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Abstract. We study relations between moment maps of Hamiltonian actions and iso-
parametric hypersurfaces in spheres with four distinct principal curvatures. In this paper, we
deal with the isoparametric hypersurfaces given by the isotropy representations of compact
irreducible Hermitian symmetric spaces of classical type and of rank two. We show that
such isoparametric hypersurfaces can be obtained by moment maps. More precisely, cer-
tain squared-norms of moment maps coincide with Cartan-Miinzner polynomials, which are
defining-equations, of above isoparametric hypersurfaces.

1. Introduction. A hypersurface N in a Riemannian manifold (M, (, )) is called an
isoparametric hypersurface if N is a level set of an isoparametric function on M. Here, a
smooth function ¢ on M is said to be isoparametric if there exist two smooth functions A (z)
and B(t) on R which satisfy

(1 1) ||grad(!)||2 = (gl'ad(p, gradgo) = Ao 0,

Ap=Bog.
We refer to Cecil [2], Thorbergsson [13], and the references therein, for history and general
theory of isoparametric hypersurfaces. Note that isoparametric hypersurfaces in Euclidean
spaces R" and hyperbolic spaces H" have been classified completely.

In this paper, we consider isoparametric hypersurfaces in spheres S”. It is known that a
hypersurface in S” is isoparametric if and only if it has constant principal curvatures. Hence,
a homogeneous hypersurface in S” is isoparametric since it has constant principal curvatures.
They have been characterized as principal orbits of the isotropy representation of symmetric
spaces of rank two, and are classified completely by Hsiang and Lawson [6]. Their results
state that a homogeneous hypersurface in S” coincides with a principal orbit of the isotropy
representation of a symmetric space of rank two.

Let g denote the number of distinct principal curvatures of an isoparametric hypersur-
face in §". We denote its principal curvatures by A; < --- < A4 whose multiplicities are
mi, ..., mg, respectively. Then, Miinzner [8] showed that

m; =m;4r for i modg.
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Thus, it is clear that all multiplicities are determined by m; and m>. Note that m; = my
if g is odd. Miinzner described an isoparametric function which defines an isoparametric
hypersurface in S with (g, m1, m2). Such a function is obtained by the restriction on S” of a
homogeneous polynomial function ¢ : R"*! — R of degree ¢ which satisfies

lgrad (P> = g*[| PII?9~2,

my —mi _
Ap(P)= ngnPng 2.

(1.2)

A homogeneous polynomial satisfying (1.2) is called a Cartan-Miinzner polynomial. Miinzner
[9] also showed that g must be 1, 2, 3, 4 or 6. Note that isoparametric hypersurfaces in S”
with ¢ = 1, 2, 3 have been classified completely.

We are interested in isoparametric hypersurfaces in $” with four distinct principal cur-
vatures. There exist homogeneous ones and non-homogeneous ones. Homogeneous ones are
obtained from the isotropy representations of the following symmetric spaces of rank two:

(1) SO+ n)/SO2) x SO(n),

(2) SUQR+n)/S(UER) x Un)),

(3) SO(10)/UG),

(4) Ee/U(1) x Spin(10),

(5) Sp(2+n)/Sp(2) x Sp(n),

(6) SO(5) x SO(5)/SO(S).

Among these, (1), (2), (3) and (4) are Hermitian symmetric spaces. Non-homogeneous exam-
ples are found by Ozeki and Takeuchi [11] for the first time by using the representations of
Clifford algebras. The method of Ozeki and Takeuchi was generalized by Ferus, Karcher and
Miinzner [4]. They systematically constructed isoparametric hypersurfaces in $” with four
distinct principal curvatures from representations of Clifford algebras. Such an isoparametric
hypersurface is called FKM-type. Recently, they have been almost classified by Cecil, Chi
and Jensen [3] and Immervoll [7], and a complete classification of non-homogeneous ones is
still open.

Our expectation is that every isoparametric hypersurface in S” with four distinct principal
curvatures is related to a moment map for a certain group action. In this paper, we show that
this is true for the isoparametric hypersurfaces obtained by the isotropy representations of the
above Hermitian symmetric spaces (1), (2) and (3).

Let G/K be an irreducible Hermitian symmetric space of compact type and of rank two.
We denote the Cartan decomposition by g = £ @ p. Then, we get two K -invariant functions
on p. One comes from a Cartan-Miinzner polynomial. Since the rank of G/K is two, the
results of Hsiang-Lawson imply that a principal K-orbit of the isotropy representation of
G/K is ahomogeneous isoparametric hypersurface in the unit sphere in p. By the definition of
isoparametric hypersurfaces, there exists an isoparametric function on the sphere. According
to the result of Miinzner, this function is the restriction of a Cartan-Miinzner polynomial
¢. This ¢ is a K-invariant function on p. Another K -invariant function on p comes from a
moment map. Since G/K is Hermitian, the isotropy representation of G/K is a Hamiltonian
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action (see Section 2). Thus, there exists a moment map u : p — €* for this action, where
£* is the dual vector space of £. By definition, u is K-equivariant. Hence, a composition
function of p and a K -invariant norm on £* is K -invariant. We have two K -invariant functions
on p in these ways. Our main theorem in this paper describes a relation between these two
K-invariant functions. One can construct the first K-invariant function (a Cartan-Miinzner
polynomial) from the second one (a squared-norm of a moment map). More precisely,

MAIN THEOREM. Let G/K be one of the following Hermitian symmetric spaces:
SO2 4 n)/SO2) x SO(n), SUR2 + n)/S(UR2) x U(n)) and SO(10)/ U(5). Let ¢ be the
corresponding Cartan-Miinzner polynomial. Then, there exists a K -invariant norm on €* such
that ¢ coincides with the squared-norm of the moment map [ for the isotropy representation
of G/K.

