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OPTIMAL NORM ESTIMATE OF OPERATORS RELATED TO
THE HARMONIC BERGMAN PROJECTION ON THE BALL
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Abstract. We first obtain an optimal norm estimate for one-parameter family of oper-
ators associated with the weighted harmonic Bergman projections on the ball. We then use this
result and derive an optimal norm estimate for the weighted harmonic Bergman projections.

Introduction. For a fixed positive integer n > 2, let B denote the open unit ball in R".
For @ > —1, we denote by dV,, the weighted measure defined by dV,, (x) = Ay (1 — |x|%)%dx
where dx is the Lebesgue volume measure on B. The constant X, is chosen so that V,,(B) =
1,1.e.,

2 I'm/24a+1)
" nlBl T/ @+1)
where | B| denotes the volume of B.

Givena > —l and 1 < p < oo, the weighted harmonic Bergman space b, = bl (B) is
the space of all complex-valued harmonic functions # on B such that

l/p
lullpp = </ |u|? dVa) < 00.
B

As is well known, each bY is a closed subspace of the Lebesgue space L), = L% (B, dV,) and
thus is a Banach space. In particular, bfl is a Hilbert space for each . By mean value property
of harmonic functions, it is easily seen that point evaluations are continuous on bfl. Thus, to
each x € B, there corresponds a unique Ry (x, ) € bgz which has the following reproducing

property:

o

ey u(x) =/Bu(y)Ra(x,y)dVa(y), xeB

forallu e bg. The kernel Ry (x, y), called the reproducing kernel for bg, is real and symmet-
ric; see (6) below.

Note that the Hilbert space orthogonal projection from Lg onto bg[, denoted by I1, and
called the o-weighted harmonic Bergman projection, can be realized as an integral operator
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by (1):
Iy (x) =/Bilf(y)Ra(x,y) dVo(y), x€B

for functions ¥ € Lg. For each & > —1, it is well known that I, is bounded on L% for
1 < p < oo, butnot for p = 1.
The growth rate of the kernel Ry (x, y) is well known (see [4]):

2) [Ry(x, y)| < W

for all x, y € B. This motivates us to consider an operator with the kernel [x, y]’(’”"‘). More
explicitly, we define an operator A, by

Aal/f(X)=/ ﬂdVa(y), x€B

B lx, y]"*®
for functions ¢ that make the integral well defined. For each @ > —1, the operator A, is
also bounded on LY if and only if I < p < oo. This must have been known to experts, even
though we could not find an explicit reference in the literature.
Our first result is the following optimal norm estimates of A, acting on L when p varies
throughout the full range and when « is fixed:

2
p

(3) [ Acllp ~
p—

(a fixed)

forall 1 < p < oo. Here and in elsewhere, || T ||, denotes the operator norm of a bounded
linear operator 7 : LY — L%. Also, for positive quantities X and Y, the notation X ~ Y
means that X/Y is bounded below and above by some positive constant that depends only on
allowed parameters.

Note [[1y| < CqAg|¥|. Thus (3) gives an upper estimate of the norm |1y, of I1,
acting on LY. When « is fixed, we show that such an estimate for || 1, || p is optimal, which is

our second result:

p2

“) 1Tl p ~ (« fixed)

forall 1 < p < oo. Earlier, Zhu [9] obtained the same estimate in the context of holomorphic
Bergman spaces over the unit ball of C". Zhu’s result was then extended by the last two
authors [5] to the setting of harmonic Bergman spaces over the upper half-space.

In Section 1 we express the weighted harmonic Bergman kernel by means of fractional
derivatives. Such an integral representation allows us to estimate the weighted harmonic
Bergman kernels. Section 2 is devoted to the proof of (3) with some additional information
on behavior as @ — —1; see Theorem 2.2. In fact Theorem 2.2 states that the dependency
of the upper estimate on parameter o as « — —1 is at most like (o« + 1)~!. However, we
do not know whether such behavior with parameter « is sharp. In Section 3 we establish an
estimate, with the help of (3), that implies the upper estimate of (4). Most part of the section
is devoted to a careful analysis of the behavior of Cy in (2) as ¢ — —1. Our estimate shows
that Cy, stays bounded as @ — —1. So, the growth rate of ||I14||, as @ — —1 is at most like
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(o + 1)~!'. However, as in the case of || Ag|| p» we do not know whether such behavior with
parameter « is sharp, either. In Section 4 we establish the lower estimate of (4).

