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1. Let K be a relatively cyclic algebraic number field over k of degree
n and s be a generating substitution of the Galois group of Kjk. And we
assume that the prime ideal p in k resolves in K as p=ty% where $*=$.

The computation of the norm residue index in the class field theory
is, as it is well known, reduced to the proof of the following equality in
the above case

(ά : aQNKjkA) = e,

i. e., under the group a/a0 of residue classes modulo pλ, for sufficiently
large λ, the index of the subgroup of classes represented by the norms of
numbers A of K is equal to e.

In the computation of this paper we introduce, for simplicity, the p-
adic number field as usual, but we do not employ the logarithm, nor the
group of n-th powers of numbers.

We can take n numbers ŝ Θ (i = l, 2, .. , n) in the φ-adic field K% which
are conjugate with respect to k$} and are linearly independent in kp. In
the sequel we use such numbers s*®, which are known as normal basis of

2. Without loss of generality we may assume that the numbers s*®
which constitute the normal basis are integers in ϋf¥ and that the trace
of θ is an element of the prime ideal p, namely

If λ ^ 2 and β be an integer in kP) we can take an integer γ in kp

such that
1 + θλ+1β = NA and A = 1 + θλy®, ( 2 )

where NA is the norm of a number A in Ky/hp.
PKOOF. If we denote the m-th elementary symmetric function of n

numbers ŝ Θ with θm from the equation

*) Received Oct. 6, 1949.
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1 + θλ+1β = N(l + θ'y®),
we have

i +
that is,

fy + θ^-
This is an algebraic equation in #γ of degree n with integral coefficients
in kp, where the coefficient of θy is unity. Solving formally we get

θy = θβ - θ*-%(θβγ + ...,
which is an infinite series of θβ with integral coefficients in kp. Since
0€J), the infinite series converges as a p-adic number, and the sum is an
element of the ideal (θ) in k$, so that we can take an integer y in k^,
which satisfies the relation (2).

As far as the relation (2) is concerned, the integers s*Θ need not
constitute a normal basis, but they need only satisfy the relation (1).

In general let us represent the units in K% and kp (the integers which
are prime to p) by A and a respectively. By aQ we understand the units
a which satisfy the congruence a=l (pv), where p^c(θ3). Then from
(2) we have, as groups of numbers; {ao}d{NA). Hence we have, as an
index relation,

(a:a0NA) = (a:NA). ( 3 )
3. As in the preceding section we take the fixed set of normal basis

s*®, and we represent the set of numbers

Γ = Σftβ'θ ( 4 )
i = l

by {Γ}, where /3's run through integers in Jcp. {T} is a subgroup of the

additive group {B} of whole integers in K%, and Γ5€{Γ|. Here we have

/3Γ€{Γ} and βθ—2βs*®€ {Γ}, where β represents an integer in kp.
If (l-β)Γ = 0, then we have T=βθ, ( 5 )

and if SpΓ€(0λ), then we have
Γ = (1 - s)F + θ^ββ, ( 6 )

where λ ^ l and Γ; is a number of {Γ}.
PROOF OF (5). From (4) we have

(1 - 8)Γ = 2 ( A - A-Oβ'β, where β0 = βn.

As n numbers s*® are linearly independent in kv and 2 ( A — βt-i)st®=0

by the assumption, we have βi=βt_1(i=l,2, .. ,n. Hence we can put

βt=β and then from (4) we have T=*Σβίβ=βθ).

PROOF OF (6). From (4) we have Sp Γ = 2 ̂ , and by the assumption

2&0€(0 λ). Hence we have *Σβi = θκ-ιβ. If we put βo=β'n=Q and

βι + β2+. .+βi=β'i (i<n), we have β^βl-β',^ (i = l, 2, .. , w-1) and
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θx~ιβ since β'n=0. Therefore we have

= ( 1 - s)Γ + θ
where Γ ' = Σ / 9 # θ € { Γ } , because β'0=β'n.

