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Abstract. Let X be an affine toric variety with big torus T C X andlet 7 C T be a
subtorus. The general T-orbit closures in X and their flat limits are parametrized by the main
component H of the toric Hilbert scheme. Further, the quotient torus 7'/ T acts on H with a
dense orbit. We describe the fan of this toric variety; this leads us to an integral analogue of
the fiber polytope of Billera and Sturmfels. We also describe the relation of H to the main
component of the inverse limit of GIT quotients of X by 7.

1. Introduction. The multigraded Hilbert scheme parametrizes, in a technical sense
specified below, all homogeneous ideals in a polynomial algebra (or, more generally, in an
arbitrary finitely generated algebra) having a fixed Hilbert function with respect to a grading
by an abelian group. In [8] it was shown that the multigraded Hilbert scheme always exists as
a quasiprojective scheme.

We consider the following case. Let X be an affine toric (not necessarily normal) variety
with big torus T C X and let T C T be a subtorus acting on X by the restriction of the
action of T'. This defines a grading of the algebra of regular functions k[ X] by the group of
characters of 7. Denote by Hy r the toric Hilbert scheme, that is, the multigraded Hilbert
scheme parametrizing those T -invariant ideals in k[ X] having the same Hilbert function as
the toric 7-variety X = T x, where x € X lies in the open T'-orbit [11]. There is a canonical
irreducible component Hy of Hx r parametrizing general T-orbit closures in X and their flat
limits (Proposition 3.6(2)). This component contains an open orbit for a natural actionof 7'/ T
on Hy 7. The main result of this work is a description of the fan of this toric variety (Theorem
4.5). Also, we compare the fan of Hy with the fan of the toric Chow quotient.

The Chow quotient of a projective toric variety was considered in [10]. In particular, in
this paper there is a description of its fan. Namely, recall that the fan of a projective toric
variety is the normal fan of a convex polytope P in the space generated by the lattice of
characters of T'. Let Q be the projection of this polytope on the space X' (T)g generated by
the lattice of characters of the subtorus 7. Then the fan of the Chow quotient is the normal
fan to the fiber polytope F' (P, Q) [3], which , in a well-defined sense, is the average over all
fibers of the projection of P on Q. More generally, the fiber fan for a projection of an arbitrary
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polyhedron was defined in [4]. In this paper some results of [10] were generalized on the case
of a variety that is projective over some affine variety.

In our affine setting, we show that the fan corresponding to the toric variety Hy is the
normal fan to the average over all "integral" fibers of the corresponding cone projection. Here
by an integral fiber we mean the polyhedron generated by all integral points of a fiber of the
projection. Thus this object can be regarded as an integral analogue of the fiber fan. If X is a
finite-dimensional 7 -module and the grading of k[ X] by the weights of T is positive, then the
fan of Hy coincides with the normal fan to the state polytope of Sturmfels (see [12, Theorem
2.5)).

In the last section we consider the toric Chow morphism from the Hilbert scheme to the
inverse limit of GIT quotients X 4, T'. This morphism was constructed in [8, Section 5] in the
case when X is a finite-dimensional 7-module. We generalize this to the case of a normal
affine toric T-variety X (Theorem 5.4).

The author is indebted to Michel Brion for posing the problem, numerous ideas and
helpful remarks. Thanks are also due to Ivan V. Arzhantsev for permanent support and useful
discussions. The author is grateful to the referee for important comments which leaded to
improvement of the article.

2. Terminology and notation. We consider the category of schemes over an alge-
braically closed field k. A variety is a separated integral scheme of finite type. Recall that
any scheme Z is characterized by its functor of points from the category of k-algebras to the
category of sets:

Z :k-Alg — Set, Z(R):=Mor(SpecR, Z),

where Mor(Spec R, Z) is the set of morphisms of schemes over k from Spec R to Z (we
denote the functor of points of a scheme by the corresponding underlined letter). Our main
reference on schemes is [5]. We denote by Oz the structure sheaf of Z, and if Z is affine,
then k[Z] denotes the algebra of sections of Oz over Z. We denote by A" the affine space
Speck[xy, ..., x,].

An n-dimensional torus T is an algebraic group isomorphic to the direct product of
n copies of the multiplicative group G, of the field k. For the lattices of characters and
one-parameter subgroups of 7T, we use the notations X(T) = Hom(7T, G,,) and A(T) =
Hom(G,, T). We denote by (-, -) the natural pairing between X (T') and A(T). For a lattice
X, let Yg = XY®z R. If ¥ C X is amonoid, then cone(X') denotes the cone in Xg generated
by X'. For subsets D, D, of a vector space, we denote by Dy + D, the Minkowski sum.

By a toric variety under a torus T we mean a variety X such that 7' is embedded as an
open subset into X, the action of T on itself by multiplication extends to an action on X, and
X admits an open covering by affine T -invariant charts. We do not require X to be normal.

We denote by Cx the associated fan of a toric variety X, so the cones of Cx liein A(T)g
(see [7, Sec. 1.4]). The T-orbits on X are in order-reversing one-to-one correspondence with
the cones of Cx. If 0 (Y) is the cone in Cx corresponding to a T-orbit Y, then a one-parameter
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subgroup A € A(T) lies in the interior of o (Y) if and only if lims_, ¢ A(s) exists and lies in Y.
A toric variety is determined by its fan up to normalization.

