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1. Let f(x) be an integrabίe function with the period 2π and its

Fourier series be

(1) f(x)^ —S-GΌ+ Σ (c*n cos nx-hbn sin nx).
6 \

If we differentiate the series term by term, we get
oo

(2) Σ n(—an sin nx-\-bn cos nx),

1

which is said the derived Fourier series of j\x) and denote it by S'LΛ

The object of the present paper is to treat the Riesz logarithmic
summability of (2).

Concerning the Fourier series Wang has proved the following theorems:

Theorem A. If
lim φ(t)=s (R, log n, a) (a>0),
t—>ΰ

then (1) is (R, log n, α+δ>summable to s at t^x, where δ is any positive

number.

Theorem B. If (1) is (R, log n, α)-summable to sum s at t~%, then

lim φ(t) = s(R, log n,

We prove analogue theorems concenning derived Fourier series (2),

which reads as follows:

Theorem 1. If

ψϋ)/t=-s (R, log n, a) (α>0),

then (2) is (/?, log n, α+l+δ)-summable to sum s at / ~χ, where 8 is any

positive number.

Theorem 2. If (2) is (R, log n, α)-summable to sum s att^x

then

lim ψ(t)/t=zs (R, log n, α+l+δ)
t—>o
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S being any positive constant.

In these theorems we suppose that ψ(i)β is integrable in (0 2π).

2. Let DΛ(ω) be the a-th mean of (2). We have

If we put ψ(t)/t^g(t), then the a-th mean of g(ί) is

for positive a. And we put

~ 1 f
06 Γ(/£)J 0 *

for positive /3. Then we have for positive a

logω

where RΛ (ω) is the a-th Riesz logarithmic mean of the Fourier series of

On the other hand

2

/

/•CO

0(tΛ T* » (rnt^ iff— — I <

Since α(ΐ) is periodic, it is equal to.

-a (logV ' ^ ω L * - ;

f r•w (log^)» J 0 « "^- 'v»^ --Γ (ίog«)« J „•

=αΓ(α)
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where ^ (/) is continuated periodically. Thus we have proved

(4) fl.(β)-s=4

for any ocj>l.
We will state two lemmas due to Mr. Wang:

Lemma 1. If the partial sum su of the Fourier series of / (x) is of

order o(log n)* (a>0), then

/(O = o( * i + δ (log ~ Y) (C, 1+8)

for any δ>0.

Lemma 2. If for any δ>0,

fay^o α1+δdog i/tyy (

then

/(0 = oC(log l/01 + Λ +€) (i?, log n,
for any £>δ>0.

3. Proof of Theorem 1. By the hypothesis S ĈO i s

-summable to sum 0 at / = Λ. Hence i?^+δ(ω)-o(l) and R^+ui (ω)-o(l).

From (3) we have /?i+α;+6 (&>)— 5 = o(l), which is the required.

4. Proof of Theorem 2. By (3) and Lemma 1 we have

«)a du^o(tι+8 (log
0

On the other hand we have

1 Γ h f"

t f gΛuXt-u)*-du-

t—uγ-Λ du

Hence by (5) we have

(6) o«1+δ (log * •)•) = &i ~ ^ + J
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We have also

1 Γr ί-i
^ ( 0 = Tv^Γ I j&OO (t—ΐi) du

By (6)

*"3Γ ^ί+lw-δ^ί+lco=o«1+a.αog I/OU

or

•#• (* ' e si + 1 (θ)=©αogi/o-,

"δ δ+1 1 1 Γ 8 // - Γ I

Hence we have

ί-8gl+i(t) = ί o(log l/0 Λ Λ =

£ £+1(0 = 0(ίδ+1log l/O

By Lemma 2

£,+6+i(O=--0(log 1/Oβ+1*6 for any 6>
Thus the theorem is proved.
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