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Abstract. In this paper, we study the invariant theory of Viberg’s @-groups in classi-
cal cases. For a classical ®-group naturally contained in a general linear group, we show the
restriction map, from the ring of invariants of the Lie algebra of the general linear group to that
of the @-representation defined by the ®@-group, is surjective. As a consequence, we obtain ex-
plicitly algebraically independent generators of the ring of invariants of the ®-representation.
We also give a description of the Weyl groups of the classical ®-groups.

0. Introduction. In this paper, we study the invariant theory of Viberg’s @-groups.
To be precise, let G be a complex reductive algebraic group with Lie algebragand 6 : G — G
an automorphism of order m. We also denote by 6 : g — g the Lie algebra automorphism
defined by 6. Let g; be the eigenspace of 6 with eigenvalue e>” V=1/m_ Then the isotropy
subgroup Gy := G? acts on g; by the adjoint action. We call (G, 6) a @-group of order
m and (Gy, g1) the ®-representation defined by (G, 60). If G is GL(V), O(V) or Sp(V)
and & : G — G is an automorphism of classical type, we call (Go, g1) a classical ©-
representation. Here we call that 6 is of classical type if 6 is an inner automorphism of G or
an outer automorphism of G = GL (V). By the fact that the automorphism group of a simple
Lie algebra is a semidirect product of the inner automorphism group and the automorphism
group of the Dynkin diagram, we know that a finite order automorphism of non-classical type
exists only for G = O (V) withdim V = 8. We call (G, g1) a @-representation of type (A-I)
(resp. (BCD-I)) if G = GL(V) (resp. G = O(V), Sp(V)) and 6 is an inner automorphism.
If G = GL(V) and 6 is an outer automorphism, we call (Go, g1) a @-representation of type
(A-O).

For a classical symmetric pair (G, K) with (—1)-eigenspace p (a @-representation of
order 2), it is known by Helgason and other mathematicians, that the restriction map rest :
C [g]G — C[p]K is surjective (cf. [H]). It is also mentioned in [H] that the restriction map is
not surjective for four cases of type E.

In [Pa], Panyushev also give a similar results for N-regular ®@-representations. That is,
for an N-regular @-representation (G, g1), the restriction map rest : C[g]® — C[g{]¢°
is surjective. Here a @-representation (G, g1) is called N-regular if the regular nilpotent
G-orbit in g meets g;.

Suppose that a reductive group H C GL(V) acts on a vector subspace LcC gl(V) by the
adjoint action, and a reductive subgroup H of H acts on a subspace L of L. In [03], based
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on the theory of Luna [L],~We studied a sufficient condition on (H, L) — (I:I , Z) for the
restriction map rest : C [L17 — C[L]" tobe surjective. The purpose of this paper is to prove

the following theorem by applying the above results of [O3] to a classical ®@-representation
(Go, g1) included in (GL(V), gl(V)).

THEOREM 0.1. For a classical ©-representation (Go, g1) naturally included in
(GL(V), gl(V)), the restriction map

0.1) rest : C[gl(V)]9L™Y) = C[g119°, [ Sfla
is surjective.

We also determine algebraically independent generators of C[g1]°° explicitly. Since the
map C[gl(V)]9LV) — C[g1]%° decomposes as

Clgl(V)1°FY) — C[g]° — Clg11°?,

we know that the restriction map C[g]G —- C [gl]G0 is also surjective. Thus we obtain the
following generalization of the surjectivity which is known for classical symmetric pairs and
N-regular ®-representations.

COROLLARY 0.2. For any classical ®-representation (Go, g1), the restriction map
Clgl® — C[g11° is surjective.

Based on [O3], the surjectivity of the map (0.1) is proved by using the fact that the map
0.2) 97’/ Go — gl(V)*/GL(V), O Ad(GL(V))-O,

from the set of semisimple orbits in g; to that in gl(V), is injective. The injectivity of the
map (0.2) is shown in Sections 2 and 3, with the proof based on a classification of semisimple
Go-orbits.

The injectivity of the map (0.2) can be used not only for showing the surjectivity of the
map (0.1), but also for computation of the Weyl groups of @-representations.

In [V], Vinberg introduced the notions of Cartan subspaces and Weyl groups of ®-
representations (G, g1) and determined them for classical ®-representations.

Let ¢ C g1 be a Cartan subspace of gj, i.e., a maximal abelian subspace of g; which
consists of semisimple elements. Let t be a Cartan subalgebra of gl{(V') which contains c. Let
us consider the following groups:

W(Go, ¢) = Ng,(0)/Zg,(c) C GL(c), W = Ngrvy®O/ZcrLiv)@® .

Here the former is called the Weyl group of the ®-representation (G, g1) and the latter
is the Weyl group of (GL(V), gl(V)) isomorphic to the symmetric group of degree dim V.
Then W(Goy, ¢) is naturally identified with a subgroup of Nw(c)|c. The injectivity of the
map (0.2) simplifies the computation of W(Gy, ¢), since it implies W(Ggp, ¢) = Nw(c)]c.
Thus we can compute W(Gy, ¢) as the normalizer of ¢ in the symmetric group W. As a
consequence, we know that the Weyl group W (G, ¢) is isomorphic to the complex reflection
group G (k, 1, r) (in the notation of [ST]), where r = dim ¢ and k is a number which depends
on the @-representation (G, g1). Vinberg already computed the Weyl groups of classical
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®-representations under the setting that G = SL(V), SO(V) or Sp(V) and Gy = (GO (the
identity component of G?). In some cases in types (BD-I) and (A-O), his Weyl groups are
G (k,2,r) (cf. [ST]). Since our method of computation is different from that of Vinberg, the
author thinks that there is some meaning to present a computation of the Weyl groups by the
method which use the injectivity of the correspondence of semisimple orbits.

Now we are going to explain the contents of this paper briefly.

In Section 1, we see that any ®-representation (Gg, g1) of type (BCD-I) or (A-O) is
naturally contained in a @-representation (Go, g1) of type (A-I) (cf. (1.1)) and show that the
map g1/Go — gl/éo of adjoint orbits is injective. By [03], we know that C[g;]¢0 is the
integral closure of C [@1]60 |g, in its quotient field.

In Section 2, we give a classification of general orbits of the @-representation (G, §1)
— (GL(V), gl(V)) of type (A-I) by means of Z,,-labeled Young diagrams with eigenval-
ues. The classification of nilpotent orbits of @-representations of type (A-I) was given in
Kempken [Ke] by using Z,,-labeled Young diagrams (called “words" in [Ke]). Z,,-labeled
Young diagrams with eigenvalues are a generalization of Z,,-labeled Young diagrams. By
using this classification, we know that the map g3°/ Go — gl(V)®/GL(V) between the sets
of semisimple orbits is injective. We also know, by the inclusion g1 /Go < §1/Go, that gen-
eral orbits of ®-representations of types (BCD-I) and (A-O) can be classified by Z,,-1abeled
Young diagrams with eigenvalues and that the map (0.2) is injective.

In Section 3, we give a classification of semisimple orbits of ®-representations of types
(BCD-I) and (A-O) as a preparation of Section 4.

In Section 4, we first show the surjectivity of the map (0.1) by using the injectivity of the
map (0.2) for a @-representation of type (A-I). From the fact that C [ijl]GO =
C[g[(V)]GL(V)lgl, we know that C[§11]C~;0|gl = C[g[(V)]GL(V)lgl for a ®-representation
(Go, g1) of type (BCD-I) or (A-O). By using the classification of semisimple orbits in Section
3, we know that the ring C[gl(V)]¢L(V) |g, is a polynomial ring. Since C[g1]%0 is the integral

closure of C[ﬁl]Golgl , we have
Clg119° = Cl§i1%lg, = Clgl(W)]F Vg,

and the surjectivity of the restriction map (0.1) is shown for a @-representation of type (BCD-
D) or (A-O).
In Section 5, we determine the Weyl groups of classical ©-representations.

1. Inclusion theorem for orbits in the classical ®-representations. Let G be a
complex reductive algebraic group with the Lie algebra g and m a positive integer. Let
0 : G — G be an automorphism of G such that " = idg and 6% # idg (1 < k < m).
We write § : g — g the induced automorphism. We put ¢ := ¢>* V- mn,

Go=1{geG:0(g)=g} and g; :={X €g:0(X) =X} (j € Zn = Z/mZ).
Then g is decomposed as

9=0Djez,9;
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and we obtain a Z,,-graded Lie algebra. We call the pair (G, ) a ®@-group of order m. For
each j € Z,,, the isotropy group Gy acts on g; by the adjoint action. In this paper, we mainly
consider the adjoint representation (Go, g1) of G on g; and call it the ®-representation
defined by (G, 6).

(1.1) Classical ®-representations. In this paper, we call the following &-representa-
tions, defined by finite order automorphisms of GL(V), O (V) or Sp(V), classical ®-repre-
sentations.

Type (A-I). Let V be a finite dimensional vector space over C and S € GL(V) a linear
transformation of V such that §”* = idy and Ad(Sk) #idgp(vyforany 1 <k <m — 1. We
call such a transformation S an m-automorphism of V and such a pair (V, S) a vector space
with m-automorphism.

For a vector space (V, §) with m-automorphism, by putting G = GL(V) and 6(g) =
SgS~! (g € G), we obtain a @-group (G, 0) of order m. We call (G, ) the @-group of type
(A-I) defined by (V, S), since @ is an inner automorphism of a group G = GL(V) of type A.
Also, we call the corresponding (G, g1) a ®@-representation of type (A-I).

Type (BCD-I). Let V be a finite dimensional vector space over C and ( , ) a non-
degenerate e-symmetric form on V, where ¢ = £1. An e-symmetric form means a bilinear
form such that (1, v) = ¢(v, u) (u, v € V). For X € End(V), we denote by X™* the adjoint of
X with respectto (, ). Put

o) (e=1)

Let a € G be an element of G such that the automorphism 6 : G — G defined by
0(g9) = aga—' (g € G) has finite order m. Then we easily see that a” = +idy. We put
¢ =e2V=lmand g = ¢™V=1/m_ Letus define w € {0, 1} and S € GL(V) by

{0 (@™ =idy)
w =

.—— w
1 @ =—idy), ST5@

Then we see easily the following.

LEMMA 1.1. (i) S™ =idy and6(g) = SgS~! (g € GL(V)).
(i) §* =28, in particular (Su, Sv) = £, v) (u,v € V).

DEFINITION 1.2. (i) For (¢, w) € {1} x {0, 1} and a positive integer m, if a triple
(V,(, ), S) consisting of a finite dimensional vector space V, a non-degenerate e-symmetric
form (, ) on V and S € GL(V) satisfies the following conditions (a) and (b), we call
V,(, ), S) an (&, w)-space with m-automorphism:

(a) §™ =idy and Ad(S¥) #idg (1 <k <m —1).

(b) S*=c¢*s™
This notion is a generalization of (g, w)-spaces in [O1], which define symmetric pairs of type
B, C, and D.

(ii) For the above (V, (, ), S), by putting G := {g € GL(V); g* = g_l} and defining
6:G — Gbyb(g) = SgS~!, we obtain a @-group (G, ). We call it the @-group of type
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(BCD-I) defined by the (e, w)-space (V, (, ), S) with m-automorphism, since 6 is an inner
automorphism of a group G of type B, C or D.