3. Definitions and background on multigraded Hilbert schemes. Let X be an
affine variety over k with an action of a torus 7, so its algebra of regular functions § := k[X]
is graded by the group X' (T') of characters of T':

S= D s
x€ X (T)

where S, is the subspace of T -semiinvariant functions of weight . Let
Y={xeXT); Sy #0}.

This is a finitely generated monoid. Conversely, if S is a finitely generated commutative k-
algebra without zero divizors graded by X'(T'), then we have a T-action on the affine variety
X = Spec S.

DEFINITION 3.1. The grading of S by X (T) is positive if k[X]o = k and cone(X) is
strictly convex.

Notice that in the case of a positive grading there exists a unique minimal system of
generators of X'. The following definition was introduced in [8].

DEFINITION 3.2. Given a function & : X(T) — N, the Hilbert functor is the co-
variant functor H )}}’T from the category of k-algebras to the category of sets assigning to any
k-algebra R the set of all T-invariantideals / € R ®; S such that (R ®x Sy )/ is a locally
free R-module of rank A () for any x € X(T).

Remark that we can also view H ;} 7 (R) as a set of closed T-invariant subschemes Y C

Spec R x X such that the projection ¥ — Spec R is flat.

In [8, Theorem 1.1] it was proved that there exists a quasiprojective scheme H ;}’T which
represents this functor in the case when X is a finite-dimensional 7-module V. In the case of
an arbitrary X there exists a T-equivariant closed immersion X < V, where V is a finite-
dimensional 7-module. Then the Hilbert functor H )’}’T is represented by a closed subscheme

of H! .. (see [1, Lemma 1.6]). Namely, for an algebra R the subset H .(R) c H! .(R)
V.T y g X.T V.T

consists of those ideals I C R ® k[V]that I € H‘@’T(R) and R®; Ix C 1.

Recall that the universal family is the closed subscheme W x.7 of Hy 7 x X correspond-
ing to the identity map {Id : Hxy r — Hx 7} € Hx r(Hx ) := Mor(Hx r, Hx r). For any
Y € Hx 7(R) (so Y is a closed subscheme in%(R ®r S)) we have Y = Wy 1 Xpy 4
Spec mfact, the k-rational points of W x 7 are those pairs (y, Y), where Y € Hy r(k) and
y € Y(k). S

If V is a finite dimensional T-module such that k[V]7 = k, then H‘}}’T is projective (see
[8, Corollary 1.2]) The following lemma generalizes this statement.
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LEMMA 3.3. Assume that h(0) = 1. Then the morphism
p:Hy 7z — X//T = Speck[X]"
which assigns to any element I € H)?T(R) the morphism k[X1T — (R @ k[X1T)/IT ~ R,

is projective.

PROOF. Since we know that H )}",’T quasiprojective, it is sufficient to check that the val-
uative criterion of properness for p is satisfied. Let S be the spectrum of a discrete valuation
ring R with generic point 7 and closed points. We have to show that any morphism ¢, : n —
H )}}’T such that the composition p o ¢ : n — X//T extends to a morphism S — X//T,
extends to a unique morphism S — H)}},T' Consider ¥, = n Xph W}T C n x X. By
[9, Prop. 9.7], a closed subscheme ¥ C S x X such that Y xg 7 =Y, , is flat over S if and
only if Y is the closure of ¥}, in § x X. It follows that the desired extension ¥ € H )}}’T(S) is

unique. For the existence, we consider ¥ := Y_n C § x X. It remains to show that the fiber Y
is non-empty (then, by flatness, it has the Hilbert function /). Indeed, we have the following

commutative diagram: .
Y=Y,C §xX

} }
S=nC SxX//T,
where the morphism ¥ — S is the quotient by 7', so it is surjective. |

We prove the following lemma to treat one particular case of the Hilbert scheme which
we shall need later (see the corollary below).

LEMMA 3.4. Let P be an N-graded algebra: P = @rz() P, and
() there exists ro such that Pr+1 = P P, foranyr > ry.
Consider the Hilbert scheme Hp of the graded algebra P for the Hilbert function
h(r) = {1 ifr=0,

0 otherwise.
Let R be an algebra and Y = Spec(R ®; P/I) € Hp(R). Then the projection Y — Spec R
is a locally trivial bundle with fiber A'.

PROOF. (1) Consider the open subscheme in Spec P that is the complement to the
subscheme defined by the ideal P, P;:

(Spec P)p = {peSpecP;pz <@P,>}

r>0
and the natural morphism
Y : (Spec P)o — Proj P .
Locally v is given by the embeddings of algebras (Ps)o C Py, where f € P is homoge-
neous, deg f > O (it is clear that the corresponding morphisms of affine schemes satisfy the
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compatibility conditions). Note that v is a locally trivial bundle with fiber G,,. Indeed, con-
dition () implies that Proj P is covered by open affine subschemes Spec(P})o, where h € P,
and for any h € P; we have P, = (Pp)olh, h 1.

(2) Consider Yo = Y N (Spec R x (Spec P)p). We have the morphisms

Yo —2> Proj(R @« P/I) —>> SpecR.