CONSTANTS. Throughout the paper we use the same letter C, always depending on
the dimension 7, to denote various positive constants which may change at each occurrence.
Those constants will often depend on other parameters such as « and p as well. Such addi-
tional dependency will be explicitly indicated in subscripts. For example, C, will stand for
constants depending only on n and «.

1. Weighted harmonic Bergman kernel. The series expansion of the unweighted
kernel function Ro(x, y) is well known:

5 R Ay B
) o(x,y)—;];< +§) k(x,y), x,y€
where Zj(x, y) denotes extended zonal harmonics of order k; see [1, Theorem 8.9] where
some extra constant factor, caused by non-normalization, appears. We refer to [1, Chapter 5]
for definition of zonal harmonics and related facts. However, we would like to mention that
each Zy(x, y) has the k-th order homogeneity in each variable separately, which we will use
later.

The series expansion (5) can be easily modified to the weighted cases. More explicitly,
we have

T+ 24+ 1)
(6) Ra(x,y>—wa§) T+ Zi(x, y)

for general > —1 where wy = I'(n/2)/I" (n/2+a+1); see [4, Section 2] or [7, Proposition
3]. This series converges absolutely and uniformly on K x B for every compact set K C B.
When n = 2, note that (6) can be written (in complex notation) in a closed form

1

™ Ra(x,y) = (1 _xy)a+2 + (1-— fy)a+2 -1

The series expansion (5) is also well known to be closely related to the extended Poisson
kernel P(x, y) for B defined by

» 1—|x?yl?
(x,y)z—[x ST xX,y€B.

Here and elsewhere, we let

eyl = 1 =26y + IxPlyP?

to simplify the notation. Using the series expansion

®) P(x,y) =Y Zi(x.y)
k=0
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and utilizing homogeneity of extended zonal harmonics, one can verify by a straightforward
calculation

) R (x,y) = @n[d" T ¢ *T P (x, ry))]rzt

for integers m > 0 where 0, = 9/dr. We remark in passing that (9) (with m = 0) also leads
to the explicit formula for Ry(x, y) as in [1, Theorem 8.13].

Here, we need a versions of (9) for general @ > —1, which is not necessarily an integer.
To this end we first introduce a notion of fractional derivatives. Given s real, denote by [s]
the smallest integer bigger than s. For s > 0 and an [s]-times continuously differentiable
function f on [0, 1), we define the fractional derivative D° f of order s by

D' f(r) = L /1(1 — t)mfsflam[f(rt)] dt
r(sT—9 Jo ’ '

Now, we have the following representation of weighted harmonic Bergman kernels for n > 3
in terms of fractional derivatives. Recall that for n = 2 we have the explicit formula (7).

PROPOSITION 1.1 (n > 3). Leta > —1. Then

Ro(x, y) = oo [DE (/2P (x, ry))] =i
1
= Pl ~w /0 (1= nfel=e g2 p (e, 1y)) di

forx,y e B.
PROOF. Fix x,y € B and put
fE)y=r"?tPx,ry), 0<r<l.

In case « is an integer, note that f ("“H)(O) = 0, because n > 3. So, the claimed integral
representation reduces to

1
O f FED ) di = wg £ (1),
0

which is the same as (9).

Now, assume that « is not an integer. So, let « = m + ¢ where m is an integer and
0<e< 1 Note [a] +1 =m+2and [¢] —a = 1 — ¢. Using (8) and homogeneity of
Zy(x, ), we have

[y =) ez, y)

k=0
so that
9]
I'k+n/24+a+1) —m—
am+2 Nl= n/24a tk+n/2+a m ZZ ,
RG] = kEZO:F(k+n/2+oz—m—1) (e ry)

forr,t € [0,1). Note k +n/2 + o« —m — 1 > O for all k > 0, because « > m. Thus,
multiplying both sides of the above by (1 — ¢) ~® and then integrating term by term against the
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measure dt, we have
P Cany

D f(r )= / (1 = )" P2 f(r0)] dt

=r"/2*IZa 'k+n/24+a+1)

Z )
Tkt n2ta—m—1) k(e 7y)

where
ax = # /1(1 _ t)—stk+n/2+oz—m—2 dr .
r'a—e)Jy
Also, recall @ = m + €. Thus we have
I'k+n24+oa—m-—1)
- r'k+n/2)
for each k > 0. Combining these observations, we obtain