(iii) For the ®-group (G, 0) defined by (V, (, ), S), we call (GL(V), Ad(S)) the
associated @-group of type (A-I).

Type (A-O). Let V be a finite dimensional vector space over C and ( , ) a non-
degenerate bilinear form on V. For X € End(V), we denote by X* the adjoint of X with
respect to the bilinear form ( , ) defined by (Xu,v) = (u, X*v) (u,v € V). We put
G = GL(V) and consider the automorphism 6 : G — G defined by 6(g) = (¢~

LEMMA 1.3. Define an elementa € GL(V) by (u, v) = (v, au) (u,v € V). Then we

have the following.
(i) a*=al.

(i) 6%(g9) = aga~' (g € G). In particular, 6 has finite order if and only if so does
Ad(a): G — G.

(iii) If Ad(a) has finite order m, then a™ = +idy.

PROOF. (i) Since (1, v) = (v, au) = (au, av) (u,v € V), we have a* = a~\.
(ii)) For X € End(V), we see

(u, (X)) = (X*u,v) = (v,aX*u) = (Xa v, u) = (u, aXa 'u)

and hence (X*)* = aXa~'. In particular, we have 6%(g) = [{(¢*)"'}*]7! = (¢*)* = aga™'.

Thus (ii) holds.
(iii) Since @™ is a scalar matrix, we put a” = ¢ idy (¢ € C*). Then ¢ idy =
(cidy)* = (@™)* =a ™ = (cidy)~! = ¢ lidy and we have ¢ = 1. O

As before, we define w € {0, 1} and S € GL(V) by

S:=£&%.

[0 (@ =idy)
T (@ =—idy),

Then we easily see the following.

LEMMA 1.4. (i) S" =idy and6*(g) = S¢S~ (g € G).

@) (u,v) =& (v, Su) (u,veV).

(i) S*=¢®s~

DEFINITION 1.5. (i) Let w be an element of {0, 1} and m a positive integer. A pair
(V, (, )) of a finite dimensional vector space V and a non-degenerate bilinear form (, ) on
V is called a vector space with (w, m)-bilinear form, if there exists an element S € GL(V)
satisfying the following conditions (a) and (b).

@ (u,v) =&“, Su) (u,veV).

(b) (X** = SXS~' (X € End(V)), §" = idy and Ad(S¥) # idgrvy 1 <k <
m —1).
We call S the (w, m)-automorphism of V corresponding to (V, (, )).
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(ii)) For the above (V, (, }), by defining G := GL(V)and 6 : G — G by 0(g) =
(g*)~!, we obtain a ®@-group (G, 6) of order 2m. We call this the @-group of type (A-O)
defined by the vector space (V, (, )) with (w, m)-bilinear form, since 6 is an outer automor-
phism of a group G = GL(V) of type A.

(iii)) Let (G, 0) be a @-group of type (A-O). Then 02 = Ad(S) for the above S, and
(G, 6?) is called the associated ®-group of type (A-]). If (G, 0) is of order 2m, then (G, 62)
is of order m.

REMARK 1.6. (i) Let (G,#) be one of the above ®@-groups and put H := {g €
G;det(g) = 1}, h := Lie(H). In [V], Vinberg called (H, 0) the classical ®-group and
studied the adjoint action ((H 90 'h1), where (H?)? is the identity component of H . But
from the viewpoint of giving a classification of orbits and the ring of invariants in a unified
manner, we call (G, ) the classical ®@-group and study it.

(ii) For the above H, any finite order automorphism of f can be obtained as & which we
have described above, except for automorphisms of s0(8, C) coming from the automorphism
of the Dynkin diagram of order 3.

(1.2) Embedding of orbits into those in a @-representation of type (A-I). We conclude
this section with showing that the set of Go-orbits of a @-representation of type (BCD-I) or
(A-O) can be embedded injectively to those of a @-representation of type (A-I). We first treat
a ®-representation of type (BCD-I).

Let (G, 0) be a ®-group of type (BCD-I) defined by an (g, w)-space (V, (, ), S) with
m-automorphism (cf. Definition 1.2), and (G, 0) = (GL(V), Ad(S)) the associated ®@-group
of type (A-I). We put ¢ = €™ V=1/m and write X* the adjoint of X € End(V) with respect
to (, ). Thus we obtain a C-linear anti-automorphism o : End(V) — End(V) defined by
o(X) := X*. Then Gy, Go, 9.9, (j € Z,) can be written as

Go=1{g € GL(V); SgS™' =g}, Go=1{geGoio(g) =g '},
g; = {X € End(V); Sxs~! =¢ixy, gi={Xegj;oX)=—-X}.

We have the following.

PROPOSITION 1.7. Forany j € Z,, the map

8j/Go = 8;/Go, O+ Ad(Go) - O

is injective.

The p~roof is given by applying the following proposition to the case when H = Gy,
H=GyL=gj,L=gjanda(X) =—-X (X e€l).

PROPOSITION 1.8 ([O3, Theorem 1]). Let V be a finite dimensional vector space over
C and o : End(V) — End(V) a C-linear anti-automorphism of the associative algebra. Let
H be a subgroup of GL(V) such that

(a) (I:I)C NGL(V) = ﬁ, where (I:I)C denotes the subspace of End(V') spanned by H.

(b) o(H)=Hando?;z=idg.
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Let L bean Ad(I:I)-stable and o -stable subspace of End(V), and o an element ofGL(Z) such
that a(Ad(9)X) = Ad(g)a(X) forany g € Hand X € L, i.e.,a € Z;1(iy(Adj (H)). Define
a subgroup H := {g € H; o(g) =g 1) ofI:I and a subspace L .= {X € L;o(X) = a(X))
of L. Then the map L/H — L/H of adjoint orbits defined by O — O := Ad(H) - O is
injective.

Next we consider a @-group of type (A-O). Let (G, 6) be a ®-group of order 2m
of type (A-O) defined by a vector space (V, ( , )) with (w,m)-bilinear form, and S the
(w, m)-automorphism of V corresponding to (V, (, )) (cf. Definition 1.5). Let (G, 0%) =
(GL(V), Ad(S)) the associated ®-group of order m of type (A-I). We put & = e”‘/’_l/’”,
¢ = &2 = e¥™V=1/m_We note that o : End(V) — End(V) defined by o(X) := X* is a
C-linear anti-automorphism. Then Go, Go, gi, g can be written as

Go=1{g9€GL(V);SgS" ' =g}, Go=1{g€Gn:0(9) =g (& g* =g},
§i = {X €End(V); SXS™' =¢'X (& 0°(X) =% X)) (i € Zn) .
g, ={X€f;0X)=E6'X (& X*=—E'X)} (j € Zom) -

Apply Proposition 1.8 to 0(X) = X* = —0(X) (X € End(V)), H = Go, H = Gy,
L=g;,L=g;(j€Zy)anda(X)= —£/X (X € L). Then we obtain the following.

PROPOSITION 1.9. Forany j € Zoy, the map
8j/Go — §;/Go. O — Ad(Go) - O
is injective.

2. Classification of orbits of ®@-representations of type (A-I). Let (G, 0) be a ©-
group of type (A-I) defined by a vector space (V, §) with an m-automorphism. We put { =
e2TV=m and Vi := {v € V; Sv = ¢Jv) for j € Z,,. Then G and g; can be written as

Go={g€ GL(V);gV/ =V/ jeZy}, gi={X egl(V); XV/ c VIt jeZ,}.

A classification of nilpotent Gy-orbits in g; was already given in Kempken [Ke] (see
also [O2]) by means of Z,,-labeled Young diagrams defined in [Ke] which we call (¢)-signed
diagrams in [O2]. A similar classification of nilpotent orbits is also given in [DKP] in the
category of color Lie algebras. We may say that classifications of nilpotent orbits of ©-
representation of types (A-I), (BCD-I) and (A-O) are given in [DKP]. A classification of
nilpotent orbits by means of weighted Dynkin diagrams is also given in [Ka].

In this section, we give a classification of general orbits of ®-representations of type
(A-I) by means of Z,,-labeled Young diagrams with eigenvalues. By Propositions 1.7 and
1.9, we know that general orbits of @-representations of types (BCD-I) and (A-O) can also
be classified by Z,,-labeled Young diagrams with eigenvalues.

The classification is mainly based on the following proposition.

PROPOSITION 2.1. Forany A € g1, V is represented as a direct sumV =V, & V, &
- @ V), of A-stable and S-stable subspaces with one of the following properties:
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(i) Aly, is nilpotent, and there exists a basis {vo, vi, ..., v} of Vi contained in
Ujez,, VJ such that Av; = viv1 (0 <i <1 —1)and Av; = 0. We denote such an oper-
ationof AbyA:vg—> vy — ---—> vy — 0.

(1) Aly, is isomorphic. Denote by A = Ag + A, the Jordan decomposition of A in
gl(V) with the semisimple part A and the nilpotent part A,. Since 0(A) = ¢ A, we know
Ag, An € g1 by the uniqueness of the Jordan decomposition. Then there exist o € C*anda
basis {vi]; j€Zy, 0<i<I}of Vi such that «=' Ag and A,, map this basis in the following
manner:

v8 — v(l) — vg - . = vlo — 0
\ \ \ \
v(l) — v% — v% - . = vl1 — 0
\ \ \ \
\ \ \ \
v071 — v{"*l — UZFI — — vl”“1 - 0
\ \ \ \
vg — v(l) — U(z) - . = vlo - 0

where |, (resp. —) denotes the operation of a~' A (resp. A,) on this basis.
We introduce two lemmas before the proof of Proposition 2.1. Let A be an element of
g1. For an S-stable and A-stable subspace W of V and o € C, we write
Wa(e) == {ve W; (aidy — A)¥v =0 fork >> 0}.

LEMMA 2.2. If a is an eigenvalue of Alw, so is ¢ 'a and it holds SWa(a) =
Wa¢ ).

PROOF. Fork > 0, we see

¢ laidy — RS =855 (¢ o idy — A)FS =S¢ e idy — STTAS)K
=S¢ 'aidy — ¢ 'AF = 7K S(a idy — AF.
If v € Wy (@), there exists k > 0 such that (« idy — A)kv = 0. Hence ({’la idy — A)kSv =
¢7%S(a idy — A)¥v = 0. Therefore Sv € W4 (¢ o). O
For « € C*, we put
Wa((g)a) .= €D Wat/e).
J€Zy

where (¢) denotes the subgroup of C* generated by ¢ and (¢)a denotes the set {¢/a; j €
Z;,}. Then W is decomposed as W = W4 (0) & (@?:1 W4 ((¢)a;)) for some non-zero eigen-
values ap, ..., a4 of A. If A is semisimple, by decomposing each W4 ({¢)o;) into indecom-
posable S-stable and A-stable subspaces, we obtain the following.
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LEMMA 2.3. Suppose that A € g, is semisimple and W is an S-stable and A-stable
subspace of V. Then there exists a decomposition W = Wa(0) @ W1 @ Wo @ --- ® W), of
W into A-stable and S-stable subspaces such that each direct summand Wy has the following
properties.

For any eigenvalue a € C* of Alw,, there exists a basis TR TR Y L of Wy with
vl e VI (j € Zy) such that a= ' Av/ = v/+1. We denote such an operation of «=' A by

a A0 5l ol 0

In particular, the eigenvalues of Alw, are o, {a, Cla, ..., " Y each of which appears with
multiplicity one.