Since R ® P /I satisfies condition (x), by (1), it follows that p is a locally trivial bundle with
fiber G,,. So § is an isomorphism. Consider the following morphism from Spec R to Proj P:

Spec R = Proj(R ® P/I) C Spec R x Proj P SN Proj P,

where p is the projection.
(a) Note that Yy = (Spec P)o Xproj p Spec R. Indeed, locally we have

R®x Pr/I ~ P ®ppy, (R @k (Pr)o/Uf)o) »

where f € P is homogeneous of positive degree.

(b) Consider Y/ = Yy xg,, A'. Here Yo %@, A! denotes the categorical quotient
(Yo x Al)//Gm, where G, acts on Al as follows: 7 -5 = s, t € Gp,s € A'. Then
Y’ is a locally trivial bundle over Spec R with fiber A! and we have the natural morphism
n : Y’ — Y, which is locally given by the homomorphisms

R&x P/I — PR & Pr/If),,

r>0
where f € P is homogeneous of positive degree. So we have a commutative diagram:
vy % v
N
Spec R.
Note that for any r > 0, the corresponding homomorphism a,(Oy), — o, (O’Y), isa

surjective homomorphism of locally free sheaves of R-modules of rank 1 and, consequently,
is an isomorphism. Thus 7 is an isomorphism. O

The statement of the following corollary was given in [8, Section 5] with a proof for
algebras generated by elements of degree 1.

COROLLARY 3.5. With the notation of the previous lemma, the Hilbert scheme Hp is
isomorphic to Proj P.

PROOF. We shall show that Proj P represents the Hilbert functor Hp. For this we prove
that the tautological bundle over Proj P is the universal family, i.e., we are going to prove the
universal property for E := (Spec P)o Xg,, Al Lety = Spec(R®y P/1) € Hp(R). We have
to show that Y = E xpgj p Spec R. Indeed, we have Y = Y xg,, Al = ((Spec P)o Xproj P
Spec R) xg,, A'=E X Proj P Spec R. O
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Let us return to the case of an affine toric T -variety X. We have

S=kIX1=€Ps.
ve 2
where 2 C X(T) is a finitely generated monoid and S, is the subspace of T-semiinvariant
functions of weight v (dim S, = 1). Let T C T be a subtorus. We have a surjective linear
map 7 : X(T) — X(T) given by the restriction. The action of 7 on X arising from the

action of T gives a grading
=@,

xXexX
where ¥ = m(£2). We shall consider the following Hilbert function:

1 if ye X,
0 otherwise.

h(x) == {

Let Hx r be the corresponding Hilbert scheme (we shall also denote it by Hg 7). Note that
all the ideals I € Hy r(k) are binomial (see [6, Proposition 1.11]). If x € X lies in the open
T -orbit, then we have the point X := T - x € Hy. 7 (k).

The group T'(R) acts on Hx 7(R) in the natural way. Namely, we have an action of
T(R)on R ® S: for f € R ®k Sy, wherev € 2,andt € T(R) lett - f = v(¢)f. Hence
for/ € Hy r(R)lett - I = {t- f; f € I}. These actions commute with base extensions,
thus we have an action of T on Hy 7. Since T acts trivially, this yields an action of the torus
T /T. The universal family W x 7 is invariant under the diagonal action of T on Hx r x X.

Let Hy be the toric orbit closure T - X C H x.7, and denote by Wy its preimage under
the projection

p:Wxr— Hxr
(we consider Hy and W with their structure of reduced schemes).

PROPOSITION 3.6. (1) The stabilizer of X under the action of T on Hy is T. More-
over, Hy is a toric variety under the torus T/ T.

(2) TheorbitT - X is open in Hx 1. Consequently, Hy is an irreducible component of
Hx r.

(3) Wy is a toric variety under the torus T (and, consequently, W is an irreducible
component of W x ).

PrROOF. (1) Ift-X = Xfort € T,thent-x € T -x andt € T. So we have only
to show that Hy r admits an open covering by affine 7-invariant charts. Indeed, let x € X.
Then for any I € Hy 7(R) the locally trivial R-module (R ® k[X],)/I, defines a morphism
from Spec R to the projectivisation P(k[X]’)‘() = Proj(Sym(k[X],)), where Sym(k[X],)
denotes the symmetric algebra. These maps commute with base changes and, consequently,
define a morphism p, : Hx 7 — P(k[X ];‘(). Note that p, is T-equivariant (the action of
T on P(k[X]’;) is induced by the linear action of T' on k[X]’;). By [8, Proposition 3.2,
Corollary 3.4], it follows that there exists a finite set of characters xp, ..., x, € X such that
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the morphism
P X Py XX py, t Hxr — X//T x P(k[XT),) x -+ x P(k[XT),)

isinjective. Since the morphism p is projective (Lemma 3.3), it follows that p x p,, x--- X py,
is a closed embedding. Since any P (k[X ];‘(l_) admits an open covering by T-invariant affine
charts, it follows that Hx 7 does.

