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1. If for any subset A of the fundamental set S we'can assign a

"closure" A satisfying some proper Conditions, then the set 5 is said to be a

space. In general there are two methods defining the closure, that is;

(I) When there corresponds a family "neighbourhoods" V* to every

point x in S, %$A is, by definition, that no Vx Γί A is vacuous.

(II) When there is a family of "sequences" {χa} in S α ) for which it is

always decided that {χa} converge to x or not, χ£A is by definition, that

there is a sequence in A convergent to x.

S is said to be a neighbourhood space or convergent space according as

it is topologized by a system of neighbourhoods or a family of convergent

sequences. When convergence of sequences are suitably defined by means

of system of neibourhoods, the neighbourhood space becomes a convergence

space. For example, if in a neighbourhood space S convergency of the

sequence {χa} is defined by

(III) {xa} converges to % if and only if for each neighbourhood Vx of .x,

there exists an ao^aL](Vx) such that a>aΛ) implies χa£Vx, then S becomes

a convergence space.

In this paper we intoduce the notion of "^-closure" (in Definition 2),

by which neighbourhood space turns to the space with "<£>-topology". Main

results concerning ^-topology are cotained in Theorem 4.

But if we consider some set A such as {%a}dAClS, we obtain many

interesting results, for instance, all convergence topologies defined in S is a

Boolean algebra(2) by some order relation.

2. Let φ be a set-function on 2s ( = family of all subsets in S) such that

(2, 1) for any subset A in S, Adψ(Λ),

(2, 2) AdB implies ψ(A)(Z<KB).

And let φ be the class of all such ψ.
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For any φ1 and φ2 in φ, we write ψv<φ, if and only if

Ψι (A) (Z φ2 (A)

for aJl subsets A of 5. ^ is a partially ordered system, that is,

(2, 3) φx<φ~<φz implies <PΊ<φ3,

(2, 4) φ1<φ2<
<Pi implies φ^φ,.

Further φ is a lattice, and

(2, 5)

(2, 6)

If we define O and / by

(2, 7) 0(^4) = /l for all subsets yί of 5,

(2, 8) /(^4)ΞΞS for all subsets A of S,

then φ becomes a Boolean algebra.

3. Closure with respect to φ. Let S be a neighbourhood space and

denote its points by x, y,.. .. ... Suppose that for each x in 5 there corresponds

at least one ''neighbourhood" Vx of x such that

(N. 1) for each χ£S, Vx contains χ<

(N. 2) if Ux and Vx are neighbourhoods of x, Wx-Uxf')Vx is also a

neighbourhood of Λ.

We shall now introduce an equivalent seqiiencial topology and weaker

ones into . The convergence of the sequence in S is defined by

Definition 1. If a sequence {χa} is contained in a certain fixed set A, and

for each neighbourhood Vx of x containing Ac there exists an a0-ao(Vx)

such that a>a0 implies xaεVx, then {χσ} is said to be convergent to x with

respect to A and denote it by

In this definition if we take .. =Ξ 5., then x,—*-χ( ) coincides with ordinary

convergence in (III).. As easily may be seen by example, χa—>χ (A) does

not imply x,,—»χ (B) in general if A Φ B.

Lemma I. If ix<} converges to x with respect to A and {x } is a cofinal

subsequence of {x.}, then {x } converges to x ivith respect to A?

Proof is easy.

Lemma 2. If ίx^CZBςzA and X ,--*Λ (A), then Xar-+χ (£)•

Proof. Each neighbourhood Vx of ••% containing Bc is that of x containing

A?. Since χa—>χ (A.) for any neighbourhood lr

x containing Bc, there exists an

oL^-ayCVx) such that a>a{) implies zaBW, that is, Λ«—*^ (B).

Definition 2. Let φ£φ. If there exists at least one sequence {xσy όi

If such nei^ htx.uihπod does iun rxua, .{.*;#•}eonver.es to t wi b respect to A
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points in A such as χ,%—»x (<P(A)), then we say that x is a limiting point

of A with respect to ^-topology and denote it by χ£Aφ. And Aφ is said to

be ^-closure of AS^

Specially if £>=/, it coincides with (III).

