £ = s0(4) = su(2) @ su(2). Let

p: K =Spin(4) =SUQ2) x SUQ) — K = SO(4)

be the universal covering Lie group homomorphism with kernel Z,.
Recall that the complete set of all inequivalent irreducible unitary representations of
SU (2) is given by

DSU2) = {(Vim, pm) | m € Z,m = 0},

where V,, denotes the complex vector space of complex homogeneous polynomials of de-
gree m with two variables zg, z; and the representation p, of SU(2) on V,, is defined by

(om(9) f)(z0, 21) = f((z0,z1)g) foreach g € SU(2). Set

(13) 0 (20, 21) = kK ey (k= 0.1, ... m)

R Km =t 0 e T
and define the standard Hermitian inner product of V,, invariant under p,, (SU(2)) such that
{v(()m), e, v,(,,m)} is a unitary basis of V,,,. Let (V; ® V,,, o1 X p,,) denote an irreducible unitary

representation of SU(2) x SU(2) of complex dimension (I + 1)(m + 1) obtained by taking
the exterior tensor product of V; and V,,, and then

{(Vi®Vu, o0 Rpp) | l,meZ, I,m>0}

is the complete set of all inequivalent irreducible unitary representations of SU (2) x SU (2).
The isotropy representation of (G2, SO (4)) is explicitly described as follows (cf. [8]):
Suppose that (I, m) = (3, 1). The real 8-dimensional vector subspace W of V3 ® V; spanned
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over R by
[0 @0 + 00 20", VT 0 ® ol = oY @ ulh),
W el o @, VT 0P ® o + 0 @ o),
o 80— &, VTP @+ ® vy
vf) ® v(()l) + v§3) ® vil) , V-1 (vf) ® v(()l) — v§3) ® vfl)) }
gives an irreducible orthogonal representation of SU(2) x SU(2) whose complexification
is V3 ® Vi, ie,, W is a real form of V3 ® V1. Then the isotropy representation Ady of

(G2, 850(4)) is given by Adg o p = p3 X p; and the vector space p is linearly isomorphic to
W. Moreover a corresponds to a vector subspace

ROS @ v +0f” @ vf") + RS @ v + Y @ vf") .

For each X = (‘/___ﬁ” —\/M—Tx ), Y = (J_?,;l)y —\%v) € su(2), the following useful for-

mula holds:
LEMMA 4.1.
[d(p1 ® pm)(X, Y)] (vl-(” v ® v;m_)j>
={Q2i = Dx + (2j —m)y} \/—_l(vi(l) ® vﬁm):Fv,(g ® vfnm_)j)
— Vil =i+ DRew) 0", ® v;m):Fvl(QiJrl ® v,(nm_)j)
+Vil =i+ D) Im@) V=1, @ v vl
—Vim=j+ D Rew) 0" & v;’f)IZFv,(l_)i ® v,(nm_)jH)
+Vjm =+ 1) Imw) v=10" & v;"i)lj:v,(l_)i ® v,(nm_)jH)
+V (= i)(i + 1) Re(u) (vi(i:l ® v;m):Fv,(Z_l ® v,(,lm_)j)
+V( =i + 1) Imu) \/—_l(vl.(fizl ® vj.m)j:vl(g_l ® v,(nm_)j)
+/(m = j)(j + 1) Re(w) (vi(l) ® v;’ﬂ:Fvl(Qi ® v;m_)j_l)
+Vm = HG+ D) Imw) V=10" ® vﬂ)lj:v,@i ® v;m_)j_l) .
REMARK 4.2. By using the formula (14) we can check that the real vector subspace
W is invariant under the action of SU(2) x SU(2) via p3 X p;.

(14)

Define an orthonormal basis of the real vector space W = p by

3 1
Hl::\ifz(v(())@)v(())

+oi @)y,
3 1 3 1
H22=\/L§(v§)®v(())+v§)®v§)),

3 1 3 1
Eri= V=T @’ = @ v,
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Er:= 501 @) — vy’ @)),

P R S TR “)+v§”®v}“),

(3) Q vil) (3) Q vol))

I
- S

Es:= f(v

3 1 3 1
Es:= 1\/_(1)() ()—FU;’) ())

E¢:= 1 F (v(3) ® v(()l) (3) Q vll))
Then we have the matrix expression as follows:
[d(p3 ® p1)(X, Y)] (H, H2)
—Bx+y) 0

V3Re(u) —(2Re(u)+ Re(w))

(Ev, E. s, Ea, Es, Eg) | V2™ 2Im@) 4 Im(w)

Re(w) —/3 Re(u)
Im(w) V3 Im(u)
0 xX—y

The inner product ( , ) corresponding to the metric induced from gQ ©) is given as follows:
For (X, X", (Y, Y") € su(2) ® su(2),
(X, X", (x,Y")
=@Bx+xHBy+)
+ 3 Re(u)Re(w) + (2 Re(u) + Re(u))(2 Re(w) + Re(w'))
+ 3 Im(u)Im(w) + (2 Im(u) + Im(x")) (2 Im(w) + Im(w"))
+ Re(u")Re(w’) + 3Re(u)Re(w)
+ Im(u")Im(w’) + 3Im(u)Im(w)
+ @ =2 =)
= 10xy + 2x"y + 2xy + 2x'y’
+ 10 Re(#)Re(w) + 2 Re(u)Re(w) + 2 Re(u)Re(w’) + 2Re(u')Re(w’)
+ 10 Im(x)Im(w) + 2 Im(u")Im(w) + 2 Im(u)Im(w’) + 2Im(u")Im(w") .

Thus the Casimir operator of (I? E ) relative to the inner product (,)is given as follows:
(Xl, 0) - (X1,0) + = (X2,0) - (X2,0) + 5 (Xz, 0) - (X3,0)

s) 2 (0 X1) - (0, x1>+ 0, X2) - (0, X2>+ 2 (0, X3) - (0, X3)
- (XI,O) 0. X1) — (Xz,0> 0. X2) — <X3,0> 0, X3).

SIS ST BT

where
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is a basis of su(2) and {(X,0), (X2,0), (X3,0), (0,X1), (0,X3), (0,X3)} is a basis of su(2) ®
su(2). Hence, we have the following formula for the Casimir operator:
LEMMA 4.3.
[d (pRpm) CLIW @ vi™)

~ {l(l:Z) N 5m(ﬂ;+2) @i 1)2461 —m) }(vi(z) @ v

4 5V/TF DT Datn—a+ D0 @)

+ - \/1(1 —i+ D@+ Hm-ae? eu™).
Set
Ko:=1{(A,B) € K | Ad(p(A, B))H = H foreach H € a }.

al(G )6 1) (06" =) 06" =)
(G2 G2 (C8 &)00 &)
((09)-C ) (& ) (& )
(o) (o) (o= ) (o D))

In particular, the order of Eo is 8. This result is consistent with thoes of [3, p.611], [4, p.651]
and [25, p.573] in the topology of transformation group theory. Moreover we obtain

a0 )6 )= (G0 ) (6 _01))
(0" =) o =)= (3 2) (00 &)
P((9)6 01))p(§ Yo) ( o))

ng(zj%“oT)’(%“o_l) +(Cs ) LA

>_;

,_

Hence the order of group K is equal to 4 and

K/Ko=K/Ko=SO#4))Zr+ 7.
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For each I, m € Z with [, m > 0, the vector subspace of V; ® V,,
Vi ® Vg,
={£ € Vi ® Vin | (o B pu)(A, B)I(§) = € forany (A, B) € Ko )
can be described explicitly as follows:
LEMMA 4.4. When (I +m)/2 is even,
Vi ® Vg, = { E= Y a0 @ +u @i, g €C }

i+a:even
and when (I + m) /2 is odd,
Vi ® Vi), = { = Y Ha0 @v"m —v @vi’,) | £ €C }
i+a:odd
Next we describe the subgroups of K defined as
o ={(A, B) € K | [(p3® p1)(A, B)I(a) = a},
Kia) :={(A, B) € K | [(p3® p1)(A, B)I(@) =
preserving the orientation of a} C Ka.

For (A, B) € K = SU(2) x SU(2), we compute that (A, B) € K if and only if (A, B) is
one of the following elements:

e 0 VT8
0 eV o0 VT
where 0 = Zky, 0 = 2k}, ki, k| € Z, ki — k| € 4Z,
0 —e Vit 0 —e V1%
V162 0 B Pars

where 6, = %kz, Qé = %ké, ko, k’z eZ, k) — k’z € 47,
%eﬁel _%e—ﬁez %eﬂei _Le—ﬂeé

NG
NIV TSNS Upvas VA IR I TV VIS IV 1
ﬁe 2 ﬁe 1 [e 2 ﬁe 1

where 01 = Tki, 62 = Tko, 0] = Tk, 05 = Tkj and ky, ka, ki, kK € Z, ki + ka, ki — ka,
ky 4+ Kk, ki —ky € 22, ki — ki, ko — k), € 4Z, ky + ko — k| — k), k1 — ko — k| + k) € 8Z.
In particular, the order of Kaq is equal to 16 + 16 4 32 4- 32 = 96.
Moreover, for (A, B) € K = SU(2) x SU(2), we have that (A, B) € K[q) if and only if
(A, B) is one of the following elements:

e‘/__wl 0 eﬁf),’ 0
O e—J?lel ’ 0 e_\/jlei
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where 0; = Zky, 0] = Tk, ki, k| € 2Z, ki — k| € 4Z,
0 _e—\/TIQZ O _e_«/__leé

eV 10 0 V10 0

where 0 = %kz, 9& = %ké, ko, k’2 €2Z,ky — ké € 47,
%e\/—_wl —%e“/‘_l@ %eﬁe{ _Le—ﬁ%

V2
I 1 W [ ’ B O B L]
V2 V2 V2 V2

where 01 = %kl, 6y = %kz, 9{ = %ki, Qé = %k/z and kq, ko, ki, ké €227+ 1,k1+ko, k1 —k»,
ki ~|—k/2,ki —k/2 €27,k —ki,kg—k/z €dZ, k1 +ky — (k/1 +ké),k1 —ky — (k/1 —ké) € 8Z.
In other words, (A, B) € K[q] if and only if (A, B) is one of the following elements:

eV=101 0 eV 101 0
0 eV |’ 0 e~V ’
where 0y = %11, 0] = 511, 11,1y € Z, 1, — I} € 2Z,
0 —e=VT0 0 —e~ V16
eV 10 0 T\ evETes 0 7

where 00 = 21, 0} = Z1), b, I} € Z, 1 — I} € 2Z,

VA NS IPVAR 1)} BEPVA /AN IS T
V2 V2 V2

2
L Vo L—/=To |\ L ,v=T0, L ,—V=T6
2 2 2 72

where 0] = %11 + %, 6, = %12 + %, 9{ = %li + %, Qé = %lé + %, l1,l2,li,lé e Z,
L=, Lb=1,e2Z, Iy +1 — (] + 15,11 =l — (I} —I}) € 4Z. In particular, the order of
Kiayisequalto 8 + 8 + 164+ 16 =48 = 8 x 6 = 1K x #Ze. Then we obtain

LEMMA 4.5. Kq/Ko = Zs.
PROOF. We compute

LoVTIGIHD L= 1G )

%ed—_l(%lﬁ%) %Ze—d—_l(%lw%)

- —ﬁcos(%ll +7) 0
0 —+2cos(Fl1 + %)
|-k if I; =0o0r3 (mod4)
o if ;=1or2(mod4)

A()zlz.
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TABLE 4. Small eigenvalues of C;, on K /K.

