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ON THE FOURIER COEFFICIENTS OF JACOBI FORMS OF INDEX N
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Abstract. Skoruppa and Zagier established a bijective correspondence from the space
of Jacobi forms ¢ of index m to that of elliptic modular forms f of level m. Gross, Kohnen and
Zagier formulated this correspondence by means of kernel functions. Moreover, they proved
that the squares of Fourier coefficients of ¢ are essentially equal to the critical values of the
zeta functions L(s, f, x) of f twisted by a quadratic character .

The purpose of this paper is to prove a generalization of such results concerning liftings
and Fourier coefficients of Jacobi forms to the case of Jacobi forms of index N over totally real
number fields F. Using kernel functions associated with the space of quadratic forms, we shall
establish the existence of a lifting from the space of Jacobi forms ¢ of index N over F to that
of Hilbert modular forms f of level N over F. Moreover, we determine explicitly the Fourier
coefficients of f from those of ¢. We prove that an analogue of Waldspurger’s theorem in the
case of Jacobi forms of index N over F holds.

Introduction. In [13], Skoruppa and Zagier succeeded in establishing a bijective cor-
respondence from the space of Jacobi forms ¢ of index m to that of elliptic modular forms f
of level m, which commutes with the action of Hecke operators. Gross, Kohnen and Zagier
[4] formulated this correspondence by means of kernel functions. Moreover, they proved that
the squares of Fourier coefficients of ¢ are essentially equal to the critical values of the zeta
function L(s, f, x) of f twisted by a quadratic character x. Shimura [10] generalized Wald-
spurger’s theorem [14] on elliptic modular forms of half integral weight to the case of Hilbert
modular forms of half integral weight over totally real number fields.

The purpose of this paper is to prove a generalization of such results concerning liftings
and Fourier coefficients of Jacobi forms in [4] and [13] to the case of Jacobi forms of index
N over totally real number fields F. Using kernel functions associated with the space of
quadratic forms, we shall establish the existence of a lifting ¥p, ., from the space of Jacobi
forms ¢ of index N over F to that of Hilbert modular forms f of level N over F'. We prove
that an analogue of Waldspurger’s theorem in the case of Jacobi forms of index N over F
holds. We refer to [15] for a generalization about an arithmetic of Heegner points in [4] to the
case of Shimura curves over totally real number fields. We also refer to [12] for some property
of Jacobi forms over totally real number fields.
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To prove our results, we need to generalize the methods in [4] to those of the case of
totally real number fields. Our idea of the proof is to apply the reciprocity law for quadratic
residue symbols due to Hecke [5] and Shimura’s results about Gauss sums.

Section 0 is a preliminary section. In Section 1, we shall introduce Jacobi forms and
quadratic forms over totally real number fields F'. We discuss the property of genus characters
of quadratic forms over F.

In Section 2, we study a relation between Gauss sums and genus characters of quadratic
forms over F. We represent the genus character as a certain sum of Gauss sums in Proposition
2.1, which is a key lemma for our later arguments. Compared with the case of the rational
number field, the proof of Proposition 2.1 is delicate and difficult because of the complexity
of the computation of Gauss sums at even primes and its sign of Gauss sums. We overcome
those by performing a precise calculation of Gauss sums. Furthermore, we need to determine
the square of a certain Gauss sum &(a). It is difficult to compute €(a), but e(a)? is determined
by Shimura [9, p. 286]. By those fortunate circumstances, we may derive our results.

In Section 3, we discuss modular forms attached to the space of quadratic forms and
Poincaré series for the Jacobi group. We shall determine explicitly Fourier coefficients of
those. The constant terms of the former modular forms contain Gauss sums associated with
quadratic character. Applying a results given in [11], we can calculate it explicitly.

In Section 4, we introduce a kernel function which is a sum of modular forms mentioned
above. In Theorem 4.1, we shall deduce that this function can be represented as a sum of
Poincaré series. Comparing Fourier coefficients of both sides, this formula may be reduced to
Proposition 2.1. Employing this kernel function, we shall construct a lifting ¥p, ., from the
space of Jacobi forms ¢ of index N over F to that of Hilbert modular forms f of level N. By
virtue of Theorem 4.1, we determine explicitly the Fourier coefficients of f from those of ¢.
Moreover, we show that ¥p, ,, is commutative with the action of Hecke operators.

In Section 5, we discuss a certain period integral of Hilbert modular forms attached to
quadratic forms. As an application of a basic identity of kernel functions in Theorem 4.1, we
shall deduce that the squares of Fourier coefficients of ¢ are essentially equal to the critical
values of the zeta function D(s, x, (Dio)) of f twisted by a quadratic character (Dio) under the
assumption of multiplicity one theorem concerning Hecke operators.

We mention that Shimura [10] formulated an analogue of Waldspurger’s theorem in the
case of Hilbert modular forms of level 2N and our result is a generalization of his result in the
case of Hilbert modular forms of an odd level N. We note that Baruch and Mao [2] proved a
Waldspurger-type formula in the totally real number field.

0. Notation and preliminaries. We denote by Z, @, R and C the ring of rational
integers, the rational number field, the real number field and the complex number field, re-
spectively. For an associative ring R with identity element we denote by R* the group of
all its invertible element and by M,, ,(R) the set of m x n matrices entries in R. We put
My(R) = My, ,(R). Let GL,(R’) (resp. SL,(R")) denote the general linear group (resp. spe-
cial linear group) of degree n over a commutative ring R’. Throughout this paper, we fix a
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totally real algebraic number field F' of degree n with class number one and denote by a, h,
0, dr, and 0, the set of all archimedean primes, the set of all non archimedean primes, the
maximal order of F, the discriminant of F and the different of F relative to Q, respectively.
We denote by E the unit group of F. Let 71, ..., 7, be the isomorphisms of F into R. For
eacha € F, we put ) = 7,(ex) (1 < v < n). We consider an isomorphism L : F — R"
defined by

(0.1) L) =(@V,...,a"™) forevery a € F.
Foreacha € F, we put N(a) = [/, .
We assume that
[E:ET]=2" with ET ={eec E;e> 0},
where o > 0 means o > 0 (1 <i <n)fora € F. We see that
Et=E?>={e’>,c € E}.

We fix an element § such that 0 = (§) and § > 0. For an integer ¢ € o, the sum Za(c)
(resp. Za(c)*) indicates the sum over representatives for all residue classes (primitive residue
classes) modulo c.