This article is organized as follows. Section 2 gives a definition and some properties of a
moment map. In particular, we introduce a useful formula to compute a moment map for the
isotropy representation of a Hermitian symmetric space. In Section 3, we describe our main
theorems, and give proofs thereafter.

The author is most grateful to Professor Hiroshi Tamaru for his thoughtful and helpful
advice. The author would like to thank also Professor Yoshio Agaoka, Professor Akira Ishii
and Professor Shun-ichi Kimura for their warm encouragements.

2. Hermitian symmetric spaces and moment maps. In this section, we recall
Hamiltonian actions and their moment maps (we refer to Audin [1]), and study the moment
map for the isotropy representation of a Hermitian symmetric space.

Let M be a smooth manifold of dimension 2n with a closed 2-form w on M satisfying
@™ #£ 0. The pair (M, w) is called a symplectic manifold, and w is called a symplectic form
of M.

DEFINITION 2.1. Let K be a Lie group which acts on a symplectic manifold (M, w).
Let £ denote the Lie algebra of K. A K-action is said to be Hamiltonian if

(1) the action preserves w,

(2) there exists a moment map u : M — £*, where * is the dual space of £ as a vector
space.
Here, amap u : M — ¢* is called a moment map if

(1) dw)p(Q)E) =wpEp, Q) forall P e M,all Q € TpM andall £ € &,

) pa.p)= (Ad*), (u(P)) forall P € M andalla € K,
where £ denotes a vector field on M defined by

£ d
M>P |i> — exp(t§).P € Tp M,
dt t=0

and Ad* : K — GL(¥*) is the coadjoint representation.
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The second property means that it is K-equivariant. A moment map for a Hamiltonian
action is determined uniquely up to constant functions on M. It is not so easy to compute a
moment map for a Hamiltonian action in general.

Here, we will see that the isotropy representation of a compact Hermitian symmetric
space is a Hamiltonian action, and there is a useful formula of its moment map. Let G/K be
a compact Hermitian symmetric space. We denote by g and ¢ the Lie algebras of G and K,
respectively. Let g = £® p be the Cartan decomposition. The isotropy representation of G/K
is the K-action on p by Ad. Let (, ) be an inner product on g defined by

2.1) (X,Y):=—-B(X,Y) for X,Y eg,

where B is the Killing form of g. We also denote by ( , ) its restrictions to p and to &,
respectively. It is clear that ( , ) is K-invariant. Moreover, p has a K-invariant complex
structure J, defined by

J:=adzlp,

where Z be a fixed non-zero element of the center C(£) of €. We identify Tpp with p because
p is a vector space. Therefore, p has a canonical symplectic form

wp(Xp,Yp) :=(J(Xp),Yp) for X,Y € X(p) and P € p,

where X(p) is a set of all vector fields on p. Thus, (p, w) is a symplectic manifold. It is clear
that K preserves the symplectic form w on p, since K preserves ( , ) and J. The following
proposition shows that this K-action on p is Hamiltonian. Note that this formula is essentially
obtained by Ohnita [10].

PROPOSITION 2.2. Let G/K be a compact Hermitian symmetric space. We define a
map u: p — € by P — up, where

1
2.2 mp(€) = §<(adp)2(Z), §)eR for §et.

Then, w is a moment map for the isotropy representation of G/ K.

PROOF. We have only to check that p satisfies two conditions in the definition of mo-
ment maps.

We show that p satisfies the first condition of moment maps, that is, du is compatible
with w. Our first claim is that d u satisfies

2.3) (du)p(Q)(E) = ([P, [Q. Z]].§) for P,Qep.

By definition, we have

1
2.4 (du)p(Q)(E) = §<d((adp)2(Z))P(Q), £).
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Direct computations show that

(d((adp)*(2)))p(Q) = (d ([P, [P, Z1D)p (Q)
= lim [P+1Q.[P +th Z]| - [P, [P, Z]]
11—
=[0,[P, Z]] + [P, [Q, Z]]
=—[P.[Z, Q1 - [Z.[Q. PII +[P.[Q. Z]]
=2[P, [0, Z]],

because [Q, P] € tand Z € C(£). Thus, we have (2.3). On the other hand, it follows from
the definition of w that

(2.5)

wpEp, Q) = (JEp), Q)

=(Q,J(&, PD)

=(0Q,[Z,[§, PII)

=([P,[0Q,Z]],§),
for all £ € £. Therefore, the first condition has been completed.

Next, we show that u is K-equivariant. We remark that Ad,(Z) = Z foralla € K
because Z € C(¥). It turns out that
2pa.p(§) = 21LAd, (P)(§)
= ([Ads(P), [Ad4(P), Z]], §)

= (Ady ([P, [P, Z]]) . §)

(2.6)

@7 = (IP.[P.Z]]. (Ad))™ (&)
=2up o (Ada) ™' (§)
=2 (Ad"), (p) (&),
forall£ € ¢, P € pand a € K. This means that u is K -equivariant. a

REMARK 2.3. We identify £* with £ as vector spaces via the isomorphism defined
by the K-invariant inner product ( , ) on €. So, we consider that the moment map p for
the isotropy representation of a compact Hermitian symmetric space G/K is ¢-valued map
defined by

1
(2.8) 1(P) == E(adp)z(a ct
forall P € p.