(2) We shall prove that T - X is open in Hx 7. Since the stabilizer of X in T is T, it
suffices to prove that dimTx Hx,7 < dim7T - X = dimT — dim 7', where Tx Hx r denotes
the tangent space to Hy 7 at X. By [8, Prop. 1.6], we have

TxHx,7 = Homyx1(Ix, k[X])o -
This vector space is isomorphic to
Homy7|(Ir, k[T 1)o = Homyz(Ir /13, k[T 1o ,

where It is the ideal of functions in k[ T'] vanishing on T'. Indeed, since (/x), C k[X]1,(IT)o,
for any ¢ € Homyr(I7, k[T])o we have ¢(Ix) C k[X]1¢p((IT)o) = k[X]. Conversely,
It = k[T]Ix, so any ¢ € Homyx)(Ix, k[X])o can be extended to a homomorphism of
k[T ]-modules from It to k[T].

Further, we can choose coordinates on T' such that

k[T] = k[tla tfla cet tn’h tnzla S, sfla v 81y Sr_l] ’
where r = dim T — dim T, and the ideal I7 is generated by s; — 1 fori = 1,...,r. The
linear space I is spanned by the elements tf' e tfl'"sf' . s,},’{" (si — 1), where a;,b; € Z,

and the projections of the elements tla1 ---ty"(s; — 1) span the linear space I/ I% (since
sitsj—D=(; =D+ (i —1(sj—1)and Sl-_l(Sj -D=(@¢;-1 —si_l(s,- —D(s; — D).
Hence a homomorphism of k[T ]-modules from I to k[T'] is uniquely determined by the
images of s; — 1. Thus the dimension of the vector space of such homomorphisms of degree
zero is not greater than r.

(3) Consider the restriction pg of p to Wy:

po:Wo— Hp.

This is a flat morphism. By Lemma 3.7 below and [9, Corollary 9.6], the dimension of any
irreducible component Z of Wy is equal to dim T'. This implies that po(Z) = Hp and Z C
p YT -X). Thus Wo = p~ (T - X) = T - (x, X) is irreducible and T - (x, X) C Wy is
dense and, consequently, open. Since Wy is a closed subscheme in Hy x X, it follows that
Wy admits an open covering by affine T -invariant charts. a

LEMMA 3.7. ForanypointY € Hx 1, the dimension of any irreducible component of
its fiber p~'(Y) equals dim T

PROOF. We denote by k(Y) the residue field of Y € Hx 7. Then we have
p'(Y) = Speck(Y) xpy , Wx.r = Spec L,
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where L is a coherent sheaf of X¥'-graded k(Y)-algebras:

L= Ly,

xeXx

and L, :=k(Y) ®Opy , (Owy 1)y is isomorphic to k(Y). Let
Zed :=={x € ¥; Ly is notnilpotent} .

Note that cone(Xreq) = cone(X'). Every point Y € Hx r gives us a subdivision of cone(X)
into subcones, namely two points x, x' € Zreq lie in the same cone if and only if L, L, #
0. The irreducible components Z of p~!(Y) correspond to the maximal cones C of this

subdivision:
Z:Spec( @ Lx>~

XE€ XreaNC

Note that X;.q N C is a monoid. It suffices to prove that the dimension of Z is equal to dim 7.
We can extend the action of T on Z to an action of the torus 7 x Spec k(Y) (over the field
k(Y)). Thus Z is a toric variety under the torus 7 x Speck(Y) anddim Z = dimC = dim 7.

O

4. Fan of a toric Hilbert scheme. Our aim is to describe the fans of the toric vari-
eties Hy and Wy,

Let us fix the notations. Recall that X is an affine toric variety under an action of a torus
T:

X=T: xp,
T C T is a subtorus, and
w:X(T)— X(T)

is the restriction map. Fix isomorphisms T >~ G/, T >~ G/, , this gives us a basis in k[T'] and

k[T
k[T] = @ kt', k[T]= QB ke

veX(T) xeX(T)

We denote by X the T-orbit closure T - xo and Ix C k[X] denotes the corresponding ideal.
Also, we have

S = k[X] =@k:”, k[X] = @ktx.

ves2 xex

The restriction homomorphisme k[X] — k[X] is given by tV — 7 ™) and its kernel Iy is
generated by all the binomials of the form "1 — ¢¥2 such that 7w (v]) = 7 (v2) (see [12, Lemma
4.1]).

Let us recall some definitions concerning convex polyhedra. They are taken from [12],
which we shall use as a general reference on convex polyhedra.
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DEFINITION 4.1. Let P be a convex polyhedron in a vector space V. For any face F
of P the normal cone Np(P) is the following cone in the dual vector space V*:

Np(P):={leV*; l(v—2) >0 forall ve P,v € F}.
The normal fan N (P) of P is the fan whose cones are normal cones to the faces of P.

DEFINITION 4.2. The recession cone of a polyhedron P C V is the set of those vec-
torsv € V suchthatu +v € P foranyu € P.

DEFINITION 4.3. A fan ( is a refinement of a fan C, if any cone of C is contained in
some cone of (5.

DEFINITION 4.4. We say that two polyhedra Pi, P, C X (T)pg are equivalent if they
have the same normal fan.

We fix an open T'-equivariant embedding of 7'/ T (resp. of T') in Hy (resp. in Wy) such
that the image of eT (resp. of ) is X (resp. (X, x¢)), where e is the unitin 7.