Corollary. If Φ>Ψf and xSAφ, then xβAφf.

Proofc By the hypothesis there exists a sequence {χa} in A, snch as

xm—*Λ(^(/4)). Since Ua}C:A(Z<PXAyz<P(A), we have xa—>x C^'G4)) by

Lemma 2.

From this Cor. we see that if ψ>ψ, then ^'-topology is not weaker

than ^-topology.

4. Fundamental theorems.

Theorem 1. For *any subsets A and B in S,

(AUBy<zA9>UB9>. (1)

Proof. Let {xa} be a sequence of points in A\JB such that χa—+x(<P(A

\JB)). Then at least one of {χa}f)A and {χa}Γ)B must be a cofinal subsequence

of

If

is so, Lemma 1 and 2 show that χβ—>χ (<P(A{JB)) and χ?—*χ (φ(A)) for

{ Λ / S } C ^ 4 C ^ ( ^ 4 ) C ^ C ^ 4 U ^ ) Thus the theorem is proved.

As easily may be seen by example, equality (1) does not hold in

general.

Theorem 2. A set V is a neighbourhood of x if and only if χ£ (V c y,

for any <P in φ.

Proof. It is sufficient to show, by Cor. of Definition 2, χ£ (Vcy. If we

suppose that χe(Vc)°, then for some {xΛ} in Vc, {xΛ} converges to x with

respect to (Ve)c = Vc. Since Vcc-Vis a neighbourhood of ^containing VCC=V,

there exists an ao~ao(V) such that a>a0 implies xΛ6V. On the other hand

all points of {xΛ} are contained in Vc. Thus we have a contradiction.

Conversely let χ£(Vc), then there exists at least one neighbourhood Ux

containing V. For, if such neighbourhood JJ.X does not exist, every sequence

{xa} in Vc must converges to x with respect to y, which contradicts to

χ€(Vg)ύ' From all such Ux we can select a set {xu} consisting of points such

that xu8U»Γ[Ve* Since all neighbourhoods of x containing V form a directed

system concerning set-implication, {xπ} is a sequence. By the construction

of {χσ} it converges to x with inspect to P , which contradicts to χ£(Vc)°.

(4^ This concept may be considered as a generalization of closure notion. Therefore
we may βay Aφ a f»-deriveil set, instead of ^-closure.
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Consequently UxΠUc=0 and UxZ)V, that is, Ux=V is a neighbourhood of x.

Q.E.D.

Theorem 3. ^4C# implies A^<Zβφ if and only ifv>

(N. 3) /or #»y neighbourhood Ux of x, a set containing Ux is also a

neighbourhood of x.

Proof. Let AdB and %eAφ, there exists a sequence {χa} in A such that

Xco} converges to x with respect to <P(A). By 0<ψ, xa^x (A), and then Ac

is not a neighbourhood of #.

Since (φ(B)yc.BcCAc, and by (N.3),C^(5))C is not a neighbourhood of x.

Moreover intersection of B with each neighbourhood Vx of x containing

(φ(B))c is not empty. As in the proof of Theorem 2 there exists a sequence

{FT} such that Yv—>x (<P(By). That is, %&*. Thus ^LcB implies J.^cB*'.

Conversely, if C/^CF then UX

CZ)VC. By the hypothesis of ^-topology, CC4C)Z)

CFC)^. Since Λ εCC/̂ 6)̂ , # < F C ) ^ Consequently F is a neighbourhood of x by

Theorem 2. Q. E. D.

Summing up the above results we get:

Theorem 4. If S is a neighbourhood space satisfying (N. 1) —(N. 3), then

each topology defined by Definition 2 satisfies the following two conditions

concerning closure,

and moreover the ψ-topologies form a Boolean algebra.
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(5) Necessity was comir.UMicated by Prof. A. Komatu, to whom the author expresses
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