1. Jacobi forms and quadratic forms over totally real number fields. Let N be an
element of o satisfying N >> 0. We put

To(N) = {y - (‘C‘ Z) € SLy(o) N|c},
(1.1) \
TH(N) = {y = (Z d) € GLy(0); Nicand dety > O}.

We denote by $§ = {z € C; JI(z) > 0} the complex upper half plane. We define actions of
y =(9%) € SL2(0) on H" and H" x C" by
(1.2)
aWzy 4+ bW a™z, + b
Dz +dD 7 ¢+ qm
aWr +pD a™t, +b™ _ 21 Zn
C(l)l'l + am’ " C(n)[n + dm’ C(l)l'l —+ am’ C(n)l'n + dm

z—> y(@©@) =<

(t.2) > v(r,2) =<

for every z = (21,...,2,) € " and for every (t,2) = (t1, ..., Tn} 21, ---,2n) € H" x C"
respectively. We also define an action of (1, ) € 0> on §" x C" by

(T,2) = MW 2) =@,z AV 0Dz W, 4 ™)
for every (t,z) € " x C". Forz = (z1,...,z4) € C" and o € F, we put

n
a-z=@Vz,...,a"z) and wz=3)"z.

i=1



364 H. KOJIMA

Given z € C, we put e[z] = exp(27iz). Furthermore, for z € C and (k, p) € Z? with p >0,
we define z¢/P = ((’/E)k with —/p < arg &z < n/p. Given z = (z1,...,2n) € C",
k=(ki,....k,) € Q",l € Qanda € F, we put z£ = ]_[?lef" and of 1 = TT/_; (@D)ki—L,
Furthermore, ford € C, I = (1,...,1) € C" and k = (ky,...,k,) € Q", we write as
d = dI and d* = (d - ¥ if there is no fear of confusion. Let N and k = (ki, ..., k,) be
elements such that N € o, k € Z" and k;(1 < i < n). We consider a holomorphic function
¢(t,z) on H" x C" satisfying the conditions:

@) ¢(y(w2) = (et +2)F [t(N( 2’ ))}( )
) ¢(y(r,2)) =(ct+2)e|tr s\ g o(t,2),

(1.3) (i) ¢, w)(r,2) = e[ —tr <%(x2z + 2Az))i|¢(r, z), and
i g = ; 2C(n,r)e[tr (gf + gz)}

forevery y = (¢5) € SLy(0) and for every (A, 11) € 0%, where

n 2 ANIO) (i),2
; Nk N[ cz N c\Wzs
k _ @), (ki o _ I A
(ct+2)" = | |(c 5 +d"), e[tr<8 (cr+d>>i|_e|:é O (c(")r,'+d("))i|’

i=1

n @) . .
[ ~w(Forremn)| e - 3 5 (0020 206) ).

i=1

w(Ze 4+t (Y d 4Nn—r> =0or4Nn—r>> 0
el tr gr—i—gz =e ZI: —T; + , an n—r-=0or n—r->0.
1=

5O T SO
We denote by Ji n the set of all such functions ¢. We call such ¢ a Jacobi form of index N
and of weight k. Moreover, we say that ¢ is a cusp form if the following condition is satisfied.
(iv) cn,ry=0 if4Nn — 72 is not totally positive.

We denoted by J,fjjl‘:,P the set of all cusp forms ¢ € Ji n.
We introduce the Jacobi group ray ={y, (,w):y € SLy(0), r, u € o} deter-
mined by the group law

(1.4) s O w) - (v, O 1) = vy, sy + G )

for every y,y’ € SLy(0), (A, ) and (', ') € 0%, We define an action of (y, (A, n)) €
r'(1)’ on $" x C" by

b A
(15) (1.2 = (. (A,u)>(r,z>=(”+ it ”“)

ct+d  ct+d
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for every (1, z) € " x C". For a function ¢ on $" x C" and (y, (A, u)) € I'(1)”, we define
a function ¢|x n (v, (A, 1)) on H" x C" by
Plin(y, b m)(T,2) = (et +d)*

(1.6) [ (N(—c(z+kr+u)2
X el tr _

2
— p—— + A r+2kz+ku>>}¢(% (A, ) (1, 2)

8

for every (7, z) € " x C". Given two Jacobi forms ¢, ¢’ in J,f}lj\s,p, we introduce their inner
product (¢, ¢’) defined by

(L.7) (¢, 9" =/ (7, 2)¢'(z, z)vke_4”Ny2/3”v_3dxdydudv
F(I)J\f)” xC"

withz =x+iye C"and t = u +iv € $". We refer to [3] for basic facts on Jacobi forms.
Here we recall the notion of the quadratic residue symbol given by Hecke [5]. For o and
B in o satisfying (2, 8) = 1, we define a symbol (%) by

(5)=0()
(1.8) i=1
(g) =#{xeo/p;; x> =a (mod p;)} — 1,

1

where (8) = [}_; p;’ with an odd prime ideal p; (1 <i <'s). Suppose that p € 0 and A € o
satisfy the following conditions:

(1.9) A>0 and A=p> (mod 4N).
We consider a set of quadratic forms Ly ., defined by

Na b)/2
b/2 ¢

s

Lyap= {Q =[Na,b,c] = (
(1.10)
a,b,ce 0,b2—4Nac=AandbEp(m0d2N)}.

The group I'H(N) actson Ly 4, , by
Qoy="yQyforeveryy € In(N)and Q € Ly, a,p -

Let us assume that Dy is an element of o such that Dy|A and A /Dy is square modulo 4N.
Moreover, we impose the following condition:

ASSUMPTION 1.11. Dg <« 0, (Dg,4N) = 1, the finite part of the conductor of the
abelian extension F (/Dg) over F equals (Dp) and Dy = Jrf‘ - 'JTZ* with distinct primary odd
prime elements 77 of F (1 <i <1).

Here an integer 7" is said to be primary if it is odd and congruent to the square of an integer
in F modulo 4.
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We define a genus character xp,(Q) by

<ﬂ) it (a.b,c, Do) =1
(1.12) xoe(@ = {\Dg) " T ETO= 0

0 otherwise

for every Q = [Na,b,c] € Ly a,p, where m is an element of o such that (m, Dp) = 1
and m = aN;x% + bxy + chy2 for some Ni, N, x and y € o with N = NjN, and
N1 > 0, N2 > 0. By Hecke’s reciprocity law for quadratic residue symbols, we see that

(1.13) <ﬂ) - (@) (sgnm)
Dy (m)

F(/Dy)/F
(m)

for every odd m € 0—{0}, where ( ) means the Artin symbol of the abelian extension

F(y/Dg)/F and sgn m = []\_, m®D /|mD|. By some modification of the arguments in [4,
p. 510], we may verify the following lemma.