4. If we take any integer B in iϊζp, then B and s*Θ are linearly
dependent. Hence we have a linear relation of integral coefficients in h%

ySB + Σ & t f θ - 0.
Since s*Θ are linearly independent, β=4=0, so that we can take some power
θb of θ such that θbjβ is an integer, for θ€p in p-adic number field. Hence

ff>B=-(ff>lβ)-*Σβitf®€\Γ}. Let & be the highest power of θ among
the corresponding θb, when B represents each element of the absolute basis
of the integers in K$ with respect to the field of rational p-adic numbers.
Then we have 0 ^ 6 {Γ} for all integers B in K%, and hence, for ideals in
K% we have

(0() CjΓS c (1). ( 7 )
If we put Aλ=rl-j-#λB for each integer λ, the set of numbers fAλ| is

the multiplicative group of the units A of K$ such that A = l (mod.
and as sets of numbers we have

In the following we put A—l + ̂ Γ ^ l + ̂ A ^ Θ for a fixed integer

, then we have

ίAΛ}c{Aλ + t}c{A}c{AAJ.

{A} is a multiplicative group and AS€{A|.
PROOF. The product of two numbers of {A} is also a number of

{A} as follows
(1 + 0 λ Γ)(l + θkΓ) = 1 4- έλ(Γ + Γ' + 0 λ ΓP)€{A} ?

because ΘΨΓ'e (β λ )c(^)c={Γ}.
If for A ^ l + 0λΓ we put A / = l - 0 λ Γ and A / r=(AΆ')- 1, we have

A / ; = ( i - θ^rη-1 e {A2λ} c {A}, A- 1 = A'Ά' 7 € .{A};

thus the inverse of any number of {A} is also the number of {A}.
5. Let us put A=a if A 1 - '=l , and put A=A* if iVA=l, then, as«

groups of numbers, we have

and _ ίA ^jA 1 -*}, ( 9)_

PROOF. Let us put a=l + θλϊ\ As α 1 - '=l, a=as and (1—β)α=0,

we have (1—β)Γ=0, so that from (δ) we have T—βθ and a θ
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thus from (2) we get a^NA, A = l + βλγΘ€ \l + θλV] = {A}. Therefore we

have the relation α € {iVA}. Conversely, as (NAy~s = l and iVA^Π^A)

€ {Aj, NA<£ {a}, so that the relation (8) is proved.
Now let us put A * ^ l + 0λΓ. As 1 = NA*=1 + Θλ Sp Γ + (θ2λ), we have

SpΓ€(0 λ), so that from (6) we have
Γ = (1 - S ) P + θλ-ιβθ.

Here let us. put A'=:l + 0λΓ" a n d A ^ A ' ^ ^ A , then
A = (1 + <9λΓ)(l + ί T ' ) ' - 1

= (1 + 0 λΓ)(l - θ\l - s)Γ)
= 1 + 0*(Γ .- (1 - *)Γ')
- 1 + β^-^θ = 1,

Next let us put
B = Θ + + + + ,

where s'θ are the normal basis, then we get B*A=B, because A1+s+ •• +i'

From B - θ = B - Θ -. sθ - s3Θ -
= (A - l ) 8 θ +'(A1 +

€ j ^ - 1 ) c ((9λ+1+ί) c {0λ +T|
(because λ > ί + 2 and by.(7)), we can put B—Θ=P+1Γ" and A / / =B/ί=
1 + 0T"€{A}, so that we have A'^-^B^.^ArrA^A"-1 , A*=(A//A')1-*€
{A1-'}. On the contrary, as N(A1-')=1 and A1"^ {A}, ^ - ^ { A * } , so
that the relation (9) is proved.