I'k+n/2+a+1)
o+1 n/21
DY () = Z Fhanz  Zkxry)

= w, 1r"/2 lRa(x, ry)

where the second equality comes from (6). Now, evaluating both sides of the above atr =1,
we have the first equality. For the second equality, note that f (rt) = (rt)"/>**P(x, rty) and
thus

| F—(etD) )
DEt f(r)— / (11—~ £8m+ [fGrD)] dt

n/2 1
=—— | (=) 2P (x, rey)] dt
m_g)/o( ) E o (x, r1y)]
So, evaluating both sides of the above at r = 1, we have the second equality. The proof is
complete. a

2. Estimate of | Ay||p. In this section we prove the optimal norm estimate asserted
in (3). Given o > —1 and s > 0, consider the function J, s defined by

(1—|yP*dy

Ja,s(x) = 5 [x’y]nJraJrS

for x € B. Itis known that J (x) grows like (1 — |x|2)_s as |x| — 1; see, for example, [2,
Lemma 2.5]. However, such boundedness is not enough for our purpose. In order to obtain
our optimal upper estimate, we need to keep track of how the growth rate of J, (x) depends
on parameters « and s.

Given a, b, c real withc # 0, —1, =2, ..., let F(a, b, c; t) be the hypergeometric func-
tion

Fa,b,c;t) = ZMZ

= @i J
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forO <t < 1. Here, (a)o = 1and (a)y =a(a+1)---(a+k—1) fork > 1 as usual. The role
of this hypergeometric function in our argument lies in the following equality (see [6, Lemma
2.1]) for c real:
(10) f do(¢) =F<5,C_” +1, 2 |x|2>, xeB

9B 1x — C|° 22 2
where do denotes the normalized surface area measure on d B.

LEMMA 2.1. Givenv > 0, there is a constant C,, > 0 such that
Joz,s(x) - Joz,s 0)
(I— = -1

forO<a+1<vand0 <s <.

CU_IF(S)F(O(—G—l)f <C,I'(s)'(¢+1), xeB, x#0

PROOF. Letx € B. Integrating in polar coordinates and then using (10), we have
n+oa+s oa+s

1
Ja,s(x)=n|B|/ (1—t2)°‘t"1F< +l,%;t2|x|2) dr
0

2 )
an _ n|B|I" (n/2) }:%MW
2 ((n+a+5)/DT (@ +9)/2+ 1) & k!
where
a__r«n+a+@m+wﬂxw+mvz+1+kw2/%1_ﬁyﬂﬂklm}
£ (/2 +k) 0

F'n+a+s)2+kT((a+s)/2+1+k)
F'n/2+a+1+k)
for each k > 0. On the other hand, we have

=I'(a+1)

e¢]

1 1 Cs+k
12 a—uWS_F®Z; o

Recall that, by Sterling’s formula, to each a > 0 corresponds a constant C, such that

I't+a
" I < % < Cy
for + > 1. Using this, one may verify that
—1 43

(13) Cos “ FGrmr@sn -
for all k > 1 where Cys > 0 is a constant continuously depending on «, s and staying
bounded as « — —1 and s — 0. Also, note that the constant factor in (11) stays bounded as
a — —l and s — 0. Thus we conclude the lemma from (11), (12) and (13). The proof is

complete. a

CO(,S

THEOREM 2.2. Givenv > 0, there is a constant C,, > 0 such that

[72

(@+Dp-1

| P
C, Po1° [Aallp < Cy
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forl < p<ooandOd<oa+1<v.

PROOF. Fixv > 0.Let]l < p < oo and assume 0 < o + 1 < v. We first establish the
upper estimate. We use the well known Shur’s test (see [8, Theorem 3.6]). As a test function
we take the function A (x) := (1 — |x|*)~@*+D/P4 where g is the conjugate exponent of p. By
Lemma 2.1 we have an estimate

/ h(x)? dVy(x)
B

RIS = AaJ@+1)/p—1.(a+1)/4(¥)