LEMMA 1.1. The notation being as above, suppose that Dq satisfies Assumption
(1.11). Then the function xp, is Io(N) invariant and has the following properties.

xpo([Na,b,c]) = xp,([Nai1, b, caz]) xp,([Naz, b, ca1])

(1.14) _
if a=aas, (a1, a2) =1,
(1.15) xpo([Na, b, c]) = xp,([Nc, —b, al),
_ Nia Noc
(o nasb.eh = () (57)

for any splitting Do = D1 D> of Do and N = N| N such that Ny > 0, Ny > 0, (D1, Nia) =
(D2, Noc) = land xp,([Na, b, c]) = 0 if such splitting does not exist.
PROOF. Straightforward analysis using Assumption 1.11 and the quadratic reciprocity

law proves the lemma and so we only prove (1.16). For simplicity, we may assume that
Dy = Hf:l 7 and Dy = H§:k+1 7. We have

m ! m
(1.17) xpo ([N, b, c]) = (D_O) _ (?) .
i—1 i

1

If1 <i <k, then (&) = (“ﬁi‘) since m = aN1x% + bxy 4+ cNay? implies that 4aNym =

(2aNix + by)2 — Ay2 and that 7 divides A. Similarly (%) = (Cﬂiﬁ) ifk+1<i <. This
yields that

_ Nia Noc
(118) XDO([NCI, b, C]) = <D—1) (D—2> .

We may omit the details of the remainders of the proof. O
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2. A relation between Gauss sums and genus characters and a key proposition.
Suppose that rg, ng, r, n, b € o satisty the condition:
2.1 Dy =r3 —4Nng, D=A/Dy=r>—4Nn and b=ror (mod 2N).
We consider a polyominal F(x, y) determined by
F(x,y)= Nx? + roxy + n()y2 +rx+sy+n with s = (ror —b)/2N .
Given an integral ideal (a) in F, we define a sum F, by

22 Fa=FN,ron0,rs,m=IN@I™ > ) e[tr(AF(x’y)ﬂ'

as
Ma)* x,ye(a)

PROPOSITION 2.1. Letrg, ng,r,nandb € o be elements of o satisfying (2.1). Suppose
that Dy satisfies Assumption 1.11.Then

d
IN@[' (F())Fa/d

(23) (d)|a,d>0
[ xpy(INa, b, (b* — A)/4Nal) if a|(b> — A)/4N,
“]o otherwise .

PROOF. By the property (1.14) in Lemma 1.1, we may reduce (2.3) to the case where
a = 7! with a positive prime element 7. First we consider the case where (77,2) = 1 and
7 fDo. We can assume that a|rg. Therefore

2.4) F, = N(a)_1 Z e[tr(An/8a)]G4 (AN, Ar)G4(Ang, AS) ,
Ma)*
where
G,(A,B) = Ze[tr((sz 4+ Bx)/éa)] = \/N(a)s(a)<é>e[— tr(B2(4A)_1/8a)]
a
x(a)

and £(a) = Y. () eltr(x?/8a)IN (a)~"/* with (4)~! an element of o such that (41)~!. 41 =
1 (mod a) for (I,a) = 1.
Therefore we have

2 1 2 -1
2.5) F, = N(a)™! Z N(a)8(0)2<%)e[—tr<)‘(r (4N)™" + s°(4ng) )—)\n>:|'

o da

Put C = Ns? + ro(—sr) + nor? + nDy. Then
Dy'C=—@ne) 's* — @N)'r? +n (mod a),
which yields that

F, = Z s(a)2<%> <_71>e[tr(x(z)o)—1C/5a)].

Ma)*
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By virtue of Shimura [9, Prop. 1.2], we have

=5 (3)

(a) a

(2.6) e(a)? = <

It implies that
D D
Fa=Y_ <—O>e[tr(A(Do)_1C/8a)] = <—°> > eltr(AC/8a)].
a a
Ma)y* Aa)*
Therefore we obtain that
d d Dy
2.7 oA )Fa= D ()= > elu(rC/sa)l.
Do Do) \a/d
(d)la.d>0 ()a,d>0 May*,(ha)=d

Applying the quadratic reciprocity law, we find that
a .
(—)N(a) if a|C,

d
(2.8) 3 (D—O)Fa/d = (Dio) 3 eltr(xC/8a)] = { \ Do

(d)|a,d>0 Ma) 0 otherwise.

When 7| Dy, it is easy to prove the required result using a method similar to that of [4] and
the quadratic reciprocity law. So we may omit the details.
Next we treat the case where 7|2 and (%) = —1. We put

(2.9) N =#{(x,y) € (0/7)?; F(x,y) =0 (mod 7)}.
By the argument in [4, p. 510], the equality (2.3) fora = 7!, (I = 1, ...) is equivalent to

> 14 N@)=s!
(2.10) Y NGEHNEH T = % Y =DENEH,
=0 k

where k runs through Z under the condition that k > 0 and 7Tk|(b2 — A)/4N. We need to cal-
culate N (r') explicitly. Since we can reduce the problem to that of 7 -adic integers, we can as-
sumethat N = 1,79 = landr = 0. Put K= F(/Dy),0x = {@ € K ; «is anintegerin K},

wo = (=1 ++/Do)/2 and Dy = 1 — 4ng. Let Fr, K, 0, and ok, denote the -adic com-
pletions of F, K, o and o, respectively. For x and y in o0, , we can check that

xz—i—xy—i—noyz—i—sy—i—n:a&—i—sy—i—n

D(( o +s)< o +s))+s2+nDo

=—D\| =+ )|l—=+7+ —_—,

VDo  Do/\v/Do Do Dy

where @ = x — wpy, [ € K and [ is the conjugate of [ in K. Observe that any integer [

in K is written as [ = o/+/ Do + s/ Dy for some « = x — wpy with x, y € 0,. Hence it is
sufficient to consider only the case where s = 0. Let us assume that s = 0. Note that

.11

(2.12) (b* — A)/4N = n(1 — 4ny) .
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Let ¢ = ord, n be the largest number of / such that !|n. First we discuss the case where
e = 0. By the property of the norm, we may derive that
(2.13) N = N(@)N(').