(I, m) | dm(V; ® V’")ko eigenvalues of Cj, —A<6
1,1 1 -3 *
(2,0) 0

0,2) 0

3.1 2 -3,-3 *
(1,3) 2 -9,-9

4,0) 2 -3,-3 *
0,4) 2 —15,—-15 *
2,2) 3 —5,-5,-8 *
5.1 3 —8,—5,-8 *
(6, 0) 1 —6 *
4,2) 3 —-6,-9,-9 *
(3,3) 4 -9,-12,-12,—15

(8,0 2 —10,-10

(7, 1) 4 —-12,-12, -8, -8

6,2) 5 —15,-12, -8, -8, —12

The generator of K [a1/ I?o = Zs is represented by the element

4/=T _ 1=/T [ VA S T

(16) 2 2 2 2
|/ S Py Sy B S v/ S Py
2 2 2 2

d

Then using Lemmas 4.3 and 4.4 we can determine directly all eigenvalues of C;, on
K /Ky less than or equal to dim L = 6 and corresponding representations of K as in Table 4.
Hence we get

{,m) | —cL =6and (Vi ® Vi), # {01}
={(1,1),(4,0),(2,2), (3, 1),(6,0), (5, 1), (4,2)} .

Using the generator (16) of I?[a] / I?O = Ze, we compute that (V; ® V) R = {0} for
Im=1,1,4,0,3,1,(5,1) anddimc(Vl®Vm)k[a] =1for(l,m)=(2,2),(6,0), (4, 2).
But we observe that the fixed vector in (V2 ® V3) Ria) # {0} corresponds to the larger eigen-

S04 SO(4)
7ozr) = Tz C 26(0)

value 8 > 6. Hence we obtain that the Gauss image Lo = g(
is Hamiltonian stable.
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Moreover from the above dimension computation we have
n(L% =dimc Ve X Vo +dimc Va® Vo =7 x 14+5x3=7+15=22
=dimSO8) —dimSO4) = nuk (L) .

Thus the Gauss image L% = G (igzo-i-(é)z) = (Zzioz(j))-zﬁ C Q¢(C) is Hamiltonian rigid. From

these results we conclude

THEOREM 4.6. The Gauss image L® = G <Z520+(2) = (ZZS-FOZ(;))Zﬁ C Q¢6(C) is strictly

Hamiltonian stable.

5. Thecase (U, K) = (Eg, U(1)-Spin(10)). LetU = Egand K = U(1)-Spin(10).
Then (U, K) is of type BC». First we settle our notations for a symmetric space of type E111,
following [21], [27], [10] and the references therein.

5.1. Cayley algebra. Let K be the real Cayley algebra. Let {co = 1, c1,...,c7} be
the standard basis of K satisfying the following relations ([21]):

CiCi+1 = —Ci+1Ci = Ci43, Ci+1Ci43 = —Ci43Ci+1 = (i,

2 .
Ciy3Ci = —CiCiq3 =cCit1, ¢ =—1fori=1,...,7.

K is a noncommutative and nonassociative normed division algebra with the conjugation x
x and the canonical inner product (, ) defined respectively by

7 7 7 7 7
x0+2xici =xo—inCi, <inci,Zini> :inyi-
i=1 i=1 i=0 i=0 i=0

We extend the conjugation and the inner product C-linearly to the complexified algebra K€
of K and denote them by the same notions x — x and (, ) respectively. The automorphism
group
Gy = {a € GLR(K) | a(xy) = a(x)a(y), Vx,y € K}

of the Cayley algebra K is well-known to be a simply connected, connected compact Lie
group of type G».

5.2. Exceptional Jordan algebra. The exceptional Jordan algebra H3(K) is defined
as a real vector space

H3y(K) = {u € M3(K) | &' = u},
equipped with the Jordan product
1
uov = E(uv + vu) foru,v € H3(K).
H3(K) is of real dimension 27 and a typical element

& x3 X2
(17) u=\| x3 & x1 |, &§eRxekK

x2 X1 &
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of H3(K) is expressed as
u=E&re1 + &ey + Ezez + xju1 + xounz + x3u3.
In H3(K), we define a trace tr(«) and an inner product (u, v) respectively by
tr(u) =& + & + &3, (u,v) :==tr(u ov)

for each u, v € H3(K). Moreover, the Freudenthal product # x v is defined by

UXxXv:.= %(211 ov —tr(u)v — tr(v)u + (tr(u)tr(v) — (u, v))Iz),

where I3 is the identity matrix of degree 3, and a trilinear form (u, v, w) and the determinant
detu are defined respectively by
1
(u,v,w) =(u,v x w), detu = 5(”’ u,u).
Set
SHy(K) = {u € M3(K) | i’ = —u, tr(u) = 0}.
Each element u € S H3(K) of the form

71 X3  —X2
(18) u=\| —x3 222 X1 , zi,xi€Kzi=—z,272=0
X2 —X1  Z3

is expressed as

u =ziey + z22ex + z3e3 + xpiy + XU + x3u3 .
Now we define two injective linear maps R : H3(K) — gl(H3(K)) and D : SH3;(K) —
gl(H3(K)) by

1
Rw)v =uov=—=wv+vu) for u,ve H3;(K),
(19) 2

Du)v = %[u, v] = %(uv —vu) for ue SH3(K),v € H3(K).

Denote by © and R the images of D and R in gl(H3(K)), respectively. Introduce real vector
subspaces of © and R as follows:

Do={0€D|d()=0 (=1,2,3)},
9; ={D(xit;) | x €K} for i =1,2,3,

Ro={R(D &e) & eR Y &=0},

R ={R(xu;) |x €K} fori=1,2,3.

Remark that dim®g = 28, dim®| = dim®, = dim®3 = 8, dimMRy = 2 and dimR;| =
dim R, = dim i3 = 8. Moreover, we know that D is a subalgebra of gl(H3(K)) generated
by the set {D(>_ziei) | zi € K, zZi = —z;, Y_zi = 0}. In fact, Dy is isomorphic to the Lie
algebra 0(8) and its basis can be chosen as {D; (1 <r < 7), D; pq(1 < p < g < 7T)} for
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i =1,2o0r3 ([6], [10], [27]). We now explain in details by using Ise’s notions ([10, p.82]).
Set

Dir = D(c/(—ej+er), (1<i=<3,1=<r=<T7),
and
(20 Di,pq = [Di,pv Di,q]s (1<i<3,1<p,g=T),

where {i, j, k} is a cyclic permutation of {1, 2, 3}. Then from

3
D(ZZiéi)(v) = % D @jxi = xizui
i=1

{i,j.k}
we obtain
—cyu; if x = ¢
D;,(xu;) = couj if x =¢,
0 if x=cy(q #71),
Dir(xuj) = 3(crx)uj,
Djr(xug) = 5(xer)ug
and
Cqlti if x=c¢p
Di,pq(xui) =\ —Cplj if x = Cq
0 if x=cr (r<0.%#p.q).
Dlqu(xu]) = %{Cp(cl[x)}uj )
Dj g (xug) = 3{(xeg)ephu .
These mean that every D; ,, D; pq leave T; = {xu;|x € K} invariant (1 < i < 3,1 <
p,q,r < 7) and identifying ¥; with K, it is represented as a skew-symmetric matrix with
respect to the basis {co, c1, ..., ¢7}, thatis, D; , = Eo, — Eyo and D; pg = E4p — Epg, Where
E 4 denotes the 8 x 8 matrix with all O-components except (p, g)-component, 1. Moreover,
(2D [Di,r, Di,pq] = Di,p(Sqr - Di,qtsrp s
(22) [Di.pgs Dirs] = Di,prdsq + Digsdpr + Dirgdsp + Dispdrq »

where | <i <3and1 < p,q,r, s <7. Particularly, we have
[Di,rs Di,pq] =0, [Di,pqv Di,rs] =0,

if p, g, r, s are all different from each other. Denote by ©; ¢ a real linear space spanned by all

D;y,Djpg (1 < p,q,r <7). Then all D; (1 < i < 3) are isomorphic to each other, and

they are isomorphic to the Lie algebra 0(8). We shall use ®9 = ®1 ¢ in the next argument.
Let

H3(K)C := H3(K) + vV—1H3(K)
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be the complexification of H3(K). Then there are two complex conjugations on H3(K)C,
namely,

ur+~—=luy =iy +~—=liy, v +~v—luz) =u; —~v—1luy,
where u1, up € H3z(K). Then H3 (K)C is canonically identified with
Hy(K) = {u € M3(K®) | ' =u}.

An element u € H3(K€) of the form (17), with & € C, x; € KE, is also expressed as
u = &1e1 + &rex + &3e3 + xju1 + xpup + x3u3. The standard Hermitian inner product ( , )
of H3(K®) is defined by (u,v) := (tu, v). Meanwhile, the complexification SH3 (K)C of
S H;(K) is identified with

SH3(K®) = {u € M3(KS) | i’ = —u, tr(u) = 0},

whose element u of the form (18), with z;, x; € KC, is also expressed as u = zje1 + z2e2 +
z3e3 + xyit) + X2ila + x3it3. Then D(u) € gl(H3(K®)) for u € SH3(K®) and R(u) €
gl(H3(K©)) for u € H3(KC) can be defined in the same way as (19).

5.3. The groups F4 and Eg. We shall use the setup in [27] and [10]. The automor-
phism group of the Jordan algebra H3(K)

Fy :={a € GL(H3(K)) | a(u 0 v) = au o v}
={a € GL(H3(K)) | det(ar) = detu, (xu, av) = (u, v)}

is known to be a connected, simply connected, compact Lie group of type Fy. Its Lie algebra
fa is thus given by

fa := {6 € gl(H3(K)) | s(u o v) = Su ov+ uodv},
which is isomorphic to ® = Do + D1 + D, + D3. We are interested in the following two
subgroups of Fy:
(Fa)e, :={a € Fu | e; = e1} = Spin(9),
(Fa)ey,er,ey i=1{a € Fylae; =e; (i =1,2,3)} = Spin(8).
Note that the Lie algebra of (F4)e,,¢,,e; 1 isomorphic to Dy.