We need the squared-norm of the moment map for our main theorem. Because G/K is a
Hermitian symmetric space, there exists a Lie subalgebra ¢ of ¢ satisfying ¢ = u(1) @ ¥ as a
Lie algebra, and u(1) = RZ. Let w1 and py denote the compositions of p with the canonical
projections of € onto u(1) and ¥, respectively. Hence,

prip—>ul), wr:p—t.
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It is remarkable that both ©1 and p; are K-equivariant. Let ||-|| be a K-invariant norm on
¢ defined by the inner product {( , ) on £. Then, the squared-norms of w; and u; can be
computed easily.

PROPOSITION 2.4. The squared-norms of 11 and juo are given by
(D) (P> = I1PI*/@1Z1P),
2 N2 (P = (P> = i (P12

for P € p, respectively.

PROOF. First, we compute 1 (P)||%. Because u(1) = RZ, we can write
(2.9) u1(P) = (W(P), )/IZIMZ .
From (2.8), we have

2u(P), Z) = ([P, [P, Z]], Z) = (P, [[P, Z], Z])

(2.10)

=(P,J3(P)) = (P,—P) = —||P|*.
Therefore, we obtain
(2.11) 11 (P) = —(IPII*/QIZI*)Z .

This shows our claim (1).
Next, we show our claim (2). Since u = w1 + u2, we have

(2.12)  (p2(P)II? = I(P) — i (PYI* = (P + It (PYI* = 2(u(P), w1 (P)).
By the equations (2.10) and (2.11), we have

| P|? | P|*

((P), u1(P)) = _WW(P)’ Z) = ZE " liea (P>

This completes our claim (2). a

It is remarkable that both || 1 (P)||? and || 2 (P)||? are K -invariant functions on p, which
is essential to our main theorem. In our main theorem we are concerned with the case of rank
two, but Propositions 2.2 and 2.4 hold independently of the rank of G/K.

3. Main theorem. Let G/K be anirreducible Hermitian symmetric space of classical
type and of rank two, that is, one of the following:

SO(2 4 1)/ SO(2) x SO(n), SUQ2+n)/SUQR) x Un)), SO10)/U5).

The symbols g, €, p and Z are same as above.
Now we define a weighted squared-norm of the moment map f, , : p — R by

(3.1) fap(P) = allu1 (P> + bllua(P)|* for P ep,
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where a and b are real numbers, and || - || is a norm on ¢ defined by the Killing form B of g.
Proposition 2.4 yields that

fap(P) = bli(P)II* + (a — b)[|w1 (P)]I?

G2 bluP)P + (@ — by 1L
= a — .
o Nz

Our main theorem is the following:

THEOREM 3.1. For each irreducible Hermitian symmetric space G/K of classical
type and of rank two, there exists a pair of non-zero real numbers (a, b) such that the function
fa.b is a Cartan-Miinzner polynomial. A level hypersurface of f,. p is a homogeneous isopara-
metric hypersurface in S™ with four distinct principal curvatures obtained by a K -orbit of the
isotropy representation of G /K.

REMARK 3.2. (1) To prove the theorem, we have only to show that the function
fa.p 1s a Cartan-Miinzner polynomial. Since f, ; is K-invariant, every regular K-orbit is
contained in a level hypersurface of f, ;. In fact, they coincide each other, since they have the
same dimension and a K -orbit is complete.

(2) Each of the functions we got is essentially the same as the ones computed by Ozeki
and Takeuchi [12], although they do not use “moment maps”.

We will give the proof of our main theorem for each G/K after the next sections by
carrying out the following steps sequentially:

(a) compute u, the moment map for the isotropy representation of G/ K,

(b) compute f, p, the weighted squared-norm of u,

(c) compute ||grad f; 1%, the squared-norm of the gradient of f; p,

(d) compute Af, p, the Laplacian of f, p,

(e) find (a, b) so that f, ; is a Cartan-Miinzner polynomial, that is, satisfies the equa-
tions (1.2).

4. Case of SO(2 + n)/SO(2) x SO(n). In this section, we consider the case of
(G, K) = (SO2 + n),SO(2) x SO(n)). We denote by g and ¢ the Lie algebras of G and
K respectively. The Cartan decomposition of g is given by g = £ @ p, where

Al O ,
“4.1) t= {(T’T) Ae€eso2),A eso(n)},

and

_t
“4.2) p= {P(X) = ( ; OX ); X e Mn,z(R)}.

In order to simplify the notation, we write P instead of P (X) through this section. The Killing
form B of g = s0(2 + n) is given by

B(P,Q)=nTr(PQ) for P,Q€eg.
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Therefore, the G-invariant inner product { , ) on g is written as
(P,Q) :=—B(P,0Q0)=—nTr(PQ) for P,Qe€eg.
First, we compute the moment map u : p — €* >~ .

PROPOSITION 4.1. In this case, the moment map (4 is given by

1 —N'XX—'XXJ1| 0
4.3) u(P) = E( 5 XX et

for P = P(X) € p, where

Ji = (? _01) € M>(R).

PROOF. In this case,

(N 0
4.4) Z_<0 0)6?

defines a complex structure on p. So, Proposition 2.2 yields that

1 L —L'XX-'XX)i| 0
4, P)=—[P,[P,Z]] = -

forall P € p. a

The second step of the proof is to compute f; 5.

PROPOSITION 4.2. The weighted squared-norm f, , of v is written as
1
(4.6) fap(P) = —Enb Tr(P*) + %(a +2b)(Tr(P?)? for Pep.
PROOF. We recall that f, ,(P) is written as

(4.7) Fap(P) = bl(P) 1> + (a — D) lui (P>

by the equation (3.2). So, it is sufficient to compute || (P)||> and ||11(P)|>.
First, we compute |11 (P)||>. We claim that

n
4.8) I (P2 = 2 (Tr(P?)?.
From Proposition 2.4, it follows that || t1(P) 12 = |PII*/(4]1Z||*). The definition of the inner
product (, ) on p for this case shows that | Z |2 = 2n and | P||* = n? (Tr(Pz))z, respectively.