Therefore we need to calculate N (). We denote by Uk, and Up, the unit groups of K
and Fy, respectively. By the local class field theory, there is a surjective mapping Nk, /F, :
Uk, — Ug,, where Nk_/r, (0) = aa with @ € K, which yields a surjective mapping
Nk, F, : (0K, /7)™ —> (0F, /7). Therefore we find that

(2.14) N(r) = #(Ker Nk, /r,) = N(z) + Land N(7') = (N() + DN (@)~
Next we assume that e = 2¢’ (¢/ > 1). Put & = (7¢)"'n/Dy. Then
(2.15) N(r') = #a € og, /7' Ni,/F, (@) = 7€ (mod 7')}.

Take an element @ of o, /nl and let k = ord; «. Then we can represent « as « = 7k’ for
some &’ € Ug,_. When 2¢’ < [, an easy computation implies that

Ny =#{d € (oKﬂ/rrl‘E/)X : Nk, /F, (@) =& (mod 7l=2))

(2.16) / |
=#(x,y) € (OFﬂ/ﬂl_e Yo x4+ xy+noy? +7n=0 (mod 7' 72)}.
Put
x=cotam+ ot eaem T gy !
and

— /_ _/_
V=T Ay 1 T g

From (2.14), we find
N@h) = (N() + DN () =2 YN (r)l—¢ 172D +1y2
2.17)
= (N(m) + DN@)' .

When 2¢’ = [, we have 7T2k_lNKﬂ/Fn(Ol/) = & (1). Therefore, ¢ < k < I. If n¥a/ =
7%« (mod 7!) for some o/, a” € Uk, , then

(2.18) o =a" (mod /7%y,
For a € Uk, , we can represent o as
a=cy+cim+---+ cl_k_lrrl_k_l + - -+ with (co) € (0k, /7)*

and (¢;) € (ok,/m) (1 < i), where ¢; € 0k, (i > 0) and (c¢;) is the residue class containing
c;. Therefore we have

(N2 — DN@HIR=1 if o <k <1,

(2.19) #a e (UKn/”[_k)X}z{l if k=1

which yields that N(;TI) = N(nz)l_l,. When 2¢’ < [, we also obtain
N = (N@) + DN @) .
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In the same fashion, we can determine N (') explicitly in the case of odd e. If 7|2 and
(%) = 1, the calculation may be reduced to the case where F(x, y) = xy. Long and

tedious calculation prove our assertions but we omit the details. O

3. Modular forms associated with quadratic forms and Poincaré series for the
Jacobi groups. Let k = (ki,...,k;) be an element of Z" with k; > 1 (1 < i < n).
We denote by Sox (I0(V)) (resp. Sak(IH(N))) the space of cusp forms of weight 2k with re-
spect to IH(N) (resp. TH(N)). Since ET = E?, we easily see that Sox (IH(N)) = Sax (IH(N)).
Given A and Dy satisfying (1.9) and Assumption 1.11, we define a function fi v, 4, p,p,(2)
on " by
(3.D SN, A,p,Dy(2) = Z XDO*(IQE( forevery z = (z1,...,2,) € 9",

Oclnnn 0@z, 1
where Q(z, Hf = H?=1(N(i)a(i)zi2 + WDz 4+ DYk with Q = [Na, b, ¢). This series con-
verges absolutely and uniformly on compact sets. If Dy # 1, by Lemma 1.1, we may verify
that fx v, a,p,D,(2) belongs to the space

~ 1
(32) My (NyEPo = {f € S (Io(N)) f( - N_z> = (=Nz»)*(sgn Do)f(Z)}

with sgn Do = [/_, sgn D(()i). Fora € oand p € 0/2No, we put
SN.a.p.a = {b €0/2Nao; b—p € 2No and b> — A € 4Nao}.
We determine Fourier coefficients of fx v, 4,p, D, (2) explicitly as follows.

PROPOSITION 3.1. The notation being as above, suppose that A and Dy satisfy (1.9)
and Assumption 1.11. Then the Fourier coefficients of fr N, A,p,D, (2) is given by

(33) fenappo@ =Y ckn(m, A, p, Doeltr(mz/5)]
m>0,meo

12 Qm)k

T (m?/52.2)*k=D/2

cen(m, A, p, Do) = i*(sgn Dg)~

i*(sgn Do)'/?

n 2,42 1/4
NG, (v/27)" (N (m* /82 A))

I a6 -
=1

VN () ;

)

n
< > TIN®1a®@n~"Asgna)* Sya(m. A, p. DO)Jk_I/Z( Nla|s

aco—{0}i=1

where

n n
(sgn Do)™1/2 = [Jsen D)2, (sgn Do)'/* = [ [ (sen DY),
i=1 i=1

n
(sgna)* = [ J(sgna®)

i=1
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(m/f
enss(m, A, p, Do) = Dy
0 otherwise ,

) if A=DGf*(f>0), flm, Dof =p (mod 2N),

enss(m, A, p, Do) + enys(m, A, —p, Do) if (—1)¥sgnDy =1,
enys(m, A, p, Do) — enys(m, A, —p, Do) otherwise,

b2 A mb 7rn1\/2§
S 7ZL 71) — ﬁJ b _ t —_— ,J —
Na(m, A, p, Do) Z XDo([ @b —Na De[ r<2Na8>:| ¢ 1/2< N|a|8>

beSN4,

(’)A/A(’ o0 (t 2)k +2v;—1/2

mm

= l_[ Jki—172 and Ji,10() = Y _(=1)" / -
N(z)|a(z)|5(z) - il (ki +v+1/2)

PROOF. Foreacha € o — {0}, we put
b — A pr— A\ *
a :E Na,b, —— | ) Naz2 + b
fin @ XDO([ “ 4Na i|)< ar bt 4Na )
. Na b b’ — A
- XDO aa 3 4N6l

(34) beS.ap.a

b*—A\*
X Z(Na(z+n)2+b(z+n)+ )
P 4Na

=Y cinm, 4, p, Doeltr(mz/8)],

meo
where the sum ) _ is taken over all b € o satisfying b = p (mod 2N), b* = A (mod 4Na).
Applying the Poisson summation formula, we have
2