The group G> can be realized as a subgroup of Fy. For each @« € G, we define an
R-linear transformation & of H3(K) by

&1 x3 X2 &1 ax3 oxp
al x3 & x1 |=| ax3 & oax; |,
x2 X1 & axy ox] &

forx; e K({ =1,2,3). Thena € Fs. Identifying o with &, we consider G as a subgroup
of Fy.
The groups Eg and Eg defined by

E¢ ={a e GLC(H3(K)C) | det(u) = detu, (qu, av) = (u, v)},
E()C ={a e GLC(H3(K)C) | det(au) = det(u)},
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are known to be a connected, simply connected, compact Lie group of type E¢ and its com-
plexification, respectively. Hence F is a compact subgroup of E¢. The Lie algebras of E¢
and E 6C are given respectively by

¢ := (¢ € glc(H3(K)) | (pu, u, u) =0, (pu, v) + (u, pv) = 0},
e = {$ € glc(H3(K)) | ($u,u,u) = 0}.
We know ([27, p.68]) that any element ¢ € eg is uniquely expressed as
$p=38+c¢, 5§ €D°, geiﬁc,

where D€ and PRC denote the complexifications of © and R respectively. So we get the so-

called Chevalley-Schafer model ([6]) of ¢$: ¢& = DC + RC as a subalgebra of gl(H3(K)©).

The inclusion ¢ : e6c C gl(H3(K)©) is a 27-dimensional irreducible representation of eg.

Moreover, any element ¢ € ¢g is uniquely expressed as
p=8++/—1¢c, €D, c¢cecR.

Thus we have the direct sum decomposition ¢ = D + +/—1°R.
5.4. Basic formulas in ¢c.

LEMMA 5.1. Forv = &re) +&rer + E3e3 + x1up + xpup + x3u3 € H3(KC), we have

1
R(Z mer)v = méier + méex + m3ézes + 5(’72 +n3)x1uy

1 1
+ 5(’73 + noxouz + 5(’71 + n2)x3us,
D(Zze)v—l(z X1 — X123)u +l(z X2 — X221)u —I—l(z X3 — X322)u

e)v = 522 123)u1 + 5(23%2 22z + 5(z1x3 322)U3,

_ 1 1 __ 1 _ _
D(xui)v = (x, x;)(ej —ex) + E(éfk —&j)xu; — E(xxk)’/lj + E(xjx)uk,

1 1__ 1_ _
R(xui)v = (x,x;)(ej + ex) + E(éj + & xu; + ) + FXi¥uk
where {i, j, k} is a cyclic permutation of {1, 2, 3}.

The relations (20), (21), (22) and the following list give commutation rules for eg. Here,
X,y,zi € KC zi = —z fori = 1,2,3, >izi=0,and &,&,6 € Cwith ), § = 0. In
formulae (23) (31), (i, j, k) is a cyclic permutation of (1,2, 3). In formulae (33) and (34),
i=1,2,3.

23) [RGxus). R(yuj)] = —(1/) D@y i)

(24) [RGews). DOyuj)] = [D(xivi), R(yu)l = (1/2)RE i)
(25) [DGeiis). D(yij)] = —(1/2)D(iag)

(26) [D@i). R(yii)] = (x. y)R(ej — ex).

@7) [R(Y &er). R | = (1/2)&; — 0 D)
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(28) [R(YZ &er). D@ = (1/2)(6; — g0 R @i

(29) [D(X_zer). Dexii) | = (1/2D((zx = xzoin)

(30) [D(Xzier). Rt | = (1/2)R((zjx = xzous)
[

(D) R(xu;), R(yu;)] = —[D(xii;), D(yii;)]

=D<<y42ryx;x B x;txy;y>(ej o)
_ [D(’“ ;’E(e,- _ ek)), D(y ; y(e,- - ek)>:| ,
(32) (%6, 3§ + 2 | = 101,
(33) [R(xu;), [R(xu;), R(yui)]] = R(((x, x)y — (x, y)x)u;) ,
(34) [D(xit;), [D(xit;), D(yia;)]] = D(((x, y)x = (x, X)Y)it;) -
We remark that the Killing-Cartan form B of eg is given by ([10, p.88] or [27, p.74])
35) B(u,v) = 4tr(uv),

foreachu, v € e6c C gl(H3(K)©).
5.5. Realization of E¢/(U(1) - Spin(10)). Consider a C-linear transformation o of
H3(K)C€ defined by

&1 x3 X2 &1 —x3 —Xx
o| x3 & x1 |=| —x3 & x1
x2 X1 & X2 X &

Then o € Eg and 0> = 1. o induces an involutive automorphism of E¢ by & > oo, which
is also denoted by o. In order to investigate the subgroup (E)° of all fixed elements by o,

(36) (E¢)” ={a € E¢ | oa =},
consider two subgroups

(E6)e; = {a € Eg | ae) = e1} = Spin(10)

and
(37 U(l) = {¢p®) € GLc(H3(K)€) |0 = V"2 1 e R},
where ¢ (0) := exp(tv/—1R(2e; — e3 — e3)) € GLc(H3(K)©) and
& x3 X 0% Ox3 0x2
(38) @) | ¥ & x1 | =| 0¥ 607%& 672
x2 X1 & Oxa 07%% 07%&

Here the subgroups U(1) and Spin(10) of (E¢)° are elementwise commutative. Define a

mapping
p:K=UQ1) x Spin(10) > (0, a) » ¢(O)a € K = (E)° ,
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which is a surjective Lie group homomorphism. Since
U(1) N Spin(10) = {1 = ¢(1), (1), p(vV=1), p(=v=1)},
we have Ker(p) = {(1, ¢(1)), (=1, ¢(=1)), (=1, p(=v/=1)) , (=+/—=1, ¢(+/=1))}, which

is isomorphic to Z4. Thus

K = (Es)° = K/Zs = (U(1) x Spin(10))/Z4 =: U(1) - Spin(10),
and U/K = Eg/(U(1) - Spin(10)). Correspondingly, we have

= (c6)o = {¢ € ¢6 | 02 = ¢} = (¢6)e; + RV—1RQe1 — 2 — €3).
Since for any ¢ € ¢ there exist u € SH3(K) and v € H3(K) such that

per = D()(e1) + vV—=1R()(e1),
it holds that ¢e; = 0 if and only if
u=zyey +zex+z3ez3 +ayu; € SH3(K), v ==&ep +&e3 + xju; € H3(K),
where a1, x1 € K, &, & € R with & + & = 0. Hence
(e6)e) :={ € ¢6 | pe1 = 0}
=90+ D1 +RV—=1R(e2 — e3) + V—19R1 = 0(10).

Therefore, the Cartan decomposition of a compact simple Lie algebra u = ¢ of type EIII is
given as

u=-cs =2 +/—1R,

= (e6)0 = Do+ D1 + V1R + vV—1%,,

p= ()0 =D+ D3+ V19 +V—-1Rs,
where £ is isomorphic to u(1) + 0(10),

[£, €] = Do + D1 + vV —1RR(e2 — e3) + V=10 = (¢6)e,
is isomorphic to 0(10) and the center of £ is spanned by
Z =~/—1RQ2e| — s — e3) .
On the other hand, a compact Hermitian symmetric space of type EIII can be defined by
([1, p. 74-75])
Ell = {u € H3(K)C | u x u = 0,u # 0}/C* c P(H3(K)©),

which is considered as a compact complex submanifold embedded in a complex projective
space CP2%. Since Eg acts transitively on EIII and the isotropy subgroup of Eg at 0 = [e{]
is (Eg)?, we know that EIIl = E¢/(Ee)° = Ee/(U(1) - Spin(10)). Under the Hopf fibration
H3(K)C D §73(1) 3 e; = o0 = [e1] € P(H3(K)C), the tangent vector space T,(U/K) at o
is linearly isomorphic to a vector subspace

T,(EID) = {u € H3(K)C |u x e1 =0, (u, e1) = 0}

= {xous + x3u3 | x2, %3 € K€} .
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The differential of the natural projection p : U = E¢ — U/K = Elll induces a linear
isomorphism py : p — T,(EI). Then p.(¢) = ¢(e1) and
P« (2(D(x2ii2) — D(x3i3)) 4+ 2/ —1(R(x5u2) + R(x5u3)))
= (x2 + vV —1x)uz + (x3 + vV —1x5)us .
5.6. Restricted root systems of EIIl. Define H{, H; € p by
Hi = Duy + ~/—1R(caur),
Hy = Duy — ~/—1R(caur) .
Then by (26), [H1, H2] = 0. Hence

(39)

(40) a={H(E,&)=H +&H) | &,6 R}

is a maximal abelian subalgebra in p. We remark that this maximal abelian subalgebra a is
different from ones given by M. Ise and used in [21]. Then by direct computations using
(20)—(34), we get the following restricted root system decomposition of £ and p:
E=28) 4+ b, +Eos, + €5 qe, + B s, + 8 + By,
p=a+pg + P26 + Pe+e T Pe -6 TPy TP
where
to={Xet|[X,H]=0 foreach H € a},
= spang{v/—1R(e; — 2e3 + €3)} + spang{—D1 4+ D112, D112 + D1 36,
D136 + D157, —=D1,1 + D124, —D1,2 — D114, =D1,3 + D146, —D15 — D147,
— Di,6 + D134, —=D1,7 + D145, D1,13 — D126, D1,15 + D1,27, D1,16 + D1,23,
Di,17 = D125, D135 — D167, D1,37 — D156},

1
b, = spanR{E(—DM — D112+ D136 — D1,57) + vV —1R(e3 — 61)} ,

1
£, = SpanR{E(DlA + Dy12 — D136 + D1,57) ++—1R(e3 — 61)} ,

b e, = SPaHR{ — D11 — D124 —D137— D156 =2D3 1,

—Dia+ Di1a— Di3s — Die1=2D22,
—Di13—Dias+ D117+ D125 =2D23,
— D15+ Dia7+ D116 — D123 =2Ds 5,
—Di6—Di13a— Di15+ Di21=2Dss,

— D1 7—Dy45— D13 — D16 = 2D2,7} ,
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b g, = SPaHR{ — D11 — D124+ D137+ D156 =2D2 24,

—Dio+ Di1a+ Di3s+ Dier =2D2 14,
— D13 — Dias— D125 — D117 = —2D2.46,
—Dis+ Diar— Dii6+ D123 =2D347,
—Di6—Di3a+ D115 — D127 =—2D134,

— D17 — D145+ D113+ D16 = —2D2,45} ,

k= SPanR{D(Xlﬁl) +V=1R(1u1) | (x1,y1) = (1, 1), (c1, —¢2), (e, ¢1)
(C3a C6)7 (C4a _1)7 (CSa _C7)7 (Cﬁa _C3)a (C7a CS)} )
t, = SPanR{D(Xlﬁl) + v =1R(y1u1) | (x1,y1) = (1, —ca), (c1, ¢2), (2, —c1),

(631 _Cﬁ)s (647 1)7 (C5s C7)1 (667 63)1 (677 _CS)} B

pog, = spang{D(csiiz) — ~/—1Rus},
paz, = spang{D(cai2) + v/—1Ruz},
Pe +& = spang{D(cjuz), i =1,2,3,5,6,7},
pe & = spang{v/—1R(cjuz), i = 1,2,3,5,6,7},
pe, = spang{D(x3ii3) + V= 1R(y3u3) | (x3, y3) = (1, c4). (c1. ¢2), (2. 1),
(c3, ¢6), (ca, —1), (¢5, —¢7), (c6, —C3), (¢7,¢5)},
pe, = spang{D(x3i3) + v/ —1R(y3u3) | (x3, y3) = (1, —ca), (c1, —c2), (c2, 1),

(C37 Cﬁ)a (C47 1)7 (CSa _C7)7 (Cﬁa _C3)a (C7a CS)} .

