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A GROUP-THEORETIC CHARACTERIZATION OF THE DIRECT
PRODUCT OF A BALL AND PUNCTURED PLANES
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(Received March 18, 2009)

Abstract. Employing the same technique as in our previous papers, we establish an
intrinsic characterization of the direct product of a complex Euclidean ball and punctured
planes in the category of Stein manifolds from the viewpoint of holomorphic automorphism

group.

1. Introduction. This is a continuation of our previous papers [1, 5], and the same
terminology and notation will be used.

Let M be a connected complex manifold and let Aut(M) be the group of all holomorphic
automorphisms of M equipped with the compact-open topology. Then one of the fundamen-
tal problems in complex geometric analysis is to determine the complex analytic structure
of M by the topological group structure of Aut(M). Of course, this is impossible without
any further assumptions on M, since there exist many domains in C” that are not biholomor-
phically equivalent although their groups of automorphisms are isomorphic as topological
groups. Moreover, it seems worth noting here that Aut(M) cannot have the structure of a Lie
group, in general. Indeed, consider the holomorphic automorphism group Aut(C") of C" with
n > 2, for example. Then it is terribly big and cannot have the structure of a Lie group with re-
spect to the compact-open topology. However, there already exist several articles solving the
problem affirmatively. For instance, Byun-Kodama-Shimizu [1], Isaev [2], Isaev-Kruzhilin
[3] and Kodama-Shimizu [4, 5, 6] investigated the problem in the case when the manifolds
M are some special domains in C", and characterized such domains by their holomorphic
automorphism groups. In particular, in the previous paper [1], by looking at some topolog-
ical subgroups with Lie group structures of Aut(B¥ x C'), we succeeded in characterizing
the space B¥ x C ! from the viewpoint of the holomorphic automorphism group, where B¥
denotes the open unit ball in C k_In view of this, it would be naturally expected that the same
conclusion is also valid for the space B¥ x (C*)!, where C* = C \ {0} the punctured plane.
Recall that, in the proof of our characterization theorem of B¥ x C!'in [1], the crucial fact is
that B¥ x C! admits an effective continuous action of the direct product U (k) x U (1) of unitary
groups by holomorphic automorphisms and this fact simplified many arguments especially in
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the case where k + [ > 3. But, BX x (C*)! no longer admits such an action of U (k) x U (1),
except when / = 1. This causes many new difficulties to characterize the space BX x (C*)’.

The main purpose of this paper is to overcome these difficulties and establish the follow-
ing group-theoretic characterization of the space BX x (C*)':

THEOREM. Let M be a connected Stein manifold of dimension n. Assume that Aut(M)
is isomorphic to Aut(B* x (C*)" %) as topological groups for some integer k with 0 < k < n.
Then M is biholomorphically equivalent to B¥ x (C*)"~.

In the special case of n = 2 and k = 1, this was already verified in [8] by using the
same method as in Section 3.2 of this paper. Moreover, when k = 0, our result is a special
case of [5, Theorem 2]. On the other hand, in the case of k = n, this was shown in [1] and
[2]. Therefore, taking these into account, we will carry out the proof of Theorem in the case
where 0 < k < n.

The main idea of the proof of Theorem is as follows. Firstly, we realize M as a Rein-
hardt domain D in C" by using the assumption of Theorem. Since M is a Stein manifold,
the Reinhardt domain D is pseudoconvex. Secondly, using the pseudoconvexity of D, we
list up all the possible cases where Aut(D) is isomorphic to Aut(Bk x (C*)"%) as topo-
logical groups. We essentially use here the assumption that M is Stein, because, if D is
not necessarily pseudoconvex, then we cannot classify D explicitly in contrast with the ar-
gument in [5], where M is only holomorphically separable and admitting a smooth enve-
lope of holomorphy. Finally, by comparing carefully the structure of suitable subgroups of
Aut(Bk x (C*)"%) and Aut(D) that are isomorphic to each other under the given isomor-
phism @ : Aut(Bk x (C *)"_k) — Aut(D), we eliminate all the possibilities except for
the case where D is biholomorphically equivalent to the model domain BX x (C*)"~%. As
a typical example of this, we illustrate the following: Let I" be a topological subgroup of
Aut(Bk X (C*)"ik) andput A = @(I"). Let C(I") be the centralizer of I" and Z(I") its com-
mutator group in Aut(B¥ x (C*)"=5). Similarly, we denote by C(A) and Z(A) the subgroups
of Aut(D) relative to A. Hence, Z(I") and Z(A) are isomorphic under the isomorphism
@. With these notations, if one of the cases where D is not biholomorphically equivalent to
B¥ x (C*)"~* occurs, then one can find a topological subgroup I" of Aut(B¥ x (C*)"~*) such
that Z(I") is non-abelian, while Z(A) is abelian, a contradiction. Making use of these kind of
arguments, we obtain the conclusion of Theorem.

Combining Riemann’s extension theorem with the proof of [1, Corollary], we obtain the
following fundamental fact:

COROLLARY. If two pairs (k,1) and (k',1") of non-negative integers do not coincide,
then the groups Aut(Bk x (€YY and Aut(Bk/ X (C*)l,) are not isomorphic as topological
groups.

This paper is organized as follows. In Section 2, we collect some preliminary facts.
In particular, two main tools for our study are given. One is a special subgroup G(D) of
GL(n, Z) which, in some sense, measures the complexity of the algebraic automorphism
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group Autyg (D) of a given Reinhardt domain D, and the other is a tool for the standardization
of compact group actions on complex manifolds. After that, employing the same techniques
as in the previous papers [1, 5], we prove Theorem in Section 3.

2. Preliminaries. Throughout this paper, we use the following notation: For the

given integer k with 0 < k < n and a point (z1, ..., z,) € C", we set
I=n—k, @ =B"xC", z=(,....u)),
?=(z2,...,zk) and w=(wi,..., w) = (Zksls---:2n).

For non-negative integers p, g, positive integers r, s, and a ring R, we denote by
Xps=CPx(CH, X* = X;or X1, and
M(r,s, R) the set of all r x s matrices over R .

Let D be an arbitrary Reinhardt domain in C". Then we have important topological
subgroups 7' (D) and I1(D) of Aut(D) induced by the standard actions of the n-dimensional
torus 7" = (U(1))" on C" and the multiplicative group (C*)" on C" respectively, and also
the topological subgroup Autye (D) of Aut(D) consisting of all elements ¢ of Aut(D) such
that each component of ¢ is given by a Laurent monomial, that is, setting ¢ = (¢1, ..., ¢n)
by coordinates, ¢; are given by

(21) (pi(z)zaiz?il_..zzin’ 151511’

where (a;;) € GL(n, Z) and (a;) € (C*)". We call Autyg (D) the algebraic automorphism
group of D and each element of Autyg(D) is called an algebraic automorphism of D. It is
known [4] that these groups are related in the following manner: The centralizer of the torus
T (D) in Aut(D) is given by I1(D), while the normalizer of T (D) in Aut(D) is given by
Autye (D).

