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Abstract. To an ergodic, essentially free and measure-preserving action of a non-
amenable Baumslag-Solitar group on a standard probability space, a flow is associated. The
isomorphism class of the flow is shown to be an invariant of such actions of Baumslag-Solitar
groups under weak orbit equivalence. Results on groups which are measure equivalent to
Baumslag-Solitar groups are also provided.

1. Introduction. The study of probability-measure-preserving actions of discrete
countable groups through the associated orbit equivalence relations has been making progress
since the seminal works [10], [11], [12] and [38] on amenable groups. We recommend the
reader to consult [17], [18], [41], [48] and [50] for recent development and related topics.
In this paper, we focus on actions of non-amenable Baumslag-Solitar groups, and introduce
their invariants under orbit equivalence. For two non-zero integers p, g, the Baumslag-Solitar
group BS(p, q) is defined as the group with the presentation

BS(p.q) = (a,t|ta’t™" =a?).

After the appearance in [7] as a simple example of a non-Hopfian finitely presented group
for certain p and g, this group attracts attention in combinatorial group theory. The isomor-
phism problem for these groups is solved by Moldavanskii [36], who shows that BS(p, ¢q)
and BS(r, s) are isomorphic if and only if there exists an integer ¢ € {%1} such that either
(p,q) = (er,es) or (p,q) = (¢es, er). The group BS(p, ¢) is amenable if and only if either
|pl = 1or|qg| = 1. We therefore assume 2 < |p| < |g| throughout the paper.

A discrete group is assumed countable unless otherwise mentioned. We mean by an
f.f-m.p. action of a discrete group G a measure-preserving Borel action of G on a standard fi-
nite measure space (X, ©) such that the stabilizer of a.e. x € X in G is trivial, where “f.f.m.p.”
stands for “essentially free and finite-measure-preserving”. The following equivalence rela-
tions among such actions are of our interest.

DEFINITION 1.1. Let G ~ (X,u) and H ~ (Y, v) be ergodic f.f.m.p.actions of
discrete groups. We say that these actions are orbit equivalent (OE) if there exists a Borel
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isomorphism f from a conull Borel subset of X onto a conull Borel subset of Y such that f,
and v are equivalent and we have f(Gx) = Hf(x) fora.e. x € X.

More generally, we say that the actions G ~ (X, u) and H ~ (Y, v) are weakly orbit
equivalent (WOE) if there exists a Borel isomorphism f from a Borel subset A of X with
w(A) > 0onto a Borel subset B of Y with v(B) > 0such that f,(u|4) and v|p are equivalent
and we have f(Gx N A) = Hf(x) N B fora.e. x € A.

We put I" = BS(p,q) with 2 < |p| < |q| and define a homomorphism m: I —
R, called the modular homomorphism of T", by setting m(a) = 1 and m(t) = |q/p|. Let
I' ~ (X, ) be an ergodic f.f.m.p. action. We now introduce the flow associated with this
action, which is shown to be an invariant under orbit equivalence. Let 7 : (X, u) — (Z, &) be
the ergodic decomposition for the action of kerm on (X, ). We have the canonical ergodic
measure-preserving action of m(I") on (Z, &). The flow associated with the action I"
(X, w) is defined as the action of R induced from the action of logom(I") on (Z, &) through
the isomorphism log: Ry — R. We refer to Remark 7.4 for a detailed description of this
flow.

THEOREM 1.2. We set I' = BS(p,q) and A = BS(r,s) with 2 < |p| < |q| and
2 < |r| <|Is|. Let ' ~ (X, ) and A ~ (Y, v) be ergodic f.f.m.p. actions. If these two
actions are WOE, then the flows associated with them are isomorphic.

For a locally compact group G, two measure-preserving actions G ~ (Z,&) and G
(W, ) on measure spaces are called isomorphic if there exists a measurable isomorphism f
from a conull measurable subset of Z onto a conull measurable subset of W such that f,& and
o are equivalent and for any g € G, we have f(gz) = gf(z) fora.e. z € Z. In Corollary 7.6,
we obtain a refinement of Theorem 1.2 under an additional assumption.

Theorem 1.2 is strongly inspired by the theory of the flow associated with an ergodic
transformation of type III, summarized in [23]. This flow is defined as the Mackey range of
the Radon-Nikodym cocycle for the transformation. It is notable that the isomorphism class
of the associated flow is a complete invariant of ergodic single transformations of type III
under orbit equivalence. This is due to Hamachi-Oka-Osikawa [22] and Krieger [31], [32].

Theorem 1.2 is indeed a consequence of a rigidity result on the composition of the co-
cycle associated with the WOE and the homomorphism m, which is formulated in terms of
measure equivalence in Theorem 7.3. In Section 4, we prove a variant of Furman’s theorem
on construction of a representation of a group which is measure equivalent to a given group.
Combining these results, we obtain the following:

THEOREM 1.3. We set I' = BS(p, q) with2 < |p| < |ql|. Suppose that an ergodic
ffm.p.action I’ ~ (X, ) is WOE to a weakly mixing f.f.m.p. action A ~ (Y, v) of a discrete
group A. Then there exists a homomorphism from A onto Z.

Putting I" = BS(p, ¢), we mean by an elliptic subgroup of I" a subgroup contained
in the group generated by a or in its conjugate in I". Under the assumption that any non-
trivial elliptic subgroup of I" acts ergodically, the parameters p, g are shown to be invariant
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under WOE, while the associated flow is isomorphic to the action of R on R/(log|q/p|)Z by
addition, and remembers at most the modulus |g/ p|.

THEOREM 1.4. We set I' = BS(p,q) and A = BS(r,s) with 2 < |p| < |q| and
2 < |r| < |s|. Suppose that q is not a multiple of p and that s is not a multiple of r. Let
I' ~ (X,n) and A ~ (Y,v) be f.f.m.p. actions such that any non-trivial elliptic subgroup
of I' acts ergodically and so does any non-trivial elliptic subgroup of A. If the two actions
I' ~ (X, ) and A ~ (Y, v) are WOE, then there exists an integer ¢ € {1} with (p,q) =
(er, €s), that is, I' and A are isomorphic.

The assumption on the actions of non-trivial elliptic subgroups of I" and A can be re-
laxed. We refer to Theorem 8.11 for a more general assertion. In Section 9, when I =
BS(p, g) with 2 < |p| < |q|, we construct two f.f.m.p. actions of I" which are WOE, but
not conjugate. The restrictions of the two actions to any non-trivial elliptic subgroup of I"
are shown to be ergodic. It is therefore impossible to obtain conjugacy of the two actions
under the assumption in Theorem 1.4. As for Bernoulli shifts of Baumslag-Solitar groups,
Popa’s cocycle superrigidity theorem [42] shows orbit equivalence rigidity of them (see Re-
mark 9.12).

We now turn our attention to measure equivalence (ME). This is an equivalence relation
between discrete groups, introduced by Gromov [20] (see Definition 4.1). It is known that
two discrete groups G and H are ME if and only if there exists an ergodic f.f.m.p. action of
G which is WOE to an ergodic f.f.m.p. action of H.

THEOREM 1.5. Weset I' = BS(p, q) with2 < |p| < |q|. Let A be a discrete group
having an infinite amenable normal subgroup N. Suppose that the quotient A/N is a non-
elementarily word-hyperbolic group. Then I" and A are not ME.

For any integers r, s with 2 < |r| = |s|, the group BS(r, s) contains a finite index
subgroup isomorphic to the direct product of Z with a non-abelian free group of finite rank. It
follows from Theorem 1.5 that the group BS(p, ¢) with 2 < |p| < |g| is not ME to BS(r, s).
The basic question asking whether the groups BS(p, ¢) with different parameters p, g are
ME or not remains unsolved.

This paper is organized as follows: In Section 2, we review basic properties of Baumslag-
Solitar groups and the Bass-Serre trees associated with them. In Section 3, starting with termi-
nology of discrete measured groupoids, we introduce several notions related to them, index,
local index, normality, quasi-normality and quotient. In Section 4, we review the aforemen-
tioned Furman’s theorem and prove its variant. In Section 5, given a finite-measure-preserving
action of a Baumslag-Solitar group, we present an algebraic and sufficient condition for a
subgroupoid of the associated groupoid to be elliptic. Elliptic subgroupoids are shown to be
preserved under an isomorphism between the groupoids associated with actions of Baumslag-
Solitar groups. In Section 6, we introduce the modular cocycle of Radon-Nikodym type and
the local-index cocycle. They are defined for the pair of a discrete measured groupoid and
its quasi-normal subgroupoid. If the pair comes from an action of a Baumslag-Solitar group
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and its restriction to an elliptic subgroup, then those two cocycles are related to the modular
homomorphism. In Section 7, Theorems 1.2, 1.3 and 1.5 are proved by using those cocycles.
In Section 8§, Theorem 1.4 is proved. In Section 9, we discuss f.f.m.p. actions of a Baumslag-
Solitar group which are WOE, but not conjugate.

In Appendix A, we observe basic properties of an ergodic probability-measure-
preserving action of a Baumslag-Solitar group, focusing on ergodicity of the action of an
elliptic subgroup. Those properties are used to relax ergodicity assumptions in theorems. In
Appendix B, we show that the groupoid associated with a certain action of a Baumslag-Solitar
group has an amenable normal subgroupoid of infinite type. We also show that the quotient
groupoid is of type III, and clarify relationship with the associated flow.

2. Baumslag-Solitar groups. Contents of this section are discussed from a more gen-
eral viewpoint in [33, Section 2]. For a group G and an element g of G, let (g) denote the
cyclic subgroup of G generated by ¢. Let p and g be integers with 2 < |p| < |q|, and set

(%) I' =BS(p,q) = (a,t|taPt™' =a¥).

The group I" is the HNN extension of the infinite cyclic group (a) relative to the isomorphism
from (a?) onto (a?) sending a” to a?. Let T = T denote the Bass-Serre tree associated with
this HNN extension. The set of vertices of T, denoted by V (T'), is defined to be I"/{a). The
set of edges of T, denoted by E(T), is defined to be I"/{a?), and for each y € I', the edge
corresponding to the coset y (a?) joins the two vertices corresponding to the cosets y (a) and
yt{a). We orient this edge so that the origin is the vertex corresponding to y (a). The group I"
then acts on T by orientation-preserving simplicial automorphisms. The action of I" on V(T)
and that on E(T) are both transitive. Let Aut(7") denote the group of orientation-preserving
simplicial automorphisms of 7" equipped with the standard Borel structure induced by the
pointwise convergence topology. Unless otherwise stated, we mean by the Bass-Serre tree
associated with I" the oriented simplicial tree defined above for a fixed presentation of I" of
the form (x). We refer to [47] for the Bass-Serre theory.

Let E4 denote the set of oriented edges of T with the orientation defined above. Let
E_ denote the set of oriented edges of T consisting of the inverses of edges in E. We set
o(e) =1foreache € E4,andseto(f) = —1 foreach f € E_. For asimplex s of T, let [
denote the stabilizer of s in I". We pick two distinct vertices vg, v € V(T'). Letey, ..., e, be
the shortest sequence of oriented edges of T such that the origin of e; is vg; the terminal of
episv;and foranyi = 1,...,n — 1, the terminal of ¢; and the origin of e¢; | are equal. We
define M as the maximal number in the set {0} U { Zf-‘zl o(e)); k=1,...,n}, and define m
as the minimal number in it. The equality

[Iyy : Tuy N ] = dol pol™ |g0l™

then holds, where we denote by dyp > 0 the greatest common divisor of p and g, and set

po = p/do and go = g /do.
For a group G and a subgroup H of G, we set

Commg(H)={geG; [H:gHg 'NH]<o0, [jHg ' :gHg 'NH] <00}
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and call it the (relative) commensurator of H in G, which is a subgroup of G. We say that
an element y of I' is elliptic if it fixes a vertex of 7. This condition is equivalent to the
equality Commp({y)) = I" (see [33, Lemma 2.1]). It follows that ellipticity of elements of
I" is independent of the presentation (x). We say that a subgroup E of I' is elliptic if it fixes a
vertex of T'. This condition is equivalent to that there exists an elliptic element of I" generating
E. It follows that ellipticity of subgroups of I" is also independent of the presentation ().

We define the modular homomorphism m: I' — R by sending a to 1 and 7 to |g/pl.
This is indeed independent of the presentation (x) as shown below. Any two non-trivial elliptic
subgroups E, F of I" are commensurable, that is, the intersection £ N F is of finite index in
both E and F. Let E be a non-trivial elliptic subgroup of I", and pick a non-neutral element x
of E. Foreach y € I', since y Ey ~! and E are commensurable, there exist non-zero integers
n, m with yx"y~! = x™. We defineamap f: I" — R by f(y) = |m/n|. This is a well-
defined homomorphism, and is independent of the choice of E and x. Since we have f(a) = 1
and f(¢) = |q/p| by definition, the equality m = f holds. The modular homomorphism m is
thus defined independently of the presentation ().

3. Discrete measured groupoids.

3.1. Terminology. We recommend the reader to consult [26] and [49, Chapter XIII,
Section 3] for basic knowledge of standard Borel spaces and discrete measured groupoids,
respectively. Unless otherwise stated, all sets and maps that appear in this paper are assumed
to be Borel, and relations among Borel sets and maps are understood to hold up to sets of
measure zero.

We refer to a standard Borel space with a finite positive measure as a standard finite
measure space. When the measure is a probability one, we refer to it as a standard probability
space. Let (X, ) be a standard finite measure space. Let G be a discrete measured groupoid
on (X, u). Letr,s: G — X denote the range and source maps, respectively. For a Borel
subset A C X of positive measure, we define

Ga=1{geG;r(g,s(g A}
and call it the restriction of G to A. We denote by GA the saturation
GA={r(geX; geg, s(g) € A},

which is a Borel subset of X. We say that G is finite if for a.e. x € X, the set r—!(x) consists
of at most finitely many points. We say that G is of infinite type if for a.e. x € X, the set
r~1(x) consists of infinitely many points.

Let I" be a discrete group. We say that a Borel action of I" on (X, ) is non-singular if
the action preserves the class of the measure . For a non-singular action I" ~ (X, ), the
associated discrete measured groupoid is denoted by I" x (X, u). If u is not specified, it is
also denoted by I" x X. The range and source maps of I" x (X, ) are defined by r(y, x) = yx
and s(y, x) = x, respectively, for y € I" and x € X. The product operation is defined by
(1, v2x)(y2, x) = (y1y2, x) for y1, 2 € I' and x € X.
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Let I' ~ (X,n) and A ~ (Y,v) be ergodic f.f.m.p. actions of discrete groups on
standard finite measure spaces, and let G and H be the associated groupoids, respectively.
The two actions are WOE if and only if there are Borel subsets A C X and B C Y of positive
measure such that (G) 4 and (H) g are isomorphic.

We recall the ergodic decomposition for a discrete measured groupoid.

THEOREM 3.1 ([21, Theorem 6.1]). Let (X, i) be a standard finite measure space.
Let G be a groupoid on X admitting the structure of a discrete measured groupoid on (X, [).
Then there exist a standard finite measure space (Z, &) and a Borel map w: X — Z such that
e = &; and for a.e. 7 € Z, G admits the structure of an ergodic discrete measured groupoid
on (X, u;), where i is the probability measure on X obtained through the disintegration
n = [, nd(z) with respect to 7.

Moreover, if a standard finite measure space (W, w) and a Borel map 6 : X — W satisfy
these properties in place of (Z, &) and 1, respectively, then there exists a Borel isomorphism
f from a conull Borel subset of Z onto a conull Borel subset of W such that 0(x) = f om(x)
forae. x € X.

We call the map 7w : (X, n) — (Z, &) the ergodic decomposition for G. For z € Z, we put
X, = 7~ 1(z) and denote by G, the ergodic discrete measured groupoid G on (X, ;). Since
W is supported on X, we often identify G, with a discrete measured groupoid on (X, it;).

We introduce an invariant map for an action of a groupoid. If the unit space of the
groupoid consists of a single point, then it is a fixed point of the action of the group.

DEFINITION 3.2. Let G be a discrete measured groupoid on a standard finite measure
space (X, u), I" adiscrete group, and S a standard Borel space. Suppose that we have a Borel
action of I" on S and a Borel homomorphism p: G — I'. A Borel map ¢: X — S is said to
be (G, p)-invariant if we have the equality

p(9e(s(9) = ¢ (9)

forae. g € G.

More generally, if A is a Borel subset of X with positive measure and if a Borel map
¢: A — S satisfies the above equality for a.e. g € (G)4, then we also say that ¢ is (G, p)-
invariant.

The following extendability of invariant maps is in general use.

LEMMA 3.3 ([29, Lemma 2.3]). Let G be a discrete measured groupoid on a standard
finite measure space (X, jt). Suppose that we have a Borel action of a discrete group I" on a
standard Borel space S and a Borel homomorphism p: G — I'. If A is a Borel subset of X
with positive measure and if ¢ A — S is a (G, p)-invariant Borel map, then ¢ extends to a
(G, p)-invariant Borel map from GA into S.

We refer to [3] for amenable groupoids. A consequence of amenability in terms of the
fixed point property is the following:
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PROPOSITION 3.4 ([3, Theorem 4.2.7]). Let G be a discrete measured groupoid on a
standard finite measure space (X, w), I' a discrete group, and p: G — I' a Borel homomor-
phism. Suppose that I" acts on a compact Polish space K continuously. Let M (K ) denote the
space of probability measures on K, on which I' naturally acts. If G is amenable, then there
exists a (G, p)-invariant Borel map from X into M (K).

3.2. Index for groupoids. The index of a subrelation in a discrete measured equiv-
alence relation is introduced by Feldman, Sutherland and Zimmer [13]. Their definition is
directly generalized to that for discrete measured groupoids. We define index for groupoids
and present its basic properties.

Let (X, u) be a standard finite measure space and G a discrete measured groupoid on
(X, ). Letr,s: G — X denote the range and source maps of G, respectively. Let H be a
subgroupoid of G. For each x € X, we define an equivalence relation on s ~!(x) so that two
elements g, 1 € s~!(x) are equivalent if and only if gh~! € H. For a subset E of s~ (x), let
E /'H denote the set of equivalence classes with respect to this equivalence relation on E. We
define the index of H in G at x, denoted by [G : H]y, as the cardinality |s~!(x)/H].

LEMMA 3.5. In the above notation, we put I1(x) = [G : Hly for x € X. Then the
following assertions hold:
(i) The function I: X — Z .o U {oo} is Borel, and we have 1(s(g)) = I (r(g)) for any
g € G. In particular, if G is ergodic, then I is essentially constant.
(ii) For any Borel subset A of X with positive measure and any x € A, we have the
inequality [(G)a : (H)alx < I(x). If H is ergodic, then the equality holds.
(iii) If we have a non-singular action of a discrete group I' on (X, ;1) and a subgroup
Aof I’ suchthatG =T X (X, ) and H = A x (X, u), then [(x) = [I" : A] for
anyx € X.