PROOF OF PROPOSITION 2.1. If A € g; is nilpotent (resp. semisimple), V has a
decomposition of components belong to Proposition 2.1, (i) (resp. (ii)) by [O2, Proposition
1.2] (resp. Lemma 2.3). Therefore we assume that A is neither nilpotent nor semisimple.

Then there exist non-zero eigenvalues 81, B2, ..., B4 of A such that

V=Va00) ®Va(($)B1) & -+ - B Va{L)By) -

Thus it is sufficient to show that V4(0) and V4({¢)Bx) (1 < k < g) have the direct sum
decomposition of Proposition 2.1. Again by [O2, Proposition 1.2], V4(0) has such a decom-

position.
Let A = Ay + A, be the Jordan decomposition of A. As mentioned before, Ag and A,
are in g;. We write x := A,. Since A, is semisimple, the centralizer 34(A;) is reductive.

Since SA,S~! = ¢ Ay, 39(As) is 0 = Ad(S)-stable and we obtain Z,,-graded Lie algebra
3g(Ay) = @jezm 3q; (Ay). Since x € 34,(Ay) is nilpotent, there exist 1 € 34,(Ay) and
Yy € 3g_,(Ay) such that (k, x, y) is an sl;-triple as in the proof of [KrP, Lemma 7.3], i.e.,
[A, x] =2x, [h, y] = —2y and [x, y] = h. We write h the 3-dimensional subalgebra spanned
by i, x, y.

Let a be a nonzero eigenvalue of A. Then, clearly, W := V4((¢)a) = V4, ((¢)a) is
an S-stable h-submodule of V. For an integer p > 0, we write K? = {v € W;yv =
0, hv = —pv}. Since h, y are in 34(As) and ShS™! = h, SyS~! = ¢ =1y, K is A,-stable
and S-stable.

Let W7 be the h-submodule of V generated by K”. Clearly, W is also As-stable and
S-stable, and W is equal to @ =0 WP by the representation theory of sl/;.

Since Ay is semisimple, K” has a decomposition K? = @, K ,f in Lemma 2.3 with
respect to Ag. Then « is an eigenvalue of Ay restricted to each K/, and K ,f has a basis
{vj; j € Z,,} with a A 00 > vl — vl 5 40 Since each v/ is an h-lowest weight
vector of weight —p, we have x”v/ # 0 and x?*1v/ = 0. Denote by Wkp the h-submodule
of V generated by K. Then {x'v/; j € Z,,, 1 <i < p}is abasis of W/, and a1 A, and
x = A, map this basis as in Proposition 2.1, (ii). By the representation theory of s/», we have
wr =@, wl. O

DEFINITION 2.4 (cf. [O2, Definition 1.1]). (i) A Young diagram »n for which an ele-
ment of Z,, is placed in each box is called a Z,,-labeled Young diagram (called “word” in
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[Ke]) if the attached number in Z,, of each box is +1 of that of the left adjacent box if exists.

112]13]|0(1]2]3
For example,n = |0]|1[2(3]0
3({0]1]2

[y

is a Z4-labeled Young diagram.

(ii) Fora Z,,-labeled Young diagram n and j € Z,,, we denote by n (1) the number of
Jj’s which occur in n. We write YD, (no, n1, n2, ..., ny—1) for the set of Z,,-labeled Young
diagrams n such thatn;(n) =n; (j € Z;).

3lof1]2]3]o]1]2]3]
For example, n = [2(|3]|0]|1]2]3 isin YD4(4, 4,5, 6).
3101112

Write n; := dim Vi( Jj € Z,,). It is known that nilpotent Gy-orbits in g; are classified
by YDy, (ng, n1,na, ..., nu—1) ([Kel, see also [O2] and [DKP]).

To give the classification of general Go-orbits in g1, we generalize this notion as follows.

DEFINITION 2.5. (i) For/ > O and @ € C*, we denote by A/"((¢)a) a pair (8",
(¢)a) of the Z,,-1abeled Young diagram

0 1 20 - l

1 2 3]--- [+1

§' = S :
m—2|m—1{0]|.--- |l+m=2
m—1 0 1| |l+m—1

and the set (¢)a of complex numbers. For j € Z,, and [ > 0, we denote by A}"(j, {0}) a pair
(vl’” (), {0}) of the Z,,-labeled Young diagram

vty =g i+t j+2] - [j+l=1]j+1]

and the set {0}.

(ii) We call a formal sum of the components A} ((¢)a) and A} (j, {0}) for various /,
a and j a Z,,-labeled Young diagram with eigenvalues (abbreviated Z,,-YDE).

(iii)) ForaZ,-YDE Aand j € Z,,, we denote by n(A) the number of j’s which occur
in A. We write YDE,, (no, n1, n2, ..., n;,—1) the set of Z,,-YDE’s A such thatn;(A) = n;
foreach j € Z,,.

For any A € gj, let us attach a Z,,-YDE A(A) to A as follows. Take the decomposition
V=VieWe. - - &V, givenin Proposition 2.1. To a component Vj for which Aly, is
nilpotent and vg € V/, we attach the Z,,-YDE A(A, V}) = A;” (J, {0}). For a component
Vi in Proposition 2.1, (ii), let us define a basis {u] ; j € Z,,0 < h < I} of Vi by uj =
Ziezm (¢77)"v;,. Then we easily see that

J

Asu{lz(ozgj)u{l and An:u6—>u —>-~-ul]—>0,
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and know the set of eigenvalues of A|y, is (¢)a. Thus, to a component Vi for which Aly, is
isomorphic, let us attach the Z,,-YDE A(A, V) = A;”((;)(x). In such a way, we obtain a
Z,,-YDE A(A) which is the sum of A(A, Vi) for1 <k < p,ie., A(A) := Z,le A(A, V).
Then we easily see the following.

LEMMA 2.6. A(A) (A € g1) is independent of the choice of the decomposition V. =
Vi® Vo ® --- @ V), northat of the basis of each Vy.

Let V= V0@ V! @ ... @ V" ! be the Z,-gradation of V defined by S and put
nj = dim Vi for j € Z,,. Then, for an element A € g;, we can define an element A(A) €
YDE,,(ng, ni, ..., n,—1) which we call the Z,,-YDE of A.

THEOREM 2.7. (i) Supposethat A, B € g1 are mutually conjugate under Ad(Gy).
Then we have A(A) = A(B). Thus we obtain a map

gl/GO% YDEm(”Oanla-anm—l)a Ad(GO).A = A(A)'

We write A(Ad(Go) - A) := A(A) and call it the Z,,-YDE of the orbit Ad(Gy) - A.
(ii) The map in (i) is bijective: g1/ Go =~ YDE,, (no, n1, ..., im—1).

PROOF. Since (i) is clear, we only show (ii). Suppose A, B € g satisfy A(A) =
A(B). Let V. = Vi ® Vo2 @ --- @ V), be a decomposition for A in Proposition 2.1 and
V=U®U;® - ® U, for B. We can assume that A(A, V;) = A(B, Uy) for1 <k < p.
Then we can take g € GL(V) which maps the basis of each Vi to that of Ui. Then clearly
g € Goand B = gAg~'. Hence the map in (i) is injective.

Let A be any element of YDE,, (ng, n1, ..., n;—1). Suppose that A = Zk Ay, where
each Ay isa Z,,-YDE in Definition 2.5, (i). By corresponding the boxes of A with the attached
number j € Z,, to linearly independent vectors of V/, we can construct a basis B of V. Let
us construct an element A € gl(V) as follows.

Let Ay = A;" (7, {0}) be a diagram which appears in A and v, v1, ..., v; the vectors in
B corresponding to A (I, {0}). We put Vi := (v, v1, ..., v/)c and define Ay € gl(V) by
Ag:vg—> vy —> - —> v — 0. ‘

Suppose that Ay = A({¢)w, 1) and {vl.] i j € Zy, 0 < i < [} are the vectors in B
corresponding to Ax. We put V := (vij 3] € Zym, 0 <i <l)c and define si, x; € gl(Vi) by
the operations on the basis {vij ; ] € Zy)} similar to those of Ay, A, of Proposition 2.1. For
each k, we put Ay := s + xx € gl(Vk). Then V = & Vi. We define A := Zk Ai € gl(V).
Then by the construction, A is in g; and clearly we have A = A(A). Therefore, the map is
surjective. a

Let us consider the classification given by Theorem 2.7 in the special case m = 1.
Suppose that S = idy. Then we have

m=1, Z1={0}, ¢ =1, V'=V, Go=GL(V), g1 =g0=gl(V),
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and the Z-YDE’s given in Definition 2.5, (i) can be written as the sum of components of the
form

I+1 I+1

—r e — e
Aldey = [ ] T ] }teh and aAf©toh= [ ]...]]]toh,

where we omit the number 0 € Z; = {0} which appears in the Young diagrams. Then, by
Proposition 2.1, A ll ({a}) (resp. All (0, {0})) is considered as a diagram which corresponds to
the Jordan block of size [ 4+ 1 with the eigenvalue o (resp. 0). Therefore the classification
of Go-orbits in g; given by Theorem 2.7 is considered as a generalization of that of GL(V)-
orbits in gl(V') by Jordan normal forms.

Now let us describe the map

Y :91/Go— g/G =gl(V)/GL(V), O Ad(G)- O

by means of Young diagrams with eigenvalues. We write n = ) jez,, nj = dimV. Under
the identifications

g1/Go = YDEy (no, n1,...,np—1) and  gl(V)/GL(V) = YDE (n),

the map y : YDE,, (no, n1, ..., ny—1) = YDE;(n) is described as follows.
Fora Z,,-YDE A} ({¢)a), let us define the Z;-YDE [A}" ({¢)a)]1 by

[A7 (@)l = Y Aj({¢ad),  while we define  [A}(j, {0D]1 = A} (0, {0}).
J€Zy

For A € gy, let us consider the decomposition V. =V, @ V>, @ --- ® V), given in Proposition
2.1 and the Z,,-YDE A(A) = Z,le A(A, Vi) € YDE, (ng,niy,...,ny—1) defined after
Definition 2.5. Then we easily see that the Z1-YDE of A € g is given by Zf?:l [A(A, V)]

Hence we know that, for A = Zle A; € YDE, (no,ny,...,ny—1) which is a sum of
components 4A; in Definition 2.5, (i), the corresponding Z;-YDE y (A4) is give by y(A) =
il

By considering the case when A is semisimple, we obtain the following.

COROLLARY 2.8. (i) The eigenvalues of any semisimple element of g1 can be writ-

ten as
dim V—mgq
m—1 m—1 m—1
al’;‘“l"“’; ala a25§a27-'-’§ a27-'-aaq’CQQ7-'-7€ aqa 07-'-50
for some ay,a, ..., a4 € C*, withq <r := min{dim ViijeZn).

(i) For any set of complex numbers of the form (i), there exists a semisimple element
of g1 whose set of eigenvalues coincides with it.

(iii) Write g3° the set of semisimple elements of g1. Then the map g°/Go — g/G =
gl(V)/GL(V) defined by O — Ad(G) - O is injective.



