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THE LOGARITHMIC GROWTH OF AN ELEMENT OF THE ROBBA RING
WHICH SATISFIES A FROBENIUS EQUATION
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Abstract. We study the logarithmic growth of an element of the Robba ring which
satisfies a Frobenius equation over the bounded Robba ring. Chiarellotto and Tsuzuki com-
puted the logarithmic growth of analytic functions on the open unit disc with coefficients in
a p-adic local field which satisfy Frobenius equations over bounded functions of rank 2. We
extend their result by replacing those functions by elements of the Robba ring which satisfy
Frobenius equations over the bounded Robba ring. Moreover, we will see, in special cases, the
zeros of these functions have some cyclicity and the logarithmic growth can be computed by
the zeros of these function.

1. Introduction. Let p be a prime number and K a complete discrete valued field of
mixed characteristic (0, p). We denote by | | the norm of the algebraic closure K of K which
is normalized by |p| = p~'. Let A[0, 1) be the ring of power series with coefficients in K
which are convergent in the open unit disc. Let K[[x]]o be the ring of power series which
are bounded in the open unit disc. For f € A[0, 1), the log-growth of f is the growth of
coefficients of f (cf. Definition 2.8).

The log-growth of the solutions of differential equations over K [[x]]p was studied by
Dwork [8], [9], Robba, [14], and Christol [6]. Especially, Dwork computed the log-growth of
the solutions of hypergeometric differential equations, using the fact that they have Frobenius
structures [9].

Generally, the log-growth of horizontal sections of a differential module over K[[x]]o
with Frobenius structure was not known very well. But recently, Chiarellotto and Tsuzuki
showed that the log-growth polygon coincides with the Frobenius polygon in their cases by
direct computations [4], [5]. In their proof [4], Chiarellotto and Tsuzuki computed the log-
growth of f € A[0, 1) when f satisfies a Frobenius equation

aof +aif?+arf® =0 (@ € K[[x]lo. ao #0),

where ¢ (3, -0 anx") = D, - anx?".
In this paper, we consider a Frobenius equation

(1) aof +arf®+---+anf? =0 (a € Ro, ao #0),
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where Ry is the bounded Robba ring furnished with the Gauss norm | |; which will be defined
in Subsection 2.4 (see [4, Propositions 7.6, 7.7]). As a result, we will have the following
theorem.

THEOREM 1.1. Let f be a nonzero element of the Robba ring R which satisfies a
Frobenius equation

2 n
aof +aif® +arf? +---+anf” =0 (ai € Ro, ap #0).
Suppose that ay, . . . , a, satisfy the condition
@) lai/aolt > laz/aily > -+ > |an/an—1l1.
Then the limit o = lim,_, |- (log,, | f | — log, | £21,) exists and the exact order of log-growth
of f is . Moreover, o =10g, |ai+1/ail1 for some i.

This value « in the theorem is also equal to one of the slope of the Newton polygon of
the polynomial

2) ag+a X+ +a, X"

with respect to the Gauss norm. In particular, the order of log-growth of f is rational (see
[5]). We also consider the appearance of zeros of f when f satisfies a Frobenius equation (1).
If f € A[0, 1) satisfies the condition (a), then we see, for any r € [0, 1) close enough to 1,
that the difference between the number of zeros of f over the closed disc of radius r and that
of f? is independent of r (see Example 3.11).

Acknowledgment. The author is grateful to Professor Shigeki Matsuda for his helpful advice.

2. p-adic analytic function. In this section, we introduce the notation and review the
theory of p-adic analytic functions.

2.1. Ciritical radius and Weierstrass Preparation theorem. Let p be a prime num-
ber. Let K be a complete discrete valued field with mixed characteristic (0, p). Let | | be
the norm of K normalized by |p| = p~!, and extended to an algebraic closure K of K. We
denote the open disc {a € K:lal <r) by D(0,r™). For0 <rg <rq (resp. 0 < rg < rp), we
denote

Clro,ril ={a € K; ro < lal <ri},
Clro,r) =f{a e K;ro<lal <r},
and call them the annuli with radii [rg, 1] (resp. [ro,r1)). We denote the ring of analytic

functions on C[rg, r1] (resp. C[ro, r1)) with coefficients in K by A[rg, r1] (resp. A[ro, r1)),
ie.,

o0
Alro, r1] = { Z anx"; a, € K, lim |a,|r" =O0forall r € [ro, rl]},
n—too

n=—oo

o
Alrg, r1) = { Z anx"; a, € K, lim |a,|r* =0forallr € [ro,rl)} .
n—=4oo

n=—oo
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For each r € [rg, r1], Alro, r1] have the norm | |, defined by

0]

E apx"

n=—oo

= sup |a,|r" .
r

We denote the ring of bounded power series with coefficients in K by

K[lx1lo = {Zanx" € K[[x]]; sup lan| < oo}.

=0 0<n<oo

K[[x]]o has the Gauss norm defined by

o0
E apx"
n=0

Let y be an element of C[ro, ri]and f = ) _, _. anx" an element of A[rg, r1]. When
|ly| = r € [ro, r1], we can easily see | f(y)| < |f]r. Since limy,_, +o0 |a;,|r™ = 0 for any
r € [ro, r1] by definition, there exists an integer n such that | f|, = |a,|r".

1= sup |ay]| -

1

DEFINITION 2.1 ([3,2.3]). Letf =) _ . _,o0 @nx" be aLaurent series which con-
verges on C[rg, r1]. For r € [ro, r1], we define

K(r, f)y=max{n € Z; | fl; = lan|r"},
k(r, f)=min{n € Z; | f|; = lan|r"}.
In the special case where = 0 and f(0) = 0, we define
k©, f)=0, K@, f)=inf{n; a, # 0}.

We call r € [ro, r1] a critical radius if K(r, f) > k(r, f) and a regular radius it K(r, f) =
k(r, ).