These complete the claim.
Next, we show

(4.9) I (P)I? = —% Tr(P*) + 3gn(mm)2 :

Recall ||;(P)||> = —n Tr(j1(P)?), by the definition of the inner product ( , ). We obtain
(4.10) Tr(u(P)?) = —(1/2) Tr((X X)?) + (3/2) Tr((J'’X X)?)
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from

2 _ (XX 4+ (XXJ)? + (XX = (XX)P | 0
Next, to prove
4.12) Tr(n(P)?) = Tr(((X X)?) — %(Tr(’XX))z for Pep,

it is sufficient to show that

(4.13) Tr((J1'X X)?) = Tr((X X)?) — (Tr(’X X))?.

tXszr
roq

by some real numbers p, ¢ and r, since ‘X X is a symmetric matrix over R of degree two. By
an easy calculation, we obtain

2 2 2

+re (p+qr 2_(r"—rq 0
xx)??2=(7? d ('xx)? = ,
(X0 ((p+q)r P+rr) " (X0 0 r* = pq

In fact, X X can be written as

and so Tr(('X X)?) = p® + ¢%> + 2r% and Tr((J;’X X)?) = 2r*> — 2pq follow. Thus, we get
Tr((Ji'’XX)?) = Tre((XX)*) = —(p + q)> = —(Tr(XX))*.

Thus we obtain (4.12). Finally,

(4.14) Tr(u(P)?) = %Tr(P“) — %(Tr(Pz))z for P ep

follows from

s (XX | 0 o (xx)7] 0 )
(4.15) P_< . |_X,X> and P_< o Twr)

and we have
(4.16) Tr(XX) = —(1/2) Tr(P?) and  Tr((XX)?) = (1/2) Te(PY).
Thus we obtain the proposition. O

The next step of the proof is to compute | grad f, »||%.

PROPOSITION 4.3. The squared-norm of the gradient grad f, j, is given by

1
lgrad f,.5(P)|? = —Z(az + 4ab + 2b*)n(Tr(P?))?

+bQ2a + b)n Tr(P?) Tr(PY) .
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PROOF. The gradient of f, j is given by

2n
0fa,b(P)
4.17 d P) = ——X; €
4.17) grad fo.5(P) ; L
with respect to an orthonormal basis {xi, ..., x2,} of p. Since the expression on the right-

hand side is independent of the choice of an orthonormal basis of p, we take the following
orthonormal basis {P; j; 1 <i <n, j=1,2}

(2,n)
1 0 ‘ —Ej’l-n

4.18 b= €p,
. ERRICTA ) )
where E (.2) is an n x 2 matrix whose (i, j)-entry is 1 and the others are 0.

irJ
First, we compute grad f, ,. We show that

(4.19) grad f, ,(P) = 2bP3 — %(a +2b) Tr(PH)P.
Recall that
(4.20) fap(P) = —%nb Tr(P*) + %(a +2b)(Tr(P?))? for P ep.

The differential of Tr(P*) of order one is given by

Tr((P +t P j)*) — Tr(P*
TI_(P4) — hn;l) r(( + l,jt) ) r( )
11—

4.21) =4Te(P’ P ).

L.J
Similarly, the differential of (Tr(P?))? of order one is given by

a

(4.22) (Tr(P?))* = 4 Te(P?) Tr(P Py ) -

i, J
Therefore, the gradient of f; ; is written as

grad fu 5 (P) = ( —2nbTe(P3Pi ) + %(a + 2b) Tr(P?) Tr(PP,-,,-)) P

= Z <2b(P3, Pij)— %(a +2b) Tr(P?)(P, Pi,j))Pi,j

1
=2bP% — 5 (@ +2b) Tr(P?)P,

because P3 € pand P = Y (P, P;j)P; jforall P €p.
Next, we compute ||grad f, p |?. From (4.19), we have

ligrad f, »(P)||> = —4nb® Tr(P®) + 2nb(a + 2b) Tr(P?) Tr(P*)

(4.23)
- %(a +2b)X(Te(P?))3 .

To complete the proof of the proposition, we have only to show that

(4.24) Tr(P%) = —%(Tr(Pz))3 + %Tr(Pz) Tr(P*).
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In fact, simple computations show that Tr(P2) = —2Tr('’XX), Tr(P*) = 2 Tr((XX)?) and

Tr(P®) = —2Tr(("X X)3). Since ‘XX is a symmetric matrix over R of degree two, let us write
(4.25) XX = <p r) ,
roq

where p, g and r are real numbers. Thus, the above traces can be written as follows respec-
tively:

Tr(P?) = —2Tr(XX) = —2(p+q),
Tr(P*) = 2Tr((X X)?) = 2(p> + 4>+ 2r}) =2((p + ¢)* — 2(pg — %)),

4.26
(4.26) Tr(P%) = 2 Tr(((XX)®) = 2> + > + 3r2(p + 9))
=-2(p+q)’° =3+ (pg—r?H).
We find that
1 2\\3 3 2 4
= g (Tr(PY)’ + T Te(P?) Te(PY)
1 3
@.27) = =320+ @) + 72 + 2P + ) = 2(pg = 17)
=+’ -3+ (p+9)*—2(pg —r?)
= Tr(P%).