1 1
< cmw(“ + )F(“ * )h(y)f’
)4 q

for y € B. Similarly, we have

/ h(y)? dV,(y) < Cul F<a+1)F<a+1>h(x)q
g [x,ypte =70 p q

for x € B. Thus we obtain by Shur’s test

1 1
I Aally < cmr(“ + )r(“ i )
p q

<c, 1 F<a+1>r<a+l>
I'le+1) p q

1
— CV/ t(()l+1)/p71(1 _ t)(Ot‘Fl)/q*l dt .
0

On the other hand, we have
2

/1 et D/p=1() _ pyletD/a=1 g < ¢, P +q _ c, p :
0 a+1 (x+D(p-—-1
the first inequality can be easily verified by splitting the integral into two pieces fol/ 2 + f 11/2.
We now turn to the lower estimate. Since the norm || A ||, should continuously depend
on parameters p and o, we may assume « < 0 and p # 2 for the rest of the proof.
First, consider the case where 1 < p < 2. It suffices to establish

Cy
(14) 1allp = =
To prove this, we use the test function f(x) := (1 — |x|2)_s where s = (@ + 1)(2 — p). Note
0<s < 1l(becausea <O)andow —s+1 >a—ps+1>0. Since I'(w —s + 1) =
(@—s+ D7 1= 1/(e+1)(p—Dand I'(¢+1)(@+1) = I'(¢ +2) = 1, we have by Lemma
2.1

CyI'(s)
(15) Ao f(x) = haJamss(X) = 1:—1 [f(x) =11
for x € B. For the norm of f, a straightforward calculation yields
I'la—ps+1)

p
n — )\-
1L = e e —ps £ 1)
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where ¢, is a dimensional constant. On the other hand, using the elementary inequality 1 —
u* >s(l—u)forO<u<1land0 < s < 1, we have

If =17y = a fBa = PP = (1= x )] da

Cnhy

2

1
. an)\a Sp/ (1 - t)n/2+p—ltoz—ps dt
0

1
/ (1 =02~ 12 =Ps (1 — )P dt
0

_ Cnrg SPT(n/2+ p)I (o — ps + 1)
2 TI'n24+a+p—ps+1)

It follows that

If =1y S{F(n/2+p)1“(n/2+a —ps+ 1)}1/1’
Il ~ 2r(n/24+a+p—ps+1)

This, together with (15), yields

3

T2+ p)ln/2+a—ps+1) }1/1’

C
(16) | Agllp > — {
p—1 I'n/24a+p—ps+1)

because sI"(s) = I'(s + 1) ~ 1 and 27/ ~ 1. Note that the expression in the bracket of
(16) stays bounded below and above as « — —1 and p — 1. Thus we obtain the desired
estimate for 1 < p < 2.

We now consider the case where 2 < p < oo. Let 2 < p < oo and g be the conjugate
exponent of p. Then we have by duality

[Aallp=sup [[Acpllr

llell p=1
= sup sup /(Aa(/))wdva
el p=11vll, g=11/B
= sup sup /cpAadea
Il g=Llel p=11/B
= sup [[Ae¥lly
Il g =1
= [|Aallg -
Thus we have by (14)
Cy
lAallp = —.

Since 4/(q — 1) > ¢*/(q — 1) = p*/(p — 1), this completes the proof for 2 < p < co. The
proof is complete. O



OPTIMAL NORM ESTIMATE OF OPERATORS 365

3. Upper estimate of || /1, , when o — —1. Recall [[T,V| < CyAql¥|. Thus, as
an immediate consequence of Theorem 2.2, we obtain

2

Ty < Ca (o fixed)

for 1 < p < oo. However, this estimate does not provide any information on how || [Ty ||
behaves when « varies with p fixed, especially when « — —1. In this section we intend to
show that the constant C, above grows at most as fast as (« + D! when o — —1. We
do not know whether such a growth rate is sharp, but suspect probably not. In fact Zhu [9]
conjectured the boundedness of C, when « — —1 in the context of holomorphic Bergman
spaces over the unit disk and we agree with him.

We begin with an elementary integral estimate which is also well known except for con-
stant factors. While one may use series expansion and Sterling’s formula (as in the proof of
Lemma 2.1) to obtain a more precise upper bound, the upper bound as stated is enough for
our purpose.

LEMMA 3.1. Leta > —1,5s >0and0 <e < 1. Then

1 (1 —r)® d<_81 1 . _
/0 el et AT =€ (;%H*ﬁ)( -07

for0 <t < 1. Here, ¢~¢ is understood to be 1 for ¢ = 0.

PROOF. Let

1(f) == 1-—er—)m——d 0<t<l
(1) == A rs(l—tr)“ﬂ“ r, <tr<l.