PROOF. We prove assertion (i), following the proof of [13, Lemma 1.1 (a)]. Taking
Borel sections of the source map s, we find a countable set N and a Borel map n,,: D, — G
indexed by n € N, where D, is a Borel subset of X with positive measure, such that for
any n € N and any x € D,, we have s o n,(x) = x; and for any g € G, there exists a
unique n € N with s(g) € D, and n,(s(g)) = ¢. Similarly, we find a countable set M and a
Borel map ¢, : Dy — ‘H indexed by m € M, where D,, is a Borel subset of X with positive
measure, such that for any m € M and any x € D,,, we have s o {,(x) = x; and for any

g € 'H, there exists a unique m € M with s(g) € D, and {,(s(g)) = g. Forny,...,ny € N
and m € M, we define a Borel subset E(ny, ..., ng; m) of X as the set of all points x of X
such that forany i = 1, ..., k, we have x € D,;; and for any distinct i, j = 1, ..., k with

r 0 1n; (X) € Dy, the two elements &y (r 0 1y, (x))ny, (x) and 7y, (x) are distinct. For any
k € Z -, the equality

{(xeX; Ix) >k} = U ﬂE(nl,-..,nk;m)
(ny,..., ni)eNk meM

holds. The function / is thus Borel.
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For any g € G, putting x = s(g) and y = r(g), we have the bijection from s~ 1(x) onto
s~1(y) sending each element i of s~! (x) to hg~!. It induces a bijection from s~ (x)/H onto
s~'(y)/H. The equality I (x) = I(y) follows. Assertion (i) is proved.

Let A be a Borel subset of X with positive measure. Lets4: (G)4 — A denote the source
map of (G)4. The inequality in assertion (ii) holds because for any x € A, the inclusion of
sgl (x) into s~ ! (x) induces an injective map from le (x)/(H) 4 into s~ 1 (x) /H. Assume that
H is ergodic. Forx € X, let e, € G denote the unit element at x. Ergodicity of 7 implies that
there exists a Borel map f: X — H with f(x) = e, foranyx € A and withso f(y) =y
andr o f(y) € Aforanyy € X. Forany x € A and any g € s~!(x), the two elements g and
£(r(g))g lie in the same class in s~ (x)/H, and we have f(r(¢))g € (G)a. The map from
sgl (x)/(H) 4 into s~ (x)/H is therefore surjective, and the equality [(G)4 : (F)alx = I (x)
follows. Assertion (ii) is proved.

Assertion (iii) follows by definition. O

LEMMA 3.6. Let G be a discrete measured groupoid on a standard finite measure
space (X, w). Letr,s: G — X denote the range and source maps of G, respectively. Let H,
K and L be subgroupoids of G. Then the following assertions hold:

(i) Forany x € X,we have [G : HN K]y < [G : H]x[G : Kl.
(i) If H < K, then for any x € X,we have [CN L : HN L], < [K: Hlx.

(iii) If H < K, then for any x € X, we have the equality

[G:Hle =Y [K: Ml

geE

where E is a set of representatives of all classes in s~'(x)/K. Moreover, if any
real-valued Borel function on X that is K-invariant is G-invariant, then for a.e.
x € X, we have the equality

[G:Hlx =[G : KI[K: Hl,.

PROOF. Forz € X, wesetG, = s71(z). We prove assertion (i). Fix x € X. Let
P:G/(HNK) = Gi/H, q:Gx/(HNK)— G,/K

be the natural maps. Forany g, & € Gy, if p(g) = p(h) and g(g) = g(h), then gh~!' € HNK.
It follows that the map from the set G, /(H N K) into the product G /H x G, /KC defined by p
and ¢ is injective. Assertion (i) is proved.

Assertion (ii) holds because for any x € X, the inclusion of Gy N K N L into Gy N K
induces an injective map from (Gy N KN L)/(H N L) into (G N K)/H.

We prove assertion (iii). For any z € X, we have the natural map ¢,: G, — G,/K. Fix
x € X. Let E be a set of representatives of all classes in G, /K. Pick g € E and put y = r(g).
Let ey, € G denote the unit element at y. The map from g, Y(gx(9)) onto qy l(qy (ey))
sending each element & of g, Y(gx(g)) to hg~! is bijective. This map induces a bijection
from q;l(qx(g))/H onto qy_l(qy(ey))/H. We thus have the equality |q;1(qx(g))/H| =
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|qy_1(qy(ey))/H| = [K : H],. The equality

[G: Hle =1G/HI = lay ' (@e(@)/HI = Y _IK : Hlrg)

geE geE

is obtained. The former assertion in assertion (iii) is proved.

The function on X assigning [K : H]; to each z € X is K-invariant by Lemma 3.5
(1). If the ergodic decompositions for G and KC are the same map, then this function is also
G-invariant. For a.e. x € X and any g € E, the equality [K : H],(g) = [K : H], then holds.
The latter assertion in assertion (iii) is proved. ]

The following lemma is obtained from the definition of index.

LEMMA 3.7. Let G be a discrete measured groupoid on a standard finite measure
space (X, ). Let I' be a discrete group, and let A be a subgroup of I'. If p: G — I is
a Borel homomorphism, then p~'(A) is a subgroupoid of G, and for any x € X, we have
[G: o~ (M) < [I: Al

Let I" be a discrete group, A a subgroup of I" of finite index, and S a space on which
I' acts. Choose a family {y1, ..., yn} of representatives for all right cosets of A in I" with
N = [I" : A]. For any fixed point x¢ in S for the action of A, the subset {yl_lxo, R yﬁlxo}
of S is an orbit for the action of I" and is thus fixed by I". The following lemma is an analogue
for groupoids.

LEMMA 3.8. In the notation in the second paragraph of this subsection, let I' be a
discrete group, p: G — I' a Borel homomorphism, and S a standard Borel space on which
I' acts by Borel automorphisms. We denote by F(S) the Borel space of all non-empty finite
subsets of S, on which I" naturally acts. Suppose that the function I (x) = [G : H]y on X is
essentially constant, and its essential value, denoted by N, is finite. Let ¢1, ..., ¢nN be Borel
maps from X into G such that for a.e. x € X, {¢1(x), ..., dn(x)} is a set of representatives
of all classes in s~V (x)/H. Then for any (H, p)-invariant Borel map v : X — S, the Borel
map ¥ : X — F(S) defined by

W(x) = {p(¢1(x) Y od1(x)). ..., p(dN (X)) Y 0 Py (x))}
for x € X is (G, p)-invariant.

PROOF. We denote by &(N) the symmetric group on the set {1, ..., N}. Fora.e.g € G
with x = s(g) and y = r(g), the set {¢1(x) g™, ..., dpn(x)g~ '} is then a set of representa-
tives of all classes in s~'(y)/H. There thus exists a Borel homomorphism a: G — &(N)
such that for a.e. ¢ € G with x = s(g) and y = r(g) and for any i € {1, ..., N}, we have
$i ()9~ Pag)y(¥) ™" € M. Putting j = a(g)(i), we have

p(9)p (i ()T W (0 ¢ (%) = p(@; () (P (M) g¢i () HY (0 i (x))
=p@; ) o),

where the last equality holds because ¥ is (H, p)-invariant. The lemma follows. O



214 Y. KIDA

In Lemma 3.8, we note that for a.e. x € X, exactly one of ¢1(x), ..., pn(x), say ¢ (x),
belongs to , and we then have p(¢1(x)) "' (r o ¢1(x)) = ¥ (x) because ¥ is (H, p)-
invariant. It follows that ¥ (x) contains 1 (x) for a.e. x € X.

LEMMA 3.9. In the notation in the second paragraph of this subsection, suppose that
G is measure-preserving. We also suppose that the function I1(x) = [G : H]y on X is es-
sentially constant, and its essential value, denoted by N, is finite. Let m: (X, n) — (Z,§)
and 0: (X, n) — (W, w) be the ergodic decompositions for G and H, respectively. Let
o: (W,w) — (Z,&) be the canonical Borel map such that 1 = o o 0, i.e., the following
diagram commutes:

(X, )

/ \
(W, w) z (Z,8).

Let o = fz w,d&(z) be the disintegration with respect to o. Then for a.e. 7 € Z, the set

0~ Y(2) consists of at most N points up to w.-null sets.

PROOF. To prove the lemma, it is enough to show that for a.e. z € Z, there exists no
Borel subset of ! (z) whose measure with respect to w, is positive and less than 1/N. We
assume the contrary, and will deduce a contradiction.

Thanks to general description of a measurable decomposition of a measure space in [44,
§4, No.1], there exist a countable set M, a Borel partition Z = | |,,.; Z» and a standard
finite measure space (Ey,;, n,) indexed by each m € M satisfying the following: For any
m € M, there exists a Borel isomorphism f;; from a conull Borel subset of E,, x Z,, onto
a conull Borel subset of o ~! (Z) such that for a.e. y € E,; and a.e. 7 € Z,, the equality
o o fm(y,z) = z holds; and the measure (f;;)« (7, X &) and the restriction of w to o~ (Zw)
are equivalent, where &,, is the restriction of £ to Z,,. This application of the result in [44]
owes to the proof of [14, Proposition 2.21]. Our assumption in the last paragraph implies
that there exists a Borel subset A of Z with £(A) > 0 and a Borel subset B of 0 ~!(A) with
0 < w,(BNo~!(2)) < 1/N forae. z € A. We choose Borel maps ¢1, ..., ¢y from X
into G such that for a.e. x € X, {¢1(x), ..., ¢n(x)} is a set of representatives of all classes in
s~ (x)/H. We put

N
Y=6"'B) and D= U(r o) (Y).
i=1
We claim that D is G-invariant. For a.e. g € G with x = s(g9) € D and y = r(g), there exists
i withr o ¢; (x) € Y, and there exists j with ¢; (y) g¢; (x)~! € H. Since Y is H-invariant, we
have r o ¢;(y) € Y. We thus have y € D. The claim is proved. The claim and the inclusion
B C o~ (A) imply the inclusion D C 7~ 1(A).
We show the converse inclusion. Let 1 = |. 7 zd&(z) be the disintegration with respect
to 7. We have v = O, = |, 7 0x11:d§(z). By uniqueness of disintegration, we have w, =
01 for a.e. z € Z. The condition w.(B No~!(z)) > O forae.z € A implies that (¥ N
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77 1(z)) > Ofora.e. z € A. Since D is a G-invariant Borel subset of X containing Y, we have
n~1(A) C D.
We thus obtained the equality D = 7~ !(A). By the definition of D, we have

n(D) < Nu(Y) = No(B) = N/sz(B No~'(2) déz) < E(A) = (D).

This is a contradiction. |

In Lemma 3.9, thanks to its conclusion, replacing W by its conull Borel subset, we can
assume that for a.e. z € Z, any point of ! (z) has positive measure with respect to w., and
o~ 1(z) consists of at most N points.

We end this subsection with the following lemma on disintegration of a measure, which
will be applied in the setting of Lemma 3.9.

LEMMA 3.10. Let (X, ), (Z,&) and (W, w) be standard finite measure spaces. Let
7:X > Z,0: X > Wando: W — Z be Borel maps satisfying the equalities wopu = &,
b = wandmw =0 0f. Let p = [, n:dé(z) and n = [y, vpdw(w) be the disintegrations
with respect to  and 0, respectively. Suppose that for a.e. z € Z, the set ¢~ (z) is countable.
Then for a.e. w € W, we have the equality

I w)lo-1(w) = Mo )@ W)V .

PROOF. Forz € Z, we put X, = 71 (z) and W, = o~ 1(2). Similarly, for w € W, we
put X, = 6~ !(w). For a.e. z € Z, we have the partition X, = l,ew. Xw into countably
many Borel subsets. For any Borel subset B of W, we have

»(B) = u(0~"(B) = /Z (071 (B) N X;) dE(z) = /Z > (X)) dE@).

weBNW,

For any Borel subset A of X, we thus have

n(A) = / n(ANX:)dé(z) = / Z pz (AN Xy)dé(2)
z weW,
ANX
:/ Mo (AN Xw) do(w).
w ,uo(w)(Xw)
By uniqueness of disintegration, we obtain the desired equality. O

3.3. Localindex. Throughout this subsection, we fix a standard finite measure space
(X, n), a discrete measured groupoid G on (X, u) and a subgroupoid H of G. As proved
in Lemma 3.5 (ii), if A is a Borel subset of X with positive measure, the inequality [(G)4 :
(H)4lx <G : H], holds for any x € A though the equality does not hold in general. Under a
certain assumption, for x € X, we define the local index of H in G at x, denoted by [[G : H]]x,
which necessarily satisfies the equality [[(G)4 : (H)allx = [[G : H]]x for any Borel subset A
of X with positive measure and a.e. x € A. This local index can be seen as an anlogue of the
local index for subfactors introduced by Jones in [25, §2.2].



216 Y. KIDA

Letm: (X,u) — (Z,§) and 0: (X, u) — (W, w) be the ergodic decompositions for G
and H, respectively. Leto : (W, w) — (Z, &) be the canonical Borel map such that 7 = ¢ 06,
i.e., the following diagram commutes:

(X, )

SN

(W, w) z (Z,8).

We suppose that for any z € Z, the set ¢~ (z) is countable. Under this assumption, we define
the local index of Hin G atx € X.

Choose a countable set N and a Borel partition W = | |,y W, such that foranyn € N,
we have w(W,) > 0, and the map o is injective on W,. Set Y, = 9_1(Wn) forn € N.
We define a Borel function J: X — Z.g U {o0} so that forn € N and x € Y, we have
J(x) =[(G)y, : (H)y,lx. The following lemma implies that this function does not depend on
the choice of the partition W = | |,y Wa.

LEMMA 3.11. In the above notation, fix n € N. If A is a Borel subset of Y, with
w(A) > 0, then for a.e. x € A, we have [(G)a : (H)alx = [(D)y, : (H)y, Ix-

PROOF. WeputY =Y,. Letsy: (G)y — Y and s4: (G)4 — A be the source maps.
For any x € A, the inclusion of le (x) into 5 ! (x) induces the injective map ¢ from sgl x)/H
into sy Yx) /H. To prove the lemma, it suffices to show that: is surjective fora.e. x € A. Since
o is injective on W, the equality (G)y A = HA holds. For a.e. x € A and any g € s?l(x),
there thus exists & € H with s(h) € A and r(h) = r(g). The product Kl g belongs to le (x),
and we have g(h~'g)~! = h € H. The map 1 is therefore surjective. O

For x € X, we denote J(x) by [[G : H]]x, and call this number the local index of H in
G at x. We present basic properties of local index.

LEMMA 3.12. [n the notation in the second paragraph of this subsection, let K be
a subgroupoid of G with H < K. Then for a.e. x € X, the local indices [[G : K]lx and
[[K : H]lx at x are well-defined, and we have the equality

[[G : H]lx = [1G : KIIIK : H]lx .

PROOF. Let @: (X, u) — (V,v) be the ergodic decomposition for K. We have the
canonical Borel map from (W, w) into (V, v) and that from (V, v) into (Z, &) because we
have H < K < G. Since the composition of these two maps is equal to o, the inverse image
of any point under these two maps is countable. The former assertion follows. The desired
equality follows from Lemma 3.6 (iii) and Lemma 3.11. ]

LEMMA 3.13. In the notation in the second paragraph of this subsection, if A is a
Borel subset of X with w(A) > 0, then for a.e. x € A, we have the equality

(D4 : (F)alle =G : Hlx .
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PROOF. Let my: (A, nla) — (Z1,&1) and 0;1: (A, nla) — (Wi, w1) be the ergodic
decompositions for (G)4 and (H)a, respectively. We have the canonical Borel map
o1: (Wi, w1) = (Z1, &) such that 71 = o1 o 01, i.e., the following diagram commutes:

(A, pla)
/ \
(Wi, @) ~ (Z1.&1).

We also have the canonical injective Borel map from Z; into Z, and identify Z; with the
image, which is a Borel subset of Z. In the same manner, we naturally identify W; with a
Borel subset of W. The map o7 is the restriction of o under these identifications.

Let W, be a Borel subset of Wy such that w1 (W,) > 0, and o7 is injective on W>.
Put Y, = 91_1(W2). By definition, we have [[(G)a : (H)allx = [(G)y, : (H)y,]x for a.e.
x € Y;. WesetY = HY; = 6~1(W>). Since o is injective on W», we have the equality
[[G : H]llx = [(G)y : (H)yly forae. x € Y. By Lemma 3.11, the desired equality holds for
ae.x € Y. O

LEMMA 3.14. Let I' be a discrete group. Let A be a finite index, normal subgroup
of I'. Suppose that we have a non-singular action of I' on a standard finite measure space
(X, ). WesetG =T x X andH = A X X, and define the maps , 6 and o as in the second
paragraph of this subsection. Let » = | 7 0:d§(2) be the disintegration with respect to o. We
assume that for a.e. 7 € Z, any point of o~ (z) has positive measure with respect to w,. Then
fora.e. x € X, we have the equality

[ A]

lo =t @)l

PROOF. We have the canonical non-singular action of I" on (W, w) because A is nor-
mal in I". For w € W, let I}, denote the stabilizer of w in I, which contains A. The set
o~ (o (w)) is then identified with I"/I",. Let W1 be a Borel subset of W such that w (W7) > 0;
the map o is injective on Wy; and I, = Iy for any w, w’ € Wy. Set Y = 0—1(W)) and fix
wo € Wi. The set Y is Iy, -invariant, and the equality (G)y = I3, x Y holds. Fora.e.x € Y,
we then have the equality

(G : Hllx =

(G :HIl: =@y : Hyle = w XY : AX Y]y = [Ty, : A].
The lemma therefore follows. O

3.4. Quasi-normal subgroupoids. Normal subgroupoids are studied in [30] and [45]
as a generalization of normal subrelations introduced by Feldman, Sutherland and Zimmer
[13]. In this subsection, we recall normal subgroupoids, and introduce quasi-normal sub-
groupoids, which are a slight generalization of normal ones. We refer to [4] and [5] for related
works in the framework of von Neumann algebras.

Let G be a discrete measured groupoid on a standard finite measure space (X, u). Let
r,s: G — X denote the range and source maps of G, respectively. We define [[G]] as the set of
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all Borel maps ¢: Dy — G from a Borel subset Dy of X into G such that s o¢ (x) = x for any
x € Dg;andthemapro¢: Dy — X is injective. For any ¢ € [[G]], we set Ry =1 o p(Dy)
and define a Borel map Uy: (G)p, — (G)g, by the formula Uy(g) = d(r(9)gp(s(g)™!
for g € (G)p,- The map Uy is an isomorphism of discrete measured groupoids.

Let S be a subgroupoid of G. For ¢ € [[G]], we set S® = Up((S)p,)- We define two
subsets Ng(S), QNg(S) of [[G]] by

Ng(S)={¢ € [[G]]: 8% = (S)r,}.
QNg(S) ={¢ € [[GN]: [(S)ry : (S)r, NS?1x < 00, [S?: (S)r, NS?]x < 00
fora.e.x € Ryp}.

DEFINITION 3.15. Let@ be a discrete measured groupoid on a standard finite measure
space (X, ) with s: G — X the source map. Let S be a subgroupoid of G.
(i) We say that S is normal in G if there exists a countable family {¢,}, of elements of
Ng(S) such that for a.e. g € G, there exists n with s(g) € Dy, and ¢, (s(gNg~' e
S.
(i) We say that S is quasi-normal in G if the same condition as in (i) holds after replac-
ing Ng(S) with QNg(S).

While the above definition of normal subgroupoids is slightly different from those in [30]
and [45], it can be checked that they are equivalent.