—k
35 > (Na(z 1P b D+ _aA> = cap(meltr(mz/8)],

leo meo
where
coticy oco+icy ) b2 A —k mz
Ca,p(m) = / / (Naz +bz+ ) [ tr< )}dz
¢ «/N((S coticy sotic 4Na 8
with a constant ¢; (> 0) (I < i < n). The substitution ¢t = —i(z + b/2Na) produces the
relation
2 : - A
3.6 N b =— Nla|t? + ——
(3.6) az” + bz + NG (sgna)( |a| +4N| |>

Therefore we obtain
Ca,b(m) — (_ Sgna)kem'tr(bm/éNa)

ooticy ocoticy . -
/ 2ntr((m/5)l)<N|a|t + —) (in)dt'

3.7)
\/N(‘S /oo+1c1 oo+icy 4N| |
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Here we recall the following formula (cf. [1, 29.3.57]):

1 n oo+icy oo+icy A —k
<_> / / e2”““<N|a|t2 + —) dt
2mi —oo+icy —ooticy 4Nla|
ak@nk-1/2 <7u/Zl
k—1/2

— J
= ]_[;'zl(N(’)|a(’)|)1/2Ak/2—1/4(k — ! Nla|
0 otherwise.

) if 1> 0,

This implies that

(— l)k(Sgna)k2k+1/27Tk+l (m/a)k—l/Z

| AK/2=1/4) T NDaD |k — DIVN ()

(3.8) ¢ y(m, A, p, Do) = am~/ A
N xXSna(m, A, p, Do) Ji—1,2 - it m>0
Nla|é
0 otherwise.
We put A = D(z)f2 (f > 0)and
(3.9) Ryv@ =Y xpy(10, b, Dbz + )",

b,c

where b and ¢ run through o under the condition that b2 =Aandb = p (mod 2N). Observe
that b = £ Dy f. Let us consider the case where

(—D¥(sgn Do) = —1, Do f # p (mod 2N) and — Dof = p (mod 2N).
We easily check that

(3.10) f,gN(z) = Z (Dio)(DonJrC)_k.

By the quadratic reciprocity law, we have

—c\ _ (¢ —1 [ c (sgn Do)
Dy) \DoJ\ Do) \Do sn -
Therefore we obtain

—k
0 - o L
(3.11) fiw@ = =I5 1 Z<Do><fz+ |D0|+n) '

r(Dg)* neo
Applying the Poisson summation formula, we confirm that
@m)kik
VN@)(k —1)!
_ r Wr
X (n/8)" 1( (—)e[tr(—)])e[tr(,u z/8)].
Z / Z Do 8| Dol 1%/

peot r(Do)*

fn(@ = =Dy
(3.12)
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For each r coprime to Dy, we may find an element 7" € o such that
r=r" (mod Dg) and (2,7) =1.
Hence by (1.13), we have

% ()5 - (T e e (5857)]

r(Do)*
By Shimura [11, A 6.3,4], we obtain that

(3.13) Z (DLo)e[tr<8|MDro|>:| _ <Dio)inn|D(()i)|l/2'
r(Do)*

i=1

Therefore,

—1/2;k @n)*

Ry@= > (sgnDy)

—_ |
(3-14) m>0,meo (k D!
_ 1 B

X (mz/SZA)(k 1)/2W|DO| 1/231:{://5(m, A, p, Dyeltr(mz/8)],

where |Do|~/2 = TT7_, ID{”|7!/2. We can prove the following formula similarly for the
remaining cases.

k
0 _ —1/2:k 2m)
= D R
Ra@= 3 eennny
(3'15) m>0,meo
_ 1 _
x (m? /8% 4)* Wzmwm 1263 5(m. A, p. Do)eltr(mz/8)].
Therefore this proves the proposition. o

Next we introduce a Poincaré series for the Jacobi group. We define

rla = {((é ’i‘) (0, u)) er’():npe 0} and
e i,n (T, 2) = eltr((n/8)T + (n/8)2)].

Givena (n,r) € 02 satisfying r2—4Nn « 0, we define a function Pi.N.(n.r)(T,2) on " x C"
by
(3.16) Penvan(@d = Y hny(t.2).

y e\ (1)
It is easy to verify that Py n .- (7,2) € J,f}lj\s,p for every r? — 4Nn < 0. The function
Py N.,(n,r) (7, 2) s characterized by the property:

(@, PN, (n,r))

1
(3.17) — p(n, YN (SN)3/2271(N (N /8)) 12

I'(k—3/2)
7["‘3/2|(4Nn _ r2)k—3/2|
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for every ¢(7,2) = Y ecowy P relte((n'/8)T + (' /8)2)] € J . where C(N) =
{(n,r) €0?; 4Nn —r?> > 0}and I'(k — 3/2) = [[/_, (ki — 3/2).

PROPOSITION 3.2. Letk = (ki,...,k,) be an element of Z" such thatk; > 1 (1 <
i <n) and put

n/ r/
P ,2) = el =T+ —z)].
kN, (n,r) (T 2) Z Ck,N, () (T )e[ r < 573 Z>:|

(n’,r"YeC(N)

Then the Fourier coefficient cx N .r) (1, ') is determined by

ck N, 1) =8y 5, ) + M (V2m) (NN f8)) T

3.18
CI0 Ne Dy > (sgnc)kHN,c(n,r,n’,r’)Jk_a/z(

T D’D)
ceo—{0}

Nic|s

where D' = (r')2 —4Nn', D = r?2 — 4Nn,

Snisn,ron' 1) = 1 if D'=D,r"=r (mod 2N),
O 0 otherwise,

SN/(S(n’ran/5r/)+8N/8(naran/a_r/) lf‘(—l)kzl’

+ ’o
) n,r,n,r) = .
N/s¢ ) {SN/g(n,r, n',r'y —8nss(n,r,n’, —r’)  otherwise,

n
Hy . (n,r, I’l/, r/) = 1_[ |C(i)|—3/2

i=1

X Z etrl Ekz—i—zk—i—z _1+n_’ +r—/)» el tr rr’
\s st s )P 5P 2Nse ) |

p(e)*,A(c)
PROOF. We see that

N[ —cz? at+b 2AZ
P, ,2) = d —k t - )"2
kN, (n,r) (T, 2) Z(CT+ ) e[r<8 (c‘[ +d+ cT +d+C‘E +d>)i|
(3.19) edr

<o (D) e G id)]

with (¢ 5) € SLy(0), where ¢, d and 1 run through elements of o with (c,d) = 1 and 1 € o.
Let us consider the contribution of the summation (3.18) from ¢ = 0. Put

—k N 52 n oo r 2
Z & e[tr (X(k & r+2k8z))}e[tr (58 t)}e[tr (5(514—)»5 T)>i|

ecE, \eo
n' r
— ~ /’ / t - -z
Zc(n r)e[ r<8 T+ 82)i|

n',r’

(3.20)
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with n’ = e2(NA2 +n +ri) and ' = €(2AN + r). Then (+')2 — 4Nn' = 2(r2 — 4Nn),
which yields that

("2 —4Nn'
—4Nn

Since the Fourier coefficient c(n, r) of a Jacobi form equals c(e2n, er) for every ¢ € E,itis
sufficient to consider only the case where (+/ )2 —4Nn' = r?2 —4Nn. We assume that ¢ = +1.
Therefore, we can calculate ¢(n’, r’) explicitly.