This proves the equation (4.24). By substituting the equation (4.24) for (4.23), we finish the
proof of the proposition. O

PROPOSITION 4.4. The Laplacian Af, p, of fa.» are written as

Afap(P) = —(n(a+b) + (a — b)) Te(P?) .
PROOF. The Laplacian of f; ,(P) is given by

2n 2

d
Afap(P) =3 = fan(P).

i=1

Since the expression on the right-hand side is independent of the choice of an orthonormal
basis of p, we compute Af, , with respect to the basis {P; ;} defined by the matrices (4.18).
It follows from a linearity of Laplacian that

A(Tr(P?))?.

(4.28) Afap(P) = —%bA Tr(P*) + @
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From (4.21) and (4.22), the differentials of Tr(P*) and (Tr(P?))? of order two are given by

2
Tr(P*) = 8 Tr(P? P, ;*) + 4 Tr((P P; ;)% ,

P ;?
2
(4.29)

P (Tr(P?))* = 8(Tr(P P, ))* + 4 Tr(P?) Te(P7))
= 8(Tr(P P, j))* — %Tr(Pz) :
Thus, we have
Afap(P) = —4nb Y Tr(P?P; ;%) = 2nb Y Tr((PP; ;)*)
@30 +n(a+2b) Y (Te(PPi ) — (a+2b)n Tr(P?).

We will compute each sum in this equation. We show

42
4.31) > (PP %) = —n4 Tr(P?).

n

@2

b2 L EL | o

L] 2” 0 ‘ _E(n’n) 9
i,i

> TP ) = Tr (P2 3 P,-,,Z)

_T(<—’XX| 0 )_i(—n12| 0 ))
“ 0 [=xx ) w0 [,

_ L (nTr(’X X) + 2 Tr(X'X))
2n

Since

we have

(4.32)

n+2
n

Since Tr(P?) = -2 Tr('X X), we get the equation (4.31). Next we show

Tr(XX).

(4.33) ZTI((PPM)Z) = —% Tr(P?).
Since
L (XESD)?] 0
(4.34) (PP = n (;j | ez |
(E;"X)
we find that

Tr(PP; j)?) = %Tr((Ef,WX)Z) :
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Here, we write X = (x; ;). Then, a simple computation shows E;zi’")X E
Hence, it turns out that

@n) _ o
g = XigEf

1 1
2 @2.1) y - (2.1)
(4.35) N T (PP = Tr ((Z EZMXER )X) = —Tr(XX).
Since Tr(P?) = —2Tr('’XX) = —2 Tr(X 'X), we obtain the equation (4.33) . Next we show
1
4.36 Tr(P P, ))> = —— Tr(P?).
(4.36) D (Tr(PP; ) = ——Tr(P?)
This follows from
2
1 1 1
2 2 2
(4.37) D (@(PP ) =) ( - (P, P,-,j>) = 5 IPI* = ——Tr(P?).
By substituting (4.31), (4.33) and (4.36) for the equation (4.30), we finish the proof. O

Now, we find a pair (a, b) of real numbers so that f; ; is a Cartan-Miinzner polynomial.

THEOREM 4.5. When G/K = SO(2+n)/SO(2) xSO(n), the weighted squared-norm
Ja.b of 1 is a Cartan-Miinzner polynomial if (a, b) = (—8n, 16n).
PROOF. If (a,b) = (—8n, 16n), then | grad fa,b(P)H2 and Af, »(P) are written as
lgrad fup(P)I* = —16n°(Tr(P?))* = 16]| P||°,
Afap(P) = —8n(n —3) Tr(P?) = 8(n — 3)|| P||?,

respectively. Thus, from (1.2), f,»(P) is a Cartan-Miinzner polynomial for ¢ = 4 and
(my,my) =(,n—2). O

(4.38) !

5. Case of SU2 + n)/S(U(2) x U(n)). In this section, we give a proof of the main
theorem in the case where G = SU(2 + n) and K = S(U(2) x U(n)). The Lie algebras
corresponding G and K are g = su(2 + n) and £ = u(1) @ su(2) @ su(n), respectively. The
Cartan decomposition of g is given by g = £ @ p, where

(5.1) f= {(%%) A cu), A €un), Tr(A) + Tr(A") =o},

and

_iy
(5.2) p= {P(X) = ( ; OX ) ; X € Mn,g(C)}.

In order to simplify the notation, we write P instead of P(X) through this section. In this
case, the Killing form B of g = su(2 + n) is given by

(5.3) B(P, Q) =2(n+2)ReTr(PQ) for P,Q € g,

where Re means the real part of a complex number. Thus, the G-invariant inner product ( , )
on g is written as

(5.4) (P, Q) :=—B(P,Q) =—-2(n+2)ReTr(PQ) for P,Qeg.
We remark that Tr(P?2), Tr(P*), Tr(P®) € R forall P € p.
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First, we compute the moment map (.

PROPOSITION 5.1. In this case, the moment map L is given by

—ixx| 0
(5.5) u(P):J—_1< o )ﬁ)ee.

PROOF. In this case,

-1 I
(5.6) Z= nhh| 0 ) g
n+2\ 0 |-2I,

defines a complex structure on p. Thus, Proposition 2.2 yields that

1 —XX| 0
5.7 P)= [P, [P, Z]] =v—1 —
(5.7) u(P) = S[P.[P. Z1 = ( . XX)
foreach P € p. O

Next, we compute the weighted squared-norm f,; ,(P) of u.
PROPOSITION 5.2. The weighted squared-norm f, »(P) of  can be written as

2
(5.8) Fun(P) = 2(n + Db Tr(PY) + %(u — B)(Tr(P?)).