Thus we see that

to = € + c(ty) = &) + RV—1R(e; — 2e2 + e3) = 50(6) + R,
€ =8 + B, + B2,
=& + RV—=1R(e; — 2¢2 + €3) + R(D1 4 + D112 — D136 + D1,57)
+RV—=1R(e3 — 1)
Zs506)+R+R+R,
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b =B+ b g + B, = Do+ V1%
= Do+ RV—1R(e; —2e2 + €3) + RV—1R(e3 — e)
=D+ RV—1R(e2 — €3) + RV—1R(2¢ — e3 — e3)
=s0(8) +R+R,
Ei=t 48 + 8, =Do+V—1Ro+ D1 +V-1R
= (Do +D1 +v~1%1 + RV=1R(e2 — €3)) + RV=1R(2e1 — e2 — e3)
=¥ +c(®) = 50(10) + R.
Consider the subgroup
Ky, =U(1) x Spin(2) x Spin(8) c K = U(1) x Spin(10),
where U (1) is given by (37), Spin(2) C Spin(10) = (Es)., is generated by

a23(t) = exp(tv/—1R(e2 — €3)) :

B /=1 /=T
& x3 X2 1 e 7 x3 e X
X oot tv—1
X3 & x| | e T x e & X1 )
Xy X /1 - =
2 X1 &3 T i Vg,

and Spin(8) = (E¢)e,,e,,e; Whose Lie algebra is just Dg. Therefore,
Spin(2) N Spin(8) = {ax3(1) | €V~ = 1} = {a23(0), a3 (2m)} .
Then the natural projection
p2 : Spin(2) x Spin(8) 3 (ax3(1), B) — a23(1)B € K,
has the kernel
Kerpy = {(@23(1), a3(t)™") | t = 2k, k € Z}
= {(a23(0), 23(0)), (@23 (27) , 02327 ))} = Z> .

Hence Ké = (Spin(2) x Spin(8))/Z;.
On the other hand, we also have

K> = S' x Spin(2) x Spin(8),
where this S! is generated by
exp(t\/—_lR(el —2ey+e3)) :
e’ﬁsl e_t\/f_l X3 e’ﬁiz

§1 x3 X*2 = -

— /=1 _ tv/—1
X306 x| |e Tk eVl etz oxg |
X2 X1 &

/=1 /=T /1
eVl T X eVTlgy
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Spin(2) C Ee is generated by
a31(t) :=exp(tv—1R(e3 —e1)) :

/=1 _
_ e ™VTlE T xs X2

& x3 X2 - .
- tv/—1 _ tv/—1
X3 & x| e 7T i3 & ez xi |-
x2 X1 &

/=1 _

X2 e 2 ¥ evTlg

and Spin(8) = (E¢)e¢,,er,e5- Here Spin(2) x Spin(8) C (Eg)e, = Spin(10). Similarly, here
Spin(2) N Spin(8) = {as31 (1) | &V~ = 1} = {@31(0), @31 (27)} .

Then the natural projection

P Spin(2) x Spin(8) 3 (a31(1), B) = a31(Np € K,
has the kernel

Kerpy = {(a31(1), a31(N™") | 1 = 2k k € Z)

= {(31(0), 231(0)), (a31(27), 031 270))} = Z» .

Thus,

Ky = (S" x (Spin(2) - Spin(8)))/Zs ,
Spin(2) - Spin(8) = (Spin(2) x Spin(8))/Z; .

Furthermore, we have
Spin(8) D Spin(2) - Spin(6) = (Spin(2) x Spin(6))/Z; ,

where
Spin(8) = {(a1, a2, x3) € SO(K) x SO(K) x SO(K) |

(a1x)(o2y) = a3(xy) for each x, y € K}
acts on H3(K) by

&1 x3 X2 & azxz X2
(a1, 02,03) | X3 & x1|:=|o3x3 &  aixi ],

x2 x1 & arxy aix; &
Spin(2) := {(a1, a2, 3) € Spin(8) | aa(ci) = ¢y, ifi # 0,4}

is generated by D1 4 + D112 — D136 + D157 and
Spin(6) := {(a1, a2, a3) € Spin(8) | a2 (1) = 1, a2 (c4) = ca}
is generated by £,. Note that

Spin(2) N Spin(6) = {(1d, Id, 1d), (—Id, Id, —1d)} ,
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we see that Z, = {((Id, Id, Id), (Id, Id, Id)), ((—Id, Id, —Id), (—Id, Id, —Id))}. Thus, a con-
nected compact Lie subgroup K of K generated by £ is

K1 = (8" x (Spin(2) - (Spin(2) - Spin(6))))/Zs .
Moreover,
SN Spin(6) = {(1d, 1d, Id) , (—Id, Id, —Id)},
hence a connected compact Lie group K¢ of K generated by £ is
Ko = (8! x Spin(6))/Z2,

where Z, = {((Id, Id, 1d), (Id, 1d, Id)), ((—Id, Id, —Id), (—Id, Id, —1d))}.

5.7. Isotropy representation of (Eg, U(1) - Spin(10)). Via the linear isomorphism
p« - p — T,(EII) given by (39), we can describe the isotropy representation of (Eg, U(1) -
Spin(10)).

LEMMA 5.2. (1) Foreacha € K and each& € p,

P+ (Ad(@)€) = (Ad(@)§)(e1) = (ao& oa")(er).
(2) Foreach T € tandeach& € p,

p«@d(T)§) = p+([T,§]) = ([T, ED)(en) .

The restriction (px, V = H3(K®)) of Chevally-Schafer’s representation (o, H3 (K©)) of
Eg to K can be decomposed into three irreducible representations

(o, V) = (p1, V1) & (p2, V2) & (p3, V3),
where Vi, V; and V3 are given as follows:

Vi = (£er | £ € C),
Vo = (H3(K©))_y = {xous + x3u3 | x2, x3 € K¢} = T, (EIII)
Vs = Hy(KS) = {£2e2 + &35 + xqu1 | x1 € KC, &, 8 € €},

and Vi & V3 = (H3(K®)),. Note that p; is a scalar representation, the restriction of pa
to Spin(10) is equivalent to one of the half-spin representations of Spin(10, C), denoted
by ATO, and the restriction of p3 to Spin(10) is equivalent to the standard representation of
Spin(10, C).

Now we discuss the linear isotropy action of an element ¢ () = exp(t/—1R(2e; —
er —e3)) : H3(K€) — H3(K©) generating the center U(1) of K on both p and V, =
(H3(K©))_,, which are linearly isomorphic to 7, (EIII). Using the formula (38) and Lemma
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5.2, we compute
P+(Ad(¢(0)) D(x2ii2)) = 6 p(D(x2i12)) .
P+(Ad(¢(0)) R(x2u2)) = 07 pu(R(x2u2)) .
P(Ad($(0)) D(x3ii3)) = 07> pu(D(x3ii3)) ,
P(Ad($(0))R(x3u3)) = 67 p.(R(x3u3)) .

On the other hand, the tangent vector space 7, (EIIl) at 0 = [e1] € EIll C P(H3 (K)C) is
linearly isomorphic to a vector subspace Vo = (H3(K®))_,, which is a horizontal vector
subspace at a point e; under the Hopf fibration H3(K)¢ > $33(1) — P(H3(K)®). By the
formula (38) we see that a vector xous + x3uz € (H3(K€))_, ata point e in a vector space
H3 (K)C representing a tangent vector of EIIl at o = [e1] is moved by the linear action of
@(0) to a vector Oxaus + Ox3u3 € (H3(K€))_, at 0%. Thus its corresponding tangent
vector of EIIl at 0 = [e;] must be 04 (Oxous + Ox3u3) = 03 (x2uz + x3u3) € Vo =
(H3 (KC))_U at e1. Hence the linear isotropy action of ¢(6) on Vo = (H3 (KC))_U is given by
the multiplication by 6=3 on Vo = (Hz (KC))_U. Therefore the linear isotropy representation
of (Eg, U(1) - Spin(10)) is (13 ®c AR

5.8. The subgroup K[q). The maximal abelian subspace a of p is described as fol-

lows:

a=RH; ® RH> = R(Dit» + v —1R(csu2)) ® R(Diiy — V—1R(c4ur))
and
(41) px(@) = R(1 + v/—=le)us ® RO — v/~ lea)us .

We shall use the map ¢ : Sp(4) — Eg given by Yokota ([27]) and known results for the case
(U, K) = (Sp4), Sp(2) x Sp(2)) in order to describe a generator of K[q].
The Cayley algebra K naturally contains the field H of quaternions as

H = {x0 + x2c2 + x3¢3 + x505|%; € R}.
Any element x € K can be expressed by
X = x0+ x1¢c1 + x202 + X303 + X404 + X505 + X6C6 + X7C7

= (x0 4+ x202 + x3¢3 + x5¢5) + (X4 + X102 + X6C3 — X7C5)C4
=m+aec HdoHe=K,

where we set m := xg + x2¢2 + x3¢3 + x5¢5 € H, a := x4 + x1¢2 + x6¢3 — x7¢5 € H and
e := c4. In H ® He, we define a multiplication by

(m + ae)(n + be) = (mn — ba) + (ai + bm)e.
More explicitly,
(ae)n = (an)e, m(be) = (bm)e, (ae)(be) = —ba .
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We can also define a conjugation and an R-linear transformation y on H @ He respectively by
m+4ae =m — ae, y(m +ae) =m — ae.

Thus y € G2 C F4. Any element

&1 x3 X2 & m3 myp 0 ase —ape
X=\|x3 & x1 |=| m3 & m |+| —aze O ae ,
X2 X1 & my mp & ae —ae 0

of H3(K), where x; = m; +a;e € H® He = K and & € R, can be identified with an element

&1 m3 my

m3 & my |+ (a1, a2, a3)

my my &3
in H3(H) & H3. Hereafter, we often use an identification H3(K) = H;(H) H3.