Next we discuss the following summation.

N( = b 212
Z (ct+d)Fe| tr [ — €z +Azaf+ N 7
§ \ct+d ct+d ct+d
(3.21) odreocEl (D=l
nfatr+>b N z 4t 4 b
Xeltr| — el tr|{ — + A '
dler+d § \et+d ct +d
Note that
at+b a 1 7 at+b  z—ajc .
crd o ’ + = 24,
ct+d c clect+d) crt+d 1 d p—— ;
Azar—i—b A—2 cz? _ c(z —1/c)? 524
ct+d ct+d ct+d ctt+d -

Therefore (3.21) becomes

1/N n d A
22 (=24 = -1} | c .4
(3.22) Z c Z e[tr<c<5 +7 5 + 3>d ﬂ k,N,c,(n,r)<T+ ok C)

ceo—{0} d(c)*,A(c)

N _ B)2
o= B (2]

o,B€o0

(5 laera) M (G(770)]

_ ., n r’
= Z r(n,r)e|:tr<§t+gz)i|.

n',r'eo

with

Applying the Poisson summation formula, we obtain
m

()+zoo +ioo n'
rn',r'y = (N©)~ /%2 el tr| — =1
(1) —ioco ci")—ioo )

(l) (/1)

+ioo +ioco NZZ rz n V/Z
o Y N [ E TSy Vo
P —ico P —ico ot dct Sctt 8

(3.23)
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with constants CY) > 0 and cg) > 0 (1 <i < n). We can check the following equality.

Na e _nr

(Stz et 8c2t 8 .
N 1 (r ,) 2 . D . D't n n't rr’
=——z—==(-—7r — )+ — - .
s\ 2N \¢ ANC2ST T 4NS 5 2Ncs

Therefore we find that

r(n,r') = (N(2N/8))‘1/2e[tr (i)}
2Nc
(3.25) N

[ +ioo ci")+ioo T 1/2 D/'L' D'L'_l
x/ / <—> t_ke[tr< +—2)i|d‘r.
cgl)—ioo ci”)—ioo 1 4A4NS 4Nédce

If D’ is not totally negative, we see that the integral (3.25) vanishes. If D’ < 0, we confirm
that

(3.24)

r(n',r'y = Qru)"(N@N/8) 2N (©$)™!

/
el tr —rr i—klck—3/2|(D//D)k/2—3/4
2Néc

. (n) | .

1 < +i00 c “+i00 i , (s—s_l)/Z
% : o §—k+1/2,(27 /ANSc|)(D' D) ds
@iy Jow_ e

(3.26)

ioco ioco

Observe that the integral in (3.26) is equal to

T[(D/D)l/z

2mi)" Ji—
Qmi)* Jk 1/2( Nicls

) (cf. [1,29.3.80]).

This completes our proof. O

4. A basic identity between Gauss sums and Kloosterman sums. In this section,
using a kernel function, we construct a lifting from the space of Jacobi forms of index N to
that of modular forms of level N. Define a function $2¢ v, p,,r, (w; 7, z) on H” x (H" x C")
by

$£2k,N,Dy,ro(W; T, 2) = Ck,N, Dy

4.1 B o
( ) e Z(4Nn —r2)k 1/2fk7N’Do(r2_4Nﬂ),r0r,D0(w)e|:tr <g7: + 5Z>i|

(n,r)
with ¢, v, D, = (—2i)k_12"_1N(3)_3/2N1‘k7r—kIDS_WI, where (n, r) runs over ¢(N). We

first prove the following theorem concerning the property of the above function
2k, N, Dy,ro (W5 T, 2)-
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THEOREM 4.1 (A basic identity). Suppose that Dy = rg —4Nny satisfies Assumption

1.11. Then

(42)  S2uN.Dy.ry(W; T, 2) = ck.n.pp ) Kk — 1)1 1eThFL2

_ d , mw
X ka ! ( Z (D_o)(d )kPk+1,N,(n0(d’)2,r0d/)(Ta Z)>e|:t1‘ (T):| )

dd'=m,deot JET

where m runs through all positive integers in o.

PRrROOF. Comparing Fourier coefficients of the both sides of (4.2), it is enough to prove
the relations

(D/Do)*?en5(m, DDy, rro, Do)

43 d i
4.3) _ Z (D_O)(m/d)kgw(g(%no,%m,n,r)

(d)|m,d>0

and

Sna(m, DDy, rrg, Do)

44 d m* m
@) - ¥ (D—>|N<a/d>|”2HN,a/d (ﬁno, Zron, r)
(@\(ma),d>0 >0

with D = r?> — 4Nn < 0. The proof of (4.3) is easy. So we may omit the details. The proof
of (4.4) may be reduced to the following equality.

bZ_DOD (b—ror)m
4.5) > xn()([Na’ b, W])e[“ <W>}

bESN,a.rro,DDO

_ d
=INa@I™" ) (D—0)|N(d>|

(d)|(a,m),d>0

> e[tr<(a/1d)5<<m2+ i (%)Z”O)p_l +”p+rk>)}

pe(a/d)*,»e(a/d)

for every a € o — {0}. Since both sides are periodic with period a as functions of m € o, we
apply the Fourier transform to the above functions on 0/ao. Consequently we need to verify
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that
- b>— DD
V@I Y ano([Na’b’ TOD
hESN,a,rrO,DDO m(a)
[ <((b —rr9)/2N — h/)mﬂ
el tr s
(4.6) ¢

=Na&*) ) (l)%)zwd)—1 >

m(a) (d)|(a,m),d>0 pla/d)*x(a/d)