ORBITS, RINGS OF INVARIANTS AND WEYL GROUPS 539

PROOF. Let A € g; be a semisimple element. By the definition of the diagram A(A),
we easily see that A(A) is of the form

@2.1) AT(Sa) + Y (nj — @) AT (. {0)
i=1 jezm
for some ay,...,q4 € C*. Since each number j € Z,, appears once in each AT (D)ay), j

appears g-times in 2?21 7' ({¢)a;). Thus we have ¢ < r and the non-zero eigenvalues of A
are U,-q:1 (¢)a;. This proves the claim (i).

For a given set of complex numbers of the form in (i), by Theorem 2.7, (ii), there exists
an element A € g1 whose Z,,-YDE A(A) is of the form (2.1). Therefore the eigenvalues of
A are of the form in (i) and the claim (ii) is proved.

Suppose that A € g}° and that the eigenvalues of the GL(V)-orbit of A is the complex
numbers in (i). Then the Z,,-YDE of A must coincide with the diagram (2.1). Hence the map
in (iii) is injective. a

By Propositions 1.7, 1.9 and Theorem 2.7, we obtain the following.

COROLLARY 2.9. Let (G,0) be a ©-group of order m of type (BCD-I) (resp. ©-
group of order 2m of type (A-O)) and (G, ®) = (GL(V),0) (resp. (G, ©) = (GL(V), 6%))
the associated ©-group of order m of type (A-1). Then, for the corresponding © -representa-
tions (Go, g1) and ((~70, g1), we have the following.

(i) The map g1/Go — YDE,, (ng,ny,na, ..., nu—1) which maps O € g1/Gy to the
Zn-YDE A(AA(G) - O) of the orbit Ad(G) - O € §1/Go, is injective.

(i) Write g}° the set of semisimple elements of g1. Then the map g}°/Go — gl(V)/
GL(V) defined by O — Ad(GL(V)) - O is injective.

3. Classification of semisimple orbits of ©@-representation of type (BCD-I) and (A-
0).

(3.1) Type (BCD-I). Let (G, 0) be a @-group of order m of type (BCD-I) defined by an
(e, w)-space (V, (, ), S) with m-automorphism and (G, 0) = (GL(V), Ad(S)) the associated
©-group of type (A-I). We write V = P j€Znm VJ the Z,,-gradation of V defined by .

Let A be a semisimple element of g;. Let U (resp. W) be an A-stable and S-stable
subspace of V with basis {u/; j € Z,,} (resp. {w/; j € Z,,}) such that

a A s> u' > ot S yPand uwl e VI

(resp. ,371A ' s w' 5w S wland w’ e VY,

where « (resp. f) is a non-zero complex number.

LEMMA 3.1. Suppose that (U, W) # {0}. Then we have the following.
() @', w)#O0ifandonlyifi + j=winZy
() —p/a € (Z).
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PROOF. (i) Suppose that (u', wh) # 0. By the definition of (V, (, ), §), it holds
¢t wl) = (Su', Swl) = ¢ @, wh)

(cf. Lemma 1.2). Hence i + j = w in Z,,.
(ii) Since (U, W) # {0}, there exist p, g € Z,, such that (u”, w?) #0. Then p+¢g =
w in Z,,. From this, we compute

WP, w)y = u?, w?™P) = a P (APu’, w*P) = (—a) P, APw”P)

14 14
- (_ g) W, (B~ A)Pw?P) = (— g) @®, w?).

Hence (u®, w®) # 0. Suppose i + j = w in Z,,. Then (u’, w’) # 0 follows from (u’, w/) =
(—B/) ®, w?®). If we put i = m in the last equation, we obtain
0 wy _ m w—my __ /3 " 0 w
(u,w)—(u,w )_ - (u,w).
o
Hence (ii) follows. O

LEMMA 3.2. Suppose that (U,U) # {0}. Then m is even and (¢,w) = (1,0) or
(e, ) = (=1, 1).
PROOF. Suppose that (U, U) # {0}. Apply Lemma 3.1 by putting U = W, « = B and
u/ = w'. Then we see (1, u®) # 0 and
e’ u®) =e((@ ' A)"u’ u?) = e(=D)" (@ ) u’, (@™ A" u”)
= (=" @’ u’) = (=" @’ u®).
Hence (—1)"~® = ¢. On the other hand, by Lemma 3.1, (ii), —1 € (¢) and hence m is even.

Therefore Lemma 3.2 follows. O

LEMMA 3.3. Suppose that m is even and that (¢, w) = (1,0) or (¢, w) = (—1,1).
Then there exists a (, )-orthogonal direct sum decomposition V.= Vo LVi LVl ... 1V
into A-stable and S-stable subspaces V; of V with the following properties:

(@ Aly, =0.
(b) Foreach 1 < k <, there exist ay € C* and a basis W0 ol of Vi with
v/ € VI (j € Zy,) such that A maps this basis as o 'A : 00 - vl — ... = v 50,

PROOF. If A = 0, the statement is trivial. We suppose that A # 0. It is enough to show
that there exists a subspace V| with the property (b) such that (, )|y, is non-degenerate. Then
apply the same procedure to the orthogonal complement V-, and we obtain Lemma 3.3.

Since A € g, by Lemma 2.3, there exist a subspace U of V, « € C* and a basis
WO ul, . umlof U withu/ e VJ (j € Z,,) such that A maps this basis as a A u —
u' — oo > w5 40 I (U, U) # {0}, it follows from Lemma 3.1 that ( , )|y is
non-degenerate. Then V; = U is a desired subspace.

Next suppose that (U, U) = {0}. Then there exists a direct summand W in Lemma 2.3

such that (U, W) # {0}. Since (U, V4(0)) = (AU, V4(0)) = (U, AV4(0)) = {0}, we have
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W # V4(0). If (W, W) # {0}, (, )|w is non-degenerate as before and we get a desired
subspace Vi = W. Hence we assume (W, W) = {0}.

Take a basis w?, w!, ..., w™ ! of W with w/ € V/ (j € Z,) such that A maps this
basisas B71A : w? - w! - ... = w" ! = WO Since (U, W) # {0} and m is even, we
have B/« € (¢) by Lemma 3.1, (ii). By changing of basis of W, if necessary, we may assume
that 8 = «a, i.e.,

alA W sl oyl uo, alAa ' > w0,

By Lemma 3.1, (i), we have (u®, w®) # 0. Let us put v/ = u/ + w/ € VJ (j € Z,,) and
Vi = (vo,vl,...,vm_l)c. Then we have 1A : 00 = vl — ... > =1 5 0 If
some v/ = 0, we conclude U = W which contradicts the assumption (U, W) # {0}. Hence
any v/ # 0and 0%, v!, ..., v"~! are linearly independent. We easily compute (v, v°) =
{1 + e(—=D?}u®, w?). Since (¢,w) = (1,0) or (¢,w) = (—1, 1), we have (v?, %) =
2u®, w) # 0. Therefore, (, )|y, is non-degenerate by Lemma 3.1, (i). O

LEMMA 3.4. Suppose that m is odd or (¢,w) = (1,1) or (¢,w) = (—1,0), ie.,
the complementary cases of Lemma 3.3. Then there exists an ( , )-orthogonal direct sum
decomposition V.= Vo L (Vi@ V)) L (Va@® V)) L --- L (V; @ V) into A-stable and
S-stable subspaces of V with the following properties:

(a Aly,=0.

(b) For each 1 < k < I, there exist ay € C*, bases WO ul, . um! of Vi and
wo wl, . wm] ofV,g withu’,w’ € VJ (j € Z,,) such that A maps these bases as
A w5 s S A s w0

(¢) Foreachl <k <1, (Vi, Vi) = (V[, V) = {0} and (, vy is non-degenerate.

PROOF. As before, it is enough to show that there exists a subspace Vi @ V| with the
properties (b) and (c). Let V = V4(0) @ V1 ® V2 @ - - - @ V), be the direct sum decomposition
of V for A € g; (cf. Lemma 2.3). As before, (Vi, V4(0)) = {0} (1 < k < p). By Lemma
3.2, we see (Vi, Vi) = {0} (1 < k < p). Since (, ) is non-degenerate, we may assume
that (V1, V2) # {0}. Take bases WO ul, . umlof Vi and wo wl, . ., wm L of V,> with
wl,wi e Vi (j e Z,) so that

oA s w5 s S W0 gAY s ! s T s w0
Since B € (¢)(—«) by Lemma 3.1, (ii), by changing of basis of V,, if necessary, we may
assume that f = —a, ie., (—a) A : w’ > w! - ... > w”! — w0, Then by putting
V| := V, we obtain the desired V; & V. O

THEOREM 3.5. Let (G, 0) be a ®@-group of order m of type (BCD-I) defined by an
(e, w)-space (V, (, ), S) with m-automorphismand V. = VO @ V' @ ... @& V" ! the Z,,-
gradation of V defined by S.

(i) Suppose that (¢, w) = (1,0) or (—1, 1) and m is even. We write r := min{dim Vi
j€Zn).



542 T. OHTA

(1) The eigenvalues of any semisimple element of g1 can be written as

dim V—mgq
m—1 m—1 m—1
ala;“la---v; ala a25§a27-'-’§ a27-'-aaq’CQQ7-'-7§ C{qa 07-'-50
for some ay,a, ..., a5 € C* withq <r.
(2) Conversely, for any set of complex numbers of the form (1), there exists a semisim-
ple element of g1 whose set of eigenvalues coincides with it.
(i) For any triple (e, w, m) except for the case (i), we write r := min{[dim Vj/2]; j €

Zy).
(1) The eigenvalues of any semisimple element of g1 can be written as
—1 —1
als{alv"'sé‘m alv_als_gals"'v_{m oy,
-1 -1
a2, §a27-'-’§m a27_a27_§a25'-'5_§m o2, ey
dim V—2mgq
m—1 m—1

ag,fog, ..., ¢ g, —0g, —Cog,...,—¢ ag, 0,...,0

for some oy, az, ..., a5 € C* withq <r.

(2) Conversely, for any set of complex numbers of the form (1), there exists a semisim-
ple element of g1 whose set of eigenvalues coincides with it.

PROOF. The claims (i, 1) and (ii, 1) follow from Lemmas 3.3 and 3.4.
The claims (i, 2) and (ii, 2) follow from the construction of Cartan subspaces in Section
5 (Lemma 5.12). O

(3.2) Type (A-O). Let (G, 0) be a ®@-group of order 2m of type (A-O) defined by a
vector space (V, (, )) with (w, m)-bilinear form and S the (w, m)-automorphism of V cor-
responding to (V, (, )). Write (G, Ad(S)) = (G, 6?) the associated ©®-group of order m of
type (A-I). We put § = e™V=1/m and ¢ = 2V =1/m — g2,

Let A be a semisimple element of g;. Let U (resp. W) be an A-stable and S-stable
subspace of V with basis {u/; j € Z,,} (resp. {w/; j € Z,,}) such that

a A u > u' > o S WO withuw! e VY

(resp. B7'A:w’ —» w! — - w5 w0 with w/ € V),

where « (resp. B) is a non-zero complex number (cf. Lemma 2.3). We notice that (w/, u') =
ETOW’, Swl) =70 (u, w).

The proofs of the following two lemmas are similar to those of Lemmas 3.1 and 3.2, and
we omit them.

LEMMA 3.6. Suppose that (U, W) # {0}. Then we have the following.
() (W', wly £O0ifandonly ifi + j = w in Zp,.
(1) &(=p/a) € (¢).