Let the C-linear mapping y : H3(K€) — H3(KC) be the complexification of y €

G, C Fy. Then y € Eg and y? = 1. Recall that 7 is the complex conjugation of H3(K®)
with respect to H3(K). Consider an involutive complex conjugate linear transformation ty of
H3(K€) and the following subgroup (E¢)*” of Eg:

(Ee)” ={a € E¢| tya =aty}.
Correspondingly, H3(K©) can be decomposed into the following two real vector subspaces:
H3(K®) = (H3(K))ey © (H3(K)—ry |

where
(H3(K))ry := {X € H3(KO) | ty X = X}

& m3 my 0 aze —ape
=17 & m|+V-T|-ae 0  ae|l&eRmaecH
my mp &3 ae —ape 0
= H;(H) © V- 1H,
(H3(KC))—ry ={X e H3(KC) |ty X = =X}
& m3 my 0 aze —aze
={v—1| m3 & m |+ |—ae O aie | |& eR,m;,a; e H
my mp &3 aze —aje 0
=v—-1H;H) o H’.

In particular, H3(K€) = ((H3(K)),)€.

Let Hi(H)g := {P € H4(H) | trP = 0}. Define a C-linear isomorphism g : H3(KC) =
H3;(H®) @ (H?)C — Hy(H)§ by
tr(M) J=1a )

(M +a) :=
I (\/—_la* M = Lunl
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for M + a € H3(K®). Then we have
9(H3(K))ry) = HiM)o,  g(H3(K))-r)) = V=THs(H) .
The map ¢ : Sp(4) — (E¢)*” C Eg, defined by ¢(A)X = g '(A(gX)A*) for

each X € H3(K©), is a surjective Lie group homomorphism and Ker(¢) = {I, =1} = Z.
Therefore we obtain

Sp(4)/Z, = (Ee)"" .

Consider real vector subspaces (H3(KC))W o (H3 (KC))W, _gsof (H3 (KC))W and (H3(K9) —ty,00
(H3 (KC))_W,_J of (Hj (KC))_W, which are eigenspaces of o, respectively given by

(H3(K€))1yo = {X € Hy(KS) | 1y X = X, 0 X = X}

& 0 0 0 0 0
=110 & m|+~-1|{0 0 ae]l|l&eRm,a1eH;,
0 17_11 5;'3 0 —daje 0

(Hy(K®))ry, o = {X € H3(K®) | Ty X = X, 0X = —X}

0 m3 mp 0 aze —ae
= m3 O 0Ol ++v—1]|—aze O 0 | mo,m3,az,a3 € Hy |
my 0 0 are 0 0

(H3(K®)) )0 = {X € H3(K®) | 1y X = =X, 0 X = X}

& 0 0 0 o0 0
={v-110 & m |+|0 0 ae|l&ecRm,aeHy,
0 m & 0 —ae O

(H3(K®))_ry—o = {X € H3(K®) | 1y X = —X,0X = —X}

0 m3 my 0 aze —ape
={v-1lm3z O O+ | —aze O 0 | ma, ms3,az,a3 € H
my O 0 are 0 0

Thus we have the following decompositions

(H3(K))y = (H3(K))1y.0 ® (H3(KE))—1y.0 ,
(H3(K©)) o = (H3(KS))1y.—0 & (H3(KS)) 1y 5 .
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Note that the images of (H3 (KC))W,J and (H3 (KC))W,_U of the homomorphism ¢ defined
above is expressed explicitly as follows:

g((H3(K))1y.0)
TE + & +8) —a 0 0
_ —a JE -5 - &) 0 0
0 0 T(—E1 4+ & — &) mi
0 0 | 1(—& — & +&)
| €1,862,& € R, a1,m; € H},
0 0 —ay —a3
0 0 m m
C _ 3 2
g(H3(K*))ry,—o) = “a s 0 0 | az,a3,my, m3 e H
—az my 0 0

For each element A € Sp(2) x Sp(2) C Sp(4), we can check that ¢ (A)o = o@p(A),
hence ¢(A) € (Eg)? and we have

@ :Sp(2) x Sp(2) —> (Ee)™"" C (E¢)” = U(1) - Spin(10).
Next, the restriction of ¢ to the subgroup Sp(1) x Sp(1) x Sp(1) x Sp(1) gives
@ Sp(1) x Sp(1) x Sp(1) x Sp(1) —> {a € E¢ | a(ei) = ¢; (i = 1,2,3)} = Spin(8).

And the group Sp(1) x Sp(1) can be considered as the diagonal subgroup of Sp(1) x Sp(1) x
Sp(1) x Sp(1), namely, each (a, b) € Sp(1) x Sp(1) corresponds to (a, b, a,b) € Sp(1) x
Sp(1) x Sp(1) x Sp(1). Thus the restriction of ¢ to Sp(1) x Sp(1) is mapped to a subgroup

Ko = st Spin(6) of K = E° = U(1) - Spin(10). In fact, for a 2-dimensional real vector
subspace

0 0 a O
e O 0 0 my c
a:= w0 0 0 |az,mz e R} C g((H3(K)) 1y —o)
0 my O 0
it follows from
0 0 a OJlax O O O 0 0 a* 0
0 0 a O
_ 0 0 0 my
“laa 0 0 0

0 my 0 O
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that a corresponds to the subspace

0 0 my — \/—16126
0 0 0 Ima, a2 € Ry € (H3(K) )y o,
my + +/—laze 0 0

which corresponds to the image p.(a) of the maximal abelian subspace a of p under the linear
isomorphism p, given by (41). It implies that ¢ maps the subgroup Ko = Sp(1) x Sp(1) for
the exceptional symmetric space (Eq, Sp(4)/Z>) of type EI to the subgroup Ko = S!-Spin(6)
for the exceptional symmetric space (Eg, U(1) - Spin(10)) of type EIII.

Recall that
01 0 O
. 1 0 0 O y
k= 00 0 —1 € Kz = (Sp(1) x Sp(1)) -2y
0 0 1 0

is a generator of Z4. Its adjoint actions on g((H3 (KC))U,,(,) and g((H3 (KC))W,_U) are given
as

TE +E+E) —a 0 0
p —ai 1E -6 - &) 0 0 i
0 0 (=& +E& — &) m
0 0 i 1(—&E — &+ &)
1E -6 — &) —ai 0 0
_ —a JE + & +E) 0 0
- 0 0 (=& — & +&) —it ’
0 0 —m -t +8 &)
0 0 —ay —aj 0 0 —my m3
i 0 0 ms3  mp = 0 0 as —ap
—ay ms3 0 0 —my  as 0 0
—az my 0 0 mis —ap 0 0

Taking (H3(K9)ry = (H3(K)ry,o @ (H3(K)ry,—o and H3(K®) = ((H3(K))r;)®
into account, together with the above computation, we know that any element

& x3 X2 &1 m3 + «/—laze 1y —/—lase
X3 & x1 | = m3—+—laze &3 mi++/—lae
x2 X1 & my +~/—laze my —+/—lae &3
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in H3(K©) is mapped by the adjoint action of k to an element

& az — v/ —1lmze —ay —/—1mpe
az + «/—1mse —& —m ++/—laje
—apy + +/—1mye —m; —+/—1laje —&
& V=1(—+/—laz —mze) —+/—1(—~/—1lay + mae)
=\| v—1(—+—1az + mse) —& —(m1 4+ v/ —1lae)
—/=1(—=+~/—1ay — me) —(m1 + v/ —1laye) —&
& x3 X2
=ap3(m)o(a,az,a3) | | X3 & x1 ,
x2 X1 &
where a1, a2, @3 € SO(K) = SO(8) are defined by
aj(mi +aie) := —(m; —age),
(42) or(my + aze) := —ay — moe,
az(m3 + aze) := —a3 — msze.

By a simple computation, we have

ai(m) + aie) aa(mz + aze) = az((m) + aie)(mz + aze)) .
Hence, (o1, a2, @3) € Spin(8). Notice that
a3 () (ar, a2, 03) (u2) = a3(a2(u2)) = 023()(—euz) = v/—leus
23 () (@1, @2, 03) (V= Teuz) = a3 () (a2 (—v/=leu2)) = a3 () (v=1u2) = —us.
It follows that
o3() (1, o2, 3) € Spin(2) - Spin(8) C (U(1) x (Spin(2) - Spin(8)))/Zs = K>

induces a linear isometry of the maximal abelian subspace a of order 4 which is a 7 /2-rotation
of a, we obtain
a3 () (a1, o2, @3) € Kq
and it is a generator of K41/ Ko = Za.
5.9. Description of the Casimir operator. Define (u, v),, := —tr(uv) foreachu, v €
¢ C gl(H3 (K)©). Now the positive restricted root system is X1 (U, K) = {2&1, 2&, & +
&,81 —£&,81,5}) and

1 1
Hg = E(D(ftz) +v=1R(cauz)), He, = E(D(ftz) — V=1R(csu)) .

The square lengths of the restricted roots with respect to ( , ), are given by
11 1
-, — or —.
3°6 12
Then the Casimir operator C;, with respect to the induced metric G* gSQ“;O (c) can be expressed
as

(43) CL =12Ck/k, — 6Cky/xy —3Ck, /K0 »

2
Iy =
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where Ck /k,, Ck,/k, and Ck, /k, are the Casimir operators of compact homogeneous spaces
K /Ko, K2/Kq and K1/K relative to the K -invariant Riemannian metric induced from an
inner product ( , ), of Eg.

5.10. Descriptions of D(K), D(K7), D(K1) and D(Kp). A maximal torus T35 of
Spin(10) can be given by

T3 ={f = (cosB — e1e2sin b)) - (cosby — e3es sinbh) - (cos 63 — eseq sin 03)
- (cos B4 — e7eg sinby) - (cosbs — egejpsinbs) |0; e R(i =1,2,3,4,5)}.
Under the standard universal Z,-covering map p : Spin(10) — SO(10) defined by
(pl@)x :=a-x-'a e R c CI(R'?)
for each « € Spin(10) and each x € R!?, an element of the maximal torus 7 of Spin(10) is
mapped to an element in the maximal torus 7> of SO (10) as
T3 3(cosf) — ejepsinfy) - (cosBy — ezeqsin ) - (cos B3 — eseq sin 63)
- (cosBy — e7eg sinfby) - (cosBs — egeqp sin Hs)

cos26; —sin26; 0 0
sin26;  cos?26;

—> 0 0 eT.