" e[tr <(N)\2 + (m/d)ror + (m/d)2ng)p= + np +rk — h,(m/d)ﬂ
(a/d)s :

Put h = 2Nh' + ror. Then the left-hand side of (4.6) is equal to
{XDO([Na, h, (h* — DyD)/4Nal) if h* = DyD (mod 4Na),
0 otherwise

4.7

and the right-hand side of (4.6) becomes
d
—1 —1
IN@IT' Y (D—O) IN(a/d)|
(d)|a,d>0

[ <p(NA2+r0mk+nom2+rk—h’m+n)>:|
X Z el tr .
(@/d)s

(4.8)

pla/d)*,x,m(a/d)

By virtue of Proposition 2.1, (4.7) is equal to (4.8). This proves our assertion. O
Let ¢ € J.\ . Define a function ¥p, ,(¢) on §" by

4.9) YDy,ro (@) (W) = (@, 2k N, Dy.ro (—W; %)) .
Then, by virtue of Theorem 4.1, we have

YDo.ro (@) (w)

(4.10) - ¥ < 3 (Dio)dk—lc((m/d)zno,(m/d)ro))e[tr<%>}

meo,m>0 * (d)|m,d>0

with ¢(7,z7) = Z(n’r)ec(N) c(n,r)e[tr((n/8)Tr + (r/8§)z)]. By our definition and the relation
(3.2), we can see that Wp, ,, (¢) belongs to Moy (N)se" Do,

We recall the definition of Hecke operators on the space chfﬁ y (cf. [3]). Let A = (1)
denote an odd ideal satisfying (2, 2DoN) = 1 and [ > 0. Given ¢ € J,f}lj\s,p, we define a
function T y ()¢ by

(4.11) Tin@¢(r, ) =14 > pln(M, x)(7,2),
M xeo?/l0?

where M = (44 runs through SL>(0)\M2(0) under the conditions that det(M) = [* and
the ideal g.c.d(a, b, c, d) is square. We see that Ty n ()¢ belongs to J,(C’UI;P and its Fourier
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coefficients are determined by the relation

“.12) Tv@P) @ = Y C*(n,r)e[tr<§r+§z>:|

(n,r)eC(N)
with
c*n,r) = Z a*2e5 4y, (@@, r'),
(@),(n’,r")eC(N)
where the summation is over all ideals (a) and (n’, r’) € C(N) such that
all®>,  a®|\I>(r* —4Nn), a *1?(r* — 4Nn) = square (mod 4),
a2?(r* —4Nn) = (') —4Nn', ar' =Ir (mod 2N), and

2 _ 2
IN(HI <%> if there exists f such that
£,2_4nn(@) = (r* —4Nn)/f* = square (mod 4), f*|a
and (a/f?, (r> = 4Nn)/f?) =1,
0 otherwise.

THEOREM 4.2. Suppose thatk; > 1 (1 < i < n) and ¢ belongs to Jka]ITN. Then
UDy.ro (@) (W) belongs to Mo (N)*E" 20 and the following diagram is commutative:

'3
Jeusp Do.rg Moy (N)SE Dy

k+1,N
4.13) Tk+1,N<p)l lTZk,N(P) ,
JkCiSle ——> Moy (N)¥" 0
’ v,

Dy,ro
where p is an odd prime satisfying (p, 2DoN) = 1 and Tri n(p) is the Hecke operator on
M (N)¥E Do,

PROOF. We prove that the diagram is commutative. We put p = (I). Let ¢(7,z) =
Z(n’r)ec(N) c(n,reltr((n/8)T + (r/8)z)] be an elelemt of chfﬁN. Then

Tn®é@ = Y c*(n,r)e[tr(gwgzﬂ

(n,r)eC(N)
and
c*(n,r) = Z ak_15r2_4Nn (@)e(@',r).
(a),(n’,r")eC(N)
We have

¥YDo.ro (Th+1,8 (P) ) (W)

M B (@) e i) ()

meo,m>0  (d)|m,d>0
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We see that
m\2 m _
(4.15) c*((g) no,gro> = Y e anmg @),
(a),(n’,r')eC(N)

where a|?, a*|I?(m/d)*(r§ — 4Nno), (I/a)*(m/d)*(r§ — 4Nng) = (r')*> — 4Nn'.
If a = I2, then

2
m m
(4.16) l‘ = (E) (r3 —4Nng) = (r')> — 4Nn’ and € /a2 12 —aNmg) @) = N (D) .

If a =1, then

[

2
m
(4.17) (E) (rg —4Nng) = (r')* — ANn' and &, 42,2 _4nny) (@) = <D_o> :

(See [5, Th.167].) If a = 1, then
2
m
(4.18) 12<5) (rg —4Nno) = (/)> —4Nn' and ¢ ,, S22 —aNng @ = 1.

We see that
Yoo (Tk+1,8 (P) @) (W)

- 202 @) i) ()]

meo,m>0  (d)|m,d>0

d 2
we T (85 5

(d)|m,d>0

We put

and

- m'w
Tk N D) ¥Dpr@) W) = Y c(m’)e[tr (T)} .
m’'€o,m’>0
By definition, we have
&'y = c(lm”) if 1 m',
T eumy + 12’/ if Lim.
When, [ fm’, we have

d Im'\*>  im’
cm'y = Z <D_0>dk_lc<<7) no, 7r0>

(@lim

[ d m\*  m
=) X (5 ) () o)

(d)|m’
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d m'\2  Im'
— a2 = — ).
# 3 () (P55 o)

By (4.14), (4.15), (4.17) and (4.18), we have
d N 2 /
- 2 (22 20)
@m0
When /|m’, we have

/
cim') + zzk—lz<m7>

d Im' 2 Im’ d m’ 2 m’
— E dk—l l2k—l § dk—l ;
& /(l)()) C(( d ) -7y r0> Do Nar) " a™
m

(@]’ /1)

) () e((5) o o)
= — = )" @) el |\ =) no, =0
(%/(Do) Dy d’ d’

d Im'\*  Im'
SRS
(%;1,<Do> d d

d m\>
2%k—1 &) gkt - -
+1 Z (D())d c<<dl> no, dlr()).