By [3, Proposition 2.3.2], we have K (s, fg) = K(s, f) + K(s, g) and k(s, fg) =
k(s, f)+k(s, g) for0 #£ f, g € Alr, r]. Inparticular, K (s, 1/f) = —K(s, f) and k(s, 1/f) =
—k(s, f). Let f be a nonzero Laurent series which converges on C[rg,r1]. The set of
critical radii of f is finite [3, Proposition 2.3.1]. Let r be a regular radius of f. For any
x € K such that |x| = r, we have | f(x)| = | f],. Indeed sup,, lapx"| = |ak(r,f)|rk(”f) and
lanx™| < |k, p)lr*"I) if n # k(r, f). On the other hand, when r is a critical radius, f has
K(r, f) — k(r, f) zeros on C[r, r] with counting multiplicities.

THEOREM 2.2 (Weierstrass preparation theorem [3, Proposition 2.4.3]).  Let f be an
element of A[r1, r2]. Let r be a real number such thatry <r <ry. Letd = K(r, ) —k(r, f).
Then there exists a unique pair (P, u) of a polynomial P € K[x] of degree d with P(0) =
1,k(P,r) = 0 and K(P,r) = d, and an analytic function u on Cl[ry, ra] with k(u,r) =
K(u,r)and f = Pu.

We see by the Weierstrass preparation theorem that, for f € A[ry, rz], the set {x €
Clr1, r2]; f(x) = 0} is algebraic over K. When we regard log | f|, as a function of logr, we
have the following proposition.
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PROPOSITION 2.3. Let f be an analytic function on Clrg, r1). Forr € [ro,r1], the
map logr +—— log| f|, is a piecewise linear continuous function. When r is a regular radius,
the slope of log | f|, atlogr is K(r, f).

2.2. Valuation polygon. Let f be an element of A[/, 1). In this subsection, we will
define the valuation polygon of f. The valuation polygon of f is determined by the Newton
polygon of f. Conversely, the Newton polygon is determined by the valuation polygon of
f. The exact order of log-growth of f is determined by the valuation polygon of f or the
Newton polygon of f (see the definition of the exact order of log-growth of f in Definition
2.8). Therefore, if we want to know the exact order of log-growth of f, then we have only to
know either the valuation polygon of f or the Newton polygon of f.

DEFINITION 2.4. For f =Y 22 _ a,x" € A[l, 1), the graph of the function

n=—oo

t— inf (—logla,| —nt) = —log|f|., (logl <t <0)

oo>n>—o0

is called the valuation polygon of Laurent series f.

The valuation polygon of f is decided by the numbers of zeros of f over C[r,, r,] (equal
to K (ru, f)—k(ru, f)) for the critical radii r,, of f and the initial condition (K (, f), akq, f))-
However, if we know the data of the critical radii {r,} of f and the numbers of zeros of f
over C[ry, rp], then we can compute the exact order of log-growth of f (see Robert [15,
p- 297-p. 304]).

Let f € A[l, 1). By Proposition 2.3, there exist locally constant functions A(r), B(r)
such that log | f|, = A(r)logr + B(r). We obtain A(r) = K(r, f) and B(r) = log |ak - )|.

The function —log| f|. is not differentiable at ¢ (i.e., (#, —log|f|.:) is a vertex of the
valuation polygon of f) if and only if ¢ is a critical radius of f. If ¢ is a critical radius of f,
then K (¢, f) — k(¢, f) is equal to the difference of the slopes of log| f|.- at r = t + ¢ and
r =t — ¢ for a sufficiently small real number ¢. Therefore, if we know the number of zeros of
f over C(ry, ry) (equalto K (ry,, f) —k(ry, f)) for every critical radius r;, of f and the initial
condition (K (I, f), akq,r)), then we can compute the valuation polygon of f inductively.

Let f, g be elements of A[l, 1). By definition, | f|, = |g|, (! < r < 1) if and only if
the valuation polygon of f coincides with that of g on [—log/, 0). Assume that g is non-
constant and has only finite zeros. The valuation polygon of f does not coincide with any
translation of the valuation polygon of g f over [—log!/, 0). However, there exists r € [/, 1)
such that the set of critical radii of f coincides with that of fg over [r, 1), and for each
critical radius s € [r, 1) of f, we have K (s, f) — k(s, f) = K(s, fg) — k(s, fg) (.e.,
the valuation polygon of f coincides with that of g f over [—logr, 0) except for the initial
condition). Indeed, by [3, Proposition 2.3.2], we have K (s, fg) = K(s, f) + K(s, g) and
k(s, fg) = k(s, f) + k(s, g). If we choose r € [I, 1) such that ¢ has no zeros on C[r, 1),
then we have K (s, fg) —k(s, fg) = K(s, f) —k(s, f) fors € [r, 1). Note that s is a critical
radius of f if and only if K (s, f) — k(s, f) > 0. Therefore, the set of critical radii of f
coincides with that of f g over [r, 1).
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We will explain the relation between the valuation polygon and the Newton polygon of
f = Z,C;O:O apx". Note that, when a real number p is a critical radius, (log p, inf, {— log|a,|—
nlog p}) is a vertex of the valuation polygon of f. Let (n, — log|a,|) and (m, —log|a,,|) be
adjacent verteces of the Newton polygon of f. The slope of the Newton polygon between
these points is

—log|ay| + log|an|

logp =
n—m

Then, we have

a

log p"™™ = log | .

||
Therefore, p is a critical radius since |a,|p" = |a,|p™. Conversely suppose p is a critical
radius. By the definition of critical radius, we have k(p, f) < K(p, f) and

lak o.p) 1o = laigo, ) 0"

Hence,

_loglagp. | —loglake. )l
K(p, ) —k(p, f)

This concludes that logp is a slope of the Newton polygon of f because (k(p, f),
—loglak(p, )|) and (K (p, f), —loglakp, r)|) are adjacent verteces of the Newton polygon
of f.