LEMMA 3.7. Suppose that m is even or w = 1. Then (U, U) = {0}.
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LEMMA 3.8. Suppose that m is odd and that w = 0. Then there exists an orthogonal
direct sum decomposition V.= Vo LV LV L ... L V;into A-stable and S-stable subspaces of
V with the following properties:

(@ Aly, =0.
®) Vi, Vj) = (V}, Vi) = {0} ifi # .
(¢) Foreach1 < k <, there exist ay € C* and a basis RRRTENUR of Vi with

v e VI (jeZy) suchthatopy A : 00 — vl — ... > v 5 0,

PROOF. If A = 0, the statement is trivial. Thus we suppose that A # 0. We will
show that there exists a subspace U such that (, )|y is non-degenerate and (c) is satisfied for
Vi = U. Then forv € V, we see (U, v) = £7“(v, SU) = (v, U). By applying the same
procedure to the orthogonal complement Ut :={v e V;(U,v) = (v,U) = 0} (which is
A-stable and S-stable subspace of V'), we obtain Lemma 3.8.

Let V=V40)® Vi@ V2&--- @ V), be the direct sum decomposition of V for A € g
(cf. Lemma 2.3). If (V, Vi) # 0 forsome 1 < k < p, U = Vj is the desired subspace.

Suppose that (Vi, Vi) = {0} forany 1 < k < p. Since (Vi, V4 (0)) = (Va(0), Vx) =0

(1 <k < p) as before, we may assume that (Vi, V2) # {0}. Take bases WO ul, . um L of
Viand w®, w', ..., w™ ! of Vo withu/, w/ € V/ (j € Z,,) so that
oA s w5 o 5w and BTMA WY s w!l s w0

Then £(—B/«) € (¢) by Lemma 3.6. Since m is odd and £ = —1, we easily see 8/« € (¢).
By changing of a basis of W, if necessary, we may assume that 8 = «, i.e.,

e lA W sl 5 s T S W0 AW s w5 s ™ S w0
By Lemma 3.6, (i), we have (u”, w®) # 0. Letusput v/ = u/ + w/ e VI (j € Z,)
and U = (000!, ..., v" Ve, Thena 1A : 10 = ol — ... = "1 = 0. Clearly

W, ol v are linearly independent and we compute

@2, 0% = @ w® 4+ W°, u®) = @ W’ + 7w, sw® =20’ w’ £0.

Therefore, (, )|v, is non-degenerate by Lemma 3.6, (i). a

LEMMA 3.9. Suppose that m is even or w = 1, i.e., the complementary cases of
Lemma 3.8. Then there exists an orthogonal direct sum decomposition V.= Vo L (Vi@®V]) L
V2@ V) L. L (Vi ®YV)) into A-stable and S-stable subspaces of V with the following
properties:

(@ Aly, =0.
(b) For each 1 < k < I, there exist ay € C*, bases WO ul, . uml of Vi and
wl wl, . wm! of V| with ul,wi e VI (j € Zy) such that
o A s u > s S W and

—t oy A s w! - s w0,
k

(¢) Foreachl <k <1, (Vi, Vi) =(V/,V]) ={0}and (, Mveov, is non-degenerate.
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PROOF. We assume that A # 0. It is enough to show that there exists a subspace
U @& U’ with the properties (b) and (c). Let V. = V40 @ VI ® V2 D --- & V), be the direct
sum decomposition in Lemma 2.3 for A € g;. As before, (Vi, V4(0)) = {0} (1 < k < p).
By Lemma 3.6, (Vi, Vi) = {0} (1 < k < p). Since (, ) is non-degenerate, we may assume
that (Vq, V) # {0}. Take bases u, u!, ..., u” ! of Vi and w®, w', ..., w™™! of V, with
uj,wj eV (jeZy)as

oA 5w 5o s S % and AW s w! 5 s W™ W0

Since B € (¢)(—& ') by Lemma 3.6, (ii), there exists integer i such that 8 = ¢/ (=& 'a).
Then (¢')/w/ (j € Z,,) is a basis of V; such that

(—t7'0) A w® > @ Hw' - @ - e @)
PutU = Vi and U’ = V, . Then {, )|ygu’ is non-degenerate by Lemma 3.6, (i). O

THEOREM 3.10. Let (G, 0) be a ®@-group of order 2m of type (A-O) defined by a
vector space (V, ( , )) with (w, m)-bilinear form and S the (w, m)-automorphism of V cor-
responding to (V,(, )). Let V=V @® V! @ ... ® V" ! be the Z,,-gradation of V defined
by S.

(i) Suppose that w = 0 and m is odd. We write r := min{dim V/; j € Z,,}.

(1) The eigenvalues of any semisimple element of g1 can be written as

dim V—mgq

o m—1 m—1 m—1 "

LA, ..., ¢ ar, a2, 8o, ..., ¢ 2, ..., g, Ly, ..., ¢ ag, 0,...,0
for some ay,az, ..., a5 € C* withq <r.

(2) Conversely, for any set of complex numbers of the form (1), there exists a semisim-
ple element of g1 whose set of eigenvalues coincides with it.

(i) For any pair (w, m) except for the case (i), we write r := min{[dim V//2]; j €

Zn}.
(1) The eigenvalues of any semisimple element of g1 can be written as
-1 -1 -1 —1,m—1
o, Soy, ., M g, —E T e, =6 Cay, ., —ET T
-1 -1 -1 -1 -1
a21 {a27"‘1§m a27 _g a21 _é §a27"‘1_€ é‘m az!"' b
dim V—2mgq
m—1 -1 —1 —1.m—1
C{qa;aqa---vé‘ O‘qa_s aqa_é Caqv---a_g é‘ C{qa 0,...,0
or some a1, 0, ...,0; € C* withg <r.
q q

(2) Conversely, for any set of complex numbers of the form (1), there exists a semisim-
ple element of g1 whose set of eigenvalues coincides with it.

PROOF. The claims (i, 1) and (ii, 1) follow from Lemmas 3.8 and 3.9.
The claims (i, 2) and (ii, 2) follow from the construction of Cartan subspaces in Section
5 (Lemma 5.23). O
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4. Rings of invariants of classical ©-representations.
(4.1) Surjectivity of the restriction maps. The main theorem of this section is the fol-
lowing.

THEOREM 4.1. Let (G, 0) be a classical ©-group of types (A-1), (BCD-I) or (A-O).
Then for the inclusion (Go, g1) <= (GL(V), gl(V)), the restriction map

rest : C[gl(V)]I?FY) — C[g119°, f > flg,
is surjective.

Since C[gl(V)]°LY) — C[g;]1°° decomposes as
Clgl(M1FY) - Clg1® — Clg11,

we know that the restriction map C[g]¢ — C[g1]°" is also surjective and obtain the follow-
ing.

COROLLARY 4.2. For a classical ®-group (G, 0) of types (A-I), (BCD-I) or (A-O),
the restriction map rest : C[g]G - C [gl]G0 is surjective.

The proof of Theorem 4.1 will be given in (4.2) and (4.3). Before giving a proof of Theo-
rem 4.1, we recall some facts on the affine quotients by reductive groups. Suppose a reductive
algebraic group G acts on an affine variety X. Since the invariant ring C[X]© is finitely gen-
erated by Hilbert’s theorem, we can consider the affine variety X//G := Spec(C[X]%). It
is known that X //G is the categorical quotient of X under the action of G. The morphism
7G,x) - X — X//G defined by the inclusion C[X]° — C[X] is called the affine quotient
map under G. Clearly 7 (G, x) maps any G-orbit to a point of X//G. Moreover, any fibre of
7(G, x) contains exactly one closed G-orbit (see for example [PoV, Section 4]). Therefore, we
obtain a natural identification

{closed G-orbitsin X} >~ X//G, O+ 7, x)(0).

For a ®-representation (Gy, g1) defined by (G, 6), we denote by gis the set of semisim-
ple elements in g;. Then it is known by [V, Proposition 3] that the set g}*/ G of semisimple
Go-orbits coincides with that of closed Gg-orbits in g;. Thus we have a natural identification
07’/ Go = g1//Go.

(4.2) Type (A-I). Let (G, 6) be a @-group of order m of type (A-I) defined by a vector
space (V, S) with m-automorphism. We also consider the group Gg ={g € G; AdO(g)) =
Ad(g)} which contains Gy.

LEMMA 4.3. (i) Gy is a normal subgroup ong and the quotient Gg/Go is a finite
group.

(i) For x € gy, the orbit Ad(Gy) - x is closed in g1 if and only if x is semisimple.

(iii) The map g5°/Go — ¢5°/GE, O — Ad(GY) - O is bijective. In particular, it holds
Ad(GE) - O = O forany O € g}/ Go.

(V) Clgil% = Clgi1%.
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PROOF. (i) For g € GZ, we put a(g) := 6(g)g~". Clearly a(g) € Z(G) and we obtain
a homomorphism « : Gg — Z(G). Itis easily verified that Im o C {c idy; ¢ € (¢)}. Since
Ker ¢ = Gy, the claim (i) follows. The claim (ii) follows from [V, Proposition 3]. (iii) By
Corollary 2.8, (iii), the map g7°*/ Go — §/G (O > Ad(G) - O) is injective. Since this map is
decomposed as gﬁs/Go — gﬁs/Gg — g/G, gﬁs/Go — gsls/Gg is also injective. (iv) Take an
invariant f € C[g]9°. To show that f € C[gl]Gg, it is enough to show that f(g-x) = f(x)
for any x € gi and any g € G§. Take y € Gy - x so that G - y is the unique closed orbit in
Gy - x. Then f(y) = f(x). Since Gy is a normal subgroup of Gg, we have

g-ve€g-Go-x=(9Gog™")-(g-x)=Go-(g-x).

Hence f(g-y) = f(g-x). Since y is semisimple by (ii), we have g - y € Gg -y =Go-y.
Hence f(g-y) = f(y). Thus we obtain f(g - x) = f(g-y) = f(y) = f(x). 0

THEOREM 4.4 ([O3, Theorem 8]). Let 6 : G — G be an automorphism of a re-
ductive algebraic group G over C. We denote by 0 : Lie(G) — Lie(G) the correspond-
ing automorphism of the Lie algebra. Let G be a 0-stable reductive subgroup of G and
L a O-stable and Ad(G)-stable subspace of Lie(G). Define a closed subgroup G’ of G
by G' = {g € G; Ad;j(9) = Ad;(0(9))}). Let o be an element of GL(L) such that
a(Ad(g)X) = Ad(g)x(X) for any g € Gand X € L. Define an element ¢ € GL(I:) by
X)) =a ' OX) (X € L). PuL :={X € L; p(X) = X (& 6(X) = a(X))}. Suppose
that ¢ has a finite order. Then, for the inclusion (G’, L) < (G, L), we have the following:

(i) For the correspondence

L/G — L/G, O O:=AdG)- 0O,
O is closed in L if and only if O is closed in L.
(ii) The morphism L/|G' — L / /G corresponding to the restriction map rest :
C[I:]G — C[L]Gl is finite, that is, C[L]Gl is integral over the image C[Z]G |L-

(iii)  Suppose that the morphism L]/ G’ — i//é of (ii) is injective. Then the mor-
phism L/ G’ = Spec(C[L1®") — Spec(C[L1¢|1) corresponding to CIL1®|, = C[L1% is
bijective and birational (i.e., the quotient fields ofC[Z]G |L and C[L]G, coincide). In particu-
lar, since C[L]G/ is normal (i.e., integrally closed in the quotient field), C[L]G, is the integral
closure ofC[Z,]G |L in the quotient field.