Here consider the mapping @ : Autyg(D) — GL(n, Z) that sends an element ¢ of
Autyg(D) written in the form (2.1) into the element (a;;) € GL(n, Z). Then it is easy to
see that @ is a group homomorphism with kere = I1(D); and hence it induces a group
isomorphism

(2.2) Autag(D)/TT(D) —> G(D) := w (Autag(D)) C GL(n,Z).

More precisely, combining this with the proof of [5, p. 660, Sublemma], one can see the
following:

LEMMA 2.1. Let Dy and D, be Reinhardt domains in C". Assume that there exists
a topological group isomorphism ¥ : Aut(D1) — Aut(Dy) such that ¥ (T (D1)) = T (D»).
Then W induces a group isomorphism ¥ : G(D1) — G(D») between the groups G(D1) and
G(D>). Moreover, there exists an element L € GL(n, Z) such that ¥ is given by U(N) =
LNL™ for N € G(Dy).

The following standardization of compact group actions on complex manifolds is impor-
tant for our proof:
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LEMMA 2.2 (Generalized Standardization Theorem [7]). Let M be a connected com-
plex manifold of dimension n that is holomorphically separable and admits a smooth envelope
of holomorphy and let K be a connected compact Lie group of rank n. Assume that an in-
Jjective continuous group homomorphism p of K into Aut(M) is given. Then there exists a
biholomorphic mapping F of M onto a Reinhardt domain D in C" such that

Fo(K)F"'=U() x --- x U(ny) C Aut(D),
where each U (n ) is the unitary group of degree nj and Zj‘:l nj=n.

Now let us consider the special case where D is our model space .Q,j"l = BF x (C*).
Then, concerning the algebraic automorphism group of .Q,j ;» we can see the following fact
(cf. [9, Section 4]):

LEMMA 2.3.  The group Autag (82 ) consists of all elements having the form
(2, w) > (@120 (1) - - -+ UkZo (k) Brw]™ - w)™, o Brwl! - w)™)

where (a1, ...,0) € Tk, B1,...,B81) € (C*)l, o are permutations of {1,...,k} and
(aij) € GL(, Z). In particular, the group Q(QZ‘Z) is isomorphic to the direct product Sy X
GL(l, Z), where S is the linear symmetric group of degree k.

We finish this section by the following fact, which can be proved by direct computations:

LEMMA 2.4. (1) LetP € M(r,n,Z), Q € M(n,s, Z) and assume that PAQ = 0
forallA e GL(n, Z). If P # 0, then we have Q = 0.

(2) Let R,S € M(1,t,Z) and assume that RNS = 0 forall N € M(t,1,Z). If
R # 0, then we have S = 0.

3. Proof of Theorem. Throughout this section, we write 2* = Q,j ; for the sake of
simplicity.

As mentioned in the introduction, we shall prove Theorem in the case where 0 < k =
n — 1 < n. Moreover, once the proof of Theorem for / > 2 is accomplished, then that for
I = 1 follows by a simple modification of it. Indeed, when / = 1, we have only one vector
q; in (3.5) below, and there are only two possibilities: q; = 0 or q; # 0. Hence, applying
(a properly adjusted form of) the method used in CASES I or II in the proof for / > 2, one
may obtain the proof required here. Therefore, we have only to prove Theorem under the
assumption that k > 1 and / > 2. The proof will be divided into two cases where k > 2 and
k = 1, and will be carried out in the following two subsections.

Now let M be a connected Stein manifold of dimension 7, and assume that there exists
a topological group isomorphism @ : Aut(£2*) — Aut(M). Note that 7" C U(k) x T' C
Aut(£2*). Hence, by Lemma 2.2 we may assume that M is a Reinhardt domain D in C" and
we have a topological group isomorphism @ : Aut(£2*) — Aut(D) such that @ (T (£2*)) =
T (D). It then follows from Lemma 2.1 that the groups G(£2*) and G(D) defined in (2.2)
are isomorphic. Moreover, by the same reasoning as in the proof of [5, Theorem 1], we may
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assume that
QUK xTHY=U@k) xT", andso @(SUKk)) = SUKk)
under the identification given by SU (k) = SU (k) x {(1,..., 1)} C U(k) x T!.

Now, notice that the centralizer Co+ (U (k) x T!) of U(k) x T! in Aut(§2*) is given by
(yEi: |yl =1} x (C*! and itis isomorphic to the centralizer Cp (U (k) x T c {yEy:y €
C*} x (C*)! of Uk) x T' in Aut(D) under the isomorphism @. Therefore @ induces a
continuous topological group isomorphism, denoted again by @,

B.1) @:(UKk) x THCo«(Uk) x T = Uk) x (C*! — (U k) x THCpU k) x Th.

For later purpose, we here look into this isomorphism more closely. To this end, recall the
description of the isomorphism @ of U (k) x T' onto itself given in [5, (2.3)]. Then, by the
same reasoning as in that paper, one can choose a (2/ + 2) x (2/ + 1) real matrix

a bl P bl rl P rl
ct din -+ du pit -+ pu
My M\ _|a dn - duopno-- pu
(32) <0 M3)_ o ... ... 0 K BRI /A I
: Dooqu o qu
o ... ... 0 qgn - qu

where My € GL(I +1,Z), M>, M3 € M(l + 1,1, R) with det(d;;) # 0, rank M3 = I,
such that the isomorphism @ in (3.1) can be expressed as follows: For an arbitrary element
g € U(k) x (C*)! written in the form
(33) g= (627”914, 62:1[(91+i¢1)’ o 82ni(01+i¢,))
with A € SU(k) and 6,0, ¢; € R, 1 < j <, the isomorphism @ is given by

®(g) = (eZni{(a9+le-:1 bjej)+21j:1(r,-+is,-)¢j}q>S(A)’
(3.4) A0+ oy A0+ (prtiq e

S2millab+ Y dz,-e,-)+zl,-:1(pz,-+iq1j)¢j1) ’

where @; is the restriction of @ to SU (k) and, without loss of generality, we may assume that
D;(A) = Aor d5(A) = A for every A € SU (k). Note that the expression in the form (3.3)
of a given element g € U (k) x (C *)l is not unique. However, the right-hand side of (3.4) does
not depend on the choice of representation of ¢ as in (3.3) (cf. [S]).

The following vectors will be important in our proof:

(35) SZ(SI,...,SZ), qu(qjlaaqjl)a 15]517

where s; and ¢ j; are the components of the matrix M3 in (3.2).
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3.1.  Proof of Theorem in the case k > 2. We now proceed to define the following
subgroup I" of Aut(£2*) and consider its image A := @ (I") under &:

I={(Eq.e?, ... ,e)¢;eR 1<j<I}C UK x(C*,
A= {(EZITi Zj(rj-i-ij‘j)(f)j Ek, eZm' Zj(plj-i-iq]j)d)j’ e

AT Pytiad) g e R, 1< j <1} C GL(k, C) x (C*).