2.3. Poisson-Jensen formula. In this section, we review the Poisson-Jensen formula
[3, 2.5]. Let f be an analytic function on C[ry, rz) which is not identically zero. For r €
[r1, r2), we define a counting function N (r, f) by

log p =

N, f) = Z r {k(rl, Hlogr +loglag,. >0,

log — +
81 T KO, flogr r=0.

0#zeClr,rl
f@)=0

For ri > 0 (resp. r1 = 0), let {/,,} be the strictly increasing sequence of the positive real
numbers such that {/,,} is the set of critical radii of f on the interval [r, rp) (resp. (r1, r2)).
For any real number r such that r; < r < rp, take the greatest integer k such that /; < r. Then
we have

k
NG, f) =K (r, f)logr =Y (K (i, f) — ki, f)logli if r1 =0,

i=1

and

k
N, f) = K(r, f)logr +loglak. pl — Y (K(i, f) — ki, f))logli if ri > 0.

i=1

If there is no integers k with Iy < r, then N(r, f) = K(r, f)logr.
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THEOREM 2.5 (Poisson-Jensen formula [3, Therem 2.5.11).  Let f(z) = ),z anZ"
be an analytic function on C[ry, r2) with ro < oo. Then, for all r € [r1, r2), we have

N(r, f) =loglflr i n>0,

and

N(r, f) +loglak .5l =log|fl, if 1 =0.
2.4. The Robbaring. We define the Robba ring R over K by

o
R:{ Zanx"; an € K, |ay|r* — 0 (n — oo) forall0 <r < 1 }

Nt la,|s" — 0 (n — —o0) forsome 0 < s < 1

We regard A[0, 1) as a subring of R. We define the bounded Robba ring Ry by

o0
Roz{ Z anx" € R; sup|ay| <oo}.

N=——o0 n>0

Although Ro has the Gauss norm by definition, it is not complete under this norm. We regard
K[[x]]o as a subring of Rp. R and R¢ do not have the norm | | for 0 < r < 1. However,
for each element f of R (resp. Rp), there exists a real number rg such that A[rg, 1) contains
f. Then we can define |f|, forro < r < 1 (resp. ro < r < 1). R and R¢ have Frobenius
endomorphisms ¢ : > a,x™ > Y a,xP".

Since K is a discrete valued field, we obtain the following lemma.

LEMMA 2.6 ([7], [11], [12] and [16]). Let f = Zflo:_oo anpx™ be an element of Ry.
Then, there exists a real number ro such that, for all v € [ro, 1), there existt € Q ands € Z
with | |, = rp.

PROOF. We assume that f = > a,x" € Ry is analytic on C[/, 1). We have only to
prove that f has only finite zeros on C[l, 1). Indeed we can choose ry € [/, 1) such that f
has no zeros on C[rg, 1), and then s = K (rg, f) and t = logp lak (r, )| Suppose that f has
infinite zeros on C[/, 1). Since f has only finite zeros on each critical radius, f has infinite
critical radii on [/, 1). We take strictly increasing sequence {r,},en of critical radii of f on
the interval [/, 1). By the definition of critical radius, we have k(;, f) < K(r;, f) and

k(ri., K@i, .
|k (i, 117 i) = lak ¢, )7 D i=1,2,...).

Since K (r;, f) = k(ri+1, f) by definition and r; < 1 foralli € N, we have
laxer, pl < laxes. pl < -+ <@k pl < -+

Since K is a discretely valued field, f is not bounded. This contradicts the assumption that
f € Ro. o

By the above lemma, we see Ry is a field. In fact, Ry is a henselian field [7], [11, Lemma
15.1.3], [12, Proposition 3.2] and [16].
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REMARK 2.7. Assume that K has a lift o of Frobenius endomorphism on the residue
field of K. Then o is extended to Rg so that |o(x) — x”|; < 1. Then o can be extended
to R naturally. Even if we replace ¢ by o, we can establish Theorems 2.10 and 4.1 because,
for any f € 'R, there exists a positive real number ro < 1 such that for all » € [rg, 1),
|2l = 17l = | flrv (see[11, 15.2.4]).

2.5. Log-growth.

DEFINITION 2.8. Let f = ) 72 a,x" be an element of the Robba ring R and let
a be a nonnegative real number. We say f is of logarithmic growth (or log-growth) « if
. lan|
limsup — < co.
n—oo hY
If moreover, f is not of log-growth B for any real number 8 such that 0 < 8 < «, then we
say f is exactly of log-growth . When f is exactly of log-growth o, « is said to be the exact
order of log-growth of f.

The following result is given in [6, Proposition 2.3.3].

PROPOSITION 2.9. Let rg be a real number such that 0 < ro < 1. For f € Alro, 1),
f is of log-growth « if and only if forrg < r < 1,
| £l = O(log™*(1/7)).
When f e R satisfies a Frobenius equation (1), the order of log-growth of f is given as
follows (see [4, Proposition 6.12] and [11, Theorem18.4.5]).

THEOREM 2.10. Let f be a nonzero element of the Robba ring R. Suppose f satisfies
a Frobenius equation

3) aof +arf®+---+anf” =0 (a € Ro, ap #0).
If t is the first slope of the Newton polygon of the polynomial
4) ag+a X+ +a, X"

with respect to the Gauss norm, then f is of log-growth —t.

PROOF. Note that, for g € Alrg, 1) and r € [rg, 1), we have |g¢|r = |g|,». We may
assume ag = —1. Then

f=aif®+ - +af*
=ap@f®+ - +af") +arf” ot an
= @a} +a) "+ + (@n+arad_) " +arad 1
Thus f satisfies the equality
f=a " A f

where A! °s satisfy the relations

¢I11+I‘l

(AL, € Ro),

Ap=ai (1<i<n,
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i _Ai+1 +A1 ‘Pm+l l<i<n-—1
m+1 = “m m%; (I<i<n ),

n a1 ¢m+1
AL =Aa

i .
By Lemma 2.6, there exist a real number rg, integers s; and rational numbers #; for i =
1,2,...,nsuchthat f, f%, ..., f‘P” € Alrg, 1) and

a; € Alrg, 1) with |a;|, = r% p' forr € [rg, 1).