@\m'/1)
By (4.14), (4.15), (4.16), (4.17) and (4.18), we have

ém'y =cm’) + 12’<—1E<m7>

L (3)e () 3)

(d)|m’
This completes our proof. a

5. Fourier coefficients of Jacobi forms and the critical values of the zeta function
associated with Hilbert modular forms. In this section, using a basic identity of kernel
functions, we shall derive a relation between Fourier coefficients of Jacobi forms and the crit-
ical values of zeta functions attached to Hilbert modular forms. Define a function lI/,’SOJ,O fH
on " x C" by
5.1 Wb o (T 2) = {f. QN Do (5 —T. —2)
for every f € Moy (N)*€" D0 Then

po.ro ()T, 2) =Tk N. Dy

5.2 _ n r
( ) x Z (4N”l _ r2)k l/z(f’ fk,N,Do(r2—4Nn),ror,Do>e[tr (gf + gZ)} .

(n,r)eC(N)
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We assume that A = D(z) and p = rg. We easily see that
Ly, p2.2/ To(N) = {Q = [0, Do, ] 5 . (mod Dy))

and

(€2-1)
N(N)g = {y € (V) ; Qoy:Q}:{(S Mfﬁ ); e€E,e?=1 (mod Do)}

forevery Q = [0, Do, ] and p such that (i, Do) = 1. Putting & = arg(z—8) andr = |z— |
with 8 = —(u/Dyg), we obtain

0@z, ) y*2dxdy = Dy*(z — B sin* 2 0dzd6 .

Employing the arguments in Kohnen [6, p.265—p.266] and Shimura [8], we have

/ F(20@, D y*2dxdy
To(N)o\H"

n b 4
= Do—k l_[ (/ Sinzk,'—z 91d91>/ f@ri +,3)ikrk_1dr
i=1 ~70 (R*)"/Eq

with Eg = {¢2; e € E and €2 =1 (mod Dy)}. We consider the integral.

W\ kT T ok
TR OEIY <D—O>D0kn</0 sin®* 29id9i)
i=1

n(Do)*

(5.3)

x / fri+ B li"rdr (seC).
(R*)"/Eq

Then

n b4
U iw oz o) =i*(TT [ st 20a0, ) 5"
i=170

M ap —27 tr(at/8) s+k—1
X E E — el tr a(oz)/ e t dt,
<Do> [ <5|Do|)} (R*)"/Eg

aecot u(Do)*

5.4)

where f(z) = ), o+ alo)e[tr(a/8)z]. Observe that

/nsinzk"_29~d9~=n7(2ki_3)” Z H el o (2E (& i"lﬁllell/2
0 ST Qg -2 Do 8| Dol Do 0

n(Do)* i=l

and a(ue) = eka(p) for every ¢ € ET, where 2k; —3)!! = 1 x 3 x --- x (2k; — 3) and
Qki —2)!'=2x4 x --- x (2k; — 2). Decomposing

(RY"/Eo= ) &RN/ET),

e'eET/Ey
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we get
2k — 3
(o fen, D202, 8) = k“gkﬁw* Eo)(2m) %8 I (k)
(5.5) n ' "
x]‘[|D§”|”2< > a(u)(;)u‘“).
i=1 ueot/ET 0

We take the modular form f attached to f given in [7, Section 2]. For an integral ideal 2{ =
(m) (u > 0), putc, ) = a(u)pn=*. Then c(%, f) is independent of the choice of w.
Putting C(2, ) = N@)koe(2, f) with kg = max{ky, ..., k,}, we consider the Dirichlet
series determined by

(5.6) D<s,f,<Dio)): Yy oca f)( )N(m)f

A=(w), k>0
Then
K (2k — 3!
et k=3
s fin D22 pg) =1 DE 2k —2)!
(5.7)

n
x ]} IDPVAET Eo)(2n)_k5kF(k)D<ko, f, <Dio))

Here we assume that { is a normalized Hecke eigenform satisfying

(5.8) fITax @) = x@F, CALH=x@)C(o.f) and C(o,f) =1,

where ﬂf’zk, ~ () is the action of the Hecke operators given in [7, Section 2]. Consider the
Dirichlet series D(s, ¥, (Dio)) defined by

o ()

(5.9) .
=H< —X(P)< )N(p) s 4 1N(p)< 0) N(p)2ko—1—2s) )
p
where 1y(p) = {(1) i)ftﬁe/rﬂv\:ise. Then
*
p(s.x. ()
_ l_[ (l 3 X(p)( )N(p)—s + 1N(p)( ) N(p)zko—l—Zs)—l
pl2,p=(), 730
(5.10)

“T10- xo)(EE2E Yy

+ lN(p)<@)2N(p)2ko—l—2s>_l
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Let ¢ (7. 2) = Y (. mecy) (. reltr((n/8)T +(r/8)z)] be an element of J\ . We impose
the following assumptions:

ASSUMPTION 5.11.

1. @|Tir1,8() = x ()¢ for every odd prime [ satisfying (/,2DoN) = 1.

2. Wp,r(¢)is anew form of Moy (N )" Do and f is the primitive form associated with

1t.
3. If ¢’ is a nonzero element of J,(Cf]}”N such that ¢'|Tx+1,n (1) = x ()¢’ for every prime

[ ((I,2DgN) = 1), then there is a constant ¢ such that ¢’ = c¢.

From the above assumption, we have

(5.12) YDo.ro (@) = c(no, ro) f .

Since Ti4+1,n8() ((/,2DoN) = 1) is Hermitian and ¥p, ,, commutes with the action of
Tiv1.n() (U, 2DgN) = 1), we conclude that

(5.13) Tyt N D@y 0 (1) = XD, 0 ()

for every odd prime / ((/,2DoN) = 1). Assumption 5.11 implies that lpgo,ro(f) = «a¢ for
some constant . Therefore we obtain

(5.14) ac(n, r) = oDy (ANn — r2Y V2 fL fi v Do2—anm).ror. Do) -

which yields that

515 ac(n, ). @) = cn. TS, (). )

= c(n, r){f, ¥py,ry (@) = c(n, r)c(no, ro)(f, f) -

This implies that
(5.16) Trn.pp4Nn — V2L, fi n poe2anmyrorpo) (@, @) = c(ro, ro)e(n, r(f, f) -

Therefore, we deduce our main theorem.

THEOREM 5.1. Let Dy be an element satisfying Assumption 1.11. Suppose that ¢
satisfies Assumption 5.11. Then

— k—1/2
(Sk 3/2|D0 /l

+ . *
T (E -Eo)D<ko,x, <D_o))'
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