We introduce composition and inverse of elements of [[G]]. Pick ¢, ¥ € [[G]]. We define
n € [[G]] as follows: Set D, = (r o c/))_l(DI/, N Ry) and define a Borel map n: D, — G by
n(x) = Y (r op(x))¢(x) for x € D,. The map n then belongs to [[G]]. The isomorphism U,
is equal to the restriction of Uy o Uy to (G) p,. We denote the map 1 by v e ¢ and call it the
composition of ¢ and ¢r.

For ¢ € [[G]], we define ¢ € [[G]] as follows: Set D; = Ry and define a Borel map
(:Dr = Gbyit(x) =¢((ro c/))_1 (x)~!forx e D,. The map ¢ then belongs to [[G]]. We
have the equality Uy = U, n ! Let us call the map ¢ the inverse of ¢.

LEMMA 3.16. Let S be a subgroupoid of G. Then the following assertions hold.
(i) For any ¢ € QNg(S) and any Borel subset A of Dy, the restriction of ¢ to A,
denoted by ¢| 4, belongs to QNg(S).
(ii) Forany ¢, ¥ € QNg(S), we have yr @ ¢ € QNg(S).
(iii) For any ¢ € QNg(S), the inverse of ¢ also belongs to QNg(S).

PROOF. Letr,s: G — X be the range and source maps of G, respectively. Assertion

(i) follows from Lemma 3.5 (ii). To prove assertion (iii), we pick ¢ € QNg(S). Let 0 be the
inverse of ¢. For a.e. x € Ry, we have

[(S)ry : ()R, NS’ L = [(S)p, : (S)p, NS1e = [S? : 8% N (S)ry lrop() -

where the second equality is obtained by applying Uy. The right hand side is finite because ¢
belongs to QNg(S). In a similar way, we can show that [S? : (S)g, N 8?1, is finite for a.e.
Xx € Ryg. Assertion (iii) is proved.
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To prove assertion (ii), we pick ¢, ¥ € QNg(S) and put n = ¥ e ¢. Let ¢ be the
inverse of . For any x € Ry, let E be a set of representatives of all classes in s~ N
(Sr,)/(S)r, N (SY)r,). We have

[(S)r, : (S)r, NS"]x <[(S)&, : (S, N (SR, NS ],

=Y 1Sk, NSV )R, : Sk, N (SR, NEr(g) -
geE

where the last equality holds by Lemma 3.6 (iii). For a.e. x € Ry, the set E is finite because
¥ belongs to QNg(S). We put C =r o {(Ry). Forany g € E, putting y = r(g), we have

[(S)r, N (SR, : (S)r, N (SP)R, NSy
=[S NS)c : (§)e N(S)e N (SP)eTroriy)
<IS)c : (S)e NS clror(y) < [S)ry : (S)ry NSTror(y) -

where the first equality is obtained by applying U;. The first and second inequalities follow
from Lemma 3.6 (ii) and Lemma 3.5 (ii), respectively. The right hand side is finite because ¢
belongs to QNg(S). We therefore have [(S)r, : (S)r, N S"]x < oo forae. x € R,.

Let & denote the inverse of 5, which is the composition of the inverses of ¢ and of ¢.
For a.e. x € Ry, applying U, we obtain the equality

[S": (S)r, NS"]x = (SR, : S* N (S)reLrot () -

The right hand side is finite thanks to assertion (iii) and the argument in the last paragraph.
Assertion (ii) is proved. ]

In the notation in Definition 3.15, S is normal in G if and only if there exists a countable
family {¢,}, of elements of Ng(S) such that G = | J,, ¢ (Dg,) up to null sets. This is because
[[S]] is contained in Ng(S) and the composition of two elements of Ng(S) also belongs to
Ng(S). A similar property holds for quasi-normality if Ng(S) is replaced by QNg(S5).

Let I" be a discrete group and A a subgroup of I". The set QN (A) introduced right
before Definition 3.15 is naturally identified with the subgroup Comm/ (A) of I" introduced
in Section 2. It follows that A is quasi-normal in I” in the sense of Definition 3.15 if and only
if the equality Comm(A) = I" holds.

LEMMA 3.17. Let I' be a discrete group and A a subgroup of I'. Let I’ ~ (X, 1)
be a non-singular action. If A is quasi-normal in I', then A X (X, n) is quasi-normal in
I x (X, ).

PROOF. PutG =T x (X,u) and H = A x (X, u). For any y € I', the map from X
into G sending each element x of X to (y, x) belongs to QNg (#). The lemma follows. O

LEMMA 3.18. Let G be a discrete measured groupoid on a standard finite measure
space (X, u). Let S be a quasi-normal subgroupoid of G. Then for any Borel subset A of X
with positive measure, (S) 4 is quasi-normal in (G) A.
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PROOF. Let {¢,}nen be a countable family of elements of QNg(S) such that for a.e.
g € G, there exists n € N with s(g) € Dy, and dn(s(9))g~" € S. Choose a Borel map
¥: SA — S such that Y (x) = ey for any x € A, where e, is the unit element at x; and
soy(x)=xandroy(x) € Aforanyx € SA\ A. Foreachn € N, we set

D,={x€ANDy,; rogp,(x) e SA}

and define a Borel map v, : D;, — (G)4 by ¥, (x) = ¥ (rog,(x))¢p,(x) forx € D,. Taking a
countable Borel partition of D, and restricting ¥,, to each piece, we obtain a countable family
{nm}mem of elements of QN(g)A ((S)4) such that forany n € N and a.e. x € D,;, there exists
m € M with x € Dy, and n,,(x) = ¥ (x).

For a.e. g € (G)a, there exists n € N with s(¢g) € Dy, and du(s(9))g~! € S. Putting
x = s(g), we have r o ¢, (x) € SA. We can thus find m € M withx € D;, and ¥, (x) =
Nm (x). The equality 1, (x)g~" = ¥ (r o ¢, (x))pn(x)g~" holds, and this element belongs to
(S) 4. It follows that (S) 4 is quasi-normal in (G) 4. O

LEMMA 3.19. Let G be a discrete measured groupoid on a standard finite measure
space (X, ). Let S and T be subgroupoids of G such that S < T and [T : Sy < oo for a.e.
x € X. Then we have the equality QNg(S) = QNg(7). In particular, S is quasi-normal in
G if and only if T is quasi-normal in G.

PROOF. We denote by r, s: G — X the range and source maps of G, respectively. Pick
¢ € QNg(S). For any x € Ry, let E be a set of representatives of all classes in s~ 'x)n
(T)R¢)/(S)R¢. We have

[(T)ry : (TR, NT?Le (TR, : (S, NSl = D[Sk, (S)r, NSy »
geE

where the last equality holds by Lemma 3.6 (iii). For a.e. x € Ry, the right hand side is finite
because E is finite and ¢ belongs to QNg(S). As in the last part in the proof of Lemma 3.16
(ii), we can conclude that [7? : (T)g, N T?], is also finite for a.c. x € Ry. It follows that ¢
belongs to QNg (7).

Pick ¢y € QNg(7). For any x € Ry, let F be a set of representatives of all classes in
') N (Dr,)/ (T, NTV). We have

[(S)ry 1 Sk, NSV <[(Dr, : (Sr, NSV 1:

=Y [(Dr, NTY : (S)r, NSV 1) -
geF

For a.e. x € Ry, the set F is finite because ¥ belongs to QNg (7). For any g € F, putting
y =r(g), we have

[(T)r, NTV : (S)r, NSV],
<[(Dr, NTY : (Sr, NTV LD, NTY : 8V N (T, ]y
<[Dr, : S)r, LTV : 8"y,
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where the first and second inequalities hold by Lemma 3.6 (i) and (ii), respectively. The right
hand side is finite for a.e. x € Ry. We see that [(S)Rw : (S)Rw N SY], is finite for a.e.
x € Ry. Similarly, we can conclude that [SY : (S)g, N S¥]; is finite for a.e. x € Ry. It
follows that ¥ belongs to QNg(S). O

3.5. Quotient. Let (X, ) be astandard finite measure space. Let G be a discrete mea-
sured groupoid on (X, p). Given a normal subgroupoid S of G, we can construct a discrete
measured groupoid Q on a standard finite measure space (Z, £) and a Borel homomorphism
0: G — Q satisfying the following three conditions:

(a) The equality kerf = S holds.

(b) Forae. h € Q and x € X such that 6(x) is equal to the source of &, there exists

g € G with s(g) = x and 6(g) = h, where the map from X into Z induced by 0 is
denoted by the same symbol 6.

(¢) If Q' is a discrete measured groupoid on a standard finite measure space (Z’, §’) and
if 0': G — Q' is a Borel homomorphism with S < ker#’, then there exists a Borel
homomorphismt: Q — Q' witht 06 =0’.

The groupoid Q is called the quotient of G by S and denoted by G/S. We refer to the proof of
[13, Theorem 2.2] for the construction of Q and 6 (see also [45, Section 3], where the quotient
by a strongly normal subgroupoid is discussed). Although in [13], the quotient is constructed
in the case where G is principal, it is also valid in the general case. In the construction, the
map from (X, ) into (Z, &) induced by 6 is defined as the ergodic decomposition for S. In
particular, if S is ergodic, then Q is a discrete group. The following lemma is deduced from
the construction of the quotient.

LEMMA 3.20. Let G be a discrete measured groupoid on a standard finite measure
space (X, ). Let H be a normal subgroupoid of G. Then the following assertions hold:
(i) Let A be a Borel subset of X with X = HA. Then the inclusion of (G)4 into G
induces an isomorphism from (G) o /(H) 4 onto G/'H.
(ii) Suppose that we have a non-singular action of a discrete group I' on (X, u) and
a normal subgroup A of I" suchthat G = I' X (X, ) and H = A x (X, ). If
the action of A on (X, ) is ergodic, then the projection from G onto I' induces an
isomorphism from G /H onto "/ A.

4. A variant of Furman’s theorem. Theorem 4.2 below is used to construct a rep-
resentation of a group ME to a given group. It is proved by Furman [15] in the framework of
higher rank lattices, and plays a significant role to deduce ME and OE rigidity results in [6],
[15], [16], [27] and [37], etc. We provide a variant of this theorem to get a representation of
a group ME to a Baumslag-Solitar group, into R. We first review measure equivalence and
introduce terminology.

DEFINITION 4.1 ([20, 0.5.E]). Two discrete groups I" and A are said to be measure
equivalent (ME) if we have a standard Borel space (X, m) with a o-finite positive measure
and a measure-preserving action of I" x A on (X, m) such that there exist Borel subsets
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X, Y C X satisfying m(X) < oo, m(Y) < oo and the equality
s=|]o.or=]JEnx

yel’ reA
up to m-null sets. The space (X, m) equipped with the action of I" x A is then called a
(I", A)-coupling.

ME is an equivalence relation between discrete groups (see [15, Section 2]). It is known
that two discrete groups I" and A are ME if and only if there exists an ergodic f.f.m.p. action
of I which is WOE to an ergodic f.f.m.p. action of A, as discussed in [16, Section 3].

Let I" and A be discrete groups, and let G be a standard Borel group. Given homomor-
phisms: I' — Gand p: A — G, we denote by (G, 7, p) the Borel space G equipped with
the action of I" x A on it defined by

v, Ng=7(gpM)"!, geG,yerl, reA.

Let X be a (I", A)-coupling, and let @: X — S be a Borel map into a standard Borel space
S on which I" x A acts. We say that @ is almost (I" x A)-equivariant if we have the equality

D((y,Mx) =, )Px), Vyel,VieA ae.xekX.

For a (I', A)-coupling X', we denote by X' x 4 X' the quotient space of X' x X' by the diagonal
action of A, which is a (I, I')-coupling. We refer to [6, Theorem 2.5] for the proof of the
following:

THEOREM 4.2. Let I be a discrete group, G a standard Borel group andn: I’ — G
a homomorphism. Let A be a discrete group, and let (X, m) be a (I", A)-coupling. We set
2 = X x4 X. Suppose that

(a) the Dirac measure on the neutral element of G is the only probability measure on G

invariant under conjugation by any element of w(I"); and

(b) we have an almost (I' x I')-equivariant Borel map from §2 into (G, &, ).
Then there exist a homomorphism p: A — G and an almost (I" x A)-equivariant Borel map
@: ¥ — (G, m, p). Inaddition, if ker 7t is finite and there is a Borel fundamental domain for
the action of w(I") on G by left multiplication, then p can be chosen so that ker p is finite.

We say that a measure-preserving action of a discrete group I" on a probability space
(X, w) is weakly mixing if the diagonal action of I" on the product (X x X, u x w) is ergodic.
This condition is known to imply that for any ergodic measure-preserving action of I" on a
probability space (Y, v), the diagonal action of I" on the product (X x Y, i x v) is ergodic (see
[46, Proposition 2.2]). We note that for any (I”, A)-coupling ¥, theaction I' X I' n X x 4 X
is ergodic if and only if the action A ~ X'/I" is weakly mixing.

THEOREM 4.3. Let I' be a discrete group, G an abelian standard Borel group and
w: I’ — G a homomorphism. Let A be a discrete group, and let (X, m) be a (I", A)-
coupling. We set 2 = X x o X. Suppose that

(1) the action A ~ X /T is weakly mixing; and
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(2) we have an almost (I' x I')-equivariant Borel map from §2 into (G, &, ).
Then there exist a homomorphism p: A — G and an almost (I" x A)-equivariant Borel map
D: X - (G,m, p).

PROOF. For (x,y) € ¥ x X, we denote by [x, y] € §2 the equivalence class of (x, y).
Let¥: 2 — (G, m, ) be an almost (I” x I")-equivariant Borel map.

CLAIM 4.4. Define a Borelmap H: £* — G by
H(x,y,z,w) =y, 2D¥(x, 2D~ (x, wh¥ [y, w) ™'
for (x,y,z,w) € >4 Then H is essentially constant.
PROOF. Foranyy € I',L € Aand (x,y,z,w) € >4 we have
Hx,y,z,wy=H(yx,y,z,w)=H(x,yy,z,w)=H(x,y,yz,w)=H(x,y,z,yw)
= H(Ax, Ay, Az, Aw)
because G is abelian. It follows that H induces a Borel map H: (X/I')* — G which is
invariant under the diagonal action of A on (X/I")*. This action of A is ergodic because the

action A ~ X¥/I is weakly mixing. The map H is therefore essentially constant, and so is
H. |

Let go € G denote the essential value of the map H. For z € X', we define a Borel map
F.: X2 > Gby

Fy(x,y) = ¥(x, 2D¥ [y, z)

for (x, y) € 2. By Claim 4.4 and Fubini’s theorem, for a.e. x € ¥ and any A € A, we have
F(e, )7 Fulx, y) = go = F:0.7 e, )7 Fu3 e y)
for a.e. (y,z, w) € >3 Forae.x € ¥ and any A € A, the equality
F.07 e )0,y = w (7 2D (x, 2D

for any y € X implies that the Borel map ¥ > z +— (A X, 2D (x,z)7! e Gis
essentially constant. We define p,(X) € G to be the essential value of this map. For a.e.
x € ¥ and any A1, Ay € A, choosing some z € ¥, we have

px(ary ) =W (DA e, 2D ([, 2D = w (a5 D (I, 2D !
=W (A7 x5 D (e, A 2D T (e, Ay D (A Ay e
= pe(A)pr (M)
Fora.e. x € ¥, the map p,: A — G is therefore a homomorphism. There exists an element
xo of X such that py,: A — G is a homomorphism and we have the equality o, (1) =
lP([A_lxo, xD¥ ([xo, x]) ™1 for any A € A and a.e. x € X. We define a Borel map @: ¥ —

G by @ (x) = ¥ ([xo, x])~! forx € X. The map @: ¥ — (G, m, p) is then almost (I x A)-
equivariant. a
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5. Elliptic subgroupoids. We set I" = BS(p, ¢) with 2 < |p| < |g|. Let T be the
Bass-Serre tree associated with I". Suppose that we have a measure-preserving action of I”
on a standard finite measure space (X, ). We set G = I' X X and define a homomorphism
p:G — by p(y,x) = y for (y,x) € G. Let A be a Borel subset of X with positive
measure. We say that a subgroupoid S of (G) 4 is elliptic if there exists an (S, p)-invariant
Borel map from A into V(7).

For any v € V(T), the subgroupoid I', X X of G is of infinite type, amenable and quasi-
normal in G because I, is quasi-normal in I". Conversely, Theorem 5.1 below says that these
algebraic properties imply ellipticity. Let us say that a discrete measured groupoid 7 on a
standard finite measure space (Y, v) is nowhere amenable if for any Borel subset B of Y with
positive measure, (7{) g is not amenable.

THEOREM 5.1. We set I' = BS(p,q) with2 < |p| < |q|. Suppose that we have
a measure-preserving action of I' on a standard finite measure space (X, u), and set G =
I’ x X. Let A be a Borel subset of X with positive measure, and let S and T be subgroupoids
of (G) A such that we have S < T ; S is amenable and is quasi-normalin T ; and T is nowhere
amenable. Then S is elliptic.

Before proving this theorem, we prepare the following:

NOTATION 5.2. For alocally compact Polish space K, we denote by M (K) the space
of probability measures on K equipped with the weak* topology. Let V¢(T) denote the set
of non-empty finite subsets of V(T'). Let S(T) denote the set of simplices of 7. We have
the Aut(T')-equivariant map C: V¢(T) — S(T') associating to each element of V(T) its
barycenter (see [30, Section 4.2] for a precise definition). We also have the Aut(7")-equivariant
Borel map M : M(V(T)) — V¢(T) associating to each v € M (V (T)) the set of all elements
of V(T) attaining the maximal value of the function v on V(T'). We set

0T = {(x,y,2) € @T)’ s x #y #z #x},

where I acts by the formula y (x, y,z) = (yx,yy,yz) fory € I' and (x,y,z) € §T. We
define a I"-equivariant Borel map G: 6T — V(T') so that for each (x, y, z) € §T, G(x, y, 2)
is the intersection of the three geodesics in T joining two of x, y and z. We define 9,7 as the
quotient of 37 x dT by the action of the symmetric group of two letters that exchanges the
coordinates.

PROOF OF THEOREM 5.1. This proof is similar to the proof of [30, Lemmas 4.2, 4.4
and 4.5] except for using quasi-normality in place of normality. The argumentin [30] partially
depends on the proof of [2, Lemma 3.2] (see also [24, Chapter 2]). Let p: G — I be the
homomorphism defined by p(y,x) = y for (y,x) € G. For a Borel subset B of A with
positive measure, we define Ip as the set of all (S, p)-invariant Borel maps from B into
V(T). It is enough to deduce a contradiction under the assumption that there exists a Borel
subset B of A with positive measure such that for any Borel subset B; of B with positive
measure, /p, is empty. Since S is amenable, there exists an (S, p)-invariant Borel map from
A into M(3T).
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LEMMA 5.3. Let By be a Borel subset of B with positive measure, and let ¢ : By —
M(T) be an (S, p)-invariant Borel map. Then for a.e. x € By, the measure ¢(x) is sup-
ported on at most two points of 0T .