0 0 cos26s — sin26s
sin26s5  cos 205

Hence we have the exponential map as follows:
exp: t=t={(61,62,603,64,05) |6; eR (i =1,2,3,4,5)
— T ={(cos (61/2) — erezsin (81 /2)) - (cos (62/2) — e3eq sin (62/2))
- (cos (03/2) — eseq sin (03/2)) - (cos (04/2) — e7eg sin (04/2))
- (cos (65/2) — egeqo sin (05/2))
|6 eR(i=1,2,3,4,5)} C Spin(10).
Thus
I (Spin(10)) = {& = (61,62, 03, 64, 65) € E| exp(§) = e}
5

={§ =2m (k1. ka2, k3, ka, ks) | ki € Z (i =1,2,3,4,5), Zki €27} C I'(S0(10)).
i=1

Denote by y; (i = 1,...,5) alinear function y; : {5 7 — 6; € R. Then

D(Spin(10)) ={A = p1y1 + p2y2 + p3y3 + pays + psys € t*
5 1
| (p1,---,p5) €L’ +e(1,1,1,1,1), wheree:OorE,

Pl = P2 = Pp3>ps> |P5|} D D(§50(10)).



HAMILTONIAN STABILITY OF THE GAUSS IMAGES 11 231

A maximal torus Tx of K = (U(1) x Spin(10))/Z4 can be given as follows:

=T 0 0 0 0
Tk :{ <e _190, <cos El — ejep sin El) (cos 52 — e3eq4 Sin 52)
03 . 03 04 . 64 05 . 05
cos — — eseg sin — | [ cos — — e7eg sin — | | cos — — egeqg sin —
> 5€6 > 5 7€8 5 > 9€10 >

|90,-.-,95€R}/Z4,

where tyg = 26y, t1 = 61, U(1) = {exp(to/—1R(2e1 — ex — e3)) | 1o € R}, Spin(2) =
{exp(tinv/—1R(e2 —e3)) | 11 € R} and

Zy:={(1,1), (=1, =1), (W=1,—erer---e10), (—v/—1, e1e2- - e10)} .

The corresponding maximal abelian subalgebra t of € is

Then

t={(60,601,02,03,04,05) | 0; e R(i=0,1,2,3,4,5)}.

k 1
I'K)= {é =2r <?0,k1,k2,k3,k4,k5> + e (5’ L1, 1,1, 1)

5
| ko, ki, ko, k3, ka, ks € Z, e =0or 1, Zka € 22] ,
a=0
D(K) =D((U(1) x Spin(10))/Zy4)
= {A = poyo + P1y1 + P2y2 + p3y3 + pays + psys € t*
1
I§m+m+m+m+m+meﬂ,mel

1
(p1, p2, p3, pas ps) € L2 +e(1,1,1,1,1), e =0or 3

p12p22p32p4zlp5|}-
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Since Tk is also a maximal torus of Ko = (U(1) x (Spin(2) - Spin(8)))/Zs C K,
I'(Ky) = I'(K) and

D(K2) =D((U(1) x Spin(2) - Spin(8))/Z4)
={A = poyo + p1y1 + p2y2 + pays + pays + psys € t*
|%P0+P1+p2+p3+174+175€2l, po€EZL,
(Pt P2, ps. pa p9) € 2 +6(1 11,1, 1), ¢ = Oor 7
P22P3ZP4Z|P5|}.

On the other hand, K> = (S' x (Spin(2) - Spin(8)))/Z4, where
S' = {exp(fov/—1R(—e] +2¢2 — €3)) | iy € R},
Spin(2) = {exp(fiv/~1R(e3 —e1)) | i1 € R}
and here Spin(2) - Spin(8) C (E¢)e, = Spin(10). Since
exp(tov/—1R((2e; — €3 — €3)) - exp(t1v/—1R(e2 — €3))

to—t 3t0+t
=exp<— 0 5 1\/—1R(—el + 2er — e3)) -exp(—%«/—lR(@ — el)> ,

~

one can take 7y = —@, = —3"’% such that the maximal torus Tx, = Tk of K; can also
be described as

. . ) 0 6 6 6
Tk, =Tk, = Tx = {t = (e‘me", <cos El — ejepsin %) <cos 52 — e3eq4 8in ?2>

é3 . é3 é\4 . é4 é\5 . éS
cos — — sin — || cos — — sin — || cos = — sin —
5 eseg Si 5 5 e7eg si 5 5 egeqp si 5

Iéo,-.-,GASGR}/sz,

where 0y = 70/2, 01 = f;. Taking account of the triality of Spin(8) = (Eg)e|.ep.e; C (Eg)e; =
(E6)e, = Spin(10), we choose a new basis J; : f > éi for t* satisfying

1 1

1 1
¥ = —— — s ' = —3 _ = s P = - s
Yo 70 + P N Yo 3, )2 2(yz + 3+ y4 +ys5)

. 1 . 1
y3 = 5(y2+y3—y4—y5), V4 1= E(yz—y3+y4—y5),

. 1
Vs = 5(—)’2 +y3+y4—ys).
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Thus any A = poyo + pi1y1 + p2y2 + p3y3 + pays + psys € D(K2) can also be written as
A = poYo + p1y1 + p2y2 + P33 + paya + psYs, where

1 1

1 1
Dy = — — 3 y Py = —— — — s py = — s
Do 5 P0 +3p1, D1 qPo—5pi. P2 2(1)2 + p3 + psa + ps)

A 1 . 1
p3=5(p2+p3—p4—p5), p4=§(pz—p3+p4—p5),

R 1
ps = 5(—P2+P3 + pa—ps).
Thus D(K?>) has the following another expression:

D(K>) =D((S' x Spin(2) - Spin(8))/Zs)
{A:m%+mﬁ+mﬁ+m%+mﬁ+m%eﬁ
| 5p0+p1 +p2+p3+pa+ps €22, poel,
o 1
(P1., P2, P3, Pa, ps) € 2> +e(1,1,1,1,1), e =0 or >
ﬁ22ﬁ32ﬁ42|ﬁ5|}-
Notice that the subgroup K| = (S' x (Spin(2) - (Spin(2) - Spin(6))))/Zs also has

the same maximal torus Ty, = Tk, = Tk, = Tk and the corresponding maximal abelian
subalgebra tg, of £; is

te, = te, = ((00,61,62,05,04,05) | 6; e R (i =0,1,2,3,4,5)) =tg, = t,

we get
Dmo{A=m%+mﬁ+mb+m%+mﬁ+m%e%=ﬁ
|5p0+p1+p2+p3+p4+p5622,per,
A 1
(P1, 2. 3. Par Ps) € 22 +e(1,1,1,1, 1), e=0or,
ﬁ32ﬁ42|ﬁ5|}~

Finally, the maximal torus of Ko = (S' x Spin(6))/Z; is given as follows:

) 6 6 0 6
Tk, :{ <eﬁ90, (cos 53 — eseg Sin 53) (cos ?4 — e7eg sin 54)

2 o N ~
<cos?5 — egeqp sin 35)) |6; eR (i =0,3,4, 5)}/22 CTk, =Tk
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and the corresponding maximal abelian subalgebra of £ is
tey = ((60,0,0.03,04,05) | 6; € R (i =0,3,4,5) Cte, = t.
Then

Do) ={ 4 = oo + i + dads + dsfs € 6,
I, A N N A
I S0+ 43+ 4a+4gs € 2Z, g0 € Z,
1

(@3, 44,45) €27 +2(1,1,1) e =Oor 7,

43 = 44 = 14| }
5.11. Branching laws. Based on the branching laws of (SO (2n + 2), SO(2)x

SO (2n)) obtained by Tsukamoto ([24]), we formulate the following branching laws.

LEMMA 5.3 (Branching Law of (Spin(10), Spin(2) - Spin(8))). For each

A = p1y1 + p2y2 + p3y3 + pays + 8psys € D(Spin(10)) ,

withd =1or — 1 and

(p1, P2, p3, P4, ps) € L7 +e(1,1,1,1,1), e =0 or %,
pPr=p2=p3=ps>=ps=0,
V4 contains an irreducible Spin(2) - Spin(8)-module with the highest weight
A= qiy1 +q2y2 + q3y3 + qaya + 8'qsys € D(Spin(2) - Spin(8))

withd' =1or — 1 and

@1,92.93,91.49) € 2 +e(L 11,1, 1), e =0or
92=293=24q4>4q5=0,
if and only if A’ satisfies the following conditions:
(1)
pitl>qp>p3—1,
p2tl>q>pi—1,
p3tl>qs>ps—1,
pa+1>¢g5>0.
(2) The coefficient of X' in the following power series expansion in X of

4 i+l —0;—1
x89'ts l—[X X
X —x-1

i=1
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does not vanish. Here

€y := p1 —max{p2, g2},

€3 == min{py, g2} — max{ps, g3},

€3 :=min{p3, g3} — max{p4, g4},

L4 :=min{py, g4} — max{ps, gs},

s :=min{ps, g5} .

Moreover its multiplicity is equal to the coefficient of X9.
LEMMA 5.4 (Branching Law of (Spin(8), Spin(2) - Spin(6))). For each
A = payz2 + p3y3s + pays +8psys € D(Spin(8)),

withd =1or — 1 and
(P2, ps. P p9) €Z4 4601, 1,1, 1), £ =0 0r 5,
p2=p3=ps=ps=0,
VA contains an irreducible Spin(2) - Spin(6)-module with the highest weight
A" = q2y2 + q3y3 + qaya +8'psys € D(Spin(2) - Spin(6))
with8 = 1or — 1 and
(@2.43.91,95) € Z* (1,1, 1,1), € = 00r 3
g3 >q4>q5 >0,
if and only if A’ satisfies the following conditions:
()
p2+tl>q>pi—1,
p3tl>qs>ps—1,
pa+1>¢g5>0.

4 0 —ti—
s l_[X +1_ y—ti-1
X -—Xx-1

i=2

(2) The coefficient of X492

does not vanish. Here
& = py — max{ps, g3},
¢3 := min{p3, g3} — max{pa, g4},
L4 := min{p4, q4} — max{ps, gs},
{5 := min{ps, gs} .