By induction, we can easily see A}, € .A[rol/ P" 1) for all i because if g € Alrg, 1) then

g% € A[ré/p, 1) in general. Let [ be an integer such that #;/] = max;{¢#;/i}. Then, #;/1 is
equal to —¢ by definition. We have to prove that f is of log-growth #;/1.

LEMMA 2.11. Lets = max|si|co (| |oo is the usual absolute value). Forallr € [rg, 1),
|A£n|rl/pm < r—s(l+1/p+...+1/p’”)p(m+i)z,/z G=0.. . ..n.
PROOF. We use induction on m. Form = 0 and r € [rg, 1), we have
|A6|r = laj|, = r¥ip'i < r~Spitill < p=spit/l,

Therefore, the case m = 0 is true.
We assume that the assertion is true form = k. For1 <i <n —1landr € [rg, 1), we
have

. i1 k+1 1
Ay |yt < max(AET e lal T ALy )
We evaluate the right-hand side. We setu = r1/? € [rg, 1). Then by the induction hypothesis,

we have

i+1 _ it —s(14-—+1/p5) _(k+i+1)1/1
|A! |rl/pk+l = |A! |u1/ﬁk <u ( /p )p( i/

< r—s(1+w+1/pk+')p(k+i+1)tl/l 7

¢k+l

1 1
|al Aklrl/pk+l = |ai|r|Ak|rl/pk+l

< s pit/l i u—s(l+---+1/pk>p<k+1>n/l

_ r—s(1+1/p+m+1/pk+1)p(k+i+1)z,/z )

Therefore, the assertion is true fori = 1, ..., n — 1. We can also prove the assertion fori = n
by the same way. Hence the lemma is proved. O
We continue the proof of Theorem 2.10. We fix r; € [rg, 1). Note rl_S(H"'H/I’W) <

rl_‘gp/(p_l) for all m. By Lemma 2.11,
[Flyom < max (A5, 1o | £ 1)
=0(p"" = 0@og ™! (1/r'/7")) (m — o0).

We may assume that | f|, is an increasing function over [rp, 1). For any v € [rg, 1), there

. . l/pm l/pm-H .
exists an integer m € N such thatr, <v<r -Sinee | fl, 1y < | fly < |f|r11/pm+l,
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we have

|flv = 0dog™"!(1/v)) (v — 1)
by the inequality above. Therefore, f is of log-growth #; /1 by Proposition 2.9. O

REMARK 2.12. Under the assumption of Theorem 2.10, f may not be exactly of log-
growth —¢. Let f be a nonzero element of the Robba ring R which satisfies (3). Then f also
satisfies a Frobenius equation of degree n + 1:

1 n n
(5) F¢(aof+a1f¢+---+anf¢ )+ (aof +arf®+---+an f?)=0.
If we take an integer k large enough, the first slope of the Newton polygon corresponding (5)
is larger than inf{c; f is of log-growth « }.
PROPOSITION 2.13. Let f be an elementin'R. Ifthere exists a real numberry € [0, 1)
such that —K (r, f)logr < « for anyr € [ro, 1), then f is of log-growth «.
PROOF. Accordingto [10, p.21], we have

N, f) :/ @dl—i— ol) elr.l)).

0

By this equality, we have

NG, f):/r K(tt’ D+ o
ro
_/’ —K (¢, f)logt

dt+0(
—tlogt +o)

0

" w
5/ dt + 0(1)
ro —tlogt
= —alog(—logr) + O(1).
Theorem 2.5 implies the inequality
log|flr < —alog(—logr)+ O(1).
We see that f is of log-growth «. a

3. Ciritical radius.

3.1. Condition (B;). Let K be a complete discrete valued field with mixed character-
istic (0, p) and ¢ a Frobenius endomorphism Y a,x" +> > a,xP". Let f = Y anx" €
Alro, 1). We say o € K is the zero of f if f(«) = 0, and we count the number of
zeros of f with multiplicities of zeros. Let o be an element of the set {& € K;la| €
[ro, 1) and f () = 0} and «!/? a fixed primitive p-th root of o. Then a!/?¢ is an element of
theset{a € K; a € [ré/p, 1), f®(@) =0} foralli =0,1,..., p— 1, where ¢ is a primitive
p-th root of unity. Conversely, any zero of £ over C[ré/ P 1) can be written like this. We
can easily see the following proposition holds.
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PROPOSITION 3.1. Let f be an element of Alrg, 1), and {r;}; the set of critical radii
of f over [r,1). Then the set of critical radii of f® over [ré/p, 1) is {rl.l/p}. Moreover, we
have pk(l, f) = k(I'/?, f®) and pK (1, f) = K(1VP, £?) for anyl € [ro, 1).

PROPOSITION 3.2. Let f be an element of A[l, 1). Let {r,},>1 be the strictly increas-
ing sequence such that {r,} is the set of critical radii of f on the interval [I, 1) (resp. (0, 1))
ifl >0 (resp. 1 =0). Forr € [l, 1) (resp. r € (0, 1)), let n and m be the greatest integers
with r, <r and r,,l1 P < y. Then we have an equality

log £l — log | f* I, = (K Grar 1) — k", %)) log r

(6) .
= > (K@j. ) —k(rj, f))logr .

j=m+1

PROOF. By using Proposition 3.1 and the Poisson-Jensen formula, we obtain

log| fl, = log | £* |, = N(r. f) = N(r. f*)
= (K (ra, £) = k("' £7)) log r
—Z (K(rj, f) —k(rj, ) logr;

J
m

=1
+ Y (KGP ) — ke 7)) logr )
j=1

= (K(rar ) — kGl £9)) logr

n

= Y (K@), ) = k(). [))logr;.

j=m+1
a

Let f be a nonzero element of the Robba ring R which satisfies a Frobenius equation
(7 aof +arf®+---+af¥ =0 (a; € Ro, ao #0).