PROOF. If the lemma were not true, then there would exist a Borel subset B, of B with
positive measure such that for a.e. x € By, the restriction of the measure ¢(x)> on (37)>
to 8T is non-zero. Composing the map assigning to each x € B; the normalization of the
restriction of (p(x)3 to 8T, we obtain an (S, p)-invariant Borel map from B, into M (8T).
Composing the maps G, M and C, we obtain an (S, p)-invariant Borel map from B, into
S(T). We also obtain an (S, p)-invariant Borel map from B; into V (T') because " acts on T
without inversions. This contradicts our assumption that /p, is empty. O

Lemma 5.3 implies that any (S, p)-invariant Borel map ¢: B — M(3T) induces an
(S, p)-invariant Borel map from B into d,7. We define J as the set of all (S, p)-invariant
Borel maps from B into 927, which is non-empty. For each ¢ € J, we set

Sy ={x € B; |supp(ep(x))| =2},

where supp(v) denotes the support of a measure v. There exists an element ¢ of J with
M(S(po) = Sup(pej IU*(S(/J)

LEMMA 5.4. In the above notation, let By be a Borel subset of B with positive mea-
sure. Let Sy be a subgroupoid of (S) g, with [(S)p, : Solx < oo fora.e. x € By. Then for any
(So, p)-invariant Borel map ¢: By — 0T, we have ¢(x) C ¢o(x) for a.e. x € By.

PROOF. We naturally identify 9,7 with a subset of F(dT), the space of non-empty
finite subsets of 7. Let ¢: B; — 32T be an (Sp, p)-invariant Borel map. By Lemma 3.8,
there exists an (S, p)-invariant Borel map @ : B — F(dT) such that p(x) C @ (x) for a.e.
x € Bj. Since each element of F(d7) naturally associates a probability measure on a7,
applying Lemma 5.3, we have @ (x) € 9,7 fora.e. x € B;. By the maximality of 1(Sy,), we
have @ (x) C ¢o(x) for a.e. x € Bj. It thus turns out that ¢(x) C ¢o(x) for a.e. x € B;. The
lemma is proved. a

We claim that the map ¢ is (7, p)-invariant. Pick ¥ € QN(7),((S)p). It suffices to
show that for a.e. x € Dy, we have the equality p (¥ (x))@o(x) = @o(r o ¥ (x)). We define
a Borel map x: Dy — 0T by x(x) = p(w(x))_lgoo(r o ¥(x)) for x € Dy. For ae.
g€ S)p, N Ux/jl((‘s)Rw) with x = s(g) and y = r(g), we have

p(Ox(x) = pW N oW gY () eo(r o (X)) = p(F () o o Y (1) = X ().,

where the second equality holds because Uy (¢) = ¥ (y) gy (x)~! belongs to S. Since ¥ is in
QN(7),((S)B), we have [(S)p,, : (S)p, N UIZI((S)Rw)]x < oo fora.e. x € Dy. By Lemma
5.4, the inclusion x (x) C @o(x) holds fora.e. x € Dy,.

Let ¢ € QN(7),((S)B) be the inverse of . We next define a Borel map w: Dy — 02T
by w(y) = p(¢(y)) po(r o ¢(y)) for y € Dy. The argument in the last paragraph implies
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the inclusion w(y) C ¢o(y) fora.e. y € D;. Fora.e. x € Dy, we have

X)) = p(W () golr o Y (%) C po(x) = p(¥ (x) o (r 0 Y (x))
C W) oo(r o Yr(x) = x(x)

and thus x (x) = @o(x). The claim is proved.

The action of I" on 9, T is amenable in a measure-theoretic sense by [30, Corollary 3.4].
The existence of the (7, p)-invariant Borel map ¢g: B — 92T therefore implies that (7)p is
amenable by [30, Proposition 2.5]. This is a contradiction because 7 is nowhere amenable. O

In the following theorem, we obtain a result similar to Theorem 5.1 for a discrete group
having an infinite amenable normal subgroup with the quotient hyperbolic.

THEOREM 5.5. Let A be a discrete group, and let N be an infinite, amenable and
normal subgroup of A such that A/ N is non-elementarily hyperbolic. Suppose that we have a
measure-preserving action of A on a standard finite measure space (X, ). We set G = Ax X.
Let A be a Borel subset of X with positive measure, and let S and T be subgroupoids of (G) a
such that we have S < 7T ; S is amenable and is quasi-normal in T, and T is nowhere
amenable.

Then there exist a countable Borel partition A = |_|, A, and a subgroup L, of A such
that for each n, we have N < Ly, [L, : N] < coand (5)a, < (Lp X X)a,,.

PROOF. The proof is essentially the same as that of Theorem 5.1. We put Q = A/N
and denote by 9 Q the boundary of Q as a hyperbolic metric space. Let Q act on itself by
left multiplication. This action of Q extends to a continuous action on the compactification
Q UaQ of Q. As before, for a locally compact Polish space K, we denote by M (K) the
space of probability measures on K equipped with the weak* topology. Let O y denote the set
of non-empty finite subsets of Q. We have the Q-equivariant Borel map M: M(Q) — Oy
associating to each v € M (Q) the set of all elements of Q attaining the maximal value of the
function v on Q. We set

80 ={(x,y,00€@0)’; x#y#z#x},

where Q acts by the formula y (x, y, z) = (yx, yy,yz) fory € Q and (x,y,z) € §Q. The
set § Q is non-empty because Q is non-elementary. In [1, Definition 6.6], Adams constructs a
Q-equivariant Borel map M S: §Q — Q, using hyperbolicity of 0. We define 92 Q as the
quotient of dQ x 9 Q by the action of the symmetric group of two letters that exchanges the
coordinates.

Let p: G — Q be the composition of the projection from G onto A with the quotient
map from A onto Q. For a Borel subset B of A with positive measure, we define Ip as the set
of all (S, p)-invariant Borel maps from B into Q r. Assume that there is a Borel subset B of
A with positive measure such that for any Borel subset By of B with positive measure, Ip, is
empty. Along the proof of Theorem 5.1, we can deduce a contradiction, using the fact that the
action of Q on 9, Q is amenable in a measure-theoretic sense, proved in [1, Theorem 5.1]. It
follows that /4 is non-empty, that is, there exists an (S, p)-invariant Borelmap : A — Q.
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Take a countable Borel partition A = | |, A, such that for each n, the map 1 is constant
on A,. Since the stabilizer of each element of Q¢ in Q is finite, for each n, there exists a
subgroup L, of A suchthat N < L,,[L, : N] <ocoand (S)a, < (L, X X)a,. O

6. The modular cocycles. Given a finite-measure-preserving, discrete measured
groupoid G and its quasi-normal subgroupoid S, we introduce the modular cocycle of Radon-
Nikodym type and the local-index cocycle in Sections 6.1 and 6.2, respectively. They are
defined by measuring a difference between S and its conjugate by an element of QNg(S). In
Section 6.3, these two cocycles are computed when G and S are associated with an action of
a Baumslag-Solitar group and its restriction to an elliptic subgroup.

6.1. The modular cocycle of Radon-Nikodym type. In this subsection, unless oth-
erwise stated, let G be a measure-preserving, discrete measured groupoid on a standard finite
measure space (X, u). Let S be a quasi-normal subgroupoid of G. Fix ¢ € QNg(S) with
n(Dgy) > 0. We first define D (¢, x) € Ri forx € Dy. We will define ®: G — R, called
the modular cocycle of Radon-Nikodym type for G and S, so that D (¢ (x)) = D(¢, x) for
a.e.x € Dy.

We put D = Dy, R = Ry and U = Uy. We also put

S-=©®pnNUSR), S+=EOrNUS)D).
The restriction of U is an isomorphism from S_ onto Si. Unless there is a confusion, for
each x € D, we write U(x) = ro ¢(x) € R. Letw: (X,u) — (Z,%) be the ergodic

decomposition for S. Let o = . 7 zd&(z) be the disintegration with respect to . For z € Z,
we put X, = 7! (z). Let

n:(D,plp) > (Z-,§-) and my: (R, plr) = (Z4,61)

be the ergodic decompositions for S_ and Sy, respectively, with (7_).(u|p) = &_ and
(m)«(ulg) =&4.Forz € Z_,weput D, = n:l(z), andforw € Z,weputR,, = n;l(w).
Let Y_ and Y, be the Borel subsets of Z with SD = 7w~ (Y_) and SR = 71 (Y}). We
define rp: D — Y_ and wgr: R — Y, as the restrictions of 7. We set n— = (p)«(u|p)
and ny = (wr)«(u|g)- Leto_: Z_ — Y_ and oy : Z; — Y, be the canonical Borel maps
such that the following diagrams commute:

(D, ulp) (R, IR)
/ K / m\\
(Z_, &) - (Y_,n2)  (Z4,Ep) z (Ye,n4).

ForyeY ,weput(Z_)y, = a__l(y), andfory € Y., weput (Z4), = a;l(y).
The map 7 p is the ergodic decomposition for (S) p. We have the disintegration

ulp = / 1y (D N X)) iyl p dn— ()
Y_

with respect to wp because the equality n— = x&|y_ holds, where x is the Borel function on
Y_ defined by x(y) = uy(D N X,) for y € Y_. Applying Lemma 3.9 to (S)p and S_, we
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may assume that fora.e. y € Y_, the set (Z_), is finite. Applying Lemma 3.10to wp, w_ and
o_, we see that for a.e. z € Z_, the restriction jis_(;)|p, 1s a constant multiple of the ergodic
measure for (S_);.

In the same manner, we may assume that for a.e. y € Y., the set (Z;), is finite, and we
see that fora.e. z € Z, the restriction (s, (;)|g. is a constant multiple of the ergodic measure
for (S4);. Since U is an isomorphism from S_ onto S, for a.e. x € D, the two measures on
the set U(D;—L(x)) = RJH(U(X)),

Us(r(x)| Dy (x) and Mn(U(x))|Rn+(u<x>)’

are a constant multiple of each other. We define a number ® (¢, x) = (G, S, ¢, x) € R i by
the equality

U*(Mn(x)|DL(X)) =D(9, X)I’LT[(U(X))|R7T+(U(X)) :

LEMMA 6.1. If A is a Borel subset of D with u(A) > 0, then we have the equality
D(P|a, x) =D(¢p, x) fora.e. x € A.

PROOF. Let W_ be the Borel subset of Z_ with 7~ (W_)=S_A. Themap p_: A —
W_ defined as the restriction of w_ is the ergodic decomposition for (5_)4. Putting B =
U(A), we define Wy and p1: B — W, similarly. For a.e. x € A, restricting the equality in
the definition of D (¢, x) to B, we obtain the equality

Us (o ()| D7 _yna) = D@, X)lr (U )| Ry B -

Putting A, = pzl(z) forz € W_ and By, = pll(w) forw € W, we have D;_() N A =
Ap_(vyand Ry, (vx) N B = By, (u(x)) fora.e. x € A. The lemma follows. O

We define a Borel function ® = ©(G,S): § — Ri as follows: Pick a countable
family @ of elements of QNg(S) such that i (Dy) > 0 for any ¢ € @ and the equality
g = U¢E¢¢(D¢) holds. For g € G, choose ¢ € @ with g € ¢(Dy), and set D(g) =
D (¢, s(g)). This definition of © does not depend on the choice of @ by Lemma 6.1. We call
® the modular cocycle of Radon-Nikodym type for G and S.

LEMMA 6.2. The function ®: G — R defined above is a Borel cocycle, that is, it
preserves products.

PROOF. Pick ¢, ¥ € QNg(S) andputn =y e¢p, D = D;, R = R;and U = U,. We
assume (D) > 0 and the equality Dy = Ry = Uy (D). Put L = Uy(D) and

S.=pNUT (SR, S.=SpNU/ (S)), S =ErNU/'(S)kr).

Fora.e.x € D, since [(S)p : S_] is finite, the set DN X (y) is decomposed into finitely many
ergodic components for S_ by Lemma 3.9. Similarly, for a.e. x € D, since [(S)p : 8" Ix is
finite, the set D N X (y) is decomposed into finitely many ergodic components for S” . Let Z;
be the Borel subset of Z with SD = n~!(Z)). For a.e. z € Z\, pick ergodic components D_
and D’_for S_ and 8’ _, respectively, with D_, D’ C X, and u,(D_ N D’ ) > 0. For u,-a.e.
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x € D', the equality

Up)x (i 0y pr ) = D@, V) r Uy Uy (D)
holds by the definition of (¢, x).

For ae. y € L, since [(S)L : Sﬁ]y is finite, the set L N X (y) is decomposed into
finitely many ergodic components for S”. Let D” be an ergodic component for S” with
uy(Ug(D—ND_)ND") > 0, where z’ is the point of Z with Us(D") C X . Such z’ exists
because we have Uy (S”) C (S)r. For uy-ae. y € D”, the equality

(Uyp)s (x| pr) =D Ytz wy opluy, 07

holds by the definition of ® (¢, y). Combining the above two equalities, we obtain D (n, x) =
DY, Up(x))D(, x) for pu-ae. x € Uy (Up(D— N D )N D"). O

The following two lemmas will be used to compute the cocycle .

LEMMA 6.3. LetS and T be subgroupoids of G such that S < T, [T : S]y < oo for
a.e. x € X; and T is quasi-normal in G. We set s = D(G,S) and D7 = D(G, T). Then
there exists a Borel map : X — R_T_ with the equality D s(g) = ¥ (r (@)D 7 (¥ (s(g)) !
fora.e g€g.

PROOF. Note that by Lemma 3.19, S is quasi-normal in G. Let 7: (X, u) — (Z, &)
and 6: (X, u) — (W, w) be the ergodic decompositions for S and 7, respectively. Let
n = [,1ndé(z) and u = [, vpdw(w) be the disintegrations with respect to 7 and 6,
respectively. We have the canonical Borel map 7: (Z,&) — (W, w) with & = 7 o . Pick an
element ¢ of the set QNg(7) = QNg(S) with u(Dg) > 0. We put D = Dy, R = Ry and
U = Uy, and define S_, Sy, m_ and 7 as in the definition of D(G, §). Similarly, we set

T =TpnU " (TDr), Tr=TrNUWT)D).

Let6_: (D, ulp) > (W_,w-) and 604 : (R, u|r) - (W4, w4) denote the ergodic decom-
positions for 7_ and 7, respectively.

Since we have [7 : S], < oo fora.e. x € X, the set T~ (w) is finite for a.e. w € W
by Lemma 3.9. We define a Borel map ¥ : X — Ri by ¥ (x) = vgu)(Xr()) forx € X.
Applying Lemma 3.10 to 6, 7 and 7, we have the equality vo(x)lx,, = ¥ (X)uzr () for ae.
x € X. Combining the two equalities

Us(r ()| Dr_ ) =D5(D, X) U (U )| Ry wiey -
Us(V9(x)|Dy_ ) = DT (D5 X)Vo x) | Ro, v
defining D s(¢, x) and D7 (¢, x), we obtain the equality in the lemma. ]

LEMMA 6.4. Let A be a Borel subset of X with u(A) > 0. We put © = (G, S)
and D4 = D((G)a, (S)a). Then there exists a Borel map y: A — R with the equality
D4a(g) = ¥ (r (@)D (Y (s(g) ! forae. g € (G)a.

PROOF. We use the same notation as in the beginning of this subsection to define
D(¢, x) forx € D. Fix ¢ € QNg(S) with u(Dy) > 0. Put D = Dy and R = Ry. We



230 Y. KIDA

assume D C Aand R C A. Putv = ujas. Let6: (A,v) — (W, w) be the ergodic decom-
position for (S)4 with 6,v = w. Letv = f w Ywdw(w) be the disintegration with respect to
6. To define the number D 4 (¢, x) = D((G)a, (S)4, ¢, x), we use 0 and {vy, },, in place of 7
and {u;};, and use the same S_, Sy, m_ and 7 because we have D C A and R C A. For
a.e. x € D, we thus have the equality

Us(W9(x)| Dr_ ) = DD X6 ) Ry vy -

Let Zy be the Borel subset of Z with 7 ~1(Zg) = SA. Leta: W — Zg be the Borel isomor-
phism with 7 = « o 6 on A. We have the disintegration

b= / ) (A N Xat) ™ fatu 4 do(w)
w

with respect to 6 because the equality o = x&|z, holds, where x is the Borel function
on Z defined by x(z) = u;(A N X;) forz € Zy. Forae. w € W, we have pyw)la =
Ma@w)(A N Xgw)) vy by uniqueness of disintegration. We define a Borel map : A — Ri
by ¥ (x) = iz (x)(A N Xz (x)) for x € A. Combining the two equalities defining D (¢, x) and
D 4(¢, x), we obtain the equality in the lemma. O

6.2. The local-index cocycle. We fix a standard finite measure space (X, i) and a
measure-preserving, discrete measured groupoid G on (X, ). Let S be a quasi-normal sub-
groupoid of G. We define a Borel function J = J3(G,S): G — Rfr as follows: Pick a
countable family @ of elements of QNg(S) such that u(Dg) > 0 for any ¢ € @ and the
equality G = | |yce ¢ (Dg) holds. For ¢ € @, we put

S =S, NU, ' ((S)ry) . St = (S)r, NUp((S)n,) -
For g € G, choosing ¢ € @ with g € ¢(Dgy), we define the number J(g) € Ri by

3(9) = [1S)r, : Selligll(S)p, : S
=[Sy : Sl [1Us((S)p,) : STl -

By Lemma 3.13, this definition of J does not depend on the choice of @. We call J the
local-index cocycle for G and S.

LEMMA 6.5. The function 3: G — Ri defined above is a Borel cocycle, that is, it
preserves products.

PROOF. For each ¢ € QNg(S), we set S¢ = Up((S)p,)- Pick two elements ¢, Y of
QNg(S), and putn = ¢ @ ¢, D = D, and R = R;;. We assume (D) > 0 and the equalities
D = Dy and R = Ry,. Fora.e. x € D, putting y = r o n(x), we obtain the equality

[Sr: SrNSYIy  [[(Sr: (S)rNSY NSy

I o b)) = e S NS, 87 S NSY NS,
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where we apply Lemma 3.12 to the second equality. Applying the same lemma, we also obtain
the equality

[([SY:8V N8N,  [ISY: (S)rNSY NSy

[([S7:8V NSy [[S": (S)rNSY NS,

for a.e. x € D with y = r o (x). Combining these two equalities, we have

N N SR (SrNSYNSM,  [[(S)r: (SHrNSM],
Yo 9NN 0 = e Sk NS NS, (157 )k NS,

=J(, x)

J(@.x) =

for a.e. x € D with y = r o n(x). The function J is therefore a Borel cocycle. O

LEMMA 6.6. The following assertions hold:
(i) Let A be a Borel subset of X with w(A) > 0. We put 34 = J(G) 4, (S)a). Then
the equality T4 (g) = J(g) holds for a.e. g € (G) 4.
(ii) Let T be a subgroupoid of G such that S < T, [T : 8]y < oo forae x € X;
and T is quasi-normal in G. We set 31 = J(G, T). Then there exists a Borel map
v X —> Ri with the equality J1(g) = w(r(g))j(g)w(s(g))_lfor ae geqg.

PROOF. Assertion (i) follows from Lemma 3.13. We prove assertion (ii). We pick an
element ¢ of the set QNg(7) = QNg(S) with u(Dg) > 0. Put D = Dy and R = Ry.
Define a Borel map ¢ : X — Rfr by ¥ (x) = [[7 : S]lx for x € X. For a.e. x € D, putting
y = r o ¢(x), we obtain the equality

g : (TDHrNT? Tye: (S)r NS
sy < WDrDROT, _ [HDr: (S)rN S,

[([T¢: (T)rNT?]ly [([7?:(S)rNS?]]y
CDr: ORI ISk : (SR NSy
AT Sy US? (SrRN S
where we apply Lemma 3.12 to the second and third equalities, and apply Lemma 3.13 to the
fourth equality. Assertion (ii) follows. a

=Y (MIPENY ),

6.3. Computation. For a finite-measure-preserving action of a Baumslag-Solitar
group I", we show relationship between the modular homomorphism m: I — R7 and the
cocycles ® and J for the groupoid associated with the action of I" and its elliptic subgroupoid.