PROOF. Recall that £, ,(P) = b|i(P)||*> 4 (a —b)||11(P)|? by Proposition 2.4. Thus,
it is sufficient to compute ||(P)||* and ||ie1 (P)||>.
First, we calculate || (P)||2. We show

(5.9) (P> = 2(n + 2) Tr(P*) .
From the definition of the inner product ( , ), the squared-norm of u is given by
(5.10) l(P)|* = —2(n + 2) Re Tr(u(P)?) .
We obtain
(5.11) Re Tr(u(P)?) = — Tr(PY)
from
(5.12) 1w(P)? = —( x0* | o ) =P,
0 ‘ (X'X)?

and Tr(P*) € R.
Next, we compute |1 (P)||>. We claim that
(n +2)%
(5.13) I (P)J? = === (Tr(P?)?.

From Proposition 2.4, it follows that || t1(P) I> = |IPII*/(4]1Z||>). The definition of the inner
product ( , ) on p for this case shows that | Z||> = 4n and ||P||> = —2(n + 2) Re Tr(P?),
respectively. Because Tr(P?) € R, these complete the claim.

Thus, (5.9) and (5.13) show the proposition. O
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The third step of the proof is to compute ||grad £, 5 ||>.

PROPOSITION 5.3. Inthis case, the squared-norm of the gradient grad f, j, are written
as

2
ligrad f, »(P)|I* = 5 (8b2 (”+ 2 —————(a —b) )(Truﬂ))3
(5.14)
—8(n~|—2)<3b2 . ( —b)) Tr(P?) Tr(P*) .

PROOF. Itis sufficient to compute ||grad f, ,(P) ||? with respect to an orthonormal basis
{P,"j, Q,"j 1 <i<n, ] =1, 2} ofp deﬁnedby

| 0 _E(.Z',n)
j,l
5.15 P i = ,
( ) ] 2 /n ¥ 2 Ei(r},Z) 0
(2,n)
/—1 0 E'~
(5.16) Qi = 2
2/n +2 Ei('}’z) 0

First, we show

2
(5.17) grad f, »(P) = —4bP> — %(a — b)Tr(P*)P.
n

Recall (5.8). The differentials of Tr(P*) and (Tr(P2))2 of order one are given by

9
Tr(P*) = 4Te(P3 P ), Tr(P*) =4 Tr(P3Q; ),
i\ j 00i,;

(5.18)
(Tr(P?)* = 4Tr(P?) Tr(P Py ) , (Tr(P?))* = 4 Te(P?) Tr(P Qi)
AP 30
respectively. Hence, we find that
grad f, »(P)
_ fap(P) ,  Ofap(P)
-y ( TR T Q,,,)
2
= Z (8(11 +2)bTr(P? P j) + (n+2) (a — b) Tr(P?) Tr(PP,;j)> P
n

(n+2)>2

+ Z (8(n +2)bTe(P3 Qi) + (a = b) Tr(P?) Tr(PQ"’f)) Qij
_ Z( (PP P ) %(a — b Te(PY)(P. Pi,j>)Pz ;

+Z< 4b(P3, Q; ) —

(P, Qi,j))Qi,j



206 S. FUIlI

n—+2
n
because P3 epand P =Y ((P, P j)P;j+ (P, Qi,j)Qi,j) forany P € p.
From (5.17), we have

= —4bpP3 —

(a —b)Te(PHP,

2
lgrad f, p|I> = —32b%(n +2) Tr(P®) — Mb(a — b) Tr(P?) Tr(P*)
(5.19) 53 n
BT WSS
2n?

since Tr(P?), Tr(P*), Tr(P®) € R forall P € p. To complete the proof, we have only to
show that

(5.20) Tr(P®) = —%(Tr(Pz))3 + %Tr(PZ) Tr(P*) for P ep.
First of all, we have

Tr(P?) = —2Tr(X X), Tr(P*) = 2 Tr((X X)?), Tr(P®) = —2 Tr((XX)%).
Since ‘X X is a Hermitian matrix of degree two, write X X as follows:

(5.21) &X:(” 7),
roq

where p and ¢ are real numbers and r is a complex number. Then, the above traces can be
written as

Tr(P?) = —2(p +¢q),
Tr(PY) = 2(p* + ¢* +2Ir1?) = 2((p + ¢)* — 2(pq — Ir*)),
Tr(P®) = —2(p° + ¢ +31rP(p+9)) = —2((p + 9)* = 3(p + @) (pg — 1)),

where | - | means the absolute value of a complex number. Thus, we obtain that

- é(Tr(P%)3 + ZTr(P% Tr(PY)

1 3
(5.22) = _g(_Z(P + Q))3 + Z(_Z(P +¢))2((p + Q)z —2(pg — |r|2))
=P+’ -3 +(p+9)*—2(pg —Ir?)
= Tr(P9).

This proves the equation (5.20). By substituting (5.20) for (5.19), we finish the proof. O

PROPOSITION 5.4. [In this case, the Laplacian Af, p of fa.p is written as

n+2
n

(5.23) Afap(P) = — (n(a +b) + (a — b)) Tr(P?) .

PROOF. Since the Laplacian is a linear operator, we can write A f, , as

(n +2)?
4n

(5.24) Afap =2 +2)bATr(PY + (a — b)A(Tr(P?))>.
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From (5.18), the differentials of Tr(P*) and (Tr(P?))? of degree two are given by

2
T Tr(P*) = 8Te(P* P, ;j°) + 4 Te((P P, j)?)
L]
2
o Tr(P*) = 8 Tr(P?Q; ;%) + 4 Tr(P Qi )Y,
(5.25) Y
(Tr(P?))? = 8(Tr(PP; ))* — Tr(P?)
3Pi,j2 " n+?2 ’
2
2\\2 __ N2 2
i’jz(Tr(P )" =8(Tr(P Qi ;) " Tr(P?).