Leti = mini<j<,{j; a; # 0}. If | f|, is an increasing function with respect to r, then we
have

log |l —log | f* |- =loglai f* + - +anf*"| — loglal, —log | f*|,
< maxlog |a; f*'|,} — log|ai - — log| f*'|,
J=t
=max{log|/*’|, —log|f*'|: +logla; -} — log lail,
j=t

= I}.lgﬁ{loglajl} —loglailr +0(1) =0(1).
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DEFINITION 3.3. Leti be a natural number. For a nonzero element f € R, we say f
satisfies the condition (B;) if there exists a real number 79 € [0, 1) such that

log| fI, —log| f*'|; = O(1) forr € [ro, 1).
The following lemma can be seen easily.

LEMMA 3.4. Let f, g be nonzero elements of the Robba ring R.
(i) If f satisfies a Frobenius equation (7), then f satisfies (B;) for some i.
(i) If f satisfies (B;), then for any k € N, f satisfies (Bg;).
(ili)  f satisfies (B;) if and only if f? satisfies (B;).
@(v) If f, g satisfy (B;), then f g satisfies (B;).

By the Poisson-Jensen formula, we obtain the following proposition.

PROPOSITION 3.5. Let f be a nonzero element of A[ré’[, 1) which satisfies (B;). If
we write forr € [rg, 1)

log | f1, —log | £, = A(r)logr + B(r) ,

where A(r), B(r) are locally constant functions, defined by Proposition 2.3, then we have

(8) |A(r)logr|x is bounded on (g, 1),
) 0 < B(r) is bounded on (rg, 1),
(10) B(r) € log|K|.

In particular, the set {B(r) ; r € [ro, 1)} is finite.

PROOF. We will prove the assertion in the case where i = 1. The other cases are proved
similarly.

The assertion (10) follows from the definition of the norm | |,. It follows from (6) that
0 < B(r). Since f satisfies (Bj), the assertion (8) implies the assertion (9). Therefore, we
have only to prove the assertion (8). According to [10, p.21],

(11) N, f) =/ @dl +0(1) (r elrp 1))
ro

where O (1) is a bounded function. Therefore, for any r € [ré/ P 1), we have

log|fl, —log| f?|, =log|fl —log|fl»
ZN(V,f)—N(Vp,f)
=/ L(Z’ Darv o

P

z/r Mdﬂroa)

P

—1
= P27 k@r, fylogr? + 0(1).
P
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Since f satisfies (Bj), the left-hand side is bounded for any r € [rg,1). Therefore,
|K (r, f)logr|s < 00. Since A(r) = K(r, f) — K(r, f?) by (6), we have

|A(r) logrleo < |K(r, f)logrlo + K (r, f?)1ogr|e
=0 + K, fHlogrPlee = 0(1).
O

3.2. Condition (4;). Let f be anonzero element of the Robba ring R which satisfies
(B;). By the definition of (B;), there exists a real number rg such that, for r € [rg, 1),

log|fl, —log | f*], = 0(1).
However, we do not know the existence of b € R and r; € [0, 1) such that
log|f| —log|f?|, =log|bl, for r € [r,1).

DEFINITION 3.6. Leti be a natural number. For nonzero f € R, we say f satisfies
the condition (A;) if there exist b € Rg and /1 € (0, 1) such that

(12) log| fly —log | /*'|, = log bl forr € [l1, 1).
The following lemma is verified easily.

LEMMA 3.7. Let f be a nonzero element of the Robba ring R.

(1) If f satisfies (A;), then f satisfies (B;) and (Ay;) for any natural number k.
(ii) f satisfies (A;) if and only if f? satisfies (A;).
(i) If f, g satisfy (A;), then f g satisfies (A;).

When f satisfies (A;), the exact order of log-growth of f is calculated as follows.

PROPOSITION 3.8.  Let f be a nonzero element of the Robba ring R which satisfies
(Ai). Then f is exactly of log-growth lim,_, - (log,, | f|, — log,, L2/

PROOF. By definition, there exist an element a € R( and a real number ro € (0, 1)
such that for all » € [rg, 1)
log| 1, —log| f*|, = log|al, .

By Lemma 2.6, there exist a real number 1, an integer k and a rational number ¢ such that
lal, = r*p’ for any r € [r1, 1). We will prove f is exactly of log-growth ¢/i. We fix a real
number r such that » € [max{rg, 71}, 1). Then

i k li i k li
|F 1ot =l it LfO i =PI PR i = PP F e
for each integer /. Hence for any nonnegative integer n, we have

o ont k(1) pi41/ pEapet1/ pth
|f| 1/pni = pr |f|r
ri/p .

Since

PR/ 1 pP e 1 p™) k(D) (n — 00),
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we have
|fl, i = O(p™) = O(og™/*(1/r'/P™))  (n — o),
|l # olog i1 /rP")) (- 00).
By Proposition 2.9, f is exactly of log-growth ¢/i. O

The condition (A;) has the following properties.

PROPOSITION 3.9. Let f be a nonzero element of the Robba ring R. Assume f, f¢ €
All1, 1). Let {rp}nen be the strictly increasing sequence of critical radii of f over the interval
[{1, 1). Then the following conditions are equivalent.

(i) f satisfies (A;). ‘

(i) (a) There exist an r € [l1, 1) and an integer m such that rii, = r,:/pl for any
critical radius ri, > r, and
(b) for almost all critical radii ry, the number of zeros of f is equal to the number
of zeros of f"’t over Clrg, rr].

(iii) For any r close enough to 1, the difference between the number of zeros of f and

the number of zeros of f% over C[r, 1) is constant.