6. Let us represent the units in Kφ (integers in Jζp which are
prime to p) by A in general, and put A^A^ if iVA=l, then we have the
relation of the index

(A^ A1-8) = e. (10)
PROOF. By Hubert's lemma, for each A* we can take a number B

in K$ such that A'5f" = B1~*. If we take an integer Π in iζp such that the
exponential φ-adic value O(Π)=1, E = Π1"S is an unit in Ky and iVE = l,
so that E€{A*|. If 0 (B)=m (positive or negative rational integer or
zero), A=BΠ~m is an unit, so that B=ΠmA, A* = B1-' = EIΛA1-β, hence
A-^jE^A1-9}. Conversely E^A1-'^ {A*}, so that we have

(A* : A1-8) = (EmAχ- s: A1"*).
It is thus sufficient to show that the condition E^CfA1-*} is equivalent to
the divisibility of m by e. In fact, if Um^-^==Έr==A1-8

y then (Π^/A)1"8

— 1, Πm/A is a number in kp, so that m=0(Π m /A) is divisible by e,
because p=ψe in K$/kp. Conversely, if m is divisible by β, we can take
a number p in kp such that 0(p)—m. Then A = Πm/p is an unit in KΨj
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so that E f Λ=ΠT O C 1-o=A1-β.
7. From (3) we can see that the index

is a finite number. From (10) we have

(A*: A1-5) _ e

~(a:NΆ) ~ a'
'N(A1-) = (NA.)1-'=1, A=A* if and only if JVΆ=i and A=a if and only

if A1"* —1, so that we can apply Herbrand's lemma in (11). In place of

the group {A} of units, we take its subgroup {A.}, then; since {Aλ+(}ci

{A}ci{A} and so the index (A: A)<Ξ(A:.Aλ+t) is finite, we have

(A*: A1-*) == \_

(a : NA) a '

Now, from (8) and (9) we have (a:NA)=l and (A*: A 1 "*)=l respect-
ively, so that a = e. Thus, for the index of the group of the norm residues,
it is proved in K$/kp that .

(a : a0NA) == (a : NA) = e.

8. Now let us compute the index of the group of power residues.
Let n be & natural number and p be a prime ideal in an algebraic number
field k. It is also well known that, under the group of residue classes of
numbers in k modulo pλ, for sufficiently large λ, the index of the subgroup
of those which are represented by the n-th powers of numbers in k, that
is, the index of the group of residues of n-th powers, is

(a : v) = n"Nkp\ n' ^n" ^n;
wτhere pι is the p-component of n, and the number of the n-th roots of
unity in k is nf, (and the number of those in the p-adic number field kp

is n").

By the computation of this index, we introduce the ψ-adic number
field kp as usual, but we do not employ the logarithm this time too.

Let a denote the numbers in kp which are prime to $ and let {a\ be
their multiplicative groxip. Let us put a—ak if a=l (nλp), where λ is
any natural number. If aλ=l + nλβ, β is a number in p, and

so that we have α^€{tfλ+1}. Conversely if aκ+1==l-^nλ+ιβ, β is a number
in py and we can take a number y in p such that

1 + nλ+1β = (1 + nλy)n,
so that we have Λλ+1€{αJ}. Therefore, as groups of numbers, we have
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If ζ be a primitive n-th root of unity,

( l - ? ) ( l _ £ » ) . . . ( l _ f - i ) = » φ θ (nλt>),
so that unity is the only n-th root of unity which is included in the group

By the correspondence of numbers <x->an, those which correspond to
unity are the n-th roots of unity in kp, and their number is n", while
only one of them is included in {aκ}, so that we have the relations between
the indices of groups

where (a : aκ)—φ(nκp) and (a ia^—φ^p p^^φ^p) -Nj^ are finite
numbers. Hence we have

(a : an) = n " ^ * .
Let us now put tf^α* if a=l (px), where λ^2ί + l. As α*=l(na})),

Λ*€{Λ 2 } = {ΛΓ}C{ΛΛ |, SO that we have in ^
(α : v) = (a : a*an) = (a : a*)..

This is the ratio of the number (a : a*)= φ(pκ) of the cosets of \OL*} to
the number (ana* : a*) of those which are represented by the n-th powers
of numbers in &p, so that this index in k is the same as in kp. Therefora
the index of the group of the residues of n-th powers in k modulo pλ

is obtained';
()
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