Since D is a pseudoconvex Reinhardt domain in C”" and since dimI1(D) =
dim IT(£2*) = k + 21 < 2n, we see that D N (C*)" is a proper subset of (C*)". Thus
there exists a point py = (zo, w(l), e w?) € 9D N (C*)". Since the subgroup A of Aut(D)
can be regarded as a subgroup of Aut(C"), the orbit A- pg of A passing through the point pg
must lie in the boundary d D. Take a point (z, w) € A- pg arbitrarily. Then there is a point
¢ = (@1, ..., ¢) € R such that

—27s- —2mq- 0 —2mq- 0
3.6 izl [wil, - Jwi]) = (€25 zoll, e WO WY, L, e TUP )

where a - b is the Euclidean inner product of a, b € R’ and s, q ;j are the vectors appearing in
(3.5). We now have two cases to consider.

CASE L. {q1,...,q} is linearly dependent in R'.
Since rank M3 = [ by (3.2), we may assume that {qq, ..., q;—1} is linearly independent,
so that q; can be written uniquely as

qQ=Aqr+- -+ 1q-1 with A;eR, 1=<j<[-1.
Thus |wy |74+« Jwy—y 741wy | = [wl] 7 - Jw) | [74=1|w)] on A pg by (3.6).
LEMMA 3.1. CASE I does not occur.

PROOF. Assuming that this case occurs, we shall derive a contradiction. We have now
two cases to consider.
Case (I-1). q; =0: Foreach¢ € R! and for each po € D N (C*)", we have

—2rs- —2rq-p|,,0 . 0
Izl = e ?lzoll,  |wjl =e U], 1< j<li—1, |wl=|w.

Moreover, {s, qi,...,q—1} is Inearly independent and D N {z = 0} # {, since D is a
pseudoconvex Reinhardt domain and D is invariant under the action of U (k) x T I'with k > 2.
Thus, after a linear change of coordinates, if necessary, D may be described as D = Cck x
Xapx W,where0 <a,beZ,a+b=1—1,and W is one of the domains

{lwel <1}, {lwl > 1}, {0 <|wl <1}, and {r <fu <1} 0O <r <1

in C. However this is impossible. Indeed, observe that the centralizer I7(£2*) of T" in
Aut(£2*) is isomorphic to the real Lie group T ks (€*)! of dimension k + 2. On the other
hand, the centralizer IT(D) of T" in Aut(D) is isomorphic to the Lie group (C =l 1 of
dimension 2k 4+ 2/ — 1 in any cases. Since these groups are isomorphic, we have k = 1, which
contradicts our assumption k > 2, as desired.
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Case (I-2). q; # 0: After relabeling the indices, if necessary, we may assume that
A As 0, Agy1 =--- = A—1 =0, so that D can be expressed as

D=C"xX,pxY

for
{wi| ™ Jws ™ wy| < 1, wj, wy € XP},
Y= {lwi| 74w T lwy| > 1, wjo€ XF, wy € CF}
{r<lwi|™ - Jwg ™ wy] < 1, wj, wp e C*) O0<r<1),

where0 <a,be Z, a+b=1—s—1. (Recall that X* = C or C*.) This is also impossible.
Indeed, notice that I7(D) is isomorphic to the Lie group

CH Vs, o v ) € (T Ty Il = 1)

of dimension 2k + 2/ — 1. Then, since dim IT(£2*) = k + 2/ as above, we have k = 1,
contradicting our assumption k > 2.
As a result, we have shown that CASE I does not occur. O

Case II. {qi,...,q} is linearly independent in R'.
In this case, the vector s can be written uniquely in the form

S=Mq+---+Nq with L;eR, 1=<j<I.

Then, by the same procedure as in CASE 1, one can see that ||z|||wy]| ™1 - - - |w;|~* is constant
on each orbit A- pg in 9 D. We have again two cases to consider.

Case (II-1). s =0: By repeating the same arguement as in CASE I, we may assume
that D has the form

3.7) D={|z]| <1} x X4 forsome 0 <a,beZ,a+b=1.
LEMMA 3.2. In Case (II-1), D is biholomorphically equivalent to §2*.

PROOF. It suffices to show that @ = 0 in (3.7). First we assert that » > 0. Indeed,
assume not. Then D = {||z|| < 1} x C! and so G(D) = S x 8y is a finite group. On the other
hand, G(£2*) = S x GL(l, Z) is infinite. Since G(D) is isomorphic to G(£2*) by Lemma
2.1, this is a contradiction. Thus we have b > 0, as asserted.

Next, assume that @ > 0. Then, by using obvious notation, the groups G(D) and G(§2*)
can be described as

Sy O 0 o 0
Go)y=|0 S, M(@,b,Z)| and g(m)z(" )
0 0 GL(b, 2 0 GLGLZ)

Moreover, by Lemma 2.1 one can find an element L € GL(n, Z) such that the group isomor-
phism @ : G(£2*) — G(D) is given by ®(N) = LNL~! for N € G(£2*). Thus, putting
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L= (z g) and L~! = (P* Q*), where P, P* € M(k,k,Z), Q, Q* € M(k,l,Z),R, R* €

R* S*
M(,k,Z)and S, S* € M(l,1, Z), we see that
(3.8) & A 0\\ [(PAP*+ (QBR* PAQ*+ OBS*
’ 0 B))  \RAP*+SBR* RAQ*+ SBS*

belongs to G(D) for every A € S and for every B € GL(l, Z). Hence we have PAQ* =
0, OBS* =0forall A € S; andforall B e GL(, Z).
If Q0 =0, we have Q* = 0 and §* = S~ !. Thus it follows from (3.8) that
Se M(a,b,Z)
0 GL(b, Z)

If Q # 0, we have S* = 0 by Lemma 2.4. Thus, (3.8) implies that

S. Ma,b,Z)
0 GL(®b,Z)

) =SGL(,2)S"' =GL(, 2).

):{RAQ*;AeSk}.

Therefore, in any cases we arrive at a contradiction, since @ > 0 and b > 0.
As a result, we conclude that a = 0, as desired. |

Case (1I-2). s #0: We wish to prove that this case does not occur. Once this is done,
our proof of Theorem for k > 2 follows from Lemmas 3.1 and 3.2.
Renaming the indices if necessary, we may assume that

M- A #0, A1 =---=7=0 forsome 1 <s<I.

After a change of coordinates by an algebraic automorphism, there exist only three possibili-
ties as follows:

(A1) DNCH" = {lzlllwi] ™ - Jws| ™ < 1} N (CH,

(A2)  DNECH" ={lzlllwi|™ - Jws| ™ > 1} N (CH",

(A3) DNECH"={r < |lzlllwi]™ - Jws|™ < 1}NECH" O <r<]1).
Since D N {z = 0} # B, the cases (A.2) and (A.3) do not occur. So it is enough to consider
only the case (A.1). In this case, if 1j, > O for a jo, then D N {w;, = 0} = . Indeed,
assume that there exists a point p = (z*, w],...,w;) € D with w;‘o = 0. By taking a
suitable nearby point if necessary, we may assume that z* # 0, wjf # O forall j # jo.
Then, taking the limit (z, w) — p through D N (C*)", we obtain a contradiction: 1 >
lim(; ) p Izl w1 |~A | % = o0o. Therefore, after a change of coordinates induced by
the correspondence w; — wfl, 1 < j < s, if necessary, one may assume that D is of the
form

...|ws

(B9 D={Gwi.....w): zllwi | fwg| TR < 1,z € € wj e XF)
withd; <0, 1 <j<s.
LEMMA 3.3. In (3.9), all A;’s are rational numbers.