LEMMA 6.7. Let I' be a discrete group, and let N be a quasi-normal subgroup of I.
Suppose that we have a measure-preserving action of I' on a standard finite measure space
(X, ). WesetG=Tx Xand N =N x X, and set® = D(G,N) and T = I(G, N). For
anyy € I',ifboth NN yNy~' and N Ny~ Ny are normal subgroups of N, then for a.e.
x € X, we have the equality

Dy, x)I(y,x)=[N:NNyNy "IIN:Nny 'Ny]™".

PROOF. Fix y € I" and define ¢: X — G by ¢(x) = (y, x) for x € X. We then have
¢ € QNg(N). Letr: (X, u) — (Z, &) be the ergodic decomposition for N with 7, = §.
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Let u = fZ w.d&(z) be the disintegration with respect to 7. We set N_. = N Ny~ Ny
and Ny = N NyNy~!. Similarly, we set V. = N_ x X and N, = Ny x X. Let
7 (X, u) > (Z_,&_) and 4 : (X, u) — (Z4, &) be the ergodic decompositions for
N_ and N, respectively. We have the canonical Borel maps o_: (Z_,&_) — (Z, &) and
or: (Z4,61) —> (Z, &) withm = 0_ om— = oy omy. The group N transitively acts on
o__l(rr(x)) and on a;l(n(y)) fora.e.x € X and a.e. y € X because N_ and N, are normal
subgroups of N. By Lemma 3.14, the equalities

N :N_ N:N.
%, [N Ny = %
o= (w(x))] loy (w ()]

hold for a.e. x € X and a.e. y € X. On the other hand, we have

(N Nl =

oy @2 @) = 162 @)Y, o (@ e () = lor )

forae.x € X and ae. y € X. The equality D(y, x)J(y,x) = [N : Ny][N : N_]7! thus
holds for a.e. x € X. a

COROLLARY 6.8. Weset I' = BS(p, q) with2 < |p| < |q| and denote by m: I' —
R’ the modular homomorphism. Let E be an infinite elliptic subgroup of I'. Suppose that
we have a measure-preserving action of I on a standard finite measure space (X, n). We set
G=I'xXand& = E X X,andset® = D(G,E) and T = J(G, E). Then we have the
equality ®(y, x)I(y,x) =m(y) foranyy € I' and a.e. x € X.

7. The Mackey range of the modular cocycle. Fundamental ideas of the Mackey
range of a cocycle are discussed in [35, Section 6] and [43, Section 7], where it is called the
“range closure” of the cocycle. Let G be a discrete measured groupoid on a standard finite
measure space (X, u). Let H be a locally compact second countable groupand t: G — H
a Borel cocycle. We define the Mackey range of 7 as follows: Define a discrete measured
equivalence relation R on X x H by

R =1{((r(9), T(@h), (s(9), h)) € (X x H)*; g €G, h € H}.

Let Z denote the space of ergodic components for R. The action of H on X x H defined by
h(x,h') = (x,”h™") for x € X and h, k' € H induces an action of H on Z. This action
H ~ Z is called the Mackey range of T. We can check the following two lemmas that are
basic facts on Mackey ranges.

LEMMA 7.1. In the above notation, let A be a Borel subset of X with GA = X. We
denote by H ~ Z 4 the Mackey range of the restriction of T to (G)a. Then the inclusion of
A x H into X x H induces an isomorphism between the two actions H ~ Zs and H ~ Z.
Namely, it induces a measure space isomorphism n: Zs — Z such that for any h € H, we
have n(hz) = hn(z) fora.e. 7 € Z4.

LEMMA 7.2. In the above notation, the following assertions hold:
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(i) Let f be a Borel automorphism of G. Define a Borel cocycle ty: G — H by
Ty = t o f. Then the automorphism of X x H sending (x, h) to (f~Y(x), h) for
x € X and h € H induces an isomorphism between the Mackey ranges of T and ty.

(ii) Let ¢: X — H be a Borel map. Define a Borel cocycle t,: G — H by 14(g) =
e(r(9)T(9)e(s(9)) ™) for g € G. Then the automorphism of X x H sending (x, h)
to (x,p(x)h) forx € X and h € H induces an isomorphism between the Mackey
ranges of T and .

In the rest of this section, we set I’ = BS(p, ¢) and A = BS(r, s) with 2 < |p| < |q]|
and 2 < |r| < |s|, unless otherwise mentioned. Let m: I" — R} andn: A — R7 denote
the modular homomorphisms.

THEOREM 7.3. Let (X, m) be a (I', A)-coupling. Then there exists an almost (I" x
A)-equivariant Borel map ® : ¥ — (R, logom, logon).

PROOF. We may assume that the action of I" X A on (X, m) is ergodic by [14, Corollary
3.6]. Let X, Y C X be fundamental domains for the actions of A and I" on X, respectively.
Putting Z = X N Y, we may assume that Z has positive measure. Let v: I' x X — A
be the ME cocycle associated to X, defined by the condition (y, a(y,x))x € X fory € I’
and x € X. Since X is identified with X'/({e} x A), we have an ergodic measure-preserving
action I" ~ X, where X is equipped with the finite measure that is the restriction of m.
To distinguish this action from the original action on X, we use a dot for the new action,
that is, we denote (y, @(y, x))x by y - x. Similarly, we have an ergodic measure-preserving
action A ~ Y and use a dot for this action. We set G = I' X X and H = A x Y. The
map f: (G)z — (H)z defined by f(y,x) = (a(y,x),x) for (y,x) € (G)z is then an
isomorphism. Let 71 and T4 denote the Bass-Serre trees associated to I and A, respectively.
For a vertex u of T, we set G, = I, x X. Similarly, for a vertex v of T4, weset H, = A, X Y.

We fix a vertex u of Tr. By Theorem 5.1, f((G,)z) is an elliptic subgroupoid of (H)z.
It follows that there exist a Borel subset Z; of Z with positive measure and a vertex v of
Tx with f((Gu)z,) < (Hy)z,. Repeating this argument for f~! and H,, we find a Borel
subset A of Z; with positive measure and a vertex u’ of T with (Hy)a < f((G,/)4). Putting
£ = Y ((Hy)a), we have

(TuNT) % X)a <E < [Ty x X)a.

We put Oy = D((G)a, &) and T = T((G)4,E). Let p: G — I be the projection.
Since I, N [y is a finite index subgroup of I/, by Lemmas 6.3, 6.4 and 6.6 and Corollary
6.8, there exists a Borel map ¢p: A — R such that

Dr(9)Ir(g) = wolrg(g)m o p(9)eo(sg(9)) ™"

fora.e. g € (G)a, whererg, sg: G — X denote the range and source maps of G, respectively.
Put®4 = D((H)a, (Hy)a) and T4 = T(H) 4, (Hy)a). Let o: H — A be the projection.
A similar property also holds for these maps. On the other hand, the equality f(£) = (Hy)a
implies that D4 o f = D and J4 o f = Jr. It follows that there exists a Borel map
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¢: A — R such that

¢(rg(g)mo p(9)p(sg(9) ™ =noo o f(g)
for a.e. g € (G)a. We thus have the equality

() o(y - mP)p(0) " =noa(y,x)
forany y € ' and a.e. x € A with y - x € A. We define a Borel map @: ¥ — R by

@ ((y, M)x) = logm()e)'n(x)™"

forx € A,y € I' and A € A. Using equation (x), we can show that @ is well-defined and is
a desired map, along the argument in the proof of [29, Theorem 4.4]. O

Theorem 1.2 is obtained by combining Lemma 7.1, Lemma 7.2 and equation ().

REMARK 7.4. LetI" ~ (X, ) be an ergodic measure-preserving action on a standard
finite measure space, and call it «. We denote by 7 : (X, u) — (Z, &) the ergodic decomposi-
tion for the action of kerm on (X, ). We have the canonical action of m(I") on (Z, &) and the
action of log om(I”) on it through the isomorphism log: R} — R. The flow associated with
o, introduced in Section 1, is defined as the action of R induced from the action of log om (1)
on (Z,&). If |p| = |q|, then the flow associated with « is isomorphic to the action of R on
itself by addition because m is trivial. If |p| < |g|, then we have the following two cases:

o If there exists a positive integer n such that up to null sets, Z consists of n points each
of whose measure is £(Z)/n, then the flow associated with « is isomorphic to the
action of R on R/(—log|p/q|")Z by addition.

e If Z contains no point whose measure is positive, then the flow associated with « is
finite-measure-preserving and any orbit of it is of measure zero.

Following terminology for transformations of type III (see Section B), in the first case, we
say that the action I" ~ (X, ) is of type |p/q|". In the second case, we say that the action
I' ~ (X, ) is of type 0.

COROLLARY 7.5. Assume |p| < |q| and |r| < |s|. If I’ and A are ME, then kerm
and kern are ME.

PROOF. We may assume |q/p| < |s/r|. Let X be a (I', A)-coupling. There exists an
almost (I" x A)-equivariant Borel map @: ¥ — (R, logom, logon) by Theorem 7.3. We
setU ={u e R; 0 <u < log|g/p|}, which is a fundamental domain for the action of
logom(I”) on R and is contained in that for the action of logon(A) on R. The set o~ L)
then has positive measure and is a (ker m, ker n)-coupling. O

For discrete groups G and H, two measure-preserving actions G ~ (Z,&) and H ~
(W, w) on measure spaces are called conjugate if there exist an isomorphism F: G — H and
a measurable isomorphism f from a conull measurable subset of Z onto a conull measurable
subset of W such that f.£ and w are equivalent and for any ¢ € G, we have f(gz) =
F(g) f(z) forae.z € Z.
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COROLLARY 7.6. Assume |p/q| = |r/s|. Let ' ~ (X, ) and A ~ (Y,v) be er-
godic f.fm.p. actions. Let m: (X, u) — (Z,&) and 0: (Y,v) — (W, w) be the ergodic
decompositions for the actions kerm ~ (X, u) and kern ~ (Y, v), respectively. If the ac-
tions I' ~ (X, u) and A ~ (Y, v) are WOE, then the canonical actions m(I") ~ (Z, &) and
n(A) ~ (W, w) are conjugate.

PROOF. We have the actions logom(I") ~ (Z, &) and logon(A) ~ (W, w) through
the isomorphism log: Ri — R. Let R ~ (Z1,&1) and R ~ (W1, w1) denote the actions
induced from these two actions, respectively. By Theorem 1.2, these two actions of R are
isomorphic. The assumption |p/q| = |r/s| implies the equality logom(I") = logon(A).
The action of logom (/") on almost every ergodic component for its action on (Z1, &1) is
isomorphic to the original action logom(I") ~ (Z,&). A similar property holds for the
actions of logon(A) on (Wi, w1) and on (W, w). The corollary therefore follows. O

REMARK 7.7. Weset I' = BS(p, g) with 2 < |p| < |q|, and suppose that we have
an ergodic measure-preserving action of m(/") on a standard finite measure space (Z, £). We
construct an ergodic f.f.m.p. action I ~ (X, ) such that the canonical action of m(I”) on the
space of ergodic components for the action kerm ~ (X, ) is isomorphic to the given action
on (Z,£). Let I' ~ (Y, v) be an f.f.m.p. action such that its restriction to kerm is ergodic.
We set (X, u) = (Y, v) x (Z, &). Define an action of I" on (X, u) by y (v, 2) = (yy, m(y)z)
fory e I',y € Y and z € Z. This is shown to be a desired action.

By definition, any associated flow is induced from an ergodic measure-preserving action
of logom(I") on a standard finite measure space. Thanks to the construction discussed above,
we can find an ergodic f.f.m.p. action of I" whose associated flow is isomorphic to such a
given action of R.

PROOF OF THEOREM 1.3. Wesset I' = BS(p, ¢) with2 < |p| < |¢q|, and suppose that
an ergodic f.f.m.p. action I" ~ (X, ) is WOE to a weakly mixing f.f. m.p. action A ~ (Y, v)
of a discrete group A. Let X be the (I, A)-coupling associated with the WOE between the
actions I" ~ (X, u) and A ~ (Y, v). Combining Theorems 4.3 and 7.3, we obtain a homo-
morphismé: A — R and an almost (I" x A)-equivariant Borel map @ : ¥ — (R, logom, §).

If § were trivial, then @ would induce a I"-equivariant Borel map from X = X'/ A into
R. The group log om(I") is infinite and discrete in R. This is a contradiction because we have
the I"-invariant finite measure ; on X. The homomorphism § is therefore non-trivial.

Put M = (log|g/p|)Z. The map ® induces a A-equivariant Borel map @ from ¥ =
X/I' into R/M. Define a Borel map ¥: Y x ¥ — R/M by ¥(x,y) = &(x) — D(y)
for x,y € Y. Let A acton Y x Y diagonally. The map ¥ is A-invariant and is therefore
essentially constant because the action A ~ (Y, v) is weakly mixing. It follows that @ is
essentially constant and that §(A) is contained in M. ]

PROOF OF THEOREM 1.5. We set I' = BS(p,q) with 2 < |p| < |g|. Let A be a
discrete group such that there is an infinite amenable normal subgroup N of A with the quo-
tient A/N non-elementarily word-hyperbolic. Assuming that I” and A are ME, we deduce
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a contradiction. Let X' be a (I", A)-coupling such that the action of I" x A on X is ergodic.
As in the proof of Theorem 7.3, we choose fundamental domains X, Y C X for the actions
of A and I" on X, respectively, such that the intersection Z = X N Y has positive measure.
WesetG =T x Xand’ H = AX Y. Leta: I' x X — A be the ME cocycle associated
to X. We then have the isomorphism f: (G)z — (H)z defined by f(y, x) = (a(y, x), x)
for (y, x) € (G)z. Let T denote the Bass-Serre tree associated to I". For a vertex v of T, set
Gy =1, x X.

Since (G,)z is amenable and quasi-normal in (G)z, by Theorem 5.5, there exist a Borel
subset Z; of Z with positive measure and a subgroup L of A with N < L, [L : N] < o0
and f((Gy)z,) < (L X X)z,. Since (L x X)z, is also amenable and quasi-normal in (H)z,,
by Theorem 5.1, there exist a Borel subset A of Z; with positive measure and a vertex v’ of
T with f~'((L x X)a) < (Gy)a. Along the proof of Theorem 7.3, using Lemma 6.7, we
find a (I' x A)-equivariant Borel map @: ¥ — (R, logom,logol), where I: A — R} is
the trivial homomorphism. The map @ induces a I"-equivariant Borel map from X'/ A into R.
This is a contradiction because log om(/") is infinite and discrete in R. O

8. Reduction of a coupling of Baumslag-Solitar groups. For a discrete group G
acting on a tree T so that the stabilizer of any simplex of T in G is infinite and cyclic, Gilbert,
Howie, Metaftsis and Raptis present a sufficient condition for the automorphism group of G to
be canonically represented into the automorphism group of 7', in [19, Theorem A]. In Section
8.1, relying on their argument, for any coupling of two Baumslag-Solitar groups satisfying
a certain ergodicity condition, we construct an equivariant Borel map from the coupling into
the space of isomorphisms between the associated Bass-Serre trees. Throughout this section,
we fix the following:

NOTATION 8.1. Let p, g, r and s be integers with 2 < |p| < |g| and 2 < |r| < |s].
Let dp > 0 denote the greatest common divisor of p and ¢, and let cyp > 0 denote the greatest
common divisor of  and s. Putting po = p/do, qo = q/do, ro = r/co and 59 = s/co,
we assume that g is not a multiple of p and that s is not a multiple of r. We thus have
1 < |pol < lqoland 1 < |ro| < [sol.

We set I' = BS(p, g) and A = BS(r, s). Let Trr and T4 be the Bass-Serre trees asso-
ciated with I" and A, respectively. We denote by 1: I" — Aut(7Tr) and j: A — Aut(T4)
the homomorphisms associated with the actions on the trees. Leta € I" (resp. b € A) be a
generator of the stabilizer of a vertex in T (resp. T4). We define Isom(74, Tr) as the set of
orientation-preserving isomorphisms from 74 onto 71, which are equipped with the standard
Borel structure induced by the pointwise convergence topology. The set Isom(7, T4) is also
defined similarly.

8.1. Reduction to isomorphisms between trees. For non-zero integers m, n, we say
that a measure-preserving action of Z on a measure space is (m, n)-ergodic if for any non-
negative integers k, [, the action of the subgroup m*n'Z is ergodic.

THEOREM 8.2. [In Notation 8.1, let (X, m) be a (I', A)-coupling. We suppose that
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(1) the action of (a®) on almost every ergodic component for the action (a) ~ X /A
is (po, qo)-ergodic; and
(2) the action of (b°°) on almost every ergodic component for the action (b) ~ X/I"
is (ro, So)-ergodic.
Then there exists an essentially unique, almost (I" x A)-equivariant Borel map @ : ¥ —
(Isom(TA, Tr), 1, j). In particular, we have |p| = |r| and |q| = |s|.

LEMMA 8.3. In Notation 8.1, the Dirac measure on the neutral element of Aut(Tr) is
the only probability measure on Aut(Tr) invariant under conjugation by any element of 1 (I").

PROOF. Let u be a probability measure on Aut(7) invariant under conjugation by any
element of 1 (I"). Let I' = (a, t | taPt~! = a?) be the presentation of I". Note that ¢ acts on
Tr as a hyperbolicisometry. Let x4+ € 0T denote the two fixed points of 7. We define a Borel
map F: Aut(Tr) — 90Ty by F(¢) = ¢(x4+) for ¢ € Aut(Tr). Since txy = x4, we have
Fopo = (FoAdt)u = (1(t) o F)4 . The measure F, u is thus invariant under the action of ¢.
Since the action of (fr) on a7 \ {x+} is free and admits a Borel fundamental domain, we have
Fip({x+}) = 1. It follows that p is supported on the set { ¢ € Aut(Tr) ; @(x4+) € {x+}}. A
verbatim argument implies that p is supported on the stabilizer of the set {x+} in Aut(7T).

The element ata~' € I' also acts on T as a hyperbolic isometry. In a similar way, if
y+ € 9T denote the two fixed points of aza™!, then p is supported on the stabilizer of the
set {y+} in Aut(7r). Let v denote the vertex of T such that the stabilizer of v in I" is equal
to (a). Any element ¢ of Aut(7) with p({x+}) = {x+} and p({y+}) = {y+} fixes v because
v is the intersection of the geodesic in 71 between x; and x_ and the one between y; and
y_. It follows that u is supported on the stabilizer of v in Aut(7r). Since I" acts on V(Tr)
transitively, we conclude that u is supported on the neutral element of Aut(7r). a

In the notation in Theorem 8.2, let X, Y C X be fundamental domains for the actions of
Aand I" on X, respectively. Leto: I' x X — A be the ME cocycle defined by the condition
(y,a(y,x))x € X fory € I' and x € X. To distinguish the action I" ~ X and the action
I' ~ ¥, we use a dot for the former action, thatis, we set y - x = (y,a(y,x))x fory e I”
and x € X. Similarly, we use a dot for the action A ~ Y. By [28, Lemma 2.27], we may
assume that the intersection Z = X N Y satisfies the equality I" - Z = X when Z is regarded
as a subset of X, and satisfies the equality A - Z = Y when Z is regarded as a subset of Y.
WesetG =1 x Xand H = A X Y. Let f: (G)z — (H)z be the isomorphism defined by
f(y,x) = (a(y, x), x) for (y, x) € (G)z. For each simplex u of Tr, we put G, = I, x X.
Similarly, for each simplex v of T4, we put H, = A, X Y.

