NOTES ON FOURIER ANALYSIS (XX):
ON THE RIESZ LOGARITHMIC SUMMABILITY
OF THE DERIVED FOURIER SERIES.®

By

Noboru Matsuyama.

1. Let f(x) be an integrable function with the period 27 and its
Fourier series be

¢)) F(x)~ ; o+ g(an cos nx-+b, sin nx).

If we differentiate the series term by term, we get

2) S n (—an sin nx+b, cos nzx),
1

which is said the derived Fourier series of j(x) and denote it by S'[7].
The object of the present paper is to treat the Riesz logarithmic
summability of (2).
Concerning the Fourier series Wang has proved the following theorems:
Theorem A. If
tlg}) @(t)=s (R, log n, a) (a>0),

then (1) is (R, log »n, a+8)-summable to s at =4, where 8 is any positive
number.
Theorem B. If (1) is (R, log »n, a)-summable to sum s at {=z, then
th_rg P(t)=s(R, log n, a+1+8) (a>0).

We prove analogus theorems concenning derived Fourier series (2),
which reads as follows:
Theorem 1. If
Y(t)/t=s (R, log n, &) (a>0),
then (2) is (R, log n, a+1+38)-summable to sum s at ¢ =z, where & is any
positive number.
Theorem 2. If (2) is (R, log n, a)-summable to sum s att=3 (a>1),
then
tl}_rﬁ] Y(t)/t=s (R, log n, a+1+3)
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d being any positive constant.
In these theorems we suppose that yr(¢)/t is integrable in (0 2z).
2, Let Dw(?) be the a-th mean of (2). We have

2 w* - ’
£ o f e (¥ (Dt

If we put ¥()/t=g(®), then the a-th mean of g) is

Dw .((D)‘—‘S:‘—

2]
La(l)= m(a) f log ;‘ "*—(:) du,

for positive a. And we put

11
()= P(ig)fogw(u) (t—u)t-' du,

for positive B. Then we have for positive a

4

3. Dy(w)y—s=— —1 (loi;jrfug(t) «i & Ly_1(wt)—LyCwl) } di
= % Ry i(&)+ Ralw),
log w
where R, () is the a-th Riesz logarithmic mean of the Fourier series of
&@).
On the other hand

2
w”

— 5 (Da(@)—s) = (og &) f tg(t) L'a(wt) dt

(]

a0 [ - )
= (log (o)"f g(@) Ly-: (wt) di— (log « )“f g (t) Ly(wl) dt.

Since g(1) is periodic, it is equal to,

[0

! 1
= —(lohg("‘(;’)—w‘f g(t)Lw—l ((Dt) dt'— (léé))“ f ) g(t) La,((t)t) dt

40(

fog )) + o(1)

1

1
— © '
= '(]6é’w)a fl)g €3] Lw—n ((l)t) dt— (lOg )“ [ gl(t) tLy(w?) }U
1
+ (1657@»] &) *dT (t Lo(wt)) di-+-o(1)
0
! )
=a V(ldfg(gr;)‘&f\ &(t) Ly(wt) di+ '(lbgm)a;f‘)gl(t)Lm_l(mt)dt_;.0(1)
!
_ar(a) (log © )mf gd—(t> Lt)((l_‘t) dt
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sin "lt,, dt+o(D),

=P@+D) o )m[ (ga-1 (1)+gu (D)

where g (¢) is continuated penodlcally Thus we have proved

@ Da(@)—s=——2-T(a+1) (log w)wf(g., () +ga(t)) S0 Sm ol g1,

for any a=>1.

We will state two lemmas due to Mr. Wang:

Lemma 1. If the partial sum s, of the Fourier series of f (x) is of
order o(log n)* (x¢>0), then

for any &>0.
Lemma 2. If for any 6>0,
S =0 (t"*¥(log 1/t)*) (C, 1+8),
then
J()=o0(og 1/t)1+*+¢) (R, log n, 1+a+¢&)
for any £>8>0.

3. Proof of Theorem 1. By the hypothesis S(g) is (R, logn, a-+8)
-summable to sum 0 at /=1. Hence Ry.s(w)=0(1) and Ry.es; (w)=0(1).
From (3) we have Dj 4.5 (w)— s =0(1), which is the required.

4. Proﬂf of Theorem 2. By (3) and Lemma 1 we have

5) 1‘(1+8) f (Qu—1 () + gu(1)> (1—u)® du=0c(1'+% (log 1/t)*).

On the other hand we have
d+1 - 1 ' s 1.,
&5 D= sty f"gu—l(u) (t—u)® du

al
:{']‘(8]:}.1) gw(u)u(t_u)s }

)

1 t 5 I » .
~ T foga (u)(t——u)ssz—;]f(gjflr)— fogw(zf)u(t—u)?? du
. E)
e b+ o
=—g, (O)+ I¢

o ) 5 .
541y tf Gu(u)(t—u)? 'du— PG+ fogw(u)(t._u)&du

G D g,

Hence by (5) we have

€)) ot (log }')“)—@ﬁ»— s,



94 N. MATSUYAMA
We have also

1 ! -
gﬁ,, (f): —ﬁgj—fo gm(u) (t—u)s ! du

(18)' é :iizf Zu(u) (t—u)® du

T 0
- d 841
= g4 &a"'D-
By (6)
t71d7 g3 () —8g ¥ (H=o(t'"*S (log 1/t)%),
or

a7 gt ()=ollog 1/0,

-5 8l 1 1 [ ‘
t sgi )= TGE1Y) ?»-fo 2u(u) (t—u)d du=o(f0 | gu (u)) du) =0(1).

Hence we have

t
1—5g,§+l(t)=f o(log 1/t)* dt=o(t logl/t)*,,
0

g5y =o(t?*'1og 1/1).

By Lemma 2
Gurer1(P)=0(log 1/t)*+'*¢ for any £>8>(.
Thus the theorem is proved.
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