By puttingG = G =G = GL(V), L = g = gl(V), 0 = Ad(S) and a(X) = (X (X €
g), G’ and L become G’ = Gg and L = g;. By Corollary 2.8 and Lemma 4.3, (iii), the map
g1// Gg — g¢//G is injective. Then by Theorem 4.4, (iii), C[gl]Gg is the integral closure of
C[g]G |g, in its quotient field. Since C[gl]GO = C[gl]Gg, we have the following.

LEMMA 4.5. Cl[g1]°0 is the integral closure ofC[g]G|gl in its quotient field.

NOTATION 4.6. (i) For an n-dimensional vector space V, define functions Py, P»,
..., P, € Clgl(V)] by

det( idy — X) =" + PL OO + -+ + Py(X).
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It is well-known that C[gl(V)|¢LYV) = C[Py, P, ..., P,].
(ii)) For r-variables t1, t2, . . ., t,, we define elementary symmetric polynomials Fp, F>,
... FbeClt,fr,...,t] by

(t_tl)(t_tZ)"(t_tr) ztr+F1(tlat25'-'ati’)tr_l+“'+Fi’(tlat25'-'atr)'
PROOF OF THEOREM 4.1 FOR THE TYPE (A-I). We put n = dim V. It is enough to

show that C[g]G|gl = C[gl(V)]°LMV) lg, is a polynomial ring. For any X € g1, by Corollary
2.8, the eigenvalues of X are of the form

-1 -1 -1
al,é‘al,...,;m ala“Zaé‘az"-'ﬂgm a?»"'a“i”gara""é‘m ar,O,---,O-

Since
det(r idy — X) = (]—[(t—ak)(t—zozk) e (t—c’”‘lak))t"""’ = (]—[(ﬂ"—aﬁ))t”—’”’,
k=1 k=1

we have P,;(X) = Fj(of', ey, ..., ") and Pr(X) = 0 (k # mj, 1 < j < r). Since
ai, a2, ..., ar can take any values, Pyj|g, (1 < j < r) are algebraically independent. There-
fore C[g]G|gl = C[Pujlg,]1<j<r is a polynomial ring. |

Cosequently, we have
@.1) Clg119° = ClPujlg 1<j=r -

(4.3) Types (BCD-I) and (A-O). Let (G, 0) be a @-group of order m of type (BCD-I)
or a ®-group of order 2m of type (A-O). We put G = GL(V) and consider the associated
O-group (G, Ad(S)) of order m of type (A-I). We notice that & = Ad(S) in the case of type
(BCD-I) and that 62 = Ad(S) in the case of type (A-O). As before, we put ¢ = 2T/ =1/m
and & =" V=1/m We also notice that
{Xeg; X*=-X} ((BCDI),

A0 ~ ook o —1 _
Go=G" ={geGop;9" =g '}, gl_{{XGﬁl;X*Z—éﬁX} ((A-0)).

In both cases, we write V = VO @ V! @ ... @ V! the Z,,-gradation of V defined by S. To
give a proof of Theorem 4.1 for these cases, we need the following.

THEOREM 4.7 ([O3, Theorem 12]). In the setting of Proposition 1.8, we assume fur-
thermore the following.

(c) The element ¢ € GL(L), defined by p(X) = o~ '(0(X)) (X € Z), has a finite
order.
Then we have the following:

(i) For the correspondence

L/H— L/H, O O:=AdH)- O,
O is closed in L ifand only if O is closed in L. i
(ii) The morphism L//H — Spec(C[L1"|.), defined by CIL1"|, — CIL]", is
bijective and gives a normalization of the variety SpeC(C[Z]H |L) (i.e., L//H is normal and



548 T. OHTA

the morphism is finite, birational). In particular, C[L1" is the integral closure ofC[Z]H|L
in its quotient field.

By applying Theorem 4.7 to the inclusion (G, g1) — (Go, g1), we obtain the following.
LEMMA 4.8. Cl[g1]°0 is the integral closure ofC[ﬁl]Golgl in its quotient field.

By the case of (A-I) of Theorem 4.1, we have C[§;]190 = C[gl(V)]“cV)|5 . Hence
C [gl]G0 is the integral closure of C[g[(V)]GL(V) lg,- Therefore, to prove Theorem 4.1 for the
cases (BCD-I) and (A-0O), it is enough to show that C[gl(V)]9L(V)|4, is a polynomial ring.

Before giving a proof for types (BCD-I) and (A-O), we prepare the polynomials Q1, Q2,
..., O, defined as follows.

LEMMA 4.9. Let x1,x2, ..., X, be variables. Define a1, ay, ..., ay € Clx1, x2,...,
x;] by

Hxim et = @it o as_it ta .

Then it holds Clay, aa, ..., a;] = C[x1, x2, ..., xr]. In other words, there exist polynomials
01,02,...,0, € Clt,t2, ..., t] invariables t, t2, . .., t, such that

xiZQi(alaQZa'-'aar)(lSisr)‘

To give a proof of Theorem 4.1 for Types (BCD-I) and (A-O), we separate the @-groups
of type (BCD-I) and (A-O) into the following three cases.

Case I. (a) (G, 0) is of type (BCD-I), (¢, w) = (1,0) or (—1, 1) and m is even.

b) (G, 0)is of type (A-O), w = 0 and m is odd.
For Case I, we put » = min{dim Vi, j € Z,,} (cf. Theorem 3.5, (i) and Theorem 3.10, (1)).

Case II. (a) (G, 0) is of type (BCD-I) and m is odd.

(b) (G, 0) is of type (A-O) and m is even.

Case III. (a) (G, 0) is of type (BCD-I), (¢, w) = (1, 1) or (—1, 0) and m is even.

(b) (G, 0)isof type (A-O), w = 1 and m is odd.
For Cases IT and ITI, we put 7 = min{[dim V//2]; j € Z,,} (cf. Theorem 3.5, (ii) and Theorem
3.10, (ii)).

PEROOF OF THEOREM 4.1 FOR CASE I. Let (G, 6) be a @-group in Case 1. As in the
proof for type (A-I), we can show that C[g]G|gl = C[Pujlg J1<j<r and that Pyjlg, (1 <
Jj < r) are algebraically independent, by using Theorem 3.5, (i) and Theorem 3.10. Thus,
Clg]%] g, i a polynomial ring and hence Theorem 4.1 is proved for Case 1. a

Consequently, we have

4.2) Clg119° = C[Pujlg )1=j=r -

From now on, we assume that (G, 6) is a @-group in Case II or Case III. Then the following
lemma is an easy consequence of Theorem 3.5, (ii) and Theorem 3.10, (ii).

LEMMA 4.10. For a ©®-group (G, 0) contained in Case Il or Case III, we have the
following.
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(i) Forany X € g1, there exist complex numbers o1, a2, ..., o, € C such that

o Ty 0P = g Am (Case 1)
detidy =20 = {(H2=1(tm - Ol;'("))ztnfzm’ (Case III).

(i) Forany oy, an,...,ar € C, there exists an element X € g1 which satisfies (i).

PROOF OF THEOREM 4.1 FOR CASES II AND III. Let us give a proof of Theorem 4.1
for Cases II and III.

Let (G, 0) be a ®-group in Case II. For any X € g, there exist complex numbers
oy, a2, ...,o, € C such that

det(r idy — X) = (™) 4+ Fi(@™, ..., &™) @) ' 4o b Fo(@d™, ... a2y =2mr

by Lemma 4.10. Therefore Py;,,(X) = F,-((x%’", R 05,2’”) (1 <i <r)and Py(X) for other
k’s are zero. Hence we have C[gl(V)1LW)| g, = C[Paim|g, J1<i<r-

On the other hand, for given o1, @3, ..., o € C, there exists X € g; such that Py;, (X)
= F,-(a%’”, R af’") (I i <r). Hence Pyiplg, (1 <1i < r) are algebraically independent
and C[gl(V)]¢LMV) lg, is a polynomial ring. Consequently, we have

(4.3) Clg119° = C[Pamjlg, l1<j<r -

Next consider Case III. Let (G, ) be a ®-group in Case III. For any X € g, there exist
complex numbers o1, a2, ..., ®, € C such that

det(t idy — X) = (™) + Fi @}, ..., &™) ™) '+ 4+ Fo(al', ..., a4 2

by Lemma 4.10. Therefore Py (X) = 0fork # im (1 <i <2r). Let Q1, Q2, ..., O, be the
polynomials obtained in Lemma 4.9. Define functions f1, f2, ..., fr € C[gl(V)] by

fi = Qi(va P2ms~-~7Prm)~
Then we have f;(X) = Fi(af',...,a) (1 <i <r). Since
@™ + AXE™ ™+ LX) =+ Pa(XDE™ T P (X)),
we have
C[Pmlgla P2m|gla-'-7 Prmlgl] D) C[fllgla legla DR frlgl]
D ClPulgys Pomlgys -+ - Prmlg,] = Clgl(V)ICEM)g, .
Hence we have
ClPulg,> Prnlgys -+ Prmlg ] = CLA gy folgys - s frlgy ] = Clgl(V)]1FH Vg, .

By Lemma 4.10, (i), filg,, f2lg,»---, frlg, are algebraically independent and hence
Clgl(V)]CLM)) g, is a polynomial ring. Consequently, we have

(4.4) Clg11°° = Clfjlg,li<j<r = ClPumjlg l1<j=r-

Therefore the proof of Theorem 4.1 is completed. O
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COROLLARY 4.11. Fora classical @-group (G, 8), C[g1]%0 is isomorphic to a poly-
nomial ring of r variables. Moreover, algebraically independent generators of the ring
C[gl]G0 are given in the equations (4.1) through (4.4).

5. Cartan subspaces and Weyl groups.

(5.1) Inclusion theorem for orbits and Weyl groups. Let (G, 8) be a general reductive
©®-group. A maximal abelian subspace ¢ of g; which consists of semisimple elements is called
a Cartan subspace of the @-representation (Go, g1) ([V]). It is known by [V, Theorem 3.1]
that any two Cartan subspaces are conjugate by an element of the identity component (Gg)°
of Go.

Let ¢ be a Cartan subspace of (G, 6). Although Vinberg studied the Weyl group
W((Go)?, ¢) = N(G)0(©)/Z G40 (c), in this paper, we study

W(Go, ¢) := NGy (¢)/ Zg,(¢)
which we call the Weyl group of the ®-representation (G, g1)-
THEOREM 5.1 (cf. [V, Theorem 3.2]). The correspondence of orbits
¢/ W(Gy, ¢) = g1/Go, O — Ad(Gy) - O
is injective.
PROOF. It was shown in [V, Theorem 3.2] that the map ¢/ W((Go)o, ) —> gl/(Go)O is
injective. But the proof can be applied to our setting and we obtain Theorem 5.1. a

THEOREM 5.2. Let H be a complex reductive algebraic group and K a reductive
closed subgroup. Let t be a Cartan subalgebra of Y = Lie(H) and ¢ a subspace of t. Let us
consider the following groups:

W=W(H,t):=Ny@t)/Zg®) C GL({t), W(K,¢):= Ng(c)/Zg(c) C GL(c),
Nw(@©lc ={w|;weW, w-c=c}.
Then we have the following.
(i) As subgroups of GL(c), it holds W (K, ¢) C Nw(¢)|..
(ii) If the map ¢/W(K,¢) — h/H defined by O — Ad(H) - O is injective, it holds
that W (K, ¢) = Nw (¢)]-

PROOF. (i) Let us put

a:=3Gp(©), s:=1[35(c),3p()].

