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I. Let us conder the trigonometrical series

(1) 2 pn cos tnx-cίn)

where pw:>0 (Λ = 1,2, ) and

(2) Σ pn=oo.

We have proved that if

(3) pn

then the set of points where the series (1) converges absolutely is of

Λ-caqacity zero (0<α<l) 3 ) .

We can now prove more precise result;

Theorem8* If p»=0(l/w) and Σ pw=oo, th#n we have

Σ pfcί cosCfee—αfc)|
(4) lim -*=2 ^ -2/τr

Σ p,

except a set of α-capacity zero

II. We shall firstly prove the following lemma.

Lemma. If (<yn) is a sequence pf complex quantities such that

Σ I yn I = oo, and \yn\ - 0(1/rt),

then we have

*) Eeceived May 5th, 194ίί.

1) Read before the annual meeting of tHe Mathematical Society at May, 1946.

2) T. Tsuchίkura and βr Ϋano, Notes on Fourier Analysis CV): Absolute

convergence of trigojiometrical series, under the press.

3} cf. R Salem, The absolute convergence of trigonometrical series, Duke Math.

Journ., 8 Q941).
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(5)

except a set of ar-capacity zero.

Proof. Let E be the set of x such as Rn(x) does not tend to zero. If

we suppose that E is of α-capacity positive, then there is a positive

distribution μ which concentrates on E and belongs to Lip a^. If we denote

the Fourier-Stieltjes series of μζx) by

dμ(x)~l/2τr+ Σ ((in cos nxΛ-bn sin nx),
n \

then we have

(6) Σ (\an

Now we have

\bn\)/n«χ>.

s i ei(ij'ι>dμ

CΣ 17,-I)*
fcl

Since

we have

r
J o

n f~*

Σ" /

by (6) and 7W = . Hence

J n

being a constant.

If we take a suquence of integers (nl) such that

then the seriesies Σ / 1 i?(Λτ) 1
2
dμ, converges and then Σ \R

av
(x)\

2
 converges

4) E, Salem and A. Zygmund, Capacity of sets and Fourier series, Trans.

Amer. Math. Soc, 59 C1946), p. 23-41. Especially see the corollary of Theorem 1.
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expect a set N of ^-measure zero.

In particular

for x έ N. For n such as nv%n<nv+\, we have

I Rn(x) Σ 17* I -R«v (#) 2 17* 1 <^Σ 17λ

hence

•nv nv+l

17* I
nv

Σ I 7*

which proves that Rn(x)-+0 in E—N. This contradicts the definition of E.

Thus the lemma is proved.

III. We will now prove the theorem.

Since

| C O S Λ : | = Σ Cyβ (CQ-2/TΓ)

with \cp\ =0(z>-2), we have

| cos (nx-ctn) I = 2° cn ei1c«» elhn»

and

Σ p*|cos (kx-ak)\ ^
- ^ i = Σ ck Q*»(x),

where

n

By the lemma we have, for each

(7) lim Q^n(x)~
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except a set Ek of μ-measure zero. Hence there is a set E of μ,-measure

zero such that (7) holds good for any integer &ΦO expect x in E. Since

( QιΊtl (x)\ are uniformly bounded and \ck\ =O(l/k*), we can easily see that

2 Pk I cos (kx—ak) I
- ^ ->α. = 2/τr

except x in E. This proves the theorem.
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