(iv) Foranyr € [l1, 1), the difference between the number of zeros of f and the number

of zeros of f*" over C[r, 1) is bounded.

PROOF. (i) = (ii). Assume f satisfies (12) for some b € Ry. Then for some li ell, 1),
the valuation polygon of f coincides with that of bf ¢ over [/, 1). Therefore, the set of
critical radii of f coincides _With that of bf ‘Pi. Hence, the number of zeros of f over C[ry, r¢]
coincides with that of b f¢’ over C[r, r¢]. Since b has only finite zeros over C[li, 1) by
Lemma 2.6, there exists a real number /> such that the set of critical radii of f coincides with
that of f¢l over [l2, 1) and, if rx > [, the number of zeros of f over C[ry, rr] coincides
with that of f ?' over Clrx, rr]. Hence the assertion (b) is true. If ry > [, then there exists an
integer ¢ such that ry, = r,l/ r by Proposition 3.1 because the set of critical radii of f coincides

with that of f ¢ over [{2, 1). Then we see ri4n, = rt1 f_gl for any nonnegative integer n and the
assertion (ii) is true.

(i) = (iii). Itis trivial because the zeros of f exist only on the critical radius of f.

(iii) = (i). By assumption, there exist an integer A and real numbers B and / such that
log|fl, —log|f? |, = Alogr + B for any r € [I, 1). Then it is obvious that B € log |K|.
Therefore, there exists a rational function b € K (x) such that log |b|, = Alogr + B for any
r € [l, 1). Therefore, f satisfies (A;).

Since (iii) = (iv) is obvious, the rest is to prove (iv) = (i). Write

log | f| — log|f?|, = A(r)logr + B(r),

where A, B are locally constant functions. Since A(r) is bounded by assumption, B(r)
is also bounded. Moreover, we have A(r) € Z and B(r) € log|K|. Therefore, the set
{(A(r), B(r));r € [l, 1)} is finite. Hence log|f|, — log |f¢[ |- as a function of logr has
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only finite non-differentiable points. Therefore, for any r close enough to 1, A(r) and B(r)
are constant. Hence (i) holds. ]

The next proposition follows from Propositions 3.8 and 3.9.

PROPOSITION 3.10. Ler f be a nonzero element of the Robba ring R which sat-
isfies (A;). If we write (logp | flr — logp |f¢l |r)/i as (6), then _(Z;l‘=m+1(K(”j’ f) -
k(rj, f))log,r;j)/i is independent of r for any r close enough to 1 and it coincides with
the exact order of log-growth of f.

EXAMPLE 3.11. (i) v :=log(l +x) = anl(—l)”_lx"/n has N; = pi(p — 1)
zeros on the annulus {x € Q?,lg; |x| = p~/P' =Dy of radius r; = p~1/P' =D fori e {0} U
N and one zero at the origin. By Proposition 3.1, v satisfies the condition (ii) of Proposition

3.8 and hence v satisfies (A1). For r € [p~1/(P~D 1), take the greatest integer n such that
p~/P"(P=1) <y Then

n—1
log, [vl; —log, [v*|, = (K (r, v) — K(r, v'p))logpr—ZN, log, ri + Y _ pNilog,r r/P
i=0 i=0
n n—1
=<1+ZNi—p—ZpNi>logpr
i=0 i=0
n .
=2 _p'(p = Dlog, p~ /7Y
i=0
n—1 "
. _ i+ _
+Y p(p—Dlog, p /PP
i=0

=1.

v is exactly of log-growth 1 by Proposition 3.8. On the other hand, v satisfies a Frobenius
equation. In fact, we see that ¢ := v — v?/p is an element of Z pl[x]] by an easy calculation.
Therefore, v satisfies the Frobenius equation

1 AW c g
y—= —+—¢ y +—¢y =0.
p c pc
Needless to say, it is obvious that v is exactly of log-growth 1 by definition.
(i1) See Tsuzuki [16, Example 6.26]. Assume p # 2. We set

((2n — 1>")2
ki Z &7)"n!

where 7 is a solution of equation xP M= —pand @2n — D' =1x3x---x2n—1). u
satisfies the differential equation 4y8§(u) +4(y — 2m)8y(u) + yu = 0 with §;, = yd/dy and
a Frobenius equation. By direct calculation, we can see the vertices of the Newton polygon
of u are ((p' — 1)/2, —i/2) fori € {0} U N, the critical radii of u are r; = p~1/P'®P=1 for
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i € {O}UN and, u has N; = p’(p—1)/2 zeros on the annulus {x € Qi‘,lg; x| = p_l/p'(p_l)}
of radius r; = p~/P"(’=D for i € {0} U N. By Proposition 3.1, u satisfies Proposition 3.9
(ii). Therefore, u satisfies (A1). For r € [p~1/(P~=D 1), fix the largest integer n such that
p~/P"(P=1) <y Then

log, [ul, —log, u?|,

n n—1
= (K(r.v) = K(r.v*)log,r — > Nilog,ri + »_ pNilog,r;/”
i=0 i=0
n n—1 n pi(p 1 ]
= <ZNi—ZpNi)logpr—Ziz logpp_l/p (P=D
i=0 i=0 i=0
n—l 4] .
pPi(p—1) 1/ ity
+Zflogpp 1/p™ (p=1)
i=0
p—1 1
= log, r + 3

Therefore, u is exactly of log-growth 1/2 by Proposition 3.8. Moreover, Tsuzuki computed
the corresponding Frobenius slope is 1/2.

4. Special cases. Let f be a nonzero element of R which satisfies a Frobenius equa-
tion

(13) aof +arf®+---+anf? =0 (@ € Roao #0).

Assume ag, ..., a, f € A[ré’n, 1). We define the symbols
i j k
Lj={r € lro. D lai f® Iy = la; f*' I, = sup lae f"1,},
k

i k
L={relro,1); lai f |, = suplax f* |/},
k
Lry=LN0[r1), Lijr)y=1ILN0[r1).
Since f satisfies (13), we have

(14) U #i=00D.