Moreover its multiplicity is equal to the coefficient of X92.
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5.12. Description of D(K, Kp). Let
A = poyo+ p1y1 + p2y2 + p3y3 + pays + epsys € D(K),
A" = poyo+ piyi+ phyz + piys + phya+ €' psys
= PoJo + D131 + PrJ2 + P393 + pyda+&'psPs € D(K2),
A" = poJo + PiI1+ pada + P33z + pyva+ & psIs € D(K1),
A" = pg'So + Py 33 + Py 94+ 8" ps s € D(Ko) .
Assume that the corresponding representation spaces satisfy
Va D Wa DUpr =Upr #{0}.
Suppose that U 4~ # {0} is a trivial representation of Ky, thatis, A”” = 0. Then we have
B =py=0, M =p=0, Py=p{=0, p=pl=0.
Thus A” = p{y1 + pyy2 € D(Ky) with p, pJ € Z, p + p) € 2Z.
By the branching law of (Spin(8), Spin(2) - Spin(6)), we get
Py = p3 =02 py,
p3= Py =02 ps,
Pyz ps =020.
Thus (p}, p5) = (0,0) and p) > 0, p5 > 0. It follows that
ta = py — max(ph. p§) = p — max(ph. 0} = ps — p}.
¢3 = min{p}, p5} — max{p}, p;} = min{p3, 0} — max{0,0}=0—-0=0,
¢4 = min{p}y, py} — max{ps, p} = min{0, 0} — max{0,0} =0—-0=0,
¢5 = min{p5, p5} = min{0, 0} = 0.
Then the coefficient of X”2 in the (finite) power series expansion in X

4 xli+l _ox—ti—l x P =P+l _ x—(pr—py)-1

X8t _
E X —-Xx1 X —-Xx1

is equal to its multiplicity. Hence we have
—(py— P3) < Py =Py — P3—2i < pr— p3

for some i € Z with 0 <i < p}, — p}. Moreover, p, = p; =0, p; = p|. Thus we get

A" = piSi+ poa+ Pis € D(K2)

with
Py=p\.PPs€Z, P+ pr+p;e2Z,
—(py—P3) < py=py— P3—2i < py— 3

for some i € Z with 0 < i < p} — p’;. Therefore,

A" = poyo+ piyi + Phy2 + p3ys + pyya + € psys € D(K2)
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with
/ 1A/ A/ N
Po = _Epo - 3P1 = —3171,
p/ :lﬁ/ _lﬁ/ :_lﬁ/
1 4 0 2 1 2 1°
L, R oA L R
Py = 5Py + P+ Py — &'P5) = 5(py + b3,

Al AL

/ 1 A/ A/ A/ 1 A/ A/
Pz = 5(p2+p3 — Pyt Eps) = 5(p2+p3),

Al AL

Ph= 5 s — 5 B+ E ) = 55— B,
95 = 3By~ B~ By~ &P = 55— B
In particular, ¢’ = 1, p), = p} = %(ﬁ/z + Py, Py = ps = %(ﬁ’2 — p4)- Then po = p(, and by
the branching laws of (Spin(10), Spin(2) - Spin(8)), we get
pPL=Ppy=p3. p2=py=ph=pa,
p3=py=ps, pa=ps=p,=0.
Thus py > p2 > p) = p5 = p3 = p4 = py = ps = ps = 0. It follows that
€1 = p1 —max{pa, p5} = p1 — p2.,
¢y = min{py, py} — max{ps, p3} = py — p3 =0,
€3 = min{p3, p3} — max{ps, py} = p3 — pa,
€4 = min{py, p}} — max{ps, p5} = pj — p5 =0,
s = min{ps, p5} = ps.

. ’ 1 57 L on o, . . . .
Then the coefficient of X1 = X~271 = X~ 271 in the (finite) power series expansion in X

XES,esli[Xei—‘rl _ x-ti—1
Pl X —-x-1
, xpi—p2t+l _ x—=(p1=p2+D) xp3—pstl _ x—(p3—ps+1)
—X&EDs
X —-x-1 X —x-1
P1—P2 P3—DP4
—x&e'ps Z Z x (P1=p2)+(p3—pa)=2(i+))
i=0  j=0

is equal to its multiplicity. Then we have A = poyo + p1y1 + p2y2 + p3y3 + paya +epsys €
D(K, Ko) with pg = p; = =3p| = 6p] € 3Z.

5.13. Eigenvalue computation. Recall that the standard basis ey (@« = 0,1,...,5)
of t = {(0o, 01,62, 03,04,65) | O, € R} corresponds to 2+/—1R(2e1 — e — e3) € u(1) and
V—1R(ez—e3), D1 4, D112, D136, D1.57 € spin(10), respectively. With respect to the inner
product (u, v), = —truv foru, v € £ C ¢g C gl(H3(K)©),
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for] <i <5and0 < o # B < 5. It follows that the inner products of the dual bases
{y0, 1, ¥2, ¥3, ¥4, ¥5} of t* corresponding to {eg, €1, €y, €3, €4, e5} of t are given by

(Ya,¥8) =0, O=<a#pB=<5),

1 1 . .

For

A = poyo + pi1y1 + p2y2 + p3y3s + pays + epsys € D(K, Ko) ,
Po

A" = poyo + ot Phy2 + Phys + phya + phys
Do, / I\ A / INA
=-3 0 + (P2 + p)y2 + (py — py)y3 € D(K2, Ko) ,
0 ana
A= —%)ﬁ + pyy2 € D(K1, Ko) ,

the eigenvalue formulas of the Casimir operators Ck /k,, Ck,,/k, and Ck,k, With respect
to the inner product (, ), are given respectively by

1 1
—ca e+ g{(m +8)p1+ (P2 +6)p2+ (p3 +4)p3 + (pa + 2 pa+ (ps)?}

)
1 1

—ear =5 (p0)’ + LAPD? + Py + 6Py + (Ps +HPs + (P + 204 + (99)’)

_ 1 ATND 1 AIND A7 A7 A1 A7 A1 A7 NAY/

= ﬁ(l’o) + 8{(1’1) + (py +6)py + (p3 +4)p3 + (Py +2) Py + (P5)7}

1 2 1 1 g / / / / / / /N2
=ﬁ(170) +8 gPo + Py +06)py+ (py+Dpy + (P +2Dpy+ (P) ¢

L. L . R R R R R R
=5 (B0 + U BD? + (B + (55 + D B3 + (B) + 254 + (B5)*)

1 (1 >2+ 2
=% 3PO (p2) .

—CA// =
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Then for each A € D(K, Kj), we have the following eigenvalue formulas
—cp = —12cp +6cp 4+ 3cpr
=2{(p1 +8)p1 + (P2 + 6O)p2 + (p3 + Dp3 + (pa +2)pa + (ps)*}
— (s + 0P+ (P + 405+ (P + 2k + (Pp?) — 55
=2(p1 +8)p1 +2((p2)” — (ph)*) + 12p2 — 10p5 +2(p3)* + 8p3
+2((pa)* — (P + 4pa — 2p) + 2(ps)* — %(ﬁfj)Z
“4) =2(p1 +8)p1 +2((p2)* — (PP +2p2 + 10(p2 — ph) +2(p3) +8p3

1.
+2((pa)? — (PL)?) + 2pa + 2(pa — pl) +2(ps)* — E(pfg)z
1.
> 2(p1 4+ 8)p1 +2p2 +2(p3)* — 5(175)2 +8p3 +2pa +2(ps)?

1
=2(p1 4+ 8)p1 +2p2 + 2(ph)* — 5(1)’2’)2) +8p3 +2ps + 2(ps)?
> 2(p1 4+ 8)p1 +2p2 + 8p3 + 2pa + 2(ps)?,

where the equalities hold if and only if p» = p}, p4s = p}. 2p3 = 2ps = 2p, = 2p5 = | P}|
since we have

PL=p2>py=py>p3>ps>py=ps>ps>0,
—2py = —2ps = —(p5 — py) < Py < Pb— Py =2p5 =2p).
Notice that if p; = 0, then —¢;, = 0 and if p; > 2, then —c; > 40 > 30. In case
p1 = 3/2, the possible A = (po, p1, p2, p3, p4, ps) € D(K, Ko) are

33333 3333 3 33331 3333 1
<p°’§’§’§’§’§)’<p°’§’ E’E’_§>’(”°’§’§’E’E’E>’<p°’§’§’§’§’_§)’
33311 3 11 3311 1 3311 1
<”°’§’§’§’§’§)’<"0’§’ 5’5"5)’(”0’5’5’5’5’§>’<”°’§’§’§’§’_§)’
3111
2°2°2°2

31111 1
p05272525272 ) p()’ ’ 2 .

In these cases, the eigenvalue of the Casimir operator Cy, is given by

A v~

N = N W N

—cr 22(p1 + 8)p1 +2p2 + 8p3 + 2pa + 2(ps)?

3 3 1 1 1 1\?
>2.(248)-242.248-242.—4+2.(=
> <2+> SH2 g8 S +2 04 (2)
=35 > 30.

Hence in order to determine the Hamiltonian stability, i.e., to compare the first eigenvalue
—c, and 30, we have only to treat the cases when p; = 1/2 or 1.



240

H. MA AND Y. OHNITA

TABLE 5. Small eigenvalues of —Cy, for L = U(1) - Spin(lO)/(S1 - Spin(6) - Zy).

A A A" —cr
333333 [333333 [0-110.00 |15
333333 [333333 [0-L-1.000]15
333335333333 [0L1000 |15
333337333333 [01-1.000 |15
6.1,0,0,0,0 6.1,0,0,0,0 0,-2,0,0,0,0 |18
—6,1,0,0,0,0 —6,-1,0,0,0,0 | 0,2,0,0,0,0 18
0.1,1,0,0,0 0,0,0,0,0,0 0,0,0,0,0,0 32
0.1,1,0,0,0 0,0,1,1,0,0 0,0,0,0,0,0 20
6.1,1,1,0,0 6.1,1,1,0,0 0,-2,0,0,0,0 |30
—6,1,1,1,0,0 —6,—-1,1,1,0,0 | 0,2,0,0,0,0 30
0,1,1,1,1,0 0,0,1,1,0,0 0,0,0,0,0,0 36
0,1,1,1,1,0 0,0,1,1,1,1 0,0,0,0,0,0 32
0,1,1,1,1,0 0,0,1,1,1,1 0,0,2,0,0,0 30
0,1,1,1,1,0 0,0,1,1,1,1 0,0,-2,0,0,0 |30
6,1,1,1,1,1 6,1,1,1,1,1 0,-2,2,0,0,0 |32
6,1,1,1,1,1 6,1,1,1,1,1 0,-2,-2,0,0,0 | 32
6,1,1,1,1,1 6,1,1,1,1,1 0,-2,0,0,0,0 |34
-6, 1,1,1,1,-1 | —6,—1,1,1,1,1  [0,2,2,0,0,0 32
—-6,1,1,1,1,-1 | —6,—1,1,1,1,1 |0,2,-2,0,0,0 |32
-6, 1,1,1,1,-1 | —6,—1,1,1,1,1 [ 0,2,0,0,0,0 34

It follows from the description of D(K, K¢) in Section 5.12 that the element in D(K, Kj).
when p; = 1/21is given by

11111 1111 1
AN Ay~~~ or Y N A o~ o~y T o
Po-5522°73 P55 2273

and the element in D(K, Ky) for p; = 1 is given by
(p0,1,0,0,0,0), (po,1,1,0,0,0), (po,1,1,1,0,0),
(po,1,1,1,1,0), (po,1,1,1,1,1) or (po,1,1,1,1,—=1).