PROOF. Assuming that A, ¢ Q for some jo, we shall show that the commutator group
Zo+(I") of the centralizer C«(I") of I' in Aut(£2*) is non-abelian, while the commutator
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group Zp(A) of the centralizer Cp(A) of A in Aut(D) is abelian. Once this is verified, we
arrive at a contradiction, since Z = (1) is isomorphic to Zp(A).

Now, put H(z, w) = (h(z), w) forh € Aut(Bk). Then H € Cgp=(I"); accordingly, one
may regard Aut(B¥) as a subgroup of Cgo+(I"). This, together with the fact that Aut(Bk) isa
simple Lie group, guarantees that Zgo+(I”) is a non-abelian group containing Aut(B¥) as its
subgroup.

Let us now study the structure of Zp(A). For this purpose, take an arbitrary element
F = (F1,...,F,) € Cp(A) and let F,(z,w) = Y Ayyz*w? be the Laurent expansion of
F, (1 <a <k)on D. Then

o2 > rjtis)g; F,(z,w) = F, (82711' > (r‘f+isj)¢‘f21, L
eZm’ Zj(rj+i5j)¢jZk’ eZm’ Zj(P1j+iq1j)¢jwl’ L eZm' > (pijtiqe; wl)

for all ¢; € R. Therefore, whenever A, # 0, we have
I

l I
(Il =1 0 +ispej+vi Y _(prj+iqidj+-+v Y (pj+iq¢; =0
j=1 j=1 j=1
forall ¢; € R. Hence

(Ipl=Drj+vipij+---+vpy =0, (ul—Dsj+vigij+---+wvq;=0

for all j. In particular, it follows from the second equality that (|u| —1)s+viqi +---+vq =
0. Since {qq, ..., q;} is linearly independent and s = A;q; + - - + A;qs, this means that
(Iul = DArj+v; =0, 1<j<s,andv; =0, s+1 =< j < [. Consequently, |u| =1
and v; = Oforall j, since A, ¢ Q. Therefore F, has the form F,(z, w) = Zl;zl aqjzj with
Ogj € C.

Analogously, one can show that the component function Fy4p (1 < b < [) can be
written in the form Fyy5(z, w) = ypwp with y, € C*.

Therefore each F € Cp(A) has the form F(z, w) = (Az, y1wi, ..., yyw;), where A €
GL(k,C) and y; € C* (think of z as column vector), and hence, Zp(A) can be expressed as
Zp(A) ={(z,w) — (Az, w); A € G} with a certain closed subgroup G of SL(k, C). More
strongly, we here claim that G is contained in SU (k) and so Zp(A) is a real Lie group of
dimension < k% — 1. Once this is shown, we obtain a contradiction: k2 — 1 > dim Z p(A) =
dim Zo«(I') > dim Aut(B*) = k? + 2k. Thus, to complete the proof of Lemma 3.3, we
have only to prove that G is a subgroup of SU (k). To this end, choose an element F(z, w) =
(Az, w) of Zp(A) arbitrarily and take a point (zg, wo) = (2o, w(l), e w?) € dD N (CH".

Then (|lzollu, wo) € 8D or (A(|lzollu), wo) € D for every u € CF, |ul| = 1, so that
| Aull = [ A(llzollw)||w)] =1 - -+ Jw?|7* = 1. This means that A € U (k) and hence G is a
subgroup of SU (k), as asserted. a

Our domain D is now of the form
(3.10) D= {(z,wi,...,w);: zllfwi] ™ Jwg| ™ < 1, z€ CF, wj € X7},

where A; € QandA; < Oforeveryl < j <s.
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LEMMA 3.4. In (3.10), if all A;’s are integers and D N {w; - - - wy = 0} = @, then D
is biholomorphically equivalent to 2*.

PROOF. Consider the algebraic automorphism ¢(z, w) = (z*, w*) defined by

—A —Ag

—A
(ZTa-'-aZ[taw*):(lel s Wy 7-'-azkw1 .

--ws_ks,w).

Note that D is now contained in C* x (C** x CI*S, the domain of ¢. Thus it gives a
biholomorphic equivalence between D and ¢ (D) = {||z*|| < 1} x X4, for some non-negative
integers a, b. Hence, D is biholomorphically equivalent to £2* by Lemma 3.2. O

Thanks to Lemma 3.4, we may assume that D has the form as in (3.10) and furthermore
D satisfies the following:
3.11) (Ao s hs) 2% or DN{wy---ws =0} #£0.

As mentioned before, in order to complete the proof of Theorem for k > 2, we have only
to verify the following:

LEMMA 3.5. Case (II-2) does not occur.

For every subgroup G of Aut(§£2*), we know that Zp(®(G)) and Zo+(G) are isomor-
phic. Thus, in what follows we assume that Case (II-2) occurs, and we shall derive a contra-
diction by showing that the group Zp (P (I")) is abelian, while the group Zp=(I") is not, for a
certain subgroup I" of Aut(£2*). Our proof of this will be divided into two cases where k > 3
and k = 2.

PROOF OF LEMMA 3.5 FOR k > 3. In this case, under the identification
given by

SU(k—1)={<(1) 2) ;AeSU(k—l)} c SUKk),

we consider the following subgroup I" of Aut(£2*) and its image A = & (I"):
F={(A,e " e AecSUK-1), ¢;eR, 1< )<},
A= {(827”' Zj("j‘f‘isj)d’jA’ eZﬂiZ,-(ijm.f)d’j, s
T PyTNNO) A e SUGK—1),¢; € R, 1< j <1},
SUBLEMMA 3.6. The group Zo+(I') is a non-abelian group.

PROOF. LetA = {u € C; |u| < 1} be the unitdisc in C. Then, since every o € Aut(A)
extends to an element @ € Aut(£2*) written in the form a(z, w) = (a(z1), B(z1)7, w),
(z,w) = (z1,7,w) € 2%, the group Ceo+(I") contains a subgroup G isomorphic to the
simple Lie group Aut(A). Thus, the commutator group Zo+=(I") of Co+(I") also contains G.
Consequently, it is non-abelian, as desired. ]

SUBLEMMA 3.7. The group Zp(A) is an abelian group.
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PROOF. Take an element FF = (Fy,..., F,) € Cp(A) arbitrarily, and notice that
D,(SU(k — 1)) = SU(k — 1). We then have
eZm' Zj(i’j-f‘l's‘j)(f)j Fl (Z, w) — Fl (EZITi Zj(i’j-f‘l'j‘j)(f)jzl ,

P Zj(rj""isj)d’jAZ/’ o2l Zj([’lj+iq1j)¢jwl’ s 2T (prjtiqr)e; wl)
forall¢; € Randforall A € SU(k—1). Since k—1 > 2, this implies that /1 does not depend
on the variable z’. So F has the form Fi(z, w) = Fi(z1, w). Let Fi(z1, w) = ZA,wz’fw”
be the Laurent expansion of F and let A;,, # 0. Then

1

1 I
(W=D rj+ispj+vi Y _(prj+iqipdj+--+v Y (pij+iqd; =0

j=1 j=1 j=1
for all ; € R. Hence
(312)  (u—Drj+vipij+-+vp; =0, (u—1sj+vigij+---+vq;=0
for all j. Thus, putting

re o pirocccpi
(3.13) M= rrpu -+ pl
stoqu o oqn |’
sEooqu o qu
we have
(3.14) M-"(u—1,vi,...,1) =0,

where ‘a denotes the transpose of a given column vector a. On the other hand, by the second
equality in (3.12), we have (u — 1)s + viqq + - - - + viq = 0. Accordingly
vi=—Aju—1, I<j<s, vp=-=y=0.