0<i<j<n
The aim of this section is to prove the following theorem (see [4, Proposition 7.6] in the case
of rank 2).

THEOREM 4.1. Let f be a nonzero element of the Robba ring R which satisfies a
Frobenius equation

2 n
aof +arf®+arf? + - +anf? =0 (s €Roag #0).
Suppose that ay, . . . , ap satisfy the condition

@) lai/aoly > |laz/arly > --- > |lap/ap—111.
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Then f satisfies (A1). Moreover, [ is exactly of log-growth1og, |aj+1/ail1 for some i.
To prove Theorem 4.1, firstly we prove the following lemma.

LEMMA 4.2. Let f be a nonzero element of the Robba ring ‘R which satisfies a Frobe-
nius equation (13). Assume

lai/aply > max |aji1/ail; .
n—1>i>1

Then there exists a real number Ry € [0, 1) such that r € Iy(Rp) implies rl/r e Ipi.

PROOF. By definition, there exists a real number rg such thata, ..., a,, f € A[ré7 , ).
By assumption, we obtain

lai/aol1 > lai+1/ailr G=1,....,n—=1).
Since each ay is bounded, Lemma 2.6 implies that there exists a real number r; such that
lai/aoly > lai+1/ail,yp (G=1,...,n—1)
forall r € [r;, 1). Put Rg = max{r;} and take r € Iy(Rp). Then we have
log | f21,1p —log | f*"" 1,1, =log | 1, —log | f*'I,
> logai/aoly
> loglajy1/atl, iy
fori = 1,...,n — 1. Therefore, |a1f¢|r1/p > |ai+1f"5i4rl |,i/p fori =1,...,n — 1. By the
equation (14), we conclude rl/r e Iy O

The same argument implies the following lemma.

LEMMA 4.3. Let f be a nonzero element of the Robba ring ‘R which satisfies a Frobe-
nius equation (13). We also assume

min |a;11/ail1 > |an/an-111 .
n—2>i>0

Then there exists a real number Ry € [0, 1) such that r € I,(Ro) impliesr? € I,_1 5.

PROOF. There exists a real number rg such thatao, ..., a,, f € .A[réj , 1). By assump-
tion, we have

lan—1/ail1 > lan/ai+1l1 G =0,...,n—2).
Since a; € Rp, by Lemma 2.6, there exists a real number r; such that for all » € [r;, 1),
lan—1/ailrr > lan/ais1lr .

We will see that we can take Ry = max{rl.l/ P}, Suppose there exists 7 € I,,(Ro). Then we
have

i n—1 i+1 n
log | £ I, — log | f*" 1,0 =log | £ |, —log| £,
<loglan/ait1lr

<loglay—1/ailrr
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. -1 i . .
fori =0,...,n—2. Therefore, |an_1f¢” = |a,-f¢' |- fori =0, ..., n—2. By equality
(14), we conclude r? € I, ;. O

LEMMA 4.4. Let f be a nonzero element of the Robba ring ‘R which satisfies a Frobe-
nius equation (13) and assume that the condition (a) of Theorem 4.1.

(1) Iflo(Rg) = I1(Rg) = --- = Ix_1(Ro) = @ for some Ry € [0, 1), then there exists
Ry € [Ro, 1) such that r € Iy (Ry) implies rl/p e Ik k41
(i) If I,(Ry) = I,—1(Ry) = -+ = Ixy+1(Ro) = @ for some Ry € [0, 1), then there

exists R1 € [Ro, 1) such that r € Iy (Ry) implies r? € Iy_1 k.

PROOF. (i) The condition (a) implies |ak+1/ak|1 > max,—1>i>k+1 |ai+1/ai|1. We can
also show the lemma by the same augments. O

By Lemma 4.4, we can calculate the order of log-growth under the condition (a) of
Theorem 4.1.

PROPOSITION 4.5. Let f be a nonzero element of the Robba ring R which satisfies a
Frobenius equation (13) and assume that the condition (a) of Theorem 4.1 holds.

(1) IfIp(Ro) = L(Rg) = -+ = Ir—1(Ro) = @ for some Ry € [0, 1) and Iy (r) # O for
any r € [Ro, 1), then f is exactly of log-growth log , |ax+1/ak|1.
(i) If I,(Ro) = In—1(Ro) = --- = Ix+1(Ro) = ¥ for some Ry € [0, 1) and Ix(r) # @

foranyr € [Ro, 1), then f is of log-growth log , lax/ak—1l1.

PROOF. (i) We prove the assertion in the case where k = 0. For a general k, the similar
proof works. By definition, there exists a real number r¢ such that ag, ..., ap, f, f ¢
f‘P” € Alrg, 1). By Lemma 2.6, there is a real number r; € [0, 1) such that |a; /ag|s = p’sk
with some t € Q and k € Z forany s € [r1, 1). We fix r € Ip(max{rg, r1}). Using Lemma
4.4, we have rl/rt e Ip; for n > 0. Therefore, we have

latl, i/p k k
Flen = oo o |2 n = P PP £ = PP fL
/p
| 1 F1/p2
k k
e = o 1FO e = PP 110 = PP f L
rl/p
lail i/ k t k/pt
o = i 1 e = PP g = p P
r1/p

By these equalities, we see

2 eee 1
| £l = pntrk(l/P+1/P +-+1/p )|f|r-

Since

PRQA/pH D41 p") k(=) 2 ) (1 = o00).

we have

| flym = 0(p™) = O(log™" (1/r)!/7")
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and

| flm # o(log™ (1/n)VP") .
By Proposition 2.9, f is exactly of log-growth r =log, |ail1/laol:.
(i)) We note that f and f% have the same exact order of log-growth. By the assumption
and Lemma 4.4 (2), there exists a real number ry which satisfies the following properties:

o Iy(ro) = In—1(r0) = -+ = Ix+1(r0) = ¥, and Iy (r) # @ for any r € [ro, 1),

e ag,....an, f,..., f? € Alro, 1),

o |ay/ag_1|, = p'r® forall r € [rg, 1),

o ifr € Ix(ro), thenr? € Ij_1 k.
By assumption and Lemma 4.4 (ii), there exists a sequence {#,},en Which satisfies the fol-
lowing conditions:

o iy € Ik—1k,

e t1 €lro,)andt, € (t,—1, 1) ifn > 2,

o t, > 1(n— 00).