Thus, we have
Afap(P) =16(n+2)b Y (Tr(P?P; ;*) + Tr(P?Q; ;%))
+8(n+2)b Y (Tr((P P, j)?) + Tr(PQi;7)

(5.26) 5
2 2

+ %(u — ) Y (TP P ) + (Tr(P Qi )))

—2(n+2)(a — b) Tr(P?).
Since

E22 0
(5.27) Pi,j2 — Qi,j2 _ 1 JhJ ‘
R A PP

and Tr(P?) = -2 Tr(&X), we have
> (T (P2P; ) + Te(P*Q; 1))
=Tr <P2 Z:(P,',j2 + Qi,jz))

=21 (P2 ) (P?))

o “Xx| 0\ -1 <n12|0>
(5.28) - 0 \-x& 4n+2)\ 0 |21,

(nTr(X X) + 2 Tr(X X))

1
C2(n+2)
I
= 3 Te(XX)

1
=-7 Tr(P?).

(PP )= — (XE7) | ° =—(PQ:j)*
i,j 4(n +2) 0 ‘ (XEjzln))z ij) >

From
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we obtain

(5.29) > (T (PP + Tr(P Qi jH))) = 0.

Next, we obtain

> (Te(PP;j))* + (Tr(P Qi j))P)

i,J
1 2 1 2
:Z«_ wrn ) + (- o) )

1
(5.30) — P. P )2 P.O; :\?
FTPRIE §ijj<< PP Qi)
=—— P
4(n +2)? 1Pl
1 2
=————Tr(P°).
2(n +2)
By substituting (5.28), (5.29) and (5.30) for (5.26), we finish the proof. O

Now, we find a pair (a, b) of real numbers so that f; ; is a Cartan-Miinzner polynomial.
THEOREM 5.5. When G/K = SU2 4+ n)/S (U2) x U(n)) and (a,b) = (32(n —
1), —16(n + 2)), the weighted squared-norm f, p, of i is a Cartan-Miinzner polynomial.
PROOF. If (a,b) = (32(n — 1), —16(n + 2)), then the above propositions state that
5.31) : lgrad fo (1> = —128(n + 2)*(Tr(P?))* = 16]| P||°,
Afap = —16(n +2)(2n — 5) Tr(P?) = 4(2n — 5)|| P||>.

Thus, from (1.2), f4 »(P) is a Cartan-Miinzner polynomial for ¢ = 4 and (m, m2) = (2, 2n—
3). O

6. Case of SO(10)/U(5). Finally, we consider the case of G/K = SO(10)/ U(5).
We denote by g and £ the Lie algebras of G and K, respectively. We put

A | A ,
(6.1) t= {( — A > ; AeAlts(R), A eSymS(R)},
and
X|Y
(6.2) p:{P(X,Y):( Y T —x ) ,X,YeAlt5(R)}.

It is clear that g = € @ p. In order to simplify the notation, we write P instead of P(X,Y)
through this section. The Killing form B of g = s0(10) is given by

(6.3) B(P,Q)=8Tr(PQ) for P,Q€eg.
Thus, the G-invariant inner product ( , ) on g is written as

(6.4) (P, Q):=—B(P,Q)=-8Tr(PQ) for P,Qe€eg.
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First, we compute the moment map u for the isotropy representation of SO(10)/ U(5).
PROPOSITION 6.1. In this case, the moment map L is given by
—[X.Y] | X*+7Y?
et
—X%—Yy? | —[X.Y]

(6.5) n(P) = (

forall P € p,where [, ]is a canonical bracket product on a Lie algebra gls(R).

1 0 Is
Z_§<—I5 0 )

It is clear that Z € C(¢) and J := adyz |, gives a complex structure on p. Thus, Proposition
2.2 yields that

PROOF. First, we put

—[X. Y] | X>+7?
-X?-y? ‘ —[X.Y]
for P e p. O

1
(6.6) u(P) = S[P.IP. Z1] = (

The next step is to compute f; .

PROPOSITION 6.2. [In this case, f, is given by

(a—Db)

6.7) fup(P) = 8bTr(P*) + 4 (Tr(P?))2.

PROOF. Recall that f, ,(P) = b||u(P)||> + (a — b) |1 (P) .
First, we show

(6.8) (P> = 8 Tr(P?).
From the definition of ( , ), we have ||;(P)||*> = —8 Tr(u(P)?), and
(6.9) Tr(u(P)?) = —2Tr(X2 + Y)? — [X, Y
follows from
) —(X2+ Y2+ (X, Y] | *
n(P)” = 2 y2y2 2 |-
’ |~ 4 r)? 4 (X, Y]

Since Tr(P*) = 2 Tr (X% 4+ Y%)? — [X, Y1?), we get (6.8).
Next, we show

4
(6.10) I (P = < (Tr(P?)?.
By Proposition 2.4, we have || (P)||> = || P|I*/(4]Z||*). The definition of the K -invariant
inner product ( , ) shows that |Z||> = 20 and || P||> = —8Tr(P?). These completes the
claim.

Thus, (6.8) and (6.10) show the proposition. O
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PROPOSITION 6.3. In this case, ||grad fa,;,||2 is given by

4
lgrad f, 5| = —=—(8a® — 16ab — 17b*)(Tr(P?))?
6.11) 2156

— 5 bBa+7b) Tr(P?) Tr(P*).

PROOF. Now, we take the following orthonormal basis {P; j, Q; j; 1 <i < j < 5}

| ( Ei;—Ej; 0
6.12 Pj= d = B )
12 Y42 ( 0 —Eij + Eji

1 0 Eij—Eji
6.13 = J 2 )
13 Qi 42 ( Eij—Eji 0

where E; ; is a square matrix of degree five whose (i, j)-entry is 1 and the others are 0.
First, we compute grad f, ,. We show

2
(6.14) grad fup = —4bP* — Z(a —b) Tr(P})P.