For ¢ = 0, integrating by parts, we have

1 a+s+1/1 1(1—r)et!
a+1 a+1 Jo (1—rr)yotst2

/1m—owld</1 tdr (1= —1
o (L—myett2 = o =yt T s

Accordingly, we have
1 a+s+1 ‘ 1 1 1
I(t) < -0 —1]= — =0 = -,
00 = g e 07 = <S+ +1)< )~

which implies the inequality for ¢ = 0. For 0 < ¢ < 1, we have

e 1
Is(r)=/ +/

(l—t) s
Tl—e

(@) =

Note

/ e hr)

8175

= m(l -0+ e (),
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which yields the inequality for 0 < ¢ < 1. The proof is complete. a

A proof of the following lemma for @ = 0 can be found in [3, Proposition 2.2]. However,
the proof therein does not seem to extend to general «. Here, we provide a proof for general
o by modifying the argument in the proof of [4, Lemma 2.7].

LEMMA 3.2. Leta > —1ands > 0. Then
1 o
1 -1 dt 1 1
/ ¥ < < 4. 3v+a+1 o [x7y]—s
o [x,ty]stetl s a+1
forx,y € B.

PROOF. Fixx,y € B. If |x||y| < 1/2, then [x,ty] > 1 —t|x||y] > 1 — |x]||y| > 1/2
forall0 <t < 1. Also,if x - y < 0, then [x,7y] > 1 forall 0 < ¢ < 1. So, the estimate is
trivial if either |x||y| < 1/2orx -y <O0.

Now, assume |x||y| > 1/2andx -y > 0. Let & = 6(x, y) > 0 be the half of the positive

angle between x and y. Note § < /4. Put ¢ = (|y||x])~'(1 — sin6). First, consider the case
¢ > 1. Note

(17) [x, y1? = (1 — |x||y])* + 4lx||y| sin® @ .

Thus [x, y] < 3(1 — |x]||y|), because ¢ > 1. It follows from Lemma 3.1 that

/1 (1 =02 dt </1 (1 =02 dt
o [e.eyltett = Jo (1 —r]x||y[)stet!

(1 AW )
< S+?)< — IxllyD™

1 1
_ 38 , —S ,
<<s +a+1) [x. y]
which implies the desired estimate.

Next consider the case ¢ < 1. In this case we have
sinf — (1 —
(18) 0<l-c= A= 1D 5 ing .
lx[ly]

Also, since 1 — |x||y| < sin 8, we have
(19) [x,y] <3sinf
by (17). We split the integral into two pieces
/ (1—0)*dt / /
0 [_x ty]b+01+l

and estimate each integral separately.
For the first integral, we note

f/ (1 -0 dt =1+11
(1 —tlx||ypstett
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where, by integration by parts,

1 (1 _C)otJrl
1= 1-
a+1 (1 —clx|lypstett

and

1T = |x][ly|

s—l—a—i—l/c (1 —p)et! .
a+1 Jo (I—zlx|lypstet2 ="
Since 1 — c|x||y| = sin 6, we have by (18)

(sin®)™* (sin )’ — 1—c\*H!
o sin @

+1
1 [¢ dt 1 1
FPLLLE / x[lyl <(-+—)ino)™.
a+1 Jo (I—tlxllyD*t = \s a+1

Combining these observations with (19), we see

¢ 1 1 1 1
< 3 - 20{+l . 9 —s < 3 - 30{+S+1 , —s ,
/0 - <s+a+l) (sin6) " < s+a+1 vyl

which implies the desired estimate for the first integral.
To estimate the second integral, note that

1 2<x+l

I|= < —— (sin®)”*
1] P (sin®)

and

1 1
tix||lyl = clx|lyl=1—-s8inf >1— — > — c<t<l,

V24

because 6 < m /4. So, using (17) (with #y in place of y) and (18), we have

1 1
f g(sine)*@*““)f (1—0%dt
Cc Cc

+1
o

a+1

o+ 1
Consequently, we conclude from (19) that

<

(sin9)™*.