Now consider the mapping F’ := (F», ..., Fy). Since F'(z1, Az, w) = AF'(z, w) for
all A € SU(k—1)andk—1 > 2, F’ can be written in the form F'(z, w) = B(z1, w)z’, where
B is a holomorphic function. It then follows that

’3(82711' Zj(rj+isj)¢jz1, e27Ti Zj(plj+iq1j)¢jw1’ o, e27Ti Zj(p1j+iq1j)¢j wl) — ﬁ(ZIs w)

for all ¢; € R. So, letting B(z1, w) = ZAWz’fw” be the Laurent expansion of 8 and
assuming A, 7 0, we obtain that
l I I
WY i tispg;+vi Y (prj+ique;+ -+ v Y (pij+iq)e; =0
j=1 j=1 j=l1
forall ¢; € R, which says that

(3.15) M-, vr, .., 0) =0.



496 J.BYUN, A. KODAMA AND S. SHIMIZU

Next consider the component function Fy4p (1 < b < [) of F. Then, since
Frap(z1, A7, w) = Fryp(z, w) forall A € SU(k — 1), Fryp has the form Fpyp(z, w) =
Fiyp(z1, w). Let Frypp(z1, w) =) A,wzlfw” be the Laurent expansion of Fj4, and assume
that A, # 0. By repeating the same argument as above, we then have

(3.16) M- -"(u,vi,...,op—1,...,v) =0.

Notice that / <rank M <[+ 1 by (3.2). Thus we have two cases to consider.
Case (a). rank M =1+ 1: According to (3.14), (3.15) or (3.16), we have u — 1 =

vi=--=y=0pu=vi=---=y=0o0oru=v=---=yp—-1=---=1v$ =0,
respectively, and hence, F is of the form F(z, w) = (az1, Bz, y1wi, ..., yyw;) with some
non-zero constants «, B, y;. Thus Zp(A) is a trivial group.
Case (b). rank M =1: Since {qy, ..., q;}is linearly independent, we have
S1oqi1 o 4qn
rank | : =1.

stoqu o qu

Therefore, by (3.14) we have v; = —A;j(u—1),1 < j <s, and vg41 =--- =y =0.

Since D N {z = 0} # @, we see that u > 0. Here, if u = 0, then A; = v; € Z for all
1 < j < s. Consequently, D N {w;j---wy; = 0} # ¥ by our assumption (3.11). Hence
vj, > 0 for some 1 < jo < s, which contradicts the fact vj, = A}, < 0. As aresult, we have
seen that u > 1. Taking this into account, we put

(3.17) np=minfn e N;—AjneZ,1<j<s}, mj=—Ajn;, 1<j<s.
Thenny,m; € N and
(w—1,v1, .00, V5, V541, ..., V) =m(ny,my,...,ms,0,...,0), m=0,1,2,....
Thus F; has the form Fj(z, w) = oz(z’f1 w'{” .- wy"”)zy. Here, noting that
" w ] = (w7 g TR

we see that « is a nowhere vanishing holomorphic function on the unit disc A.

For the mapping F’, we have by (3.15) that us + viq; + - - - + viq; = 0, from which it
follows that v; = —A;u,1 < j <s,and vsy1 =--- =1 = 0. Since D N {z = 0} # ¥, we
have u > 0, and so

(s V1, ooy Vs, Vgigd,yoeoy V) =mny,my, ..., mg,0,...,0), m=0,1,2,....

Therefore F’ can be expressed as F'(z, w) = B(z]'w]" - wy")z/, where B is a nowhere
vanishing holomorphic function on A.
For the function Fy1p (1 < b <), we see by (3.16) that

us+viqr+---+p—Dgp+---+vq =0,
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and so
Vh_lz_)\bl/«a thl,
vi=—Aju, 1=<j=<s, j#b, or Jvi=-—iju, 1=<j<s,
v; =0, s+1=<j=<l vi=0, s+1=<j<Il, j#b

accordingto 1 < b < sors+1 < b <. Hence, by using the integers n1, m; defined in
(3.17), Fi4p can be written in the form Fy1p(z, w) = yp(2} ' w" - - wy"*)wp, where y, is a
nowhere vanishing holomorphic function on A.

Summarizing our result obtained so far, we have shown that Cp(A) consists of all ele-
ments F' € Aut(D) having the form

(B.18)  F(z,w) = (@@z1, Bz, yi@wi, ..., yi@wr),  u=zy'w - wi,

where o, B and y; are nowhere vanishing holomorphic functions on A.
Finally we assert that Zp(A) is, in fact, an abelian group. To this end, we set

(3.19) D ={(z,w) € C"; |lzlljwy| ™41 - Jws| ™4 < 1)

Then, since ny, m; € N forall1 < j <, the group Cp(A) can be regarded as a subgroup of
Aut(b) by (3.18). We now verify our assertion only in the case where / = 2 and s = 1, since
the verification in the general case is almost identical. Since ||z||™ |w1|™ = (||z|[|wi|~*1)™
in this case, we have

D ={(z,w) € C* x C*; 2" |w ™ < 1)
and we know that each F € Cp(A) has the form
F(z,w) = (@@z1, Bz, yi@wi, y2wy) . u =z wi'™,

with nowhere vanishing holomorphic functions ¢, 8 and y; on A.
We first claim that

(3.20) a@) "y )™ =a0)"y1(0)" onA, and |a(0)"y(0)"]=1.

To prove our claim, consider the holomorphic function f(u) := o (u)™ y1(#)"'u on A and
take an arbitrary point u € A. Then there is a point (z1, 0, wi,0) € D with u = Zwit
Since F(z1,0', wi,0) = (a(u)z1,0, y1(u)wy, 0) belongs to D, we have |f(w)] < 1, and
hence f(A) C A. Moreover, put

M ={(z1,0',w,0) € ﬁ;zrl”w'lnl =c} foreach ce A.

Then it is not difficult to see that F(M.) C My (. This, combined with the fact F -1 e
Cp(A), yields at once that f is an automorphism of A with f(0) = 0. Thus we have f(u) =
Au with |A| = 1, proving the claim (3.20).