LEMMA 8.4. If we have uy,us € V(Tr) and a Borel subset W of Z with positive
measure satisfying the inclusion (G,,)w C (Gu,)w, then the equality u1 = us holds.

PROOF. Assuming that u; # u;, we deduce a contradiction. Let e be the edge of T
containing u1 and contained in the geodesic between u1 and u3. The inclusion in the lemma
implies the equality (Ge)w = (Gu,)w. On the other hand, by condition (1) in Theorem 8.2
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and Lemma 3.5 (ii), (iii), we have [(G,,)w : (Ge)wlx = [Ty, : Ie] > 1 fora.e. x € W. This
is a contradiction. ]

LEMMA 8.5. Foranyu € V(Tr), there exist a countable Borel partition Z = | |, Z,
and v, € V(Ty) such that f((Gy)z,) = (Hy,)z, for eachn.

PROOF. By Lemmas 3.17 and 3.18, (G,)z is quasi-normal in (G)z, and it is also of
infinite type and amenable. It follows that f((G,)z) is of infinite type, amenable and quasi-
normal in (H)z. Leto : H — A be the projection. By Theorem 5.1, f((G,)z) is elliptic, that
is, there exists an ( f ((G,)z), o)-invariant Borel map ¢ : Z — V(T4). Take a countable Borel
partition Z = |_|n Z, such that for each n, the map ¢ is essentially constant on Z,,, and denote
by v, € V(T4) the essential value of ¢ on Z,. We obtain the inclusion f((Gu)z,) C (Hy,)z,
for any n. Applying the same argument to f~! in place of f and taking a finer Borel partition
of Z, for each n, we find u, € V(Tr) with the inclusion f_l(('an)z,,) C (Gu,)z,- By
Lemma 8.4, for any n, the equality u,, = u holds, and the equality in the lemma also holds. O

LEMMA 8.6. If we have e1,ex € E(Tp) and a Borel subset W of Z with positive
measure such that (H.,)w = (He,)w, then the equality A, = A, holds.

PROOF. Since we have (H¢)w = (He; N'Hey)w = (He,)w, condition (2) in Theorem
8.2 and Lemma 3.5 (ii), (iii) imply that we have A, = A, N A,y = A,,. O

PROOF OF THEOREM 8.2. For a.e. z € Z, we define amap ¢,: V(Tr) — V(T4) by
¢, (u) = v, if z € Z,, where we use the notation in Lemma 8.5. By symmetry, a conclusion
similar to Lemma 8.4 holds for subgroupoids of H. For a.e. z € Z, the map ¢; is thus well-
defined and is independent of the choice of a countable Borel partition of Z. Applying the
same process to ! in place of f, for a.e. z € Z, we obtain a map v,: V(T4) — V(Tr).
By Lemma 8.4, for a.e. z € Z, the composition ¥, o ¢, is the identity on V (), and ¢, o i,
is the identity on V (T4). In particular, ¢, and ¥, are bijections.

CLAIM 8.7. Fora.e. z € Z, ¢, defines a simplicial isomorphism from Tr onto T,.

PROOF. This proof heavily depends on the proof of [19, Theorem A]. We extend the
map ¢,: V(Tr) — V(T,) to a continuous map ¢, : Tr — T, in an affine way. Namely, for
each edge e of T whose origin and terminal are u; and uy, respectively, the restriction of ¢,
to e is the affine homeomorphism from e to the geodesic from @, (u1) to ¢, (u2). Similarly, we
extend V. to a continuous map ¥, : Tx — Tr.

We show that for a.e. z € Z, ¢, is locally injective, that is, for any u € V(Tr) and any
two distinct edges e1, e> of Tr whose boundaries contain u, the first edges of the paths ¢, (e1),
¢, (e2) are distinct. This implies injectivity of ¢,, and thus implies the claim.

We pick u € V(Tr) and suppose that we have a Borel subset W of Z with positive
measure and two edges e, ¢’ of Ty whose boundaries contain u, such that for a.e. z € W,
the first edges of the two paths 1/, o @, (e), ¥, o @.(¢') in Tr starting at u are equal. Denote
the first edge by d. It suffices to show the equality ¢ = ¢’. For a.e.z € Z, any y € I" and

any v € V(Tr), we have y, o . (v) = yv = ¥, o ¢,(yv). The equality y ¥, o ¢,(s) =
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V. o @,(ys) thus holds for any y € I" and any s € Tr. We have the inclusions I, < Iy
and I'y < Iy, and thus I, = I'; = Iy thanks to the assumption that ¢ is not a multiple of
K

p. There exist k, kK’ € Z withd = a,’je = a, €', where a, is a generator of I,. The equality

a’,j_k/iﬂz o @.(e) = V. o @.(¢') implies the equality a’,j_k/d = d. We have a,’j_k, eIy =TI,

kK’ 0

andthuse’ = af Fe=e.

CLAIM 8.8. Fora.e. z € Z, the simplicial isomorphism ¢,: Tr — T, is orientation-
preserving.

PROOF. Picku € V(TIr). Letey, ..., e, € E(Tr) denote the edges whose boundaries
contain u as their origins. Let uy, ..., u)q € V(IT) be the vertices of ey, .. ., ¢4 other than
u, respectively. Let Z; be a Borel subset of Z with positive measure where the maps assigning
¢;(u) and ¢ (u;) to z are constant for any i. We denote by v and v; the values of the maps
on Zi, respectively, and denote by f; the edge in E(T,) connecting v with v;. The equality
Iy = -+ = I, implies the equality (G, )z, = -+ = (Ge,, )z, It follows that there exists
a Borel subset Z; of Z; with positive measure such that (Hz)z, = --- = (Hy,)z,- By
Lemma 8.6, we have Ay = --- = Aflql' The edges f1, ..., fiq therefore have the same

origin. O

The rest of the proof of Theorem 8.2 is essentially the same as that of [29, Theorem 4.4].
We define a Borel map ¢: Z — Isom(7Tr, T4) by ¢(z) = ¢, for z € Z. Following the proof
of [29, Lemma 4.7], we can show the equality

Joa(y,x)p(x) =@y -x)i(y)

forany y € I" and a.e. x € Z with y - x € Z. The coupling X is identified with X x A as a
measure space. The group I x A actson X x A by

(v, N, A) = (y - x, ey, OV

fory e I' A\,) € A and x € X. We define a Borel map @: ¥ — Isom(T4, Tr) by putting
D((y, M) (x,ex) = 1)y fory € I', A € A and x € Z, where e, denotes
the neutral element of A. This map @ is shown to be well-defined and be a desired one. We
refer to the proof of [29, Theorem 4.4] for a precise argument. Uniqueness of @ follows from
Lemma 8.3. O

Through the translation between ME and WOE, we obtain the following:

COROLLARY 8.9. InNotation8.1,let I' ~ (X, ) and A ~ (Y, v) be ergodic f.f-m.p.
actions such that
e the action of (a®) on almost every ergodic component for the action (a) ~ (X, ) is
(po, qo0)-ergodic; and
e the action of (b°) on almost every ergodic component for the action (b) ~ (Y, v) is
(ro, so)-ergodic.
If the actions I’ ~ (X, u) and A ~ (Y, v) are WOE, then |p| = |r| and |q| = |s|.
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8.2. A profinite completion of integers. This subsection is preliminary to the next
subsection. We fix two integers p, ¢ with 2 < p < g. Define dy as the greatest common
divisor of p and ¢, and set po = p/do and qo = q/dp. We assume that ¢ is not a multiple of
p. We thus have 1 < pg < qo.

Let E denote the infinite cyclic group Z. For two non-negative integers k, [, we denote
by E.; the subgroup of E with [E : E¢ ;] = do péq(’). We define E as the projective limit

Eco =limE/Ey,

which is a compact unital ring. The group E is naturally identified with a dense subgroup of
E~. For two non-negative integers &, [, we denote by Ey ; the closure of Ey ; in E~, which
is equal to the kernel of the canonical homomorphism from E, onto E/Ey ;.

LEMMA 8.10. In the above notation, the following assertions hold:
(i) The additive group Ey ¢ is torsion-free.
(ii) For any two non-negative integers k, 1, the map oy;: Eoo — Ey, defined by
o 1(x) = péqéx for x € Eo is an isomorphism of additive groups.
(iii) For any continuous automorphism o of the additive group E o, there exists a unit r
of Eco with a(x) = rx forany x € Ex.
(iv) Let r be a unit of E. If there exist non-negative integers k, [ with rx = x for any
X € Ek,l, then do(r — 1) = 0.
(v) Conversely, if r is a unit of Ex with do(r — 1) = 0, then we have rx = x for any
x € Egpp.

PROOF. To prove assertion (i), we pick an element x of Eg o and a positive integer m
with mx = 0. Choose a sequence {n;}; in Ep  converging to x. The sequence {mn;}; then
converges to 0. Let k be a positive integer. For any sufficiently large i, the integer mn; is
divided by do(pogo)¥. It follows that for any sufficiently large i, the integer n; is also divided
by do(pogo)*. The sequence {n;}; therefore converges to 0, and we obtain x = 0. Assertion
(i) is proved.

Assertion (ii) follows from assertion (i). In assertion (iii), putting r = «(1), we have the
equality a(n) = nr for any n € Z. The equality a(x) = rx for any x € E, follows from the
continuity of .

Let r be a unit of E4 satisfying the assumption in assertion (iv). We then have
dy péq(l)(r — 1) = 0 because dy p(’;qé belongs to Ekyl. On the other hand, do(r — 1) belongs to
Eo,o- We have do(r — 1) = 0 by assertion (i). Assertion (iv) is proved.

In assertion (v), pick an element x of Eq ¢, which is approximated by a sequence {don; };
of elements of Ego with n; € E for any i. Let y € E be an accumulation point of the
sequence {n;};. We then have dopy = x and (r — 1)x = (r — 1)dpy = 0. Assertion (V) is
proved. O

8.3. Further reduction. Under an assumption stronger than that in Theorem 8.2, we
obtain the following stronger conclusion.
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THEOREM 8.11. In Notation 8.1, let (X, m) be a (I', A)-coupling. We assume the
following two conditions:
(I) The action of (a®) on XA is ergodic.
(IT) The action of (b°) on X /T is ergodic.
Then there exists an integer ¢ € {£1} with (p, q) = (¢er, €s), that is, I and A are isomorphic.

Theorem 1.4 follows from this theorem. Before the proof of Theorem 8.11, let us make
a few comments. By Lemma A.2, conditions (I) and (I) imply conditions (1) and (2) in
Theorem 8.2, respectively. It follows that there exists an almost (I" x A)-equivariant Borel
map @: XY — (Isom(Tx, Tr), 1, j) and that the equalities |p| = |r| and |g| = |s| hold. In
particular, the equality co = do holds.

PROOF OF THEOREM §8.11. Because of the above argument, to prove the theorem, it is
enough to deduce a contradiction under the assumption that p > 0,g > 0,7 = pands = —q.
We then have ro = pg and so = —qo. We fix the notation as follows: Fix ug € V(Tr) and
vo € V(T,). Let E denote the stabilizer of ug in I', and let F' denote the stabilizer of vg in
A. For two non-negative integers k, [, we denote by Ej ; the subgroup of E with [E : Ey ;] =
dy péqé. Similarly, we denote by Fy ; the subgroup of F' with [F : Fy ;] = do péqé. Define the
projective limits

Eco =limEy ),  Foo =1lim Fy ;.

We define J as the space of continuous isomorphisms from E, onto Fo, as additive groups,
and equip it with the standard Borel structure associated with the compact-open topology.

By Theorem 8.2, there exists an almost (I” x A)-equivariant Borel map @: ¥ —
(Isom(Ts, Tr),1, j). Let Xy be the inverse image under @ of the Borel subset {¢p €
Isom(Tx, Tr) ; ¢(vg) = ug}. The subset X has positive measure because we have the
equality I" Xy = X up to null sets. As in [29, Lemma 5.2], it is shown that Xy is an (E, F)-
coupling. Let X, Y C Xy be fundamental domains for the actions F ~ Xy and E ~ X,
respectively, such that Z = X N Y has positive measure. They are also fundamental domains
for the actions A ~ X' and I' ~ X, respectively. We have the natural actions I" ~ X and
A~ Y,andset G =T x XandH = AXY. Leta: I’ x X — A be the ME cocycle
associated with X. The Borel map f: (G)z — (H)z defined by f(y, x) = (a(y, x), x) for
(v, x) € (G)z is then an isomorphism. We set £ = E x X and F = F X Y. The equality
fU(&)z) = (F)z holds by the construction of X and Y. For two non-negative integers k, [,
we set

Ei=ErixX, Fri=FgxY.

CLAM 8.12. For any two non-negative integers k, l with (k,1) # (0, 0), there exists
a countable Borel partition Z = | |, Zﬁ’l with the equality f((é’k,l)zk.z) = (Fk,1) 41 for any
n.

PROOF. Let k and / be non-negative integers with (k, /) # (0, 0). There exists a vertex
u € V(Tr) with E N I, = Ey 1, where I, is the stabilizer of u in I". By Lemma 8.5, there
exist a countable Borel partition Z = | |, Z, and v, € V(Tx) such that f((G,)z,) = (Hv,)z,
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for any n, where we use the same notation as in the lemma. It follows that f sends (& 1)z,
onto (F N Hy,)z, for any n. Condition (I) in Theorem 8.11 and Lemma A.2 imply that & ;
is ergodic. By Lemma 3.5 (ii) and (iii), the index of (&x1)z, in (£)z, at a.e. x € Z, is
equal to dy p(’;qé. It follows that the index of (F N H,,)z, in (F)z, at a.e. x € Z, is also
equal to the same number. There exist non-negative integers k', I’ with (X', 1) # (0, 0) and
FNH,, = Fi . Condition (II) in Theorem 8.11 and Lemma A.2 imply that F/ ;» is ergodic.
By Lemma 3.5 (ii) and (iii), we have k' = k and I’ = [. The claim is proved. ]

CONSTRUCTION OF v¥o: Z — J. Let k and / be non-negative integers with (k,[) #
(0, 0). We have a countable Borel partition Z = |_|, Zﬁ’[ satisfying the conclusion in Claim
8.12. For each n, we have the isomorphism

E/Exi — E/E1 — (&) g/ (Er) h =N (F) gt/ (Fie) gt = F [ Fiy = F/Fyp s

where we use Lemma 3.20 in the isomorphisms other than the third one. We define a Borel
map Yk: Z x E/Ex; — F/F; so that for any x € Zﬁ’l, Y1(x, -) is equal to the above
isomorphism. This map is defined independently of the choice of the countable Borel partition
of Z.

For any integers k’ and I’ with ¥’ > k and !’ > [ and for a.e. x € Z, we have the following
commutative diagram, where the vertical arrows denote the canonical homomorphisms:

‘/’k’,ﬂ (x,7)
E/Epy —————F/Fpr

l Yk, (x,°) l

E/Ey,) —————= F/Fy,.

We therefore obtain a Borel map yo: Z — J such that for a.e. x € Z and for any non-
negative integers k, [ with (k, 1) # (0, 0), the isomorphism ¥y(x) from E, onto F, induces
the isomorphism ¥ ;(x, -) from E/Ey ; onto F/Fy .

CLAM 8.13. The map Yro: Z — T is essentially constant.

PROOF. We fix y € E and a Borel subset A of Z with positive measure such that the
inclusion y - A C Z holds, and «(y, -) is constant on A with the value A € F. Define an
automorphism U, of G by U, (9) = (v, r(g)g(y, s(g))~! for g € G. Similarly, define an
automorphism V;, of H by Vi (h) = (A, r(h))h(x, s(h))~" for h € H. The automorphism U,
preserves £ and & ; for any non-negative integers k, [ with (k, [) # (0, 0). It follows that U,,
induces an isomorphism

E/Er; — E)a/EDa = E)yal/(Ex1)y.a — E/Ek;,

which is the identity because E is commutative. Similarly, the automorphism V) induces an
isomorphism

F/Fei— (F)a/(Fi)a — (Fwa/(Fedra — F/Fey,
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which is the identity. Note that we have y - A = X - A because f induces the identity on
Z. The equality f o U, = V; o f holds on (G)4 by the definition of f. We thus have
Yo(y - x) = Yo(x) for a.e. x € A. This equality holds for a.e. x € Z by the choice of A. The
claim follows because £ is ergodic. O

CONSTRUCTION OF C. The groups I" and A do not act on J naturally. Let us now
introduce a standard Borel space C on which I" x A acts and which contains a quotient of J.
We define € as the set of continuous isomorphisms from a closed finite index subgroup of
E o onto a closed finite index subgroup of Fi, as additive groups. We say that two elements of
&p are equivalent if there exists a finite index subgroup of E, on which they are equal. Define
¢ as the set of equivalence classes in &y. For ¢ € €, let [¢] € € denote the equivalence class
of ¢.

Lemma 8.10 (ii) implies that we have the isomorphisms o1,9: Eo 0o — E 1,0 and

: Eg0 — Eo,1 defined as the multiplications by po and g, respectively. We define
o E1 0— Eo 1 as the composition 0,1 0 (071,0) ™ ! In the presentation I' = (a, t | taPt™' =
a?),let I' act on € from right as follows: Let a act on € by the identity and ¢ act on € by
[(p]t = [p o o] for ¢ € &y, where the composition ¢ o ¢ is defined on a closed finite index
subgroup of E .

Similarly, we have the isomorphisms 1.0: Fo.0 — Fi.0and 79,1: Fo,0 — Fo.1 defined
as the multiplications by pg and g, respectively. We define t: F 1.0 = Fo 1 as the compo-
sition 79,1 o (71,0)~ 1 We also have the automorphism / of Fy, defined by /(x) = —x for
x € Foo. In the presentation A = (b,u | ub’u=' = b=7), let A act on € from left as
follows: Let b act on € by the identity and u act on € by u[p] = [t o I o ¢] for ¢ € €. This
action of A on ¢ commutes the action of I".

Let U denote the group of units of E,, which is a closed subset of Eo,. Forr € U, let
m, denote the automorphism of the additive group E, defined by m,(x) = rx for x € E.
The group U acts on J by the formularg = ¢ om,—1 forr € U and ¢ € J. We define Uy
as the subgroup of U consisting of all ¥ € U with dp(r — 1) = 0, which is closed in U. The
natural map from J into € induces an injective map from the quotient 3/ Uy into € by Lemma
8.10 (iii)—(v). We define Cy as the image of this map and equip it with the standard Borel
structure induced by the map.

Forn € Z, we set Coo” = {[po0c"] € €; [p] € Cp}. Similarly, we define the subset
" Cp of €. For any ¢ € €y and any n € Z, the equality [¢ o 6"] = [t" o ¢] holds. It follows
that for any n € Z, the equality Coo” = 1" Cy holds. Since [/ o ¢] belongs to Cq for any
[¢] € Cp, we have

Col’ = U Coo" = U "Co = ACy .

neZ neZ
Let C denote this subset of €, on which I x A acts.
We claim that the sets Coo” through n € Z are mutually disjoint. Let & and n denote

the Haar measures on E, and F, respectively, with the total measure 1. For any [¢] € Co,
we have ¢.& = n on a closed finite index subgroup of Fr,. On the other hand, we have
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(0™)«& = (g0/po)"& on a closed finite index subgroup of E,. The claim follows. We equip
C with the standard Borel structure so that the actions of I” and A on it are Borel.