3s+a+1

1
< —S
fc _(H_l[x,y] ,

which gives the desired estimate for the second integral. This completes the proof for the case
¢ < 1 and the proof of the lemma. a

LEMMA 3.3. Given a multi-index y = (y1, ..., yn), there is a constant C,, > 0 such
that

14 4

forx,y € B. Here, 3 = (3/9y1)" -+ (3/dyn)"" and |y| = y1 + - - + yu.
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PROOF. The asserted inequality will hold, once we have the estimate

vl 1 ) Cy
% <[x,y]" = Tyt

This is a special case of [3, Lemma 2.1] but under the additional assumption 2|x — y| >
max{1l — |x|, 1 — |y|}, which was used therein only for the estimate

[x,y] = \/Ix =P+ A=A =y 2 Ix =yl + A =lxh+ A=y,
The estimate above is actually valid for all x, y € B, because if 2|x — y| < 1 — |x| and
1 -]yl <1~—|x|, then

x=yl+d =D+ A=lyD=1T—|x=1—|yl+x =yl < [x y].

This completes the proof. O
The next lemma shows that the constant C,, in (2) stays bounded when « approaches —1.

LEMMA 3.4. Givenv > 0, there is a constant C,, > 0 such that

C
|Rd(-x7y)|fmv x7y€B

forO<a+1<v.

PROOF. Forn = 2 one may use (7). Since |1 —xy| = [x, y], itis clear that | Ry (x, ¥)| <
Cqlx, y]’(”") which implies the desired estimate.

Now, assume n > 3 for the rest of the proof. Fix v. Let0 <o+ 1 <vandoa =m + ¢
where m is an integer and 0 < ¢ < 1. Fix x,y € B. Let g(t) = P(x,ty) and f(¢) =
1"/2+2 (t). Then we have by Proposition 1.1

1 m
20) Roeyy= =2 [ L0,
rl—e)Jo (1—1)
note that w,, stays bounded as « — —1.

We assume that n/2 + « is not an integer; the estimate below is simpler when n/2 + «
is an integer. Note that f*2)(¢) is a linear combination of functions of the form
/2 e—m=2+tk () (1) where k = 0,1,...,m + 2. Since n > 3, we have ("/2te—m=2+k <
t~1/2 for each k. It follows from Lemma 3.3 that

C
(m+2) v
1) FDO1 S e

On the other hand, Lemma 3.2 gives

1 (1=1" e 1/2
/0 20, ryprt ¢ / / 12

<2 2”+°‘+1+f/ _d=0"

x ty n+m+1
4n+m+l

))[)C, y]—(n+0£)

o n+o
SCU<2 [x, y] t e Tod =8
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—(n+a)
<C, Eibd Mg
1—¢
This, together with (21) and (20), yields
[x, y]—(n+a) [x, y]—(n-i-oz)
Ry (x, <C =
R W= O Fr 50— = Ta 9
Now, since I'(2 — ¢) &~ 1, we conclude the desired estimate for n > 3. This completes the
proof. a

The next proposition is now an immediate consequence of Lemma 3.4 and Theorem 2.2.

PROPOSITION 3.5. Givenv > 0, there is a constant C,, > 0 such that

p2

Ty < Cum

forl < p<ooand0<oa+1<v.

4. Lower estimate of | [1]|,. In this section we establish the lower estimate for the
operator norm |[I1y||,. The first thing to do is to show that the order —(n + «) in Lemma
3.4 is best possible. Namely, we first show that the inequality there can be reversed (modulo
constant factor) when (x, y) belongs to a certain region.

As an auxiliary tool, we briefly review pseudohyperbolic distance p on B given by

lx =yl
[x,y]’
Forx € Band 0 < r < 1, let E,(x) denote pseudohyperbolic ball with radius r and center
x. Then a straightforward calculation gives us that E,(x) is a Euclidean ball (with center
(1 —r?)(1 — |x%7*)~'x and radius (1 — |x|?)(1 — |x|?>r%)~'r). The following lemma is taken
from [2].

p(x,y) =

X,y €B.

LEMMA 4.1. The inequality

1—p,y) - [x, z] - I+ p(x,y)
I+px,y) ~ [y,z] =~ 1 —p(x,y)

holds for x,y,z € B.

We also need the derivative estimate

C
(22) IVyRo(x, y)| <

o
= Ty Y el

see [4, Lemma 2.8].
In what follows we denote by I'g(¢), where B > 1 and ¢ € 0B, the non-tangential
approach region, with aperture § and vertex ¢, consisting of all points x € B such that

lx =& = B —|x]).

Also, we denote by x’ the radial projection of x € B, x # 0, onto 9 B.
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LEMMA 4.2. Given o > —1, there exist numbers § > 1, rg € (0, 1) and a constant
Cy > 0 such that

R Co
a(x,y) > TRGK
whenever y € I'g(x’) and x|, |y| > ro.