Thanks to (3.20), if we set A = a(0)"y;(0)™, then F~! is given by

Flz,w) = (@A 'w ™z, A ) 2 (A ) wy, (A ) ")
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Thus, repeating the same computations as in the proof of [1, Theorem], one can show that
Zp(A) is abelian. Hence we have proved Sublemma 3.7. O

Since Zg+(I") is now isomorphic to Zp(A), we have a contradiction by Sublemmas 3.6
and 3.7, which completes the proof of Lemma 3.5 for k > 3.

PROOF OF LEMMA 3.5 FOR k = 2. In this case, we consider the subgroup

r= {(((1) 84?,,.0> ,e2”"(91+"¢1>,...,ezm'(@“@)) :0,0j,0; R, 1<j 51}

of U(k) x (C*)l C Aut(£2*) and put A = & (I"). Since we may assume that @;(A) = A
for A € SU(2), it follows from (3.4) that

A= (P00 0T s o] | 2+ DO+T, 0,43 is )01
p2rillc16+; dlj9j)+zj(l’1j+iq1j)¢j}7 L

ezm{(c,0+2j dljej)+Zj(Plj+iqU)¢j}) 10,0/, e R, 1<j< 1} .

By the same reasoning as in the proof of Sublemma 3.6, we have the following:
SUBLEMMA 3.8. The group Zo+(I') is a non-abelian group.

We shall complete the proof of Lemma 3.5 for £ = 2 by showing the following:
SUBLEMMA 3.9. The group Zp(A) is an abelian group.

PROOF. Let F = (Fi,..., F,) € Cp(A) and let Fi(z,w) = > A,ztw” be the
Laurent expansion of F. Then, for any non-zero coefficient A,,,, we have

I I
(1 — 1)[{@ — 1o+ ijej} +) i+ isj)¢j}

j=1 j=1

I !
+M2H(a +1)o +Zb,9,-} +) +isj)¢,}

j=1 =1
1 I
+v1{<c19+2d1j9j> +Z(P1j +iQ1j)¢j} + .-
j=1 j=1
1 1
+ vz{ <C19 + Zd1j9j> + Z(Plj + iqzj)¢j} =0
j=1 j=1
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forall0,0;,¢; € R, 1 < j <I. Hence

a ¢ ...
by di ... dn
by dy ... dy w1+ pu2 —1 wp —p2 —1
reopiro-.- pil V1 0
ropu ... pu v 0
S1oqu ... qi
sEoqu ... qu
Put
a ¢ ... ¢ ok
by diy ... dn o (%) *
M= . . and M~ ' =
by dy ... dj o4l *

(Note that M = 'M; € GL(I + 1, Z) by (3.2).) Then
ai = det(d;j)/detM € Z\{0}, aj€Z, 2<j<I+1, and

m1+p2 —1 ap(ur —p2—1)
i ar(puyp —p2 —1)

(3.21) ) = )
v a1 (pur —p2 — 1)

On the other hand, since (i1 + u2 — 1)s+viqi +---+viq = 0and {qq, ..., q;} is linearly
independent, we have

(322)  vi=—Aj(ui4p—1), 1<j<s, and v;=0, s+1<j<I.

Let Fa(z, w) =Y Avz*w be the Laurent expansion of /> and assume that A, # 0.
Then, in exactly the same way as in the case of Fj, we have

m1+p2—1 ar(ur —pu2+1)
V1 ar(ug —u2 + 1)

(323) . = . , and
v ajy1(ur —p2 +1)

(24)  vi=—Aj(ui4p—1), 1<j<s, and v;=0, s+1<j<I.
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Finally, denoting by F>1p(z, w) = Y A,vz"*w" the Laurent expansion of >, for 1 <
b <1 and assuming A, # 0, we obtain that

M1+ p2
Vi o (1 — ()
: o2 (p1 — f2)
(3.25) = .
v — 1 :
a1 (1 — u2)
vy
Thus
v — 1= —Ap(u1 + p12), vi=—Aj(ur +u2), 1<j=<s,
vi=—hjw+p), 1<j<s, j#b, or Jw=1
V=0, s+1<j<l v;=0, s+1<j<Il j#b

accordingtol <b <sors+1<b <l

Our next task is to find more concrete description of . We proceed with a case by case
analysis.

Case (a). a1 =1: For Fi, wehave up =0by 3.21)andsov; = —A;j(u1 —1), 1 <
J<s,andv; =0, s+1 < j <[, by (3.22). On the other hand, since DN{z = 0} # ¥, we see
n1>0.If g =0,thenr; =v; € Z, 1 < j <s,and hence DN{w; - - wy = 0} # @ by our
assumption (3.11). Thus v;; > 0 for some 1 < jo < s, contradicting the fact v;, = A;, < 0.
Therefore we have ; > 1. Put

np=minfn e N;—-AneZ 1=<j=<s}, mj=—Ajn, 1=<j<s.

Then ny,m; € N and

(:u’l_11/*1/211)11"'7v31vs+11"'1v1)Zm(nlvosmls"'7mS107"'10)
form =0,1,2,.... So F; has to be of the form F|(z, w) = ot(zrl”w'lnl cws)zy.
As to F, we have up = 1 by (3.23), sothat v; = —A;u;, 1 < j <, and v; =
0,s+1<j<I by(3.24). Since 1 > 0, we have
(lu’17:u’2_11v11"'7v.&‘1vs+11"'1v1):m(n1701m11"'7mS107"'10)
form =0, 1,2,.... Hence, F> has the form F(z, w) = B(z}'w]"" - wi")za.

Finally, consider the function F,4, (1 < b < [). Then we have u; = 0 by (3.25) and
hence

vp — 1 =—Apu1, vi =—Ajur, 1=<j<s,
vi=—Ajur, 1=<j=<s, j#b, or qu=1,
v;=0, s+1<j<I v;=0, s+1<j<l, j#b

accordingto 1l < b <sors—+1 < b <. Since u; > 0, we conclude that F>4, can be
ny,_ mi myg
expressed as Fop(z, w) = yp(z) wy ' -+ Wy ' )wp.
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Eventually, we have shown that, if o1 = 1, Cp(A) consists of all elements F' € Aut(D)
written in the form

ms

F(z,w) = (@()z1, B)zz, yi@wi, ..., yi@w), w=2z"w" w,
where o, 8 and y; are nowhere vanishing holomorphic functions on the unit disc A. In par-
tiqular, we may regard Cp(A) as a subgroup of Aut(D), where D is the domain defined in
(3.19). Therefore, by repeating the same argument as in the proof of Sublemma 3.7, one can
verify that Zp(A) is an abelian group.
Case (b). o) = —1: Inthis case, put

np=minfn e N;—-AjneZ 1<j<s}, mj=—Ajny, 1=<j<s.