THEOREM 4.5. (1) ThefanCp, C A(T)R of the toric T /T -variety Hy is the coars-
est common refinement of the normal fans C,, of the polyhedra

P, = conv(n_l(x) N)c X(M)g,

where x € X.
(2) The fan of W is the coarsest common refinement of the fans Cg, and N (cone(£2)).

REMARK 4.6. We can consider fans in A(T'/T)g as fans in A(T) g whose cones con-
tain A(T)g. In particular, we view the fan of the toric T'/ T -variety Hy as a fan in A(T)g.

PROOF. Let us recall that a one-parameter subgroup A € A(T) g belongs to the support
of the fan Cp, if and only if there exists a limit of X € Hy under A. Further, one-parameter
subgroups A, A" € A(T)p lie in the interior of the same cone of Cp, if and only if they define
the same limit of X € Hj.

We shall calculate the limit of X under a one-parameter subgroup A € A(T'). Consider
the closed embedding

G, xXCG, xX,

(s,x) = (s, A(s) - x).

Let = be the closure of the image of this embedding in Al x X (so Eisa variety). Since
the projection p 41 : & — A is a flat morphism, we have a morphism A' — Hx 7 such
that & = Wx 1 Xgy , A'. Thus the limit X of X under A is equal to the fiber of p 41 over
0 if this fiber is non-empty and the limit does not exist otherwise. Consider the commutative
diagram:

> O G, xX
N N
AlxX o G, xX
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We have the corresponding homomorphisms of algebras:

k[Z] —  k[G, x X]

t 0
k[A' x X] — k[G, x X],

where the vertical maps are surjective.

Denote by s the coordinate in A'. Then the homomorphism k[G,, x X] — k[G,, x X]
is given by s — s and ¥ — s Thus, the vector subspace k[Z] C k[G,, x X] is
generated by the elements of the form s ¢7("), where m > (A, v), v € £2. The fiber p;} 0)
is empty if and only if the ideal sk[Z'] contains 1. Thus A belongs to the support of the fan
Ch, if and only if (A, v) < Oforanyv e 771(0) N £2. Since any k[X], is a finitely generated
k[X]o-module, this is equivalent to say that A attains its minimum on a1 (x) N £2 for any
x € X. In this case

kX3 = €D ks™Orx
xXex
where

ny(x) := min (A, v).
ver—1()NL

The product s XD X150 02 gx2 = ¢ (Xx)+m.(X2) ¢ X1+%2 equals zero if and only if n; (x1) +
ny(x2) > nx(x1+ x2)- The embedding of X in X is given by the homomorphism of algebras
k[X] — k[X,], where ", v € £2, maps to s @) ) if (A, v) = nx(x), and to O other-
wise. We denote by I, the kernel of this homomorphism. Hence we see that one-parameter
subgroups A1 and A; define the same limit if and only if I, = I,,. This holds if and only if 1
and A, attain the minimum over 77 ~! () N 2 at the same point for any x € X or, equivalently,
A1 and A; lie in the interior of the same cone of N(P,) forany x € X.

(2) Since Wo=T - (X,x) C Hy x X, the second statement is evident. O

The statement below follows directly from the description of the limit of X under A in
the proof of the theorem.

REMARK 4.7. Let <; be the preorder on X (T) such that vy <, vy if (A, v1) < (A, v2).
Forany f =) S fu; € k[X],,, denote by iny (f) the sum of f,’s where v; is maximal with
respect to <. Then the limit of Ix € Hp under X exists if and only if (A, v) > 0 for any
v e 771(0) N £2. In this case the limit is the ideal iny (Ix) generated by all iny (f), f € Ix.

EXAMPLE 4.8. Let X = A", T = G/, act on A" by rescaling of coordinates, T =
G, and let the X' (T')-grading of k[x1, ..., x,] be positive.

(1) Consider the case n = 3. It was proved by Arnold, Korkina, Post, Roelfols (see, for
example, [12, Theorem 10.2]), that any ideal I € H 4 (k) is of the form ¢ - iny (Ix) for some
t € Gr and A € A(G?}). This means that in this case the toric Hilbert scheme is irreducible.

(2) Letn =4and x1 = 1, x2 = 3, x3 = 4, x4 = 7. Then the toric Hilbert scheme
is reducible. Moreover, in Hy» 7 there are infinitely many orbits of G}, (see [12, Theorem
10.4]).
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PROPOSITION 4.9. (1) The support of any C is the cone generated by those one-
parameter subgroups A that (A, v) > 0 for any v € 7~ (0) N 2. In particular, the grading of
S by X(T) is positive if and only if this support is the whole space A(T)R, i.e., any polyhedron
Py is a polytope. This holds if and only if Hy is projective.

(2) There are only finitely many non-equivalent polyhedra Py for x € X. Hence Cy, is
the normal fan of the Minkowski sum of representatives of the equivalence classes (we denote
this sum by Pp).

PROOF. (1) First note that Py is a cone and its normal cone Cp is generated by those
one-parameter subgroups A that (A, v) > (i, 0) = 0 for any v € 7~ (0) N £2. Further, note
that the recession cone of any P, is Py. Indeed, Sy is a finitely generated Sp-module. Let
Ui, ..., g € X(T) be the weights of a set of T-semiinvariant generators. Then

d
P, = conv(U(,u,- + P0)> =conv(ut, ..., mq) + Po.
i=1
It follows that the support of C, is Co.