PROOF. The case n = 2 can be treated by utilizing the explicit formula (7). We skip the
details. So, assume n > 3 for the rest of the proof.

Fix @ > —1. Let x, y € B. To begin with assume |x||y| > 1/2. First, we consider the
case y) = x'. Write « = m + ¢ where m is an integer and 0 < ¢ < 1. Let g(t) = P(x,ty)
and f(t) = "?Tg(r). Let M(t) = /> ¢+ (1) and E(r) = f"*2) (1) — M(t). Using
these functions and Proposition 1.1, we decompose Ry (x, y) into the sum of the major and
error terms as follows:

VM@ L E@)
23 1M1 —e)Ry(x,y) = dt
(23) Wy I'(1 —&)Ry(x,y) fo(l_t)g +f0 T
Since x’ = y’, we have
1 +1t|x 2 1
o) IxIlyl

T —tlxllyhmt T A —elxllyhm (1 = rlx[y)n—2

so that

(n+k=3)!  (xllyD*
(n—=2)! (1 —tlx|[yprt*-t

for integers k > 1. In particular, we have

(n+m—1)! 1

(n —2)12m 1 (1 — t]x||y[yrtmt]

and thus obtain an estimate for the major term

1 M (1) 1 tn/2+0{ dt
/ dt > Ca/ 1
o (I—=1)° o (L=0)f( —|x|lylr)r*+m+

1
(25) . Cqy : / dt
(= |x[lyDmm J iy (1 —1)8

— Ca
(I —e)d — |x|[ypr+e”
We now estimate the error term. To do so, we assume that n/2 + « is not an integer, as

in the proof of Lemma 3.4. Since n > 3, we see from (24) (or as in the proof of Lemma 3.4)
that

Q4 ¢®m =

[2(n +k —2) — (n = 2)(1 = 11x]|y])]

") >

Co
21— t]x|[yprem
So, integrating both sides of the above against the measure (1 — r) "¢ dt, we obtain by Lemma
3.1

V' E® Cy
26 d .
(20) f;a—ostfa—wu—mww”ﬂ

[E@)] <
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Note [x, y] = 1 — |x||y|, because x" = y’. Therefore, denoting the constants C, in (25)
and (26) by Cy,1 and C 2, respectively, we obtain by (23)
Co,1 — (1 = [x[lyDCa,2
(1 —e)fx, ylrte
Thus we see that there exists a number r( sufficiently close to 1 such that

W' T (1 — &)Re(x,y) >

Coz,3 CUozcoz,l
27) RaCe.y)z p—e where Cas =557

completing the proof for the case x’ = y’ (with arbitrary 8 > 1).
We now consider the case where x” # y’. Let 8 > 1 be an aperture to be chosen later
and let y € I'g(x’). Also assume |x/|, |y| > ro. Since

ly=x'P =1 —[yD*+ Iylly —x'1,
we have
ly = Iy P =yl =X <y —x'P = (1= [yD* < 8 — |y])?
where § = /8% — 1. Thus
ly = Iylx'] < 8(1 —|y]) < 8(1 —|y[>) < 8Ly, [ylx'].
i.e., y € Es(]ylx’). Consequently, we have
Ry (x,y) = Ro(x,|ylx") — |Ra(x, ¥) — Ro(x, |ylx)]

= Ry (x, [ylx") — |y — [yIx'|  sup |V Re(x,2)|.
zeEs(lylx")

(28)

We now estimate the second term of the above. Let z € Es(]y|x’). Note [y, |y|x'] < [y, x]+
[x, [y|x'] < 2[x, y]. Thus
ly — [ylx'] < 8Ly, lylx'] < 28[x, y].
Meanwhile, since (assume § < 1/4)
[x,y] 1+p(y,2) 1+25
=< < <
[x,z] ~ 1—=p(,2) 1-26
by Lemma 4.1, we have by (22)

3

C C
|[V:Ru(x,2)| < z < - .
[x, Z]n+a+1 [x, y]n+a+1

Combining these observations, we have
B =Dl sup [VeRa(ro0)] = ——et
2€Es(lylx") [x, y]ite
where Cy 4 is a constant depending only on n and «.
Now, assuming |x|, |y| > ro and substituting (27) and the above estimate into (28), we
obtain Ry (x, y) > (Cy.3 — 8Cq.4)[x, ]~ and thus conclude
Coz,3

Ry (x,y) > Ar P
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for some B sufficiently close to 1, as desired. This completes the proof. a
Now we are ready to prove the lower estimate for the operator norm of || 1, || .