Then, just as in the Case (a), we can see that each F € Cp(A) has the form

ms

F(z,w) = (@@)z1, Wz, yi@wr, ..., y@w) ,  u=z52w)' - wi
where «, B and y; are nowhere vanishing holomorphic functions on A. Hence, Zp(A) has to
be an abelian group.
Case (c). o1 # £1: Notice that («¢; — 1)/(a1 + 1) and o1 /(o1 + 1) are positive
rational mumbers, in this case. Taking this into account, we put

. o —1 201X .
ny=min{n € N; nedz, neZ 1<j<sg,
ar +1 ar +1

ap — 1 201X .
ny = ng, mj=———n;, 1=<j<s.

ar +1 a; +1

Also, noting that
21"zl w0 g™ < (el |75 g TR D <

for every point (z, w) € D, we put R = sup{|z|'z5’w|" -+ wi"|; (z, w) € D}. Then, by
repeating the same argument as above, it can be verified that every element F' € Cp(A) has
the form

ms

F(z,w) = (@@)z1, B@)z2, i@w, ..., yi@wy), w=2z"252wl - whs,

where «, B and y; are nowhere vanishing holomorphic functions on the open disc {u €
C ; |u| < R}. From this we conclude that Zp(A) is an abelian group.
Therefore, we have shown that Zp(A) is an abelian group in any cases, as desired. O

Eventually, by Sublemmas 3.8 and 3.9 we have proved Lemma 3.5 for k = 2. Hence we
complete the proof of Theorem in the case k > 2.

3.2. Proof of Theorem in the case k = 1. The method of our proof for k = 1 is almost
identical to that for k > 2. Therefore we shall give only an outline of the proof, and the detail
is left to the reader.

We now proceed to define the following subgroup I" of Aut(£2*) and consider the image
A = @(I') of it under the isomorphism &:
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r={(1, e2mh L, 87271@) ;pj € R},
A= {(62711' Zj(rj+isj-)¢j’ eZﬂi Zj (p1j+iq1j)¢j’ o, e27Ti Zj (p]j+iq]j)¢j) : ¢] c R} .

Now take a point py = (zo, w(l), cee, w?) € aD N (C*" andlet (z, w) € A - po. Then
there exists an element ¢ € R’ such that

(3.26) Azl lwil, .o fwil) = (€727 zol, e WP i), L e 27U w])) .
The following lemma can be proved just as in the case of Sublemma 3.6:
LEMMA 3.10. The group Zo+(I") is a non-abelian group.

As in Subsection 3.1, we divide the proof of Theorem for k = 1 into two cases.

CaseE I. {qi,...,q} is linearly dependent in R'.

By (3.2) we may assume that {qi,...,q;—1} is linearly independent in R'. Then
{s,qi,...,q—1} is linearly independent and q; can be written uniquely as q; = A1q; +
<o+ A—1qi-1, Aj € R. Thus |wi| =21 - Jw;_1|~¥~1|wy| is constant on the orbit A- po for

each point pg € 9D N (C*)" by (3.26).

Case (I-1). q = 0: In this case, after a change of coordinates by an algebraic auto-
morphism, D may coincide with one of the following three domains:

B.D {lzl < I} x Xap, (B2) {0 <zl <1} xXap, (B3) {r<lz| <1} x Xap,
where a, b are non-negative integers witha +b =/and 0 < r < 1.

LEMMA 3.11. (1) The case (B.1) occurs only when a = 0 and hence D is biholo-

morphically equivalent to 2*.
(2) The cases (B.2) and (B.3) do not occur.

PROOF. (1) Ifa = 0,thend = [ and D = £2*. Assume that a > 0. Then we will
arrive at a contradiction saying that G(£2*) and G(D) are not isomorphic. Indeed, this can be
achieved by employing the same computations as in the proof of Lemma 3.2.

(2) Assume that either of the cases (B.2) or (B.3) occurs. Then we can find a subgroup
G of GL(l, Z) such that

Q(D)z{(;] 2);NGZ’,AGG}.

Now, as in the proof of Lemma 3.2, consider the group isomorphism @ : G(£2*) — G(D)
given by the matrix L = (§ g) € GL(n,Z) with L™ = (2: g:) Then @ ~! ((1{, gz ) €
G(2*) forall N € Z'. Thus Q*NP = 0, Q*NQ = 0 and S*NP = 0. In particular,
Q = 0 by Lemma 2.4 and hence &' ((1{, gz)) = ((1) gl) for all N € Z!. Clearly this is

absurd, thereby the proof of (2) is completed. ]

Case (I-2). q #0: Wemayassume that Ay ---Ag £ 0, Agy1 =--- = X1—1 =0 for
some s. Thus, up to an algebraic automorphism, we have three cases:
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(C.1) D =Xapx {lwi|™" - Jws| ™ Jwy| < 1, wj,w € X7}
with A1, ..., A; <O,

(C2) D =Xapx {lwil™ - Jws| ™ w| > 1, wj € X*, w e C*}
with A1, ..., Ay >0,

(C3) D=Xapx{r<lw|™ - Jwgl ™ wl <1, wy, w € C*}
with A1, ..., A; <O,

where a, b are non-negative integers witha +b =1 —sand0 < r < 1.
The proof of the following lemma is identical to that of Lemma 3.3:

LEMMA 3.12. Inthe cases (C.1) through (C.3), all A;’s are rational numbers.

LEMMA 3.13. We have D N {w;---wsw; = 0} # @. In particular, the case (C.3)
does not occur.

PROOF. Assuming that D N {wq - - - wsw; = 0} = @, we shall derive a contradiction.
In the case (C.1), we put

(3.27) m=minfn e N;-AjneZ,1<j<s}, mj=—-iAjm, 1=<j<s.
Thenm;,m; € N and gcd(my, ..., ms, m;) = 1. Moreover, noting that

(w74 g 7 fwr )™ = Jwr ™ - Jwg]™ [wy ™
we have D = X;p x {0 < |wi|™ - |wg|™|w;|™ < 1}. On the other hand, since
ged(my, ..., mg, my) = 1, there exists a matrix (a;;) € GL(s + 1, Z) such that (a¢41)1, - - -,
ais+1yis+1)) = (my,...,mg,my). Using this, we define the algebraic automorphism
0z, w) = (2%, w*) of Xqp x (C*)*+! by

Ff=z, w;f = w?” ---w?jswlam“), 1<j<s,

wi=w"ww™, and wi=w; for j#I.

Then ¢(D) = X4 p+s x {0 < |w)| < 1}. But this is impossible by Lemma 3.11.
In the case (C.2), D is algebraically equivalent to
D = Xap x {0 < w1+ Jwglwi| < 13,
which is a domain of type (C.1). Thus this is also impossible.
In the case (C.3), the same algebraic isomorphism ¢ introduced above gives a biholo-
morphic mapping from D to the domain ¢(D) = X, 45 X {r < |w;| < 1} of type (B.3).
Hence the case (C.3) does not occur, thereby the lemma is proved. a

By virtue of Lemma 3.13, it is enough to consider the following two cases:

Case (I-2-1).  There exist integers ig, jo € {1, ..., s, !} such that
io # jo, D N{w;, =0}#0, Dﬂ{wj0=0};é®;
Case (I-2-2). There exists an integer ip € {1, ..., s, [} such that

DN{wj, =0}#0, DN{w; =0}=0 forevery je{l,...,s,I}\ {io}.
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LEMMA 3.14. If D is a domain of type (C.1), then Case (I-2-1) does not occur.