We define a Borel map ¢ : Z — Cy as the composition of the essentially constant map
Yo: Z — J with the natural map from J into €. Recall that we have the cocycle a: I X
X — A associated with X. We use a dot for the action of I” on X, that is, we set y - x =
(y,a(y,x))x fory e I'and x € X.

CLAIM 8.14. Foranyy € I' anda.e. x € Z withy - x € Z, we have the equality
a(y, )y x) =¥y - x)y.

PROOF. We fix y € I" and a Borel subset A of Z with positive measure such that the
inclusion y - A C Z holds, and «(y, -) is constant on A with the value A € A. Define the
automorphism U,, of G and the automorphism Vj of H by the same formulas as in the proof
of Claim 8.13. The equality f o U, = V) o f holds on (G) 4 by the definition of f.

Choose integers 1, K and L such that K > |n|, L > |n| and y Ex ;¥ ~' = Ex_n.j4n for
any k,l € Z withk > K and/ > L. For any such k, [ € Z, the automorphism U, induces an
isomorphism

Exr/Eci— (Ex,0)a/(E1a

- ((C/‘K—n,L+n)y~A/(gk—n,l—i-n)y-A - EK—n,L—i—n/Ek—n,H-n .

It moreover induces an isomorphism from E K.L onto Ex —n.L+n» Which is equal to the restric-
tion of 0". For a.e. x € A, the isomorphism f o U, from (G) 4 onto (H);.4 therefore induces
the element [o(y - x) o "] of C, which is equal to ¥ (y - x)y.

Similarly, the automorphism V, induces an element of €p, which is a restriction of (7 o
I)™ forsomem € Z. For a.e. x € A, the isomorphism V) o f induces the element [(t o )" o
Yo(x)] of C, which is equal to Ao (x). O

We define a Borel map ¥: ¥ — C by ¥((y,M)x) = AY(x)y ' fory e ', L € A
and x € Z. As noted in the end of the proof of Theorem 8.2, the equality in Claim 8.14 is
used to show that ¥ is well-defined and is almost (I" x A)-equivariant. By condition (I) in
Theorem 8.11, the action E ~ X'/ A is ergodic. Since the action of E on A\C is trivial, the
map from X¥'/A into A\C induced by ¥ is essentially constant. It follows that the image of ¥
is essentially contained in A[c], where «g is an element of €y such that [«] is the essential
value of the map ¥ : Z — Cp. A similar argument shows that the image of ¥ is essentially
contained in [ep]I". We thus have the equality A[ag] = [ap]I. It implies that there exists
n € Z with [t o I o ag] = [og o 0™]. Since we have [ag o 0] = [t" o ], there exists a
closed finite index subgroup of Fs, on which 7!~” o I is the identity. One can find a non-zero
element x of Fp o such that 7'~ o I(x) is defined and equal to x. If 1 — n > 0, then there
exists an element y of Fy o with x = p(l)_”y = —qé_”y. We thus have (p(l)_" + qé_”)y =0
and obtain a contradiction by Lemma 8.10 (i). If 1 — n < 0, then there exists an element z of
Fo,0 with x = qg_lz =— pg_lz. We also obtain a contradiction. O
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REMARK 8.15. In Theorem 8.11, the conclusion is not necessarily true if we assume
conditions (1) and (2) in Theorem 8.2 in place of conditions (I) and (II). A simple counterex-
ample comes from commensurability between BS(p, ¢) and BS(p, —g) with 2 < |p| < |q|.
If p and g are integers with 2 < |p| < |gq|, then for each ¢ € {%1}, the subgroup Iy of
BS(p,eq) = (a,t | taPt™' = a®?) generated by a, tat~' and #2 is of index 2, and I'| and
I'_; are isomorphic. Let F': I'_1 — I7 be this isomorphism.

Let It x I acton I'] by (y,8)g = ygF (@)~ for y,g € I' and § € I'_;. Put
I' = BS(p,q) and A = BS(p, —¢). We define ¥ as the (", A)-coupling defined by the
action of I x A induced from the action of 17 x I'_j on I'1. This coupling fulfills conditions
(1) and (2) in Theorem 8.2, while it does not satisfy the conclusion of Theorem 8.11 because
I’ and A are not isomorphic.

8.4. A coupling with an unknown group. The argument of this subsection heavily
relies on Monod-Shalom [37]. We say that a measure-preserving action of a discrete group
G on a measure space (X, u) is mildly mixing if for any measurable subset A of X and
any sequence {g;}; of G tending to infinity with {u(g;AAA)}; tending to 0, we have either
w(A) =0or u(X\ A) =0.

THEOREM 8.16. We set I' = BS(p, q) with 2 < |p| < |q| and denote by dy > 0 the
greatest common divisor of p and q. Assume that q is not a multiple of p. Let A be a discrete
group. Let (X, m) be a (I", A)-coupling such that the action (a®™) ~ X /A is ergodic; and
the action A ~ X /T is mildly mixing. We define T as the Bass-Serre tree associated with I".

Then there exists an orientation-preserving simplicial action of A on T such that for any
v € V(T), the stabilizer of v in A is infinite and amenable; and the actions of A on V(T)
and on E(T) are both transitive.

The conclusion of this theorem implies that A is an HNN extension of an infinite
amenable group Ay relative to an isomorphism between a subgroup of Ag of index |p| and a
subgroup of Ag of index |gq]|.

PROOF OF THEOREM 8.16. We define §2 as the quotient space of X x X by the di-
agonal action of A, which is a (I, I')-coupling. By [37, Lemma 6.5], both the actions
(a®y ~ 2/({e} x I') and (a®) ~ /(" x {e}) are ergodic. In the application of the
cited lemma, we use the assumption that the action A ~ ¥/I" is mildly mixing. Thanks to
Lemma A.2, Theorem 8.2 can be applied to £2. Combining Theorem 4.2 and Lemma 8.3,
we obtain a homomorphism p: A — Aut(7) and an almost (I x A)-equivariant Borel map
®: ¥ — (Aut(T),1, p). For each simplex s of T, let Stab(s) denote the stabilizer of s in
Aut(T), and put

¥, =& (Stab(s)), Iy =1:"'G()NStab(s)), As=p '(p(A)N Stab(s)).

As in [29, Lemma 5.2], we can show that X is a (I, Ag)-coupling. As in [29, Lemma 5.3],
using ergodicity of the action I'y ~ X'/A for each simplex s of T, we can show that the
actions of A on V(T) and on E(T) are both transitive. ]
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9. Non-trivial orbit equivalence. This section is devoted to the proof of the follow-
ing:

THEOREM 9.1. Let p and q be integers with 2 < |p| < |q|, and set I’ = BS(p, q).
Then there exist two f.f.m.p. actions I' ~ (X, u) and I' ~ (Y, v) such that they are WOE,

but are not conjugate; and the actions of any non-trivial elliptic subgroup of I' on (X, ) and
on (Y, v) are both ergodic.

The two actions of I in this theorem are not virtually conjugate either in the sense of
[27, Definition 1.3] because I is torsion-free by [34, Theorem IV.2.4] and because the actions
of any finite index subgroup of I" on (X, n) and on (Y, v) are ergodic. It follows that under
the assumption in Theorem 8.11, we cannot conclude that the two actions I” ~ X /A and
A ~ X /T in it are virtually conjugate.

Until Theorem 9.11, we set I" = BS(p, ¢g) with 2 < |p| < |g|. Let dy > 0 denote
the greatest common divisor of p and ¢, and set pg = p/dop and qo = q/do. We fix a
presentation I" = (a, 1t | taPt~' = a9). Let T be the Bass-Serre tree associated with I". Let
1: I' — Aut(T) be the homomorphism associated with the action of 1" on T'.

9.1. A standard coupling. We define a continuous homomorphism 7 : Aut(7) — Z
as follows: Let £ and E_ denote the sets of oriented edges of 7 introduced in Section 2.
We set o(¢) = 1 foreache € E,, and set o (f) = —1 for each f € E_. Fix a vertex vg of
T. For ¢ € Aut(T), letey, ..., e, be the shortest sequence of oriented edges of T such that
the origin of ej is vg; the terminal of e, is ¢(vp); and forany i = 1,...,n — 1, the terminal
of e; and the origin of ;1 are equal. We then define 7(¢) as the integer ) »_, o (¢;). The
map 7 is independent of the choice of vy and is indeed a continuous homomorphism. Note
that 7(1(a)) =0and (1 (z)) = 1.

We set L = R. Let Aut(T) acton L by px = (¢/p)* ¥ x forp € Aut(T) and x € L. We
then have the semi-direct product L x Aut(7'). Let K denote the closure of the cyclic group
(1(a)) in Aut(T), which is compact and abelian. We define G as the subgroup of L x Aut(T)
generated by L, K and 1(¢). The subgroup G is closed in L x Aut(T).

For each 6 € L \ {0}, we define a homomorphism p: I" — G by mp(a) = (0,1(a))
and g (¢) = (0, 1(¢)). This is injective, and the image 7y (I") is a cocompact lattice in G such
that [0, |0]) x K is its fundamental domain. Let g be the automorphism of L »x Aut(7) that
is the identity on Aut(7") and is the multiplication by 6 on L. The equality mp = oy o 71 on
I" then holds.

It follows that (G, mg, m1) is a (I, I')-coupling. In the rest of this subsection, we exam-
ine the action of I" on G/ (I") through 7y and that on 7y (I")\ G through 71. The argument
in the previous paragraph implies that the latter action is isomorphic to the action of I" on
G /w1 (I") through my-1. Since L and K commute in G, we identify the subgroup of G gen-
erated by them with the direct product L x K. We set E = (a). The space G/m1(I") is then
identified with (L x K)/m1(E). We denote the latter space by M, which is a compact abelian

group.
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LEMMA 9.2. Let 6 be an irrational number. Then the action of any non-trivial sub-
group of E on M through 1y is ergodic.

PROOF. Letn be a non-zero integer. Let A denote the subgroup of L x K generated by
e ({(@")) and 1 (E). It suffices to show that A is dense in L x K. The group A is generated by
(n(@—1),e)and (1,1(a)). Density of A in L x K is thus equivalent to density of the subgroup
generated by ([1],:(a)) in the group R/n(0 — 1)Z x K, where for r € R, [r] denotes the
equivalence class of r in R/n(6 — 1)Z. The latter condition follows from the assumption that
6 is irrational. O

PROPOSITION 9.3. For eachi = 1,2, let B; be a compact, second countable and
abelian group with the normalized Haar measure m;, and let A; be a dense countable sub-
group of Bi. Let A; act on (Bj, m;) by left multiplication. We suppose that the two ac-
tions A1 ~ (By,my) and Ay ~ (B, m2) are conjugate, that is, we have an isomorphism
F: Ay — Az and a Borel isomorphism f from a conull Borel subset of By onto a conull
Borel subset of By with foumy = my and f(Ab) = F(A) f(b) forany . € Ay and a.e. b € Bj.

Then there exist a continuous isomorphism F: By — By and an element by € By such
that F extends F and the equality f(b) = F (b)bg holds for a.e. b € Bj.

PROOF. We define a Borel map h: By x By — By by h(b,c) = Fb) () fbe)™!
for b, ¢ € Bj. Since By and B; are abelian, we have h(Ab, ¢) = h(b, Ac) = h(b, c¢) for any
A € Aj and a.e. (b, c) € By x By. Ergodicity of the action of A1 x A on By x Bjp by left
multiplication implies that £ is essentially constant. Let by € B denote the essential image
of h.

We define a Borel map f: Bj — By by f(b) = f(b)b,' for b € By. The map f
then preserves products a.e. It follows from [51, Theorems B.2 and B.3] that there exists a
continuous homomorphism F: B] — B, with F = f a.e. Forany A € A; and a.e. b € By,
we have

F) f(b) = f(Ab) = F(Ab)bg = F(A)F (b)bo = F (1) f (D)

and thus F(,) = F()). The map F extends F and is surjective. An argument for f ~lin
place of f implies that F is an isomorphism. O

Letn: L x K — M denote the canonical projection.
LEMMA 9.4. Foranyk € K, n(L x {k}) is a path-connected component of M.

PROOF. Letx be an element of L. We define [ as the closed interval [x — 1/3, x +1/3]
in L. The restriction of 17 to I x K is injective and is thus a homeomorphism onto the image.
For any k € K, the image n(I x K) contains an open neighborhood of n(x, k) in M because
n is an open map. Since K is totally disconnected, for any k¥ € K and any continuous path
1:[0,1] - M with I(tp) = n(x, k) for some #y € [0, 1], there exists a neighborhood of #
in [0, 1] such that / sends any element of it to (I x {k}). It follows that for any continuous
map from [0, 1] into M, there exists k € K such that the image of the map is contained in
n(L x {k}). O
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LEMMA 9.5. Let F be a continuous automorphism of M. Let « be the continuous
automorphism of L with F(n(x,e)) = n(a(x),e) for any x € L. Then the element of L,
(1), is a rational number.

By Lemma 9.4, for any continuous automorphism F of M, there exists a unique contin-
uous automorphism « of L satisfying the equality F(n(x, e)) = n(a(x), e) forany x € L.

PROOF OF LEMMA 9.5. For any positive integer n, we have the equality 1(dopgqy
¢) = 1(0,1(a)~%P39). The right hand side approaches 0 as n goes to infinity because
1(a)~%ro, approaches the identity in Aut(7"). By continuity of F, the element F (1 (dopyqy, »
e)) = n(dopyqya(l), e) also approaches 0. Let n;: R — R/Z denote the canonical projec-
tion. It follows that 1y (do pyqya (1)) approaches 0 as n goes to infinity. If [po| = Iqo| = 1,
then dopa(1) is an integer, and thus «(1) is rational. Otherwise, considering the |pogol|-adic
expansion of dpa (1), we find integers r, n with n > 0 and dpa (1) = r/|pogo|”. The number
(1) is thus rational. o

LEMMA 9.6. Let 0 and 0’ be irrational numbers. If the action of E on M through my
and that through g are conjugate, then (0’ — 1)/(0 — 1) is a rational number.

PROOF. The restriction of y to E is injective, and mg(E) is dense in M by Lemma
9.2. The same property holds for 6’. Proposition 9.3 implies that there exists a continuous
automorphism F' of M such that either F' o mg = 7y on E or F o mg = my o I on E, where
I is the automorphism of E defined by 7(x) = x~! for x € E. Let a be the continuous
automorphism of L with the equality F (n(x, e)) = n(a(x), e) forany x € L.

If the equality F o my = my on E holds, then we have F(n(9,1(a))) = n(6’, 1(a)) and
thus F(n(@ — 1,¢e)) = n(@’ — 1, e). It follows that «( — 1) = 0’ — 1. Lemma 9.5 implies
that (8’ — 1)/(6 — 1) is rational. A similar argument can be applied to the other case. ]

THEOREM 9.7. Let 0 be an irrational number. Then the following assertions hold:
(i) The action of E on (L x K)/m1(E) through g and the action of E on g (E)\(L x
K) through 11 are not conjugate.
(i) The action of I' on G /w1 (I") through mg and the action of I' on g (I")\G through
7T are not conjugate.

PROOF. As noted right before Lemma 9.2, the action of E on mp(E)\(L x K) through
71 is conjugate with the action of E on (L x K)/m(E) through my-1. Since we have the
equality (9_1 -1D/O—-1)= —6~ 1 assertion (i) follows from Lemma 9.6.

Any automorphism of I preserves elliptic subgroups of I" because ellipticity of elements
of I is algebraic as noticed in the third paragraph in Section 2. Assertion (ii) therefore follows
from assertion (i). ]

Finally, we notice that the action of I" on G /71 (I") through 7y is not essentially free. Let
m: I — Rfr denote the modular homomorphism. Forany 8 € L\{O}and y € I',letlg(y) €
L denote the first coordinate of 7y (y) in L x Aut(7). Since i (kerm) acts on L trivially, the
map lp: kerm — L is a homomorphism. Let N denote the kernel of this homomorphism.



INVARIANTS OF ORBIT EQUIVALENCE RELATIONS 249

The group N is independent of 6 because we have the equality lg(y) = 0l;(y) forany y € I'.
Define the derived subgroups

Y — [, T] r® — [1"(1) 1"(1)] )
We then have the inclusions I'V < kerm and I'® < N.
LEMMA 9.8. Forany0 € L\ {0}, the action of N on G /71 (") through my is trivial.

PROOF. Pick y € N. Choose a positive integer n such that y commutes a”. Let K
denote the closure of (1(a")) in K, which is a subgroup of K of index at most n.

The subset [0, 1) x K of G is a fundamental domain for the action of I" on G by right
multiplication through 7;. For any x € [0, 1) and k € K, choosingm € Z and k; € K| with
k = 1(a")k1, we have the equality

mo () (x, k) = (x,1(p)k) = (x, ki (y)(a™) = (x, kir(@)i(@ " ya™))
=, ki(a"ya™) = (x,k)ymi(@a"ya"),

where we use commutativity of K, and the first and last equalities hold because y and
a ™ya™ lie in N. The lemma therefore follows. O

9.2. A modified coupling. Modifying the coupling (G, 7wy, 771), we obtain a WOE
between f.f.m.p. actions of I" satisfying the conclusion in Theorem 9.1. We pick an essentially
free and measure-preserving action of I" on a standard probability space (Z, &). Let (X, m)
denote the product space (Z x G, & x mg), where m¢ is the Haar measure on G. We define
an action of I" x I" on X' by

V1, )@ 9) = 1z, ma (YD) gm () ™)

for y1,y2 € I', z € Z and g € G. This action makes (X, m) into a (I', I')-coupling. Let
L,R: I' — I' x I be the homomorphisms defined by

Liy) =(v.e), Ry)=/(ey)
for y € I'. We define two subsets Xy, Yy of G and two subsets X, Y of X by
Xo=[0,)xK, Yy=[0,10)xK, X=ZxXg, Y=ZxY.

The subsets X and Y are fundamental domains for the actions R(I") ~ G and L(I") ~ G,
respectively. The subsets X and Y are fundamental domains for the actions R(I") ~ X and
L(I") ~ X, respectively.

We have the natural actions I" ~ X and I" ~ Y. The former action is isomorphic to
the diagonal action of I" on Z x Xj. It follows that the actions I" ~ X and I" ~ Y are
essentially free because so is the action I' ~ Z. Let 8: I' x Yy — I be the ME cocycle for
the coupling (G, mg, 7). As for the action I" ~ Y, we have the equality

vy @y =BW.»z,v-y)

foranyy € I',any z € Z and a.e. y € Yp. We now prove that the actions I" ~ X and " ~ Y
satisfy the desired property in Theorem 9.1.
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LEMMA 9.9. Suppose that 0 is irrational and that any non-neutral element of I'?
acts on (Z, &) ergodically. Then the following assertions hold:
(i) For any non-neutral element yo of I'?), the ergodic decomposition for the action
(Yo) ™~ X is equal to the projection from X = Z x Xo onto Xo. Moreover, the
ergodic decomposition for the action (yy) ~ Y is equal to the projection from
Y =7 x Yyonto Y.
(i) The actions I' ~ X and I' ~ Y are not conjugate.