Since 3 (c) is reductive, we have 35(c) = a @ s. Since t is a Cartan subalgebra of 3p(c),
there exists a Cartan subalgebra t’ of s such that t = a @ t'. Then for any g € Ny (c), since
Ad(g) - 35(c) = 35(c), we have Ad(g) - a = a and Ad(g) -5 = s.

Let us take w € W(K, ¢) and g € Nk (c) such that w = Ad(g)|.. Since Ad(g) - a = a,
Ad(g) - s = s and Ad(g) - t' is a Cartan subalgebra of s, there exists an element /& of the
connected subgroup of H corresponding to s such that t' = Ad(h)Ad(g) - t' = Ad(hg) - t.
Since h € Zp (c) and a is the center of 3y (¢), Ad(h) acts trivially on a. Thus we see Ad(hg) -
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a=Ad(g) -a=aand Ad(hg) - t = t. Hence hg € Ny (t). Let us put w’ := Ad(hg)|¢ € W.
Then, since Ad(h) acts trivially on ¢, we have w’ € Ny (¢) and w = Ad(g)|c = Ad(hg)|. =
w'lc € Nw (o).

(i1) Since W(K, ¢) C Nw(c)|, it holds that W(K,¢) - x C W - x for any x € ¢. Hence
the injection ¢/ W(K, ¢) — §/H is decomposed as

¢/ W(K,¢) > t/W —>H/H.
Therefore, ¢/ W(K, ¢) — t/ W is also injective. Since this map is decomposed as
¢/W(K, ) = ¢/Nw()|c > t/ W,

the map ¢/ W(K, ¢) — ¢/Nw/(c)|¢ is bijective. Thus, for any x € ¢, we have W(K,¢) - x =
Nw (9]¢ - x.

Let us show that there exists x € ¢ such that Zg(¢) = Zg(x). We may assume that
H C GL(V). Itis clear that we can take x € ¢ so that Zg(v)(¢c) = Zgr(v)(x). Then,
by taking the intersections with H, we obtain the above equality. Thus we take x € ¢ as
above. For any w € Nw(c)|, take g € Ng(c) N Ny (t) such that w = Ad(g)|.. Since
w-x € Nw()|c-x = W(K, ¢) - x, there exists w; € W(K, ¢) such that w - x = wy - x.
Take gi € Ni(c) so that wi = Ad(g1)|c. Then clearly Ad(g; '¢g) - x = x and hence g; ' g €
Zp(x) = Zpg(c). Therefore, forany y € ¢, wehave w-y = Ad(g) -y = Ad(g1) -y = wy - y.
Hence w = w; € W(K, ¢) and we obtain Ny (¢)|. C W(K, ¢). |

THEOREM 5.3. Let (G, 0) be one of the classical ®-groups in (1.1); (Go, g1) —

(GL(V), gl(V)). Let ¢ C g1 be a Cartan subspace and t a Cartan subalgebra of gl(V) which
contains c¢. We consider the following groups:

W(Go, ) = NGy (c)/Zg,(c), W(GL(V),t) = NgrLv)(b/ZcLv)®),

NwrLwy.p(©lc :={wle; w € NwLv).p(0)} .
Notice that W(GL(V), V) is isomorphic to the symmetric group of degree dimV. Then we
have W(Go, ¢) = Nw(GLv),t)(0)]c.

PROOF. By Corollary 2.8, (iii) or Corollary 2.9, (iii), the map g{*/ Go — gl(V)/GL(V)
defined by O +— Ad(GL(V)) - O is injective. On the other hand, ¢/ W(Go, ¢) — g}°/Go is
also injective by Theorem 5.1. Hence ¢/ W(Go, ¢) — gl(V)/GL(V) is injective. By applying
Theorem 5.2, (ii) to H = GL(V) and K = G, we obtain the equality. O

(5.2) Cartan subspaces and Weyl groups of ®-representations of type (A-I). Let (G,
0) = (GL(V), Ad(S)) be a ®-group of order m of type (A-I) defined by a vector space (V, §)
with an m-automorphism. Let V = @@ j€Znm V/ be the Z,,-gradation of V defined by S. We
put

¢ =eVUm p=dimV, nj =dimV/ (j € Z,), r =min{n;; j € Zn}.

For each j € Z,,, take a basis v{,vé ...,vf,vi+1,...,v£j of V/ and define X; € g(l <

k < r)by kalj = (Sk,lv,{H. It is clear that X; € g;. We define a subspace ¢ of g; by
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¢ = (X1, X2, ..., Xr)c- Next we put

wp= Y €D (A <k<r jeZy,

i€eZy

Be={uj: 1=k=r jeZnt, Bo={v]:1>r jeZy).
Thus we obtain a basis B := B, U By of V. Then we have the following.

LEMMA 5.4. (i) Xgu] =8¢/ ul and Xyo = 0 for v € By,
(ii) cis a Cartan subspace of (G, 9).

PROOF. (i) is obtained by easy computation.

(il) We easily see that (a) ¢ is abelian, and (b) ¢ consists of semisimple elements.
By Corollary 4.11, dim(g;//Go) = dim Spec(C[gl]GO) = r = dimc. By [V, Theorem
4.5], dim(g1//Go) coincides with the dimension of a Cartan subspace of (G, 8). Hence ¢ is
maximal in the sense of (a) and (b). Therefore ¢ is a Cartan subspace of (G, 6). a

Let us show that the Weyl group of (Gy, g1) is essentially the normalizer of ¢ in the Weyl
group of G = GL(V).
By using the basis B, we define a Cartan subalgebra t of gl(V) and the Weyl group
WLy of G = GL(V) by
5.1
t={X egl(V); Xu € Cuforany u € B}, Wgrwv) = Ner(v)(/Zcrv)(t) = Su,

where S, denotes the symmetric group of degree n. The permutation group P (B) of the set B
is naturally identified with a subgroup of GL(V) and we have a natural identification

(5.2) W) = Ad(P(B))lt.

DEFINITION 5.5. (i) Foro € Sy and (p1, p2, ..., pr) € (Zy)" (1 < k <), define
g=9(p1, p2, ..., pr;0) € P(B) so that it satisfies (a) gu,]C = uéz,f;", and (b) gv = v for any
v € By.

(i) Define a subgroup W, of Wgy (v) by

We :={Ad(g(p1, p2, .-, prioNles 0 €Sr, (P15 p2, .o, pr) € (Zm)'} .

LEMMA 5.6. The equalities Ad(g(p1, p2, ..., pri o)Xk = (P Xoqy (1 < k < 1)

hold.
PROOF. By the definition of ¢ = ¢(p1, pa, ..., pr; 0), it is easy to see that g~ 'ul =

i+p -1 i+p -1 .
A @ A @ = 0if # o (k) and

. Then we have (¢Xxg~ul = gXyu
(9Xkg™ ity = g X ™ = g€ Py = £ P
= CPH(E U 1) = EP X g it g -

Hence we obtain Lemma 5.6. O
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LEMMA 5.7. Forany w € Nwerv (c), there exist o € S, and (p1, p2,...,Pr) €
(Zw)" such that w|c = Ad(g(p1, p2, -, Pr; 0))lc.

PROOF. Take g € P(B) so that Ad(g)|+ = w. Then it is easy to see that g- B, = B, and
g - Bo = Bp. Since w normalizes ¢, foreach 1 < k < r, thereexistc; € C (1 <i <r) such
that w - Xy = Ad(g9) Xy = Zle ¢; X;. The matrix expression of w - X with respect to the
basis B is diagonal and the number of non-zero entries is just m. We know that only one ¢; is
non-zero. Thus there exist o € S, and a; € C* such that Ad(¢) Xy = ax X k). By comparing
the eigenvalues, we have a; € (¢). Therefore, there exists py € Z,, such that Ad(g) - Xy =
¢ X oy = Ad(g(p1. p2, ..., pr; o)) - Xk. Hence w|c = Ad(g(p1, p2, ..., prio))le. O

Following Shephard and Todd [ST], let us denote by G (m, 1, r) the group of the mono-
mial matrices of size r X r whose non-zero entries are contained in (¢).

PROPOSITION 5.8. The homomorphism p : W, — GL(c) defined by w +— w|. is
injective and the image coincides with the Weyl group W (G, ¢). As a consequence, we have
W(Go,¢) W, >~ G(m, 1,r).

PROOF. The injectivity of p is trivial. By Theorem 5.3 and Lemma 5.7, we have
W(Go, o) = p(Nwg v, (©)) = p(We) = We.

By Lemma 5.6, W, is isomorphic to G(m, 1, r). O

(5.3) Cartan subspaces and Weyl groups of ®-representations of type (BCD-I). Let
(G, 6) a ®-group of order m of type (BCD-I) defined by an (e, w)-space (V, (, ), S) with
m-automorphism. We use the notations of (4.3). To construct Cartan subspaces, we first give
the following lemma, the proof of which is similar to that of Lemma 3.1.

LEMMA 5.9. Fori,j € Zy, it holds (VI, VJ) # {0} ifand only ifi + j = w in Z,,.
For suchi and j, (, )lyi,y; is non-degenerate.

REMARK 5.10. The cases for which there exists i € Z,, suchthati = w — i (i.e.,
(, )|y is non-degenerate) are just the following:
i) (e,w)y=(1,0)andi =0o0ri =m/2in Case I (m: even).
(il)) w=0andi =0orw=1andi = (m + 1)/2in Case II (m: odd).
(i) (e,w) =(—1,0)andi = 0ori = m/2 in Case III (m: even).

Applying the normalization algorithms of symmetric or alternating bilinear forms to
(, )yiyye-i, we have the following.

LEMMA 5.11. (i) In Case I, for each j € Zy, there exist linearly independent vec-
tors v{, vé, R vf in VJ such that

W 0)) = 8pgbjwi(—1) (1. € Zm. 1< p.qg <1).

In this case, we put U/ .= (v{, vé,...,vl)c and U := @jezm U/,
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(1) In Cases II and I, for each j € Zy, there exist linearly independent vectors

v{,vé,...,vl,w{,wé,...,wﬁ in V7 such that

W, wg) = 8p.g8jwi (i j € Zm, 1< p.qg <7),
W v)) = Wh w) =0, j € Zm. 1 < p.qg=<r).
Inthiscase,weputUj = (v{,vé,...,v{,w{,wé,...,w{)c and U = @jezm U/,

Let U be the subspace of V defined in Lemma 5.11. Then clearly (, )|y is non-
degenerate and we have the orthogonal decomposition V = U_LU~. Based on the above
basis of U, we define X; € gl(V) by

Xeh =8t A <kp<r jeZy), XilyL=0

for Case I, and

Xivp =80 —Xiwp = Sepwl T (A Skop<r j€Zn). Xilyr =0
for Cases II and III.
As in (5.2), Xy is contained in g; and semisimple. We define a subspace ¢ of g; by
¢ = (X1, X2, ..., X;)c. Then we can verify the following.

LEMMA 5.12. (i) Xy egiandcC g;.