PROPOSITION 4.3. Given a > —1, there is a constant C, > 0 such that

2
p

[Tallp = Co
p—

forl < p < oo.

PROOF. We provide a proof only for 1 < p < 2;the case 2 < p < oo then follows by
duality argument as in the proof of Theorem 2.2.

Fix o > —1. Our test function will be the characteristic function supported on a Eu-
clidean ball. Let 8 = B(n,«a) > 1 and ro = ro(n, @) € (0, 1) be the numbers as in Lemma
4.2. Fix a number By € (1, B) sufficiently close to 8 such that 8 — Bo < 1/2. Increasing ry if
necessary, we may assume 1/8p + (1 —rg)/2 < 1. Let ¢ = c¢(n, p, ) be a sufficiently small
positive number to be chosen later. To begin with let ¢ < (1 — rp)/(280) and put

rii=c(B—=po)l —c).

Finally, letz = (1—c)ewheree = (1,0, ..., 0) and ¢ be the characteristic function supported
on the ball B, (z) of radius ry and center z.
Since r; < ¢/2, we have
% <c—rn<l—-|yl<c+r <2, yeB,(2)
and thus

(29) II’#IIZ; = VulBr (2)] = )\a/ (1= [y dy ~ hac"™.

By ()

We now estimate the L -norm of I, y. Let

Q—{;eaB~ ;-e>i+1_r°}
B ’ Bo 2

and
E={e—1t;; ¢e€0Q, 2Bpc <t <1—rp}.

Forx = e — ¢ € E, we have
1—|x|  1—|x? r 1

= =f-e— = >—.
[x —e| 2t 2 Po
This implies rg < |x| < 1 —2cforx € E.

Letx € Eand y € B,,(2). Since

(30)

— / —
¥l = |Z |Z|)’| < 2|z —y| - 2r1

le —
|z| |z| 1-

o= 2¢(B — Bo) < (B —Bo)(1 — |x]),

we have by (30)
lx =y <|x—el+le—y|<p(l—I|x].



OPTIMAL NORM ESTIMATE OF OPERATORS 373

In other word, we have

(31 E C I'g(y’) foreach ye€ By (2).
Also, note
(32) Iyl >zl —lz=y|>1—c—ri>1=2c> |x| >rg.

Meanwhile, since |x| < 1 —2¢ < |y|, we have
Loyl = = yP 4+ (= xP)A = ) < e = yP 4+ (1= )%,
which implies
(33) [r.y] < lx —e[+le—y|+1—|x* <4x —e]
where the last inequality follows from the fact
le—yl<le—z|+lz—yl<c+ri <2c<|x—el.

It follows from (31), (32), Lemma 4.2 and (33) that

N
B2 S e

Since this holds for all x € E and y € B, (z), we obtain

A n—+o
1me=f Ra(x, 1) dVa(y) > Ca—2" __ x€E,
By () v —efrte
and thus by (30)
dx
P Py p+l .p(n+a)
(34) /B|Ha1/f| dVa > Ca)‘a ¢ /E |x _ elp(n+a)—a ’

The integral in the right side of the above can be explicitly computed as

- - - +a)(p—1

o [ toremn-p-1 g, _ Ca@oc) 0D {1 - ( 2Boc ><" N >} ’
2Boc p—1 1—ro

where | Q| denotes the surface area of Q, which depends only on n and «. Thus, fixing ¢ such

that
( 2Boc )(nJrOl)(pl)

1—ry

1
<z,

2
we have by (29) and (34)

2Bp)—(te)(p—D
/ [ |P dVy > Cé’“)\é]LlIi/fllpp-
B p—1 La
This yields
Corg
(35) oYl p = mlllﬁlng,
where we used the fact Col/p ~ Cq for 1 < p < 2. Note that
_ 1\p—D/p 2
1 _(p—=1 - 4A - A )4

(p—DYP  p—1 T p—17""p-1
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for some absolute constant A. Therefore we deduce from (35) that

Cah
(36) A = p"‘_";uwnw,
which implies the assertion for 1 < p < 2. The proof is complete. a

Combining Propositions 3.5 and 4.3, we conclude the next theorem.

THEOREM 4.4. Given o > —1, there is a constant C,, > 0 such that

| p2 2
Co po1° ITallp < Ca

p—1
forl < p < oo.
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