Recall (6.7). The differentials of Tr(P*) and (TI‘(PZ))Z of order one are given by

Tr(P*) = 4Te(P3P; ),

Tr(P*) =4 Tr(P3Q; ),
i,j 3Qi,

(6.15)

(Tr(P?)* = 4Te(P) Te(P Pi ) (Tr(P?))* = 4 Te(P?) Tr(P Qi)

d
oP; 00;,j

respectively. Thus, grad f, ,(P) is written as

grad fo p(P) = ) (3219 Tr(P3P; ;) + 15—6(a — b) Tr(P?) Tr(PP,-,,-)) P

1<i<j<5

+ > <32be(P3Qi,j)+15—6(61—b)TT(PZ)Tr(PQi,j))Qi,j

1<i<j<5

= —452(“”37 P jYPij+ (P, 0i)0i))
2
B 5(“ — b) Te(P?) Z((P, P j)Pij+ (P, Qi j)Qij)
3 2 2
= —4bP* — Z(a—b) Tr(PY) P,

because P3 € pand P = Y (P, P j)P j+ (P, Qi;)Qi ) forall P €p.
Next, we compute ||grad f, |I%. From (6.14), we have

lgrad f,.5(P)|> = —128b° Tr(P%) — %b(a — b) Tr(P?) Tr(P*)
(6.16) . 5
-5l bYA(Tr(P?))*.



HOMOGENEOUS ISOPARAMETRIC HYPERSURFACES AND MOMENT MAPS 211
Here, we have
6 1 2\\3 3 2 4
(6.17) Tr(P°) = —ﬁ(Tr(P )’ + 3 Tr(P) Tr(P™)

for every P € p. This can be checked by direct computations. By substituting (6.17) for
(6.16), we complete this proposition. a

PROPOSITION 6.4. In this case, Af, p is given by

4
(6.18) Afuy = —g(lla—i—%)Tr(Pz).
PROOF. Because a Laplacian is a linear operator, it follows that

4(a — b)
5

Afap(P) =8bATr(P*) + A(Tr(P2))?.

From (6.15), the differentials of Tr(P*) and (Tr(P2))2 of order two are given by

2
o2 Tr(P*) = 8 Tr(P? P, ;*) + 4 Tr((PP; ;)7 ,
i.j
2
o TP =8Tr(P?Qi;%) + 4 Tr(P Qi j)").
(6.19) ZQ”
(Tr(P?))* = 8(Tr(P P, j))? — lTr(PZ)
IP; b 2 ’
2 1
- Q,.,jz(Tr(Pz))z =8(Tr(P Qi) = 5 Tr(PY).

Thus, we have
Afap(P) =64bY (Te(P*P; ;%) + Tr(P2 Qi ;%)
+32b ) (Tr((PP;,j)?) + Tr((P Qi j)7))
(6.20) 3200 — b) , )
+ = D (TP ) + (Tr(P Qi 1))
— 10 Tr(P?).

We will compute each sum in this equation. We show

1
(621 Y (TP P +Te(P? Q%) = = Tr(PY).
1<i<j<5
Since
1 —E:—E; | 0
6.22 p2=—0 2= __ i Jid 7
(622) =0 = g (R )
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we have
> (Te(P?P %) + Te(P?Q; ;%)

1<i<j<5
=Tr <P2 Z(Pi,jz + Qi,jz))
(6.23) . X242 | [X,Y] .L( —8I5| 0 )
- —[X, Y] | X2+v2 ) 32 0 [-8I

1
=-3 Tr(X? + Y?).

Since Tr(P?) = —2Tr(X? + Y?), we get (6.21). Next, we claim
(6.24) > (T (PP + Te(P Qi j)D) =0.
1<i<j<5

This follows from

1 XF; )} — (YF;)? —XF; ;YF, ;- YF, ;XF;
(6.25) (PP,'J)2 ( ( l’~/) ( ’*J) | LJ L) iJj ij )

T3\ XF YF+YF XF; | (XF )~ (YF))?

and

1 —(XF j)>+ (YF; j)? XF; j;YF; j+YF;, ;XF;;
(626) (PQi,j)2 = ( ( l’~/) +( l’/) | L) LJ + L) L] ) ,

2\ —XF,YF;—YF;XF;| —(XF;)?+F;?
where F; j = E; j — E; ;. Next, we show
1
(6.27) Y (Tr(PP) + (Te(P Qi) = = Tr(P?).
l<i<j<5
This follows from

> (Te(PP ) + (Te(P Qi 1))

1<i<j<5
1 2 1 2
=2 (5@ rp) +(-grop
(6.28) 1
= o 2P P+ (P 0ij))
1
=—|P|?
a Pl
Lp (P?)
=——Tr .
8
By substituting (6.21), (6.24) and (6.27) for (6.20), we finish the proof. O

We find a pair (a, b) of real numbers so that f, ;, is the Cartan-Miinzner polynomial.

THEOREM 6.5. Assume that G/K = SO(10)/U(5). If (a,b) = (112, —128), then
the squared-norm f, , of the moment map w is a Cartan-Miinzner polynomial.
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PRrROOF. If (a,b) = (112, —128), then Propositions 6.3 and 6.4 show that
ligrad fo 12 = —8192 (Tr(P?))” = 16]| P|°,
Afap = —64Tr (P%) = 4| P|>.

Therefore, from (1.2), fy.5(P) is a Cartan-Miinzner polynomial for ¢ = 4 and (m, m2) =
4,5). )

(6.29)

Thus, we obtain Theorem 3.1.
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