(i) In Case I, for ay € C (1 <k <r), the set of eigenvalues of Y j_, ek X € ¢ is the
same as that in Theorem 3.5, (i, 1) with g = r.

(iii)) In Cases Il andIll, for oy € C (1 < k <r), the set of eigenvalues ofzzzl ar Xy €
¢ is the same as that in Theorem 3.5, (ii, 1) with g = r.

By Lemma 5.12, Theorem 3.5, (i, 2) and (ii, 2) are proved.
As in the proof of Lemma 5.4, (ii), we can show the following proposition by using
Corollary 4.11.

PROPOSITION 5.13. ¢ is a Cartan subspace of the ®-representation (G, g1) of type
(BCD-D).
We give a basis B of V as below. By using the basis 13, we define a Cartan subalgebra t
of gl(V) and the Weyl group Wg vy of GL(V) as in (5.1). We use the identification (5.2).
Case 1. We put
W=y @ <k<r jeZn), Be={uj; 1 <k <7, j€Zn).
i€eZy
Then B, is a basis of U. By taking any basis By of U-L, we obtain a basis B = B, U By of V.
Foro € S, and (p1, p2, ..., pr) € (Zn)" (1 < k < r), wedefine g(p1, p2,..., pr;0) €
P (B) and a subgroup W, of Wsr (v as in Definition 5.5.
Cases II and III. We put
wl= > ) w =Y ¢Hwp I<k<r jeZn,

i€eZy i€eZy
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Bcz{ui, ﬁi;lfkfr, JE€Z,}.

Then B, is a basis of U. By taking any basis By of U-L, we obtain a basis B = B, U By of V.
We easily see the following.

LEMMA 5.14. Xgu) = 8 p2/ul and —Xyit), = 8 27

REMARK 5.15. (i) InCasell, since m is odd, we have ({)U(—(¢)) = (§). Hence the
non-zero eigenvalues of Xy are 1, &, £2, ..., €2~ each of which appears with multiplicity
one.

(ii)) In Case III, since m is even, we have (¢) U (—(¢)) = (¢). Hence the non-zero
eigenvalues of X are 1, ¢, ¢2, ..., ¢! each of which appears with multiplicity two.

DEFINITION 5.16. In Case III, for o € S, and (p1, p2,...,pr) € (Zp)", define
9=9(p1,p2.....pr;0) € P(B) by (a) gui = ué;kg", gy = ﬁéz]f;", and (b) gv = v for any
v € By.

Define a subgroup W, of W1 (v) by

We :={Ad(g(p1, p2s---» PrioNlt;0 €Sy (P1, P2y Pr) € (Zm)'}.
In Case II, by Remark 5.15, the non-zero eigenvalues of X are 1, &, 52, e, 52’”_1 each
of which appears with multiplicity one. Let y,i (i € Zyy,) be the unique eigenvector of Xy
contained in B, having eigenvalue Ei. Clearly we have B, = {y,i; 1<k<r ieZy}

DEFINITION 5.17. In Case II, for o € S and (p1, p2,..., pr) € (Zoy)", define

9=9(p1,p2.....pr;0) € P(B) by (a) gy] = yé&?k, and (b) gv = v for any v € By.
Define a subgroup W, of W1 (v) by

WC = {Ad(g(pla p27 R ] pi’;o—))“ ; o € Sr, (pla p27 -'-7pr) € (sz)r}‘

For these three cases, statements similar to Lemma 5.6 also hold as follows.

LEMMA 5.18. (i) In Cases I and IIl, we have Ad(g(p1,p2,...,pr;0o)) Xk =
(PR Xoiy 1 <k <r)foro €S, and (p1, p2,....pr) € (Zp)".

(ii) In Case II, we have Ad(g(p1, p2,..., pr; o)Xk = EP* Xouy (1 < k < r) for
o€ Sr and (pla p27 MR pi’) € (sz)r

Then statements similar to Lemma 5.7 also hold for these cases and Theorem 5.3 implies
the following.

PROPOSITION 5.19. The homomorphism p : We — GL(¢), p(w) = w|. (w € W,)is
injective and the image coincides with the Weyl group W (Gy, ¢). As a consequence, we have

W(Go, ¢) ~ G(m, 1,r) (r = min{dim V/; j € Z,,}) in Case I,

W(Go,¢) ~ GQm, 1,r) (r = min{[dim V//2]; j € Z,,}) in Case II,

W(Go, ¢) ~ G(m, 1,r) (r = min{[dim V//2]; j € Z,,}) in Case IIL

(5.4) Cartan subspaces and Weyl groups of ®-representations of type (A-O). Let
(G, 0) be a ©-group of order 2m of type (A-O) defined by a vector space (V, (, )) with
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(w, m)-bilinear form. We use the notations of (4.3). The proof of the following lemma is
similar to that of Lemma 3.6 and we omit it.

LEMMA 5.20. Fori,j € Zy, it holds (V', VJ) # {0} ifand only ifi + j = w in Zy,.
Forsuchiand j, (, )|yi,yi is non-degenerate.

REMARK 5.21. The cases for which there exists i € Z,, such thati = w — i (i.e.,
(, )y is non-degenerate) are just the following:
(i) i =01in Case I In this case, (, )|yo is symmetric.
(i) w =0andi = 0ori = m/2 in Case II (;m is even). In this case, (, )|yo is
symmetric and (, }|ym/2 is alternating.
(iii) i = (m 4 1)/2 in Case III (m is odd). In this case, (, )|y m+1),2 is alternating.

We easily see the following:

(@) Forue Viandve VO (i € Zy), (u,v) = E7°C (v, u).

() InCase L, — = ¢, (=)~ = ¢ D2 and ¢~ (&) = (=6) (€ Zu).
Then normalization algorithms of non-degenerate bilinear forms (, )|y, y»-i imply the fol-
lowing.

LEMMA 5.22. (i) In Case I, for each j € Zy, there exist linearly independent vec-
tors Ul’ v2, ..., vl in VJ such that

(V. vg) = 8pgBij(—E) (.j€Zm 1< p.g=r).

In this case, we put U/ := (v{, vé, .. vf)c and U = @]ez UJ.
(i) In Cases II and I, for each Jj € Z,, there exist linearly independent vectors
v{,vé,.. vl,w{,wé,.. ,wi in VI such that

(U;,w;) :819,(18]-,0)71' (lv.] € va 1 S psq S r),

(v, vg) = (whw)) =0 (i, j € Zy, 1 < p.q 7).

i ,/ o i
In these cases, we put U’ := (vl,vz,...,vr,wl,wz,---,wr)c and U := @jezm U’

Let U be the subspace of V defined in Lemma 5.22. Then clearly ( , )|y is non-
degenerate and we have the orthogonal decomposition V = U_LUL, where UL = {v €
V; (U, v) = {0}}. Here we easily see that (U, v) = (v, U) since U is S-stable.

Based on the above basis of U, we define Xy € gl(V) by
ka,,erkp (1<k p<r]eZ )Xk|UL_01nCaseIand
Xxv) = 8k, pvj /+ , —EXgw) = 8wl (1 <k, p <7, j € Zy), Xelyr = 0 in Cases II
and III.

As in (5.2), Xy is contained in g; and semisimple. We define a subspace ¢ of g1 by ¢ =

(X1, X2, ..., Xr)c. Then we can verify the following.

LEMMA 5.23. (i) Xy egiandcCg;.
(i) In Casel, foroar € C (1 <k <r), the set of eigenvalues ofzzzl o Xy € cis the
same as that in Theorem 3.10, (i, 1) withq = r.
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(iii)) In Cases Il and I, for oy € C (1 <k <r), the set of eigenvalues ofzzzl o Xy €
¢ is the same as that in Theorem 3.10, (ii, 1) withq = r.

By Lemma 5.23, Theorem 3.10, (i, 2) and (ii, 2) are proved.
As in the proof of Lemma 5.4, (ii), we can show the following proposition by using
Corollary 4.11.

PROPOSITION 5.24. ¢ is a Cartan subspace of the ®-representation (G, g1) of type
(A-O).

Now let us determine the Weyl group W(Go, ¢). We give a basis B of V as below. By
using the basis B, we define a Cartan subalgebra t of gl(V) and the Weyl group Wgy (v of
GL(V) asin (5.1). We use the identification (5.2).

Case 1. As in the case of (A-I), we put

W=y @, (I <k<r jeZy, Be={ul; 1<k=<r jeZy).

i€Zy
Then B, is a basis of U. By taking any basis of By of U-L, we obtain a basis B = B, U B of
V.

Foro € S, and (p1, p2, ..., pr) € (Zw)" (1 < k <), define g(p1, p2, ..., pr;0) €
P(B) and a subgroup W, of Wsr (v as in Definition 5.5.

Cases II and III. We put

wl= > @, @ = Y CHw A <k<r jeZn),
i€Zy i€Zy
Bcz{ui, ﬁi;lfkfr, JE€Z,}.

Then B, is a basis of U. By taking any basis of By of U+, we obtain a basis B = B, U By of
V. We easily see the following.

LEMMA 5.25. Xgu) = 8 pZul and —E Xyt = 8 ptim).

REMARK 5.26. (i) In Case II, since m is even, we have (¢) U (=&~ 1(¢)) = ().
Hence the non-zero eigenvalues of Xj are 1, &, .52, R 52’”’1 each of which appears with
multiplicity one.

(i) In Case III, since m is odd, we have (¢) U (—&~1(¢)) = (¢). Hence the non-zero
eigenvalues of X are 1, ¢, 2, ..., ¢™ ! each of which appears with multiplicity two.

In Case III, for o € S, and (p1, p2,..., pr) € (Z,)", define g(p1, p2,...,pr;0) €
P(B) and a subgroup W, of Wgr(v) as in Definition 5.16.

In Case II, by Remark 5.26, the non-zero eigenvalues of Xy are 1, &, 52, e, 52’”_1 each
of which appears with multiplicity one. Let y,i (i € Zyy,) be the unique eigenvector of Xy
contained in B, having eigenvalue éi. Clearly we have B, = {y,i; l<k<rie€Zy} In
this case, for o € S, and (p1, p2,..., pr) € (Z2p)", define g(p1, p2,..., pr;0) € P(B)
and a subgroup W of W (v) as in Definition 5.17.
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For these three cases, statements similar to Lemma 5.6 also hold as follows.

LEMMA 5.27. (i) In Cases I and III, we have Ad(g(p1, p2,...,pr;0) Xk =
(PkXoy 1 <k <r)foro €S, and (p1,p2,...,pr) € (Zn)".

(ii) In Case II, we have Ad(g(p1, p2,..., pr; o)Xk = EP*Xoqy (1 < k < r) for
o €Sy and (p1, p2, ..., pr) € (Zom)".

Then statements similar to Lemma 5.7 also hold for these cases and Theorem 5.3 implies
the following.

PROPOSITION 5.28. The homomorphism p : W — GL(c), p(w) = w|c (w € W) is
injective and the image coincides with the Weyl group W(Gy, ¢). As a consequence, we have

W(Go, ) ~ G(m, 1,r) (r = min{dim Vi j €Zy}) inCasel,

W(Go, ¢) ~ GQ2m, 1,r) (r = min{[dim V//2]; j € Z,,}) in Case II,

W(Go, ¢) ~ G(m, 1,r) (r = min{[dim V//2]; j € Z,)}) in Case IIL
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