Using the branching laws, the descriptions of D(K>7, Kg), D(K1, Ko) in Section 5.12 and
the eigenvalue formula (44), by direct computation we get the following small eigenvalues in
Table 5. Here, A = (po, p1, p2, P3, P4, ps) € D(K, Ko), A" = (pg, P, Py» Ps» Py» P5) €

AN Al A A A

D(K>, Ko) and A" = (py, p{. py. P4+ Py~ P5) € D(K1, Ko). The next lemma follows from
Table 5.
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LEMMA 5.5. A = poyo + pi1y1 + p2y2 + p3y3 + paya + epsys € D(K, Ko) has
eigenvalue —cy, < 30 if and only if (po, p1, p2, p3, P4, ps) is one of

11111 1111 1
{01 <37_7_1_7_1_) ) <_31_ A’ A 57_5) ) (61170107010)1 (_61170107010)

(07 11 lv O, 07 0)7 (61 lv 11 lv Os 0)1 (_61 lv 11 lv Os 0)1 (O, lv 11 lv 110) } .

Since A} = (3, %, %, %, %, %) corresponds to the complexified isotropy representation of
EIII and it is conjugate to Ay = (-3, %, %, %, %, —%), we see that Ay, A2 € D(K, K[q)).

Suppose that A = (po, p1, P2, P3, P4, p5) = (6,1,0,0,0,0) € D(K, Kp). Then by
the branching laws we get A’ = 6yg + y1 € D(K2, Kg), A” = =291 € D(K1, Ko) and
A" =0 € D(Kp). Hence, the eigenvalue of the Casimir operator is —c; = 18 < 30.

On the other hand,

0O 0 O
Vazilo & x| l&.&eCx eKEY =l
0 x1 &

D) WA/ = UA// = UA’” = (VA)K()

and py = we XMoo, where o0 denotes the standard representation of SO (10), and for each

¢(©) € U(1),

0O 0 O 0O 0 O
ne@@) |0 & x| =610 & x|,
0 x1 & 0 x1 &

where 6 = ¢¥=11/2_ Since for any exp(for/—1R(e; — 2e2 + €3)) € S! C Ko,

exp(fov/—1R(e1 — 2e2 + €3))
~ 1 ~3
= CXP<10§\/—1R(2€1 — ey — 63)) eXp<—t0§V—1R(€2 — 83))
eU()-Spin2) CK,
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we compute
0O 0 O
pa(exp(fiov/—1R(e1 —2e2+e3)) |0 & xi
0 x1 &

0O 0 O
=(ue B o) (exp(iov/—1R(e1 — 23 + €3))) (0 & X1)

0 x1 &
1 3 0o 0 O
=6 <6Xp<fo—v —1R(2e1 — ez — e3)>>0l23 <—f0—> 0 & x
2 2 7
0 x1 &

0 0 0
=@V o VNl
0 & eV Thig

0 0 0
:e—«/—_l%fo 0 e—ﬂr‘o%& x|
0 % eV T3 gy
0 0 0
=0 e‘m%sz e‘m%foxl
0 e Vhhy g

In particular,

0 0
pa(exp(iov/—1R(e1 — 2e2 + €3))) (0 0
0 0

0 0 O
Vg, = [(O 0 O) |§3€C].
0 0 &

But as a generator of Z4 of K|q], the action of a3 () (a1, o2, @3) € K[q) given by (42) is

0 0 0
palaz(m)(ay, 02, 23)) [0 0 O

for each 7y € R. Hence,

0 0 &

0 0O 0 O
O) = (O 0O 0 ) .
& 0 0 —&

0
=(a23(71)) (0
0

+ S O O

Therefore (Va)k(, = {0} and A = 6y9
D(K, K[ay).

i € D(K, K{q}). Similarly, A = —6y0 + y1 &
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Suppose A = (po, p1, p2, p3, p4, ps) = (0,1,1,0,0,0) € D(K, Ko). Then by the
branching laws we get

A= (py, ps Pys Py Py, P5) = (0,0,1,1,0,0) € D(K2, Ko) ,
A" = (pg, P\, Py, P5. Pa» P5) =(0,0,0,0,0,0) € D(Ky, Ko) .

Here p/;, = I[d W1d R AdS,;, s = [d R 1d K Ad§, g € D(K2). Notice that Wa = 0(8)€ =
02)C @ 0(6)C ® M(2,6; R)C, and the subgroups U (1) and Spin(2) of K» = (U(1) x
(Spin(2) - Spin(8))/Z4 act trivially on o(S)C. The subgroup Spin(6) of Spin(2) - Spin(6)
acts trivially on 0(2)C, hence (Wp/)k, = 0(2)C. For ap3 () (o1, a2, a3) € K[q a generator
of Z4 given in (42), a3 () and (o, o2, @3) commute to each other. ax3(wr) € Spin(2) acts
trivially on 0(2)€. @ of (a1, @2, @3) acts on RI + Re as ( 9 _01) and preserves the vector
subspace orthogonally complementary to R1 + Re in K = R®. Thus the Spin(2)-factor of
(o1, a2, @3) in Spin(2) - Spin(6) corresponds to (_01 _01) € 0(2). Since its adjoint action
on 0(2)C is —Id, the adjoint action of (1, a2, @3) € Spin(8) is not trivial on 0(2)C. Hence
(Wa) k(o = {0} and in particular we obtain A = y; + y2 € D(K, Kiq))-

Suppose A= (po, p1, P2, P3, P4, p5) = (6,1,1,1,0,0) € D(K, K¢). Then dim¢c V, =
120. By the branching laws we get A’ = 6yg+ y1 + y2+ y3 = =231 + ¥2 + y3 € D(K>2, Kp),
A" = =2y € D(K1, Ko) and A” = 0 € D(Kp). Hence, the eigenvalue of the Casimir
operator is —cz, = 30.

On the other hand, p/,, = Id X pu_, X Adgpl.n(g) = Id® pu2 R Ad§, 4 € D(K2).
Here Wy = 0(8)€ = 0(2)€ @ 0(6)€ @ M (2, 6; R)C. Same as the previous case, we get
Wak, = 0(2)€. Notice that for the generator o3 () (a1, a2, 3) of Zy4 in K4 given by
(42), the action of a23(r) € Spin(2) on H3(KC) is given by

_ &1 V-1x3 —/—1%

& x3 X2

X3 & x1 |+ V—1x3 ) x1

2 A8 —/=1x, X1 —&
In particular, a3 (1) transforms uy to —/—1u, and euy to —/—leuy, which says that a3 ()
acts on 0(2) = R1 + Re as the matrix multiplication by (_F _jj). Thus p—_3(a23(7))
acts on 0(2) = R1 + Re is just the matrix multiplication by —Id. On the other hand, oy of
(a1, 02, @3) acts on R1+Re as ( © 7'). Thus the Spin(2)-factor of (a1, o2, @3) in Spin(2) -
Spin(6) correspondsto ( % ') € O(2). Hence its adjoint action on 0(2)€ is —Id. Therefore,
(Va)kig = 02)C,ie., A = 6y0+y1+y2+y3 € D(K, K[q)) = 0(2)€. Thus A = 6y0+y1+
y2+y3 € D(K, K[a]) with multiplicity 1. Similarly, A = —6ypo+ y1 +y2+y3 € D(K, K[a])
with multiplicity 1.
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Suppose A = (po, p1, P2, p3, pa» ps) = (0, 1,1, 1,1,0) € D(K, Ko). Then dim¢ V=
210. By Subsection 5.12, we describe explicitly (V4) g, as follows:
(V40,1,1,1,1,0) Ko
= Wa, 001,110 NVA ko ® Wa,0,0,1.1,00 N (V) ko

= (U70,0,0,0,0,00 DU 47(0,0,2,0,0,0) D U 47(0,0,-2,0,0,0) Ko © U 45(0,0,0,0,0,0) -

Then the Casimir operator —Cy, has eigenvalues —c¢;, = 32, 30, 30 or 36 along this decompo-
sition.
On the other hand, A} = 23> € D(K2, Ko), Wy = S3(C3) = S3(K®) and

ssssss

Recall that {1, cy, . .., c7} denote the standard basis of the Cayley algebra K and e := c4.
Then

3(1-14+e-e)—(c1-c1+cy-cp+cz-c3+cs-c5+c6-c6+c7-c7) eSg(KC).
Forany A = (30 7501} € SO(2), A(1, e) = (1,)(5! ~Sin7) Hence
A(1-1) =(costl +sinte) - (cost1 + sintze)
=cos?#(1-1) +sin’7(e-e) + 2sintcost(l - e),
A(e-e) =(—sintl +cosre) - (—sint1 4 coste)
:sinzt(l - 1) +coszt(e -e) —2sintcost(l-e),
A(1-e) =(costl + sinte) - (—sint1 + coste)
=— %sinZt(l -1—e-e)4cos2t(l-e).
In particular, A(1-1+e-e)=1-1+4+e-eand

AB(1-14e-e)—(c1-c14+c2-c24+c3-c3+c5-¢c5+c6-c6+c7-¢7))
=31-14e-e)—(c1-c1+c2-cr4+c3-c3+c¢5-¢5+cg-c6+c7-¢7).

On the otherhand, 1 -1 —e-e—2+4/—1(1-€),1-1 —e-e+2,/—1(1-¢) € Sg(KC),andwe
see that

Ad-1—e-e—2v—11-&)=eV"2(1.1—e-e—2v—11-¢),
Al-1—e-e4+2v/—Tl-e)=e VYV 12(1.1—e-e+2/—11-¢).

sssss

Therefore,
(Va)ky N Wy
=CB(l-14e-e)—(c1-c1+cr-cr+c3-c3+ces-¢cs5s+ce-c6+c7-c7))
BC(1-1—e-e—2v/—11-¢) ®C(1-1—e-e+2v/—11-¢).
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Since the action of the generator a3 () (o1, a2, ®3) is given by

(e23() (a1, 02, 03)) 24/ —1(1 - @) = 2(v/—1e - (1)) = =2/=1(1 - e),
(a3(m)(ar, a2, a3))(1-1—e-e)=1-1—e-e,
(a3(m) (g, 02, 3))(1-1+e-e)=—(1-1+e-e),

we obtain
(VA)KlaJ N VVA’1 = C(l -1 — e- e) ,

and thus A = y; + y2 + y3 + y4 € D(K, K|[q]), which has eigenvalue 30 of —Cy, with the
multiplicity 1. Therefore,

n(L*) = dime Vie,1,1.1,0,0) + dime Vi—6.1.1.1,0.0) + dime V(0,1.1.1,0.0)
=120+ 120+ 210 = 450

=dim SO (32) —dimU(1) - Spin(10) = ng (L) .
Then we conclude that
THEOREM 5.6. The Gauss image
LY = U) - Spin(10))/(S" - Spin(6) - Z4) C Q30(C)
is strictly Hamiltonian stable.

Combining with the results on Hamiltonian stabilities of Gauss images of all homoge-
neous isoparametric hypersurfaces, we obtain our main theorem.
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