PROOF. Assume this does, and take an arbitrary element F € Cp(A). Then, it is
possible to show, by the Laurent series argument as in the previous subsection, that F has the
form

(3.28) F(z,w) = (@@)z, yi@wi, ..., y@w), u=wi" - wiw",

where «, y; are nowhere vanishing holomorphic functions on A and m;, m; are the same
integers appearing in (3.27). Therefore, Zp(A) must be abelian. Since Zp(A) is isomorphic
to Zo+(I") and since Zgo+(I") is non-abelian by Lemma 3.10, this is a contradiction. Thus we
have proved the lemma. a

LEMMA 3.15. Let D be a domain of type (C.1) and assume that Case (1-2-2) occurs.
Then D is biholomorphically equivalent to §2*.

PROOF. First we assert that m;, = 1. Indeed, assume that m;, > 2. Then, by using the
fact that ged(mq, ..., mg, m;) = 1, we can verify that each F € Cp(A) has the same form
as in (3.28). Thus Zp(A) has to be abelian, contradicting the assertion in Lemma 3.10.

When m;, = 1, let us define the algebraic automorphism ¢(z, w) = (z*, w*) by

* __ * __ M1 . mi,— . . m; my * ) . .
=z, wy =wp e (Wi wig (i) wt wE=wy, J# o

Then D is biholomorphically equivalent to (D) = X4 p+s X {|wl’.*0| < 1}. Consequently, our

assertion follows from Lemma 3.11. O

The domain of type (C.2) can be transformed into some domain of type (C.1) by an
algebraic automorphism. Thus, the investigation of such a domain is reduced to that of type
(C.1). Therefore, we have proved Theorem for k = 1 in Case L.

CASE 1. {qi, ..., q;} is linearly independent in R'.
In this case, s can be expressed as s = A1q1 +--- + Aiq;, A; € R.

Case (II-1). s=0: By passing to an algebraic image if necessary, D can be described
asD =W x X, p,where 0<a,beZ, a+b=1I,and W is one of the three domains

{lzl <1}, {O<|z| <1} and {r<|zl|<1} O<r<1)
in C. Hence, this case is reduced to Case (I-1) and D is biholomorphically equivalent to £2*.
Case (II-2). s #0: We may assume that Ay - Ay #0, Agyy =--- = A = 0 for
some s. Then, it is easily seen that |z||wi|™*! - - |wg| ™ is a constant on the orbit A- pq for

each point pg € 3D N (C*)". So, by considering again suitable algebraic automorophisms if
necessary, we have the following three cases:

(D.1) D= {|z||w1|_)‘l cowg| TR < 1, z, w; € Xﬁ} X Xab
with A1, ..., A; <O,

(D.2) D = {lzllwi|™ - Jws| ™ > 1, z€C* wj € X*} x Xap
with A1,..., Ay >0,
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D.3) D= {r<lzllwi|™ - |ws|™ <1, z, wj € C*} x Xap
with A1,...,A; <0, O<r <1.
Again, repeating the same argument as before, we can show the following:
LEMMA 3.16. Inthe cases (D.1) through (D.3), all \;’s are rational numbers.

LEMMA 3.17. We have D N{zw - - - wg = 0} # @. In particular, the case (D.3) does
not occur.

PROOF. Assuming that D N {zw; - - - wy = 0} = @, we will arrive at a contradiction as
follows. Consider first the case (D.1) and put

(3.29) N=minneN;-AneZ 1<j<s}, mj=—-A;N, 1=<j<s.

Then N,m; € N and gcd(N,my, ..., ms) = 1. Moreover, D can be expressed as
D ={0 < [z[N|wi|" - Jw|™ < 1} x Xap .
Here, since gcd(N, m1, ..., ms) = 1, by the same reasoning as in the proof of Lemma 3.13,

there exists an algebraic automorphism ¢ of (C*)**! x X, ;, that transforms D into the domain
{0 < |z*| < 1} x (C*)* x X,.p. However, this is impossible by Lemma 3.11.
In the case (D.2), D is obviously algebraically equivalent to the domain

A A
{0 < lzflwi|™ - Jws]™ < 1} X Xap -

But, since every A; > 0, this is also impossible by the above case (D.1).

In the case (D.3), by the same algebraic automorphism ¢ considered in the case (D.1), D
is transformed into the domain {r < [z*| < 1} x (C*)* x X, . Again this is impossible by
Lemma 3.11. Therefore we have proved the lemma. a

By Lemma 3.17, we have the following four cases to consider:

Case (II-2-1).  There exist integers ig, jo € {1, ..., s} such that
io # jo, DN {w;y =0} #0, DN{w;y =0} #0.
Case (1I-2-2). DN{z=0}#9¥, DN{w;, =0} #0 forsome ip € {1,...,s}.
Case(1I-2-3). DN{z=0}#0,DN{w; =0} =9 forevery 1l < j <.
Case (II-2-4). D N {z =0} = @ and, for some ip € {1, ..., s}, one has
DN{wj, =0} #0,DN{w; =0} =0 forevery j € {1,...,s}\ {io}.
LEMMA 3.18. If D is a domain of type (D.1), then Cases (1I-2-1) and (11-2-2) do not

occur.

PROOF. Assume that one of these cases occurs and choose an element F = (Fy, ...,
F,) € Cp(A) arbitrarily. Let F;(z, w) =) A yz*w" be the Laurent expansion of F; (1 <
Jj < n) and let A, be a non-zero coefficient of it. Then, by the conditions in Cases (II-2-1)
or (II-2-2) one may obtain a bunch of relations between the exponents p, v = (v1,..., V)
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and A; as in the proof of Sublemma 3.9 that forces F to be of the form

F(z,w) = (@@z, yi@wr, ..., y@w),  u=z"w)" - wi,

where «, y; are nowhere vanishing holomorphic functions on A and N, m ; are the integers
defined in (3.29). Thus, Zp(A) has to be abelian. This is a contradiction as mentioned before.
Hence Lemma 3.18 is proved. O

LEMMA 3.19. Let D be a domain of type (D.1) and assume that either Case (11-2-3)
or Case (I1-2-4) occurs. Then D is biholomorphically equivalent to §2*.

PROOF. Let us consider Case (II-2-3). First of all, by making use of the fact
gcd(N,my,...,mg) = 1, one can show that N = 1. Then, there exists an algebraic au-
tomorphism ¢ of C x (C*)* x X, that induces a biholomorphic mapping of D onto ¢(D) =
{Iz*] < 1} x (C*)* x X4p. Thus D is biholomorphically equivalent to £2* by Lemma 3.11.

Next, consider Case (II-2-4). If m;, > 2, then we may obtain a contradiction just as in
the proof of Lemma 3.15. Moreover, in the case when m;, = 1, D is algebraically equivalent
to the domain {|w;‘;| < 1} x (C*)* x X4.p. Accordingly, D is biholomorphically equivalent
to £2* by Lemma 3.11, as desired. a

Finally, notice that the domain of type (D.2) is algebraically equivalent to a domain of
type (D.1). Therefore we have proved Theorem for k = 1 in Case II.

Summing up the results obtained above, we conclude that D is biholomorphically equiv-
alent to £2*. Hence we complete the proof of Theorem in the case k = 1.
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