Forn € N, there exists m = m(n) € N U {0} such that

1/p™ 1 m+1
(15) r P <t <)
By the definition of ry and ¢#,, we have 1P e Ix—14 fori = 0, ..., m. By the definition of
k—1 k . . i .
Te—1 x> we see |ag—1 [ | b= lax £ | yi fori =0,...,m. Since ryg < t?, we obtain
tﬂ tﬂ

k—1 spt ¢ k spt ¢ k—1
|f¢ |tpi = tnp p |f¢ |tpi = tnp p |f¢ |tpi+l
n n

n

fori =0, ..., m. Therefore,

k=1 s(I4p+p2+-+p™" k=1
|f¢ = t,i( p+p p )pt(m+1)|f¢ lz"mﬂ .
n

Since we may assume | f|, is an increasing function, we have the formula of inequalities

k=1 k=1 S(Ipp>tp™) t(mt1)) gt
FAS RS VA R A S AR

n

—|sloc 141/ p+--4-1/p™ k—1
<7 Isloo(1+1/p /p )pt(m+1)|f¢ o = O(p' " +D)y

by (15). Since m(n) — oo as n — oo, we conclude that f is of log-growth ¢t =

log,, lak/ak—1l1. O

PROOF OF THEOREM 4.1. There exists integers k1, ko with 1 < k; < kp <n — 1 such
that Io(Ro) = I1(Ro) = -+ = I;—1(Ro) = 0, Iy, (r) # ¥, In(Ro) = In-1(Rp) = -+ =
Iiv1(Ro) = O, I,(r) # . Then by Proposition 4.5 (i), f is exactly of log-

growth log , |ax,+1/ak,11. On the other hand, by Proposition 4.5 (ii), f is of log-growth
logp |@ky+1/ak, |1. Thus we must have k1 = kp. Since there exists a real number r € [0, 1)
such that Iy, x,+1(r) = [r, 1), f satisfies (Ay). O
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COROLLARY 4.6. Let f be a nonzero element of R which satisfies a Frobenius equa-
tion (13) and the condition (a) of Theorem 4.1. Let i be an integer such that f is exactly of
log-growthlog, lajt1/aili. Then K(1, aiy1/a;) is divided by P

PROOF. With the hypothesis of Theorem 4.1, suppose f is exactly of log-growth
logp |ai+1/ai|; for some i and |a,~f¢l lr = |a,~+1f"5’+l |- for any r close enough to 1. If we put

log|fl, —log|f?|, = A(r)logr + B(r),

then K (r, a; +1/a;) = p' A(r) is divided by p'. O
Lety = (y1, ¥2, ..., Y») be a nonzero element of R". Set the exact order of log-growth
of y; by ;. We define the exact order of log-growth of y to be « = max{a;}. Let y =
(1, y2, ..., yn) be anonzero element of R" such that
by 1 i ¢ i
: : =y :
by, 1 Yn—1 Yn—1
bn Yn Yn

where by, ...,b, € Ry, and y € K with |y| = p)‘. Then, according to [4, Lemma 6.18], the
exact order of log-growth of ¥ equals to the exact order of log-growth of y; and y; satisfies
the Frobenius equation
¢! ¢" 2 ¢

bn ¢H bl’l—l ¢n71 bl ¢
16) yi o+ ottty =y

J/n—l 1 J/;1—2 1 y 1

COROLLARY 4.7. With the above condition, assume the first slope of the Newton poly-

gon associated to the polynomial

1+b1X +byX?> 4 4 b, X"

is o. Then yi is of log-growth A — a. Moreover, we assume log, [bi|1 < log, |b2/bi|1 <
- < log, |bn/bn—1l1. Then the exact order of log-growth of f is one of 1 +1og,, |bi]1, A +
log, [b2/bil1, ..., A + log, |bu/bp—1l1. If the exact order of log-growth of f is A +
log,, |bi+1/bil1, then K(1, b;) is divided by p. In particular, if K(1,bj) is not divided by
p forall j, then y is exactly of log-growth . — «.
PROOF. By [4, Lemma 6.18], the first slope of the Newton polygon of the polynomial
¢! ¢" 2 ¢
bn bn—l -1 b]
J/n_lX”vaX” +---+?X—i—l
is @ — A. Hence, y; is of log-growth A — « by Theorem 2.10. Assume log, |[b1]1 <
log, |b2/b1l1 < --- <log, |bn/bu—1l1. By [4, Lemma 6.18], the slopes of the Newton poly-
gon of polynomial (16) are —log,, |bi1|1—A> —log,, |b2/b1|i—A>"---> —log,, |by/bp—1|1—
M. Therefore, the exact order of log-growth of f is one of A+log , |b1]1, A+log, |b2/bil1, .. .,
A + log, [bn/bp—1l1 by Theorem 4.1. Moreover, assume [ is exactly of log-growth A +

A7)
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i i—1
log, |bis1/bily for i = 1. By Corollary 4.6, lim, - K(r,b?,,/b? ) = lim,_-

- - i+1
(K(r,b%, ) — K(r, b? ")) is divided by pf. Since lim,_ - K (r, b)) is divided by p!
i—1 .
and lim,_, ;- K (r, b;p ) is divided by p’_1 by Proposition 3.1, lim,_, - K(r, b;) is divided
by p. O
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