If the support of Cy, is not A(T)g, then Hp is not complete and, consequently, is not
projective. Conversely, if the grading is positive, then the Hilbert scheme Hy 7 is projective,
and H is projective.

(2) There are only finitely many fans C such that Cp, is a refinement of C and the
supports of C and Cp, coincide. O

REMARK 4.10. By [12, Theorem 7.15], it follows that in the case when X = A",
T = G}, acts by rescaling of coordinates, and the X' (T')-grading of k[X] is positive, the
polytope Py, is equivalent to the Minkowski sum of P, corresponding to the weights x of
the elements of the universal Grobner basis of Ix.

Let X be normal. Now we are going to give a precise description of those characters
X € X having equivalent polyhedra P,. Recall that we have a homomorphism of lattices
w: X(T) — X(T), afinitely generated monoid 2 C X (T) such that £2 = cone(£2)NX(T),
and we put X' = 7 (£2). To any point x € X we associate the polyhedron

Py =conv(mr ()N 2) C X(T)g .

Two points x, x' € X are said to be equivalent if the corresponding polyhedra P, and P,
are equivalent. The question is to describe equivalence classes constructively.
Denote by mg the linear map induced by 7:

R X(T)g — X(T)g .
LetC )If denote the normal fan to the polyhedron

Pf = 711;1()() N cone($2).
DEFINITION 4.11. (See [4].) The cell decomposition of cone(X) induced by mg is

the subdivision of cone(X) into the following set of cones: the characters x and x’ lie in the
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interior of the same cone of this decomposition if and only if the set of those faces of £2g,
whose images under g contain x coincides with the set of such faces for x’.

REMARK 4.12. Note that the cell decomposition of cone(X') induced by w g coincides
with the subdivision by GIT-cones ([2, Section 2]).

Note that if y lies in the interior of a cone o of the cell decomposition and x’ € o, then
C)If refines C f,. In particular, the polyhedra Pf corresponding to interior points x of o are
equivalent. Let Pr denote the Minkowski sum of Pf for representatives of interior points for
all cones of the cell decomposition and let Cg denote the normal fan to Pg (note that in the
Minkowski sum it suffices to take representatives of interior points for the maximal cones of
the cell decomposition).

REMARK 4.13. In [4] the fan Cp is called the fiber fan by analogy with the normal fan
of the fiber polytope for a linear projection of polytopes (see [3]).

DEFINITION 4.14. (See [8, Definition 5.4].) A character x € X is integral if the
inclusion of the convex polyhedra P, C Pf is an equality.

We shall denote by 2}?‘ the set of integral characters. The following proposition gives
us an algorithm for computing the fan of Hj.

PROPOSITION 4.15. For any cone o of the cell decomposition of cone(X) induced by
7 let 1, ..., |y be generators of the monoid o N X and let cy, ..., cr € N be such that c; |4
are integral, i = 1,...,r. Then, the polyhedra Py, where x = Zle dini and 0 < d; <
l(o)c;, form representatives of all equivalence classes of points in o up to Minkowski sum
with Pr. Here [(0) is the number of vertices of P)f for x lying in the interior of o.

Hence Py, is the Minkowski sum of such representatives for all (maximal) cones o of
the cell decomposition of cone(X) induced by mR.

PROOF. Consider a point x lying in the interior of o and the corresponding polyhedron
Pf . For any vertex v of Pf there exists a unique minimal face F' of cone(£2) such that F N
Pf = {v} (indeed, since Pf is the intersection of cone(£2) with the affine subspace nl;l (),
it follows that any face of Pf is the intersection of 7{1;1 (x) with some face of cone(S2)). Let
vf, R le(a) € X(T)g be the vertices of Pf and let Fl", R Ff(a) be the corresponding
faces (the set of such faces does not depend on a point x in the interior of o). Note also that
the intersection F; N Pf is a vertex of Pf for any x € o. Just as above, we denote this vertex
by v;(. For two vectors u, u’ € X(T)g wesay u < u' if u' — u € cone(£2).

Let us show thatif x = Y ;_, diu; lies in the interior of o and there exists i such that
d; > cil(0), then

Gex) Py = Py—cip + Peypy; -
Indeed, the inclusion Py_¢;;; + Peu; © Py is evident. For the converse, it is sufficient to

show that P, N £2 C Py,_¢;u; + Peyu;- Note that Py N 2 = P)f N £2. Denote by D, the
convex hull of the vix, i =1,...,1(c). By Proposition 4.9 (1), Pf = Dy, + Py. Then for
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any v € Py, N 2 we have v = u + v for some vo € Pp,u € Dy and u = le(g q;v}

for some ¢g; > 0 such that le(g qj = 1. There exists j such that g; > 1/I(c). Hence

V> qjvf = qj(v;(_c"’” + vj”“) >~ v?’”. Thus v — v;i“i € cone(2) N X(T) = 2.
In particular, this implies that for any y in the interior of o the polyhedron P, + Pg is
equivalent to P, + Pg for some x' = Zle d;iu; such thatd; < ¢;l(o) for any i. The second

statement of the proposition is evident. O

COROLLARY 4.16. With the preceding notation, if x =Y :_, di4; lies in the interior
of o and there exists i such that d; > c;l(0), then Py is equivalent to Py ¢, ;-