PROOF. The former assertion in assertion (i) holds because I" acts on X = Z x Xo
diagonally and because I"® acts on X trivially by Lemma 9.8. We prove the latter assertion.
Pick a non-neutral element yp of I"®. As in the second paragraph of the proof of Lemma 9.8,
for any x € [0, |0]) and k € K, we can find m € Z such that B(yy, (x,k)) = a™yja™™ for
any n € Z. It follows that the restriction of the action (yp) ~ Y to Z x {(x, k)} is isomorphic
to the action (yp) ~ Z, which is ergodic by assumption. The latter assertion in assertion (i)
is proved.

We prove assertion (ii). Assuming that the two actions I" ~ X and I" ~ Y are conju-
gate, we deduce a contradiction. Let F be an automorphism of I" and f a Borel isomorphism
from a conull Borel subset of X onto a conull Borel subset of Y such that f preserves the
classes of the measures on X and Y and satisfies the equality f(y - x) = F(y) - f(x) for
any y € I' and ae. x € X. Pick a non-neutral element yo of I"®. Since F preserves
'@ the element F(yp) is also non-neutral and belongs to I"®). Assertion (i) implies that
we have a Borel isomorphism /4 from a conull Borel subset of X( onto a conull Borel subset
of Yo which preserves the classes of the measures on X¢ and Yy and satisfies the equality
f(Z x {x}) = Z x {h(x)} up to null sets, for a.e. x € Xp. Forany y € I" and a.e. x € Xy,
we then have the equality i(y - x) = F(y) - h(x). It follows that the actions I" ~ X( and
I' ~ Yy are conjugate. This contradicts Theorem 9.7. o

LEMMA 9.10. Suppose that 0 is irrational. Let H be a non-trivial subgroup of E.
Then the following assertions hold:

(i) We identify E with Z through the isomorphism sending a to 1. Then for a.e. y € Yy,
the function B(-, y) from H into E is non-decreasing if 0 is positive, and is non-
increasing if 0 is negative. Moreover, for a.e. y € Yy, the function B(-, y) is bounded
neither below nor above.

(i) Ifthe action of E on (Z, &) is mixing, then the actions of H on X and on Y are both
ergodic.

PROOF. For any x € [0, |6]), any k € K and any n € Z, the integer m satisfying the
equation B(a”", (x, k)) = a™ is determined by the condition x —n + m € [0, |6]). Assertion
(i) follows.

In assertion (ii), ergodicity of the action of H on X follows from Lemma 9.2 and the
assumption that the action of E on (Z, §) is mixing. We show that the action of H on Y
is ergodic in the case where 0 is positive. The proof of the other case is similar and is thus
omitted. Let vy denote the measure on Y. We may assume that vy is a probability measure,
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and define the probability measure v = & x vy on Y. Let b be the generator of H that is
a positive power of a. It is enough to show that for any Borel subsets Aj, A» C Z and
B1, B> C Yy, we have

1 n
— Zv(bk(Al X B1) N (A2 x B)) — v(A] x B))v(Az x By)
n
k=1
as n goes to infinity (see [8, 1.2.6 (iii)]). For non-negative integers k, m, we set
Ci' ={yeBi: pO- y)=a").

For any positive integer k, we have the decomposition By = | |;-_, C}" and thus

be(Ar x By = | | @A x oFcy.

m=0
Pick a positive real number ¢. Since the action of E on (Z, &) is mixing, there exists a positive
integer M such that for any integer m with m > M, we have

[E@" A1 N Ay —E(ADE(A)] <&

By assertion (i), there exists a positive integer M> such that for any integer k with k > M>,
we have Znﬂflzgl vo(Cy") < e. For any integer k with k > M, we have

| v (A1 x B1) N (A2 x Ba)) — E(ADE(A)v(B*B1 N By) |

D E@" AN A voBFCY N Ba) — E(ADE(A2)vo(b* B1 N By)

m=0
<et| Y E@"AIN A)wB Cl N By) — E(ADE(A) (B BI N By)
m=M1
<2+ E(ANEAD| Y w®Cl' N By) —w(b*Bi N By) | < 3s.
m=M,

For any sufficiently large integer n with n > M> and n > M5 /¢, we have

‘ %Zv(b’“(m x B1) N (A2 x By)) — v(A1 x B)v(A2 x By)
k=1

Mr—1
- > v* (A1 x Bi) N (A2 x Bz))‘

k=1
n

1
+ ‘ - > " (A1 x B1) N (A2 x Ba)) — £(A1E(A2)vo(B1)vo(Ba)
k=M,

IA

n

1
— > wo(b*Bi N B2) — vo(B1)vo(B2)
n k=M,

=e+3e+8(ADE(A2)
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Mr—1

1
< de +EADEMAD~ Y w(b BN By
k=1

l n
+E(ADE(A2)| D wo(b B1 0 B2) = vo(B)vo(B2)

k=1

<4e+4+e+¢e =6,

where we use ergodicity of the action of H on Y in the last inequality, which follows from
Lemma 9.2. 0

Combining Lemmas 9.9 and 9.10, we obtain the following:

THEOREM 9.11. If 6 is irrational and the action I' ~ (Z, &) is mixing, then the
(I, I')-coupling (X, m) satisfies the following three properties:
e Theaction I’ x I' ~ (X, m) is essentially free.
e The two actions L(I") ~ X /R(I") and R(I") ~ X /L(I") are not conjugate.
e For any non-trivial elliptic subgroup H of I, the actions L(H) ~ X /R(I") and
R(H) ~ X /L(I") are both ergodic.

Theorem 9.1 is a direct consequence of this theorem.

REMARK 9.12. In contrast with Theorem 9.1, we obtain rigidity of Bernoulli shifts
of Baumslag-Solitar groups as an application of Popa’s cocycle superrigidity theorem [42].
Let I be a discrete group. An infinite subgroup H of I is called wg-normal in I if for any
subgroup Hy with H < Hy < I' and Hy # I, there exists an element y € I" \ H; with
)/Hly_1 N Hj infinite. This definition is different from that in [42]. Equivalence between
these two definitions is discussed in [40, Definition 2.3].

LEMMA 9.13. Weset I' = BS(p,q) = (a,t | taPt™" = a%) with2 < |p| < |q|.
Then {(a?) is wg-normal in I", and the centralizer of (a?) in I" is non-amenable.

PROOF. Let Hj be a proper subgroup of I" containing (a?). Either a or ¢t does not
belong to H;. Both aHia—' N H and rHit~' N H, are infinite because we have a(aq)a_1 =
(a?) and (aqz) < t{a?)t~' N (a?). The former assertion of the lemma is proved. If | p| = |g],
then the centralizer of (a?) in I' contains a, tat~! and 72 and is of finite index in I". If
Ipl < |gl, then the centralizer of (a?) in I" contains ¢ and tat~! and is non-amenable. The
latter assertion of the lemma follows. O

For a discrete group I" and a standard probability space (Xg, np) such that there is no
point of Xo whose measure is equal to 1, the Bernoulli shift I’ ~ (X, uo)r is defined by
the formula y (xs)ser = (xy—la)ge]“ for y € I' and (x5)ser € Xg. Lemma 9.13 and [42,
Corollary 1.2] imply the following rigidity.

THEOREM 9.14. Set I' = BS(p, q) with2 < |p| < |q|. Let (Xo, o) be a standard
probability space such that there is no point of Xo whose measure is equal to 1. If the Bernoulli
shift I' ~ (Xo, o)’ is WOE to an ergodic f.f m.p. action A ~ (Y, v) of a discrete group
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A, then there exist a finite index subgroup Ay of A and a Ag-invariant Borel subset Yy of Y
satisfying the following three conditions:

o The equality v(Yo) /v(Y) = [A : Agl~! holds.

e The action A ~ (Y, v) is induced from the action Ao ~ (Yo, Vly,).

o The actions I’ ~ (Xo, o)’ and Ag ~ (Yo, vly,) are conjugate.

In [9, Corollary 1.7], Bowen shows that the entropy of the base space (Xo, wo) is a com-
plete conjugacy-invariant of Bernoulli shifts of a sofic Ornstein group. The group BS(p, q) is
sofic (see [39, Example 4.6]) and is also Ornstein because it has an infinite amenable subgroup
which is Ornstein (see [9, p.218]). Theorem 9.14 implies that the entropy of (Xg, (o) is also
a complete WOE-invariant for Bernoulli shifts of BS(p, ¢).

Appendix A. Ergodic components for elliptic subgroups. Weset I" = BS(p, q) =
(a,t | taPt=! = a?) with 2 < |p| < |q|. Let dy > 0 denote the greatest common divisor of
p and g, and put pg = p/dp and g9 = ¢q/dp. We assume that g is not a multiple of p. We thus
have 1 < |po| < |qo|. In this appendix, given an ergodic measure-preserving action of I" on
a standard probability space, we discuss ergodicity of its restriction to an elliptic subgroup of
r.

LEMMA A.l. Let (X, u) be a standard probability space. Suppose that we have an
ergodic measure-preserving action of I' on (X, ). Let 0: (X, u) — (Z,&) be the ergodic
decomposition for the action of (a®®) on (X, ). We define Z as the subset of all points of Z
with positive measure. Then either £(Zog) = 0or&(Z \ Zp) = 0.

PROOF. We may assume that £(Zp) = w(®Y(Zp)) is positive. It is enough to show that
0~1(Zo) is I'-invariant. Pick y € I'. Pick an ergodic component X for the action (a®y ~
(X, ) which is contained in 6~1(Zp). Choose a positive integer n with ya"dy =1 ¢ (q%).
Let X be an ergodic component for the action of (a"%) on X. Since y X, is an ergodic
component for the action of (ya”"%y~1) on X and has positive measure with respect to 11, we
have y X1 C 6~1(Zy). It follows that y Xo C 6~ 1(Zo) and thus y0~1(Zg) c 67 1(Zp). O

Thanks to Lemma A.1, ergodic measure-preserving actions of I” on a standard probabil-
ity space (X, n) have the following dichotomy: Either almost every ergodic component for
the action of (a) on (X, ) has positive measure with respect to p, or almost every ergodic
component for the action of (a) on (X, u) has zero measure with respect to . The following
lemma focuses on actions with the former property.

LEMMA A.2. In the notation in Lemma A.l, if E(Z \ Zo) = 0, then for any non-
negative integers k, | and any z € Zo, 7' (z) is an ergodic component for the action of
(a0rbt0) on (X, o),

To prove this lemma, we use the following elementary observation on the ergodic de-
composition for a power of an ergodic transformation.
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LEMMA A.3. Let r and s be positive integers. Suppose that we have an ergodic
measure-preserving action of the group Z on a standard finite measure space (Y, v). For
non-negative integers k, I, we define Ai 1 : (Y, v) — (Wi 1, wk.1) as the ergodic decomposition
for the action of the subgroup r*s'Z on (Y, v), and assume that any point of Wk.1 has positive
measure. Then for any non-negative integers k, I,

(1) both |Wiy1,1/IWii| and |Wi 1111/ |Wi 1| are integers; and
(1) |Wit1.11/| Wk is a divisor of r, and |Wy 1411/ | Wk 1| is a divisor of s.

PROOF OF LEMMA A.2. For non-negative integers k, [, we set Ex; = (ad‘)p(k)q(l)). Let
X0 be an ergodic component for the action of Eg o on X with £(Xp) > 0. Choose a positive
integer n with p(#" Xo N Xo) > 0. We put A = X9 N 7" Xp.

Assuming that there exists a positive integer k such that the action of Ex o on X is not
ergodic, we deduce a contradiction. Let k be the minimal integer such that k > n and the
action of Ej o on Xg is not ergodic. Let X be an ergodic component for the action of Ex o
on Xo with (X1 N A) > 0. The number w(Xo)/u(X1) is then a divisor of pé bigger than
1. Since t"A C Xo, we have t"(X; N A) C Xo. For any x € X| N A and any integer r,
we have "a%P6"x = q%P6 "4 Tt follows that "X1 C (a®)Xy = Xo. The equality
t”adopgt_” = a”l"pé_n"(’)1 implies that t" X is an ergodic component for the action of Ex_,
on X¢. The number w(Xg)/u(t" X 1) is therefore a divisor of pé_"qg. If there were a divisor
of u(Xo)/m (" X1) which is a divisor of pg bigger than 1, then we would have k —n > 1, and
the action of E;_, o on Xo would not be ergodic by Lemma A.3. It follows thatk — 1 > n
and the action of E;_;1 o on Xp is not ergodic. This contradicts the minimality of k. The
number w1 (Xo)/u(t" X1) is therefore a divisor of g;;. On the other hand, we have the equality
w(Xo)/ @ X1) = w(Xo)/(X1). This is a contradiction.

We have shown that for any positive integer k, the action of Ex ¢ on Xy is ergodic. Along
a similar argument, we can show that for any positive integer /, the action of Eg; on X is
ergodic. The lemma now follows from Lemma A.3. a

Appendix B. Exotic amenable normal subgroupoids. We set I' = BS(p, g) with
2 < |p| < |q| and the presentation I' = (a,t | taPt™' = a?), and set E = (a). Let (X, 1)
be a standard finite measure space. For a certain measure-preserving action of I" on (X, u),
we show that the subgroupoid E x X is normal in I" X X. We also discuss the associated
quotient groupoid. The existence of such a subgroupoid is contrast to the property that the
trivial group is the only amenable normal subgroup of I". In fact, if there were an infinite
amenable normal subgroup N of I", then N would be elliptic by Theorem 5.1, but it would be
non-amenable by the presentation of I".

For non-zero integers d, m and n, we say that a measure-preserving action of the group
Z on (X, ) is (d; m, n)-periodic if for any non-negative integers k, [/, there exists a Z-
equivariant Borel map from X into Z/(dm*n'Z).

PROPOSITION B.1. Letdy > 0 denote the greatest common divisor of p and q, and
put po = p/do and qo = q/do. Let I’ ~ (X, i) be a measure-preserving action such that
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the action of E is (do; po, qo)-periodic. We set G = I' X X and £ = E x X. Then & is normal
ingG.

PROOF. For non-negative integers k, [, we set Ey; = (adopgq(l)). Pick y € I'. There
exist non-negative integers i, j, k and / with E; ; = E N y 'Ey and Evi = yE,',jy_l. Let
A be an E; j-invariant Borel subset of X with

X = Ao U AU - U Ay poligeli—1

up to null sets, where we set A, = a™ A foreachm € Z. Similarly, let B be an Ej ;-invariant
Borel subset of X with
X'=BoU B+ U By poltigol'~1

up to null sets, where we set B,, = a™ B for eachm € Z. We define X = | |, .y C, as the
partition of X generated by the partition of X into {A,,},, and that into {y ~' B,,'},v. Namely,
it is the partition of X so that for eachn € N, Cj, is of the form A,, N y‘l B,,v. The index set
N is finite.

Define an automorphism U of G by U(8,x) = (y8y~', yx) for (8, x) € G. For any
m € Z, we have the equalities (E; ; X X)a,, = (£)a,, and (Ex; x X)p,, = (£)B,,. It follows
that for any n € N, we have the equality

U((&)c,) = UWE:j x X)¢,) = (Exi X X)yc, = (E)yc, -
The map from C, to G sending each element x of C,, to (y, x) thus lies in Ng(£). O

Let G be an ergodic discrete measured groupoid on (X, p) with r, s: G — X the range
and source maps of G, respectively. Let§: G — Ri be the Radon-Nikodym cocycle defined
by the equality

M("0¢(A))=/A5(¢(x))d,u(x)

for any ¢ € [[G]] and any Borel subset A of Dy. The cocycle § factors through the quotient
equivalence relation of G defined as { (r(g), s(¢9)) € X x X ; g € G}. The Mackey range of
the cocycle logod: G — R is an ergodic non-singular action of R on a standard Borel space
with a o-finite measure, and is called the flow associated with G. We say that
e G is of rype 111 if the flow associated with G is not isomorphic to the action of R on
itself by addition;
e G is of type IlI,, where A is a real number with 0 < A < 1, if the flow associated with
G is isomorphic to the action of R on R/(— log1)Z by addition;
e G is of type Iy if the flow associated with G is recurrent and any orbit of it is of
measure zero; and
e G is of type 111} if the flow associated with G is isomorphic to the trivial action of R
on a single point.
Note that G is of type III if and only if G is of type III, for some A with 0 < A < 1. We refer
to [23] for fundamental results on orbit equivalence relations of type III.
As introduced in Remark 7.4, every ergodic measure-preserving action of I" on (X, )
is classified into those of type A with A € {|p/q|"}nez., U {0}. Under the assumption in
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Proposition B.1, we have the following relationship between the type of the action I ~
(X, ) and the type of the quotient G /€.

PROPOSITION B.2. In the notation in Proposition B.1, suppose that the action I'
(X, w) is ergodic. If the action I' ~ (X, ) is of type A in the sense of Remark 7.4, then the
quotient G /& is of type 11, In particular, G/E is of type 111

PROOF. Put Q = G/€ and let 8: G — Q denote the quotient homomorphism. Let
§: Q@ — RZ denote the Radon-Nikodym cocycle for Q. We define ©: G — R as D(G, &),
the modular cocycle of Radon-Nikodym type defined in Section 6.1. We also define J: G —
RZ as 3(G, &), the local-index cocycle defined in Section 6.2. Let m: I' — RZ be the
modular homomorphism. The last equality obtained in the proof of Proposition B.1 implies
that J(y,x) = 1 forany y € I' and a.e. x € X. By Corollary 6.8, we have m(y) = D(y, x)
forany y € I" and a.e. x € X. To prove the proposition, it thus suffices to show the equality
806(g9) =9(g) forae. g €g.

Let (Z, &) be the unit space of Q. Recall that the induced map 6: (X, u) — (Z, &) is the
ergodic decomposition for £. We fixy € I',andset E_ = ENy 'Ey and E, = ENyEy~\.
Let

O (X, ) > (Z-,5-) and O (X, ) > (Z4,64)
be the ergodic decompositions for the actions of E_ and E, respectively. We have the Borel
mapso_: Z_ — Zandoy: Zy — Zwithf =0_06_ =04 06,. Forae.x € X, we have
0(y,ax) =6(y,ax)f(a,x) =0(y, x). The map 0(y, -) from X into Q therefore induces the
Borel map ¢: Z — Q with ¢(6(x)) = 60(y, x) forae.x € X.

Let Y be a Borel subset of Z such that the restriction of » o ¢ to Y is injective, where
r denotes the range map of Q. Pick a Borel subset Y_ of Z_ such that o_ induces an iso-
morphism from Y_ onto Y. The element y induces an isomorphism from (Z_,&_) onto
(Z4,&1). Define a Borel subset Y4 of Z, as Yy = yY_,andset A = 6-'(Y_). The equality
yA = 9;1(Y+) holds, and o induces an isomorphism from Y4 onto r o ¢ (Y) because the
restriction of r o ¢ to Y is injective. Since the action E ~ (X, ) is (do; po, qo)-periodic,
we have w(A) = E(Y)[E : E_17' and u(yA) = &(r o ¢(Y)[E : EL]"L. The equality
wu(A) = u(y A) implies

§(rog(Y)) = MS(Y) = m(y)§(Y)
[E:E_] ’
It therefore follows that § 0 0(y, x) = m(y) fora.e. x € X. O
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