PROOF. By (%), it follows that Py ¢, = Py—c;p; + 2Py, s equivalentto Py, O

EXAMPLE 4.17. Let X = A", T = G}, act be rescaling of coordinates, and let T =
G, act on A" with characters xi,..., x» € Z. Then 2 C Z" is the set of vectors with
integral non-positive coordinates, and ¥ C Z is the monoid generated by —x;. Moreover,
Y =(X¥XNZ;y)U (X NZ_) is the subdivision of X' induced by 7. Let ny and n_ be the
numbers of positive and negative y; respectively. A number x € Z, (resp. Z_) is integral (in
the sense of Definition 4.14) if and only if x is divisible by any x; < O (resp. > 0). Let x4
(resp. x—) be the least common (positive) multiple of all positive (resp. negative) x;. Then
Py, is the Minkowski sum of polyhedra P, for —n x4 < x <n_x_.

5. Toric Chow morphism. We are going to describe the toric Chow morphism from
the Hilbert scheme to the inverse limit of GIT quotients X /4 7. In [8, Section 5] the toric
Chow morphism was constructed in the case when X = A" is a T-module. We generalize
this to the case of a normal affine toric T -variety X.

In this section we fix a T-equivariant closed embedding X < V, where V is a finite-
dimensional T-module such that X is not contained in a proper T-submodule. We use the
notations of the previous sections. Let

(o.¢]
SO =Sy
r=0

and let
X/, T := Proj ¥
be the GIT quotient. In particular, X o7 = X//T = Spec(Sp). Notice also that X 4, T =
X/ T, where
X3 = {x € X; f(x) # 0 for some homogeneous f € sy

If x lies in the interior of cone(X), then X /4 T is a normal toric T /T -variety whose fan is
C f, the normal fan to the polyhedron Pf .

It is easy to see that for any x1, x2 € X, the inclusion X ;‘1 cX ;é holds if and only if y;
belongs to the cone of the cell decomposition of cone(Y') induced by 7 (see Definition 4.11)
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containing x2 in its interior. We consider the morphisms between GIT-quotients X /, T in-
duced by inclusions between X¢°, where x € X. So the GIT-quotients X /4, T form a finite
inverse system with X // T sitting at the end. Consider the inverse limit

X /T :=1im{X ), T; x lies in the interior of X'} .

Itis a closed subscheme in the product X /,, T x --- x X, T, where x1, ..., x, are represen-
tatives of interior points of all maximal cones of the cell decomposition of cone(X') induced
by 7. Note also that X T is a closed subscheme in V T

DEFINITION 5.1. The main component (X ,c T )o of the inverse limit X T is the clo-
sure of the image of the map T' — X /T induced by the maps T — X/, T, where x lies in
the interior of X.

By [4, Proposition 3.8], it follows that the main component (X /T )¢ is an irreducible
component of X /T which satisfies the following universal property: given a T /T -variety Y
containing an irreducible component Y such that Y is a toric 7'/ T -variety, and given T /T -
equivariant morphisms ¢, : ¥ — X/, T, where yx lies in the interior of X, such that the ¢,
induce birational morphisms Yo — X /4 T and the ¢, are compatible with the morphisms of
the inverse system (so the ¢, give amorphism¢ : ¥ — X/ T); then restricting the morphism
¢ to Yo we have a birational morphism of toric 7'/ T'-varieties Yo — (X /cT)o.

REMARK 5.2. By [4, Proposition 3.10], it follows that the fan of (X T)¢ is Cg, the
maximal common refinement of all the normal fans to the polyhedra Pf, x € X. Since every
character x € X has some integral positive multiple cx € 2}?‘ (c € N), the fan Cp, is a
refinement of the fan Cg.

The following example shows that Cy, and Cg do not always coincide.
EXAMPLE 5.3. LetX = A3, T = Gi act by rescaling of coordinates, and let 7 =
G, act by t(x1, x2, x3) = (tx1, tx2, t2X3).
X(T) X(T)
V3 b

76(1)1) (v3)

7 (v2)

Vi V2

The Hilbert scheme H 43 1 is the closed subscheme in P! x P? defined by the equations
z1w3 — 22wy = 0 and zywy — zow3 = 0 (where z1, z2 and wy, w2, w3, ws are homogeneous
coordinates in P! and P respectively). The integral (in the sense of Definition 4.14) degrees
are even. The fan Cp, consists of the following cones:

R (ej +e2) +Ryer,

Ri(e1 +e2) + Ri(—e2),
R (ey—e))+Ren,
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R (ex—e1) + Ri(—e2),

where ey = v + v, e2 = —v3 is a basis of A(T/T). The inverse limit of GIT-quotients is
A3/CT = Proj k[x1, x2, x3] (where k[x1, x2, x3] is graded by the weights of T'), and its fan
Cr consists of the following cones:

Ri(e1 +e2)+ Ri(—e2),

Ri(e2—e1) + R (—e2),

Ri(e1+e)+ Ri(ex—er).
Cr Chy

e
ey —eq el t+e ey — e 24 e1+er

—e2 —e2

By the statement (xx) from the proof of Proposition 4.15, it follows that if a character
x € X is integral, then there exists ro such that S¢11), = Sy Sy for all r > ry. Thus
Corollary 3.5 implies that

Hgo 7 = Proj S = X, T,

forany y € X,
For any subset D C X we can consider the restriction of the Hilbert scheme Hy 7 on
degrees D, that is, the quasiprojective scheme H )? r representing the covariant functor

HY k= Alg — Set

such that H)?’T(R) is the set of families {Ly},ep, where Ly, C R ®; Sy is an R-submodule,
such that (R ®x Sy)/Ly is a locally free R-module of rank 1 and fL,, C L, for any
X1, x2 € D and any f € Sy,_,, (see [8, Section 2]). In particular, H)?’T = Hy r and
Hgoo = H)?’XT, where DX := {cx ; ¢ € Z4}. Note also that H)?T is a closed subscheme of
H‘? r- Forany D C X we have a degree restriction morphism Hy r — H }Z 7~ In particular,
we have canonical morphisms

¢y Hx.r — X} T .

The following theorem was proved in [8, Theorem 5.6] for the case when X is a finite-
dimensional 7 -module.

. Einl . . .
THEOREM 5.4. Let H;}‘.tT = HX.XT be the toric Hilbert scheme restricted to the set
of integral degrees. Then there is a canonical morphism

R HY'Y — XeT
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which induces an isomorphism of the corresponding reduced schemes. In particular, compos-
ing ¢1§t with the degree restriction morphism, we obtain a canonical Chow morphism from

the toric Hilbert scheme to the inverse limit of the GIT quotients

¢x :Hx1r — X/cT.
PROOF. Asin [8, Lemma 5.7], we see that the morphisms ¢§ satisfy the compatibility
conditions for x € 2}?‘ and, consequently, give a canonical morphism

int

; ¢
Hxr — H;P}T BEN X/cT .
Further, note that for any algebra R the morphism
PW(R) : HE(R) — X/cT(R)

is injective (since Hgi p = X/, T, we view any element of X /cT(R) as a family of R-
submodules {I/, C R ® SX}XEQ?I such that (R ® Sy)/I, isa l(my free R-module of rank
1, 10 = @nzo Iy is anideal in R ® SO0, so it defines a point of HS(X),T(R)XGE;?" and
these points satisfy the compatibility conditions of the direct system). Hence to prove that ¢f,‘(“
induces an isomorphism of the reduced schemes, it suffices to show that qb}}“(R) is surjective
for any reduced R. o

Note that d);(( coincides with the restriction of ¢‘)§ to Hy 7 C Hy r forany x € E%}“ C
E}?t. By [8, Theorem 5.6], the map d)“}"(R) is surjective for any reduced R, and it follows that
any element {IX}Xez-;?t in X/)cT(R) C V/cT(R) gives an element {Ix}xezi}“ in %(R),
ie., fl, C I forany xi, x> € XYM and any f € Sy,_y,. We have to prove that this
condition holds for any xi, x2 € 2}?‘. There exists ¢ € N such that cxj,cx2 € X %}“.
For any f’ € I,, we have f°(f)¢ € I.,,. By Lemma 3.4, we see that the projection of
Spec((R @ SXV)/1(1) to Spec R is a locally trivial bundle with fiber A'. Consequently,

(R ®; SX1) /10D is reduced and ff' e 1V, -

REMARK 5.5. Note that restricting ¢y to the main component Hp, we obtain a bira-
tional morphism of toric T/ T-varieties from Hy to (X ,cT)o.

EXAMPLE 5.6. Let V = A> where an and T = Gy, act as in Example 5.3, and
let T = G2 be embedded in G2, by (t1,10) — (11,11, 12). Consider the variety X =
T-(,1,1) = Spec S, where S = k[x1, x2,x3]/Ix and Ix = (x; — x2). So Hyx r is de-
fined in H 3 by the equation z; = z2. We have the homomorphisms of groups of characters

D=XG)S P =XxT) > Z=2XT)

and of monoids

p—>2—>X,

where §2 43 is the monoid in X’ (G%) generated by characters with negative coordinates.
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X (Gy) X(T) X(T)
&3 ' I ey = 7'[/(83) b/
5] 82 61 =7T/(81) n(el) 7-[(62)
=7'(e2)
Note that Xy = 211:3‘ is the set of even numbers. The scheme H;“; r is the closed

subscheme in P> defined by the equation w% = wiwy, and H }}“T is defined by the equations
w1 = wy = w3. The isomorphism

¢i§t : H}R‘T — X/,cT =Proj S
is the restriction of the isomorphism

int . int
A3 AT

where the inverse isomorphism is given by

— A3 fcT = Projklx1, x2, x3],

(¢2’§)71(x1 cxp:x3) = (0 xd i xixp 1 x3).
Concerning the morphism ¢ 43 : H T~ A3 /c T, note that ¢;31 (X /cT) is not contained

in Hx r. Indeed, consider the ideal I = (x1, x%) € HA3,T(k)- We have (Ix), C I, for any
evenr,so ¢ ,3(l) € XcT(k),but I ¢ Hx (k).
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