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1. Introduction. In a series of papers, J. Marcinkiewicz proved several
theorems concerning conjugate function [6], strong summability of Fourier
series [8], and integrals of Dini type [7]. The crucial point in his proofs is
in the applications of a lemma concerning a metrical property of closed sets,
which is stated as follows:

Let P be a closed set periodic with period 2,8, (n =1,2,...... ) be its
contiguous intervals, and @(x) be a function which is equal to |A,|V on A,
and vanishes on P, then the integral

" oMx + t)
f_Iz’—mm—dt, A >0,

is finite for almost every x in P.

In a paper above cited [7], Marcinkiewicz introduced an integral of
Dini type:

1.1)

ulf: 2) =<£” |Flx +t) + Flx —t) — 2F(x)|* dt)llz,

t.3

where F(z) = f f(¢) dt, and proved that ¥
0

(1.2) Allfll = lwHll: = Allfll..
He also conjectured and A. Zygmund [18] proved that
(1.3) Allf Il = ()l = ALl £l 1< p < oo,

where in the left side inequality, we suppose that f f(x)dx = 0. The proof
0

of Zygmund depends on “complex method”; indeed he proved that u(f) is
majorized by the Littlewood and Paley function ¢*®.

With the aid of the lemma of Marcinkiewicz, Zygmund [17] proved that
the Fourier series of an integrable function f(x) is strongly summable almost

1) |E| denotes the measure of a set E.

2) Here and hereafter, A stands for an absolute positive constant, and Ap, etc.stand for
constants depending only on the indicated parameters, The constants A and Ay, etc.
need not be the sames at different occasions.

3) For the function g% see [4] and [18].
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everywhere for any order, that is, if s,(x) denotes the #n-th partial sum of
the Fourier series of f(x), then for any ¢ > 0

1 n
Ii
1m 7 V§=0

n-»e0

s(z) — f(z)| " =0

almost everywhere.

In the same paper, Zygmund proved that the power series of a function
®(2) of class H,0 <A <1, is (C,1/A — 1) summable almost everywhere on
the circle of convergence, and conjectured the maximal inequalities for the

oo

Cesaro means: if ) _c,2" is the power series of ®(z), and ¢ (x; ®) is its
n=0

n-th Cesaro mean of order a for z = ¢'*, then

T

T 1
e [ s ol @)ae = A 06 logt |0 dx + A,
and

T k4

a5 [ suwlelG Vs o) rae = au([ jeera)  0<r<

Zygmund himself [20] and G. Sunouchi [15] proved (1.4) and (1.5) for 0 <
A= 1/2.

In the present paper, we shall prove the right side inequality of (1.3)
for 1 <p = 2; the maximal theorems for strong summability; and (1.4),
(1.5) for 0 << A < 1. Our proofs are by “real method”, which is a combination
of the lemma of Marcinkiewicz and the lemma of F. Riesz or the maximal
theorem of Hardy and Littlewood.

Our method can be applied to Walsh-Fourier series. In the last section,
we consider the Paley’s decomposition theorem for Walsh-Fourier series, where
the lemma of Marcinkiewicz can not be applied directly, but the idea proving
it also survives.?

During the preparation of this paper, a paper of E. M. Stein [22] was
published, where the results and the method of proofs have close connections
with ours. However, it seems that his main objects are to extend the
problems to higher dimensions, while our main aim is to show the scope of
the lemma of Marcinkiewicz.

2. Fundamental lemmas. In this section, we shall state two lemmas
which are fundamental in the sequels. One of them is a variant of the lem-
ma of Marcinkiewicz stated in the introduction, and the other is a decom-
position lemma of an integrable function which is essentially due to A.

4) In this regard, see also Fine [2] and Yano [16].
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Zygmund. We state them, however, in slightly different forms from the
original ones, so that we give the proofs here for the completeness.

Let P be a closed set periodic with period 27 on the real axis, 4,
n=1,2,......... ) be its contiguous intervals, Q be the complement of P,

Q= Ql A,, D(x) be the distance from x to P.?
For any A > 0, define:

" DNx + t)
2.1 I(x) = f_ M dt.
Then a variant of the lemma of MarcinkieWicz, which is due to Ostrow
and Stein [11], is stated as follows :

LEMMA 1. (1) I(x) is finite almost everywhere in P.
(2) For any s > 0,

, Ay
@ >st 0P =2 QL

PROOF. (1) is due to Ostrow and Stein [11], and (2) is the immediate
consequence of their proof. Here we reproduce the proof for completeness.

We can suppose that [A,| < 27 for all #,since, if otherwise it is obvious
from the periodicity that the set P is of measure zero.

Since D(x) vanishes on P, we have for x € PN [ — o, 7]

4 D,\ z
=) = f_n ‘ }(t ‘Att) dz

T D\(t)
Zj;_n |x—g|M1 dt

]x—t]"“

n

where the prime indicates that the summation ranges over the indices n for
which 4, are included in [ — 3,3 a]. Then

; ’ D@
fw_m IA(x)dx§§ e fA" ot At
' (.1
;;L D\(z) dt‘j; ¢ dx,

n

by Fubini’s theorem. If x € P and ¢ € A,, then D() < |« — ¢|, thus

5) If P is empty, we define D (x)=co for any x. In this case the lemma is trivial.

6) The notation{......... }denotes the set which is defined by the property in the paranthese.
and |E|denotes the measure of the set E, and, .if £ is periodic, the measure of the part
of E contained in [—7, =]
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fD(t) dtf| I““zf D\(¥) dtfm %{“

An T

= [ dr = 4l
A"
so that

‘/;’n[—n a I)\(l‘) dx "_<: A)‘g’ IAn| = A)\‘ Ql.

This proves (1). Since

i@ >sin Pl =] 1@ ax
it follows that (2) is true.

The original form of the lemma of Marcinkiewicz can be completed as
follows. Let @(x) is equal to |A,| on A, and to zero on P, and define
T A
(2.2) J(x) = @%CP\;') dt, A > 0.

-

Then we have:

LEMMA 1. (1) J\(x) is finite almost everywhere in P.

(2) For any s >0, |{J\(x)> s}| éé)“IQL

PROOF. (1) is due to Marcinkiewicz [6, 8], and also it follows from (1)
of Lemma 1, since the finitenesses of I,(x) and J,(x) are equivalent for
density points of P.

To prove (2), let A, be the open interval concentric with A, and having
the length 3|A,|. Let Q" be the union of A.’s, and P’ be the complement
of Q. Then by a similar consideration as in the proof of lemma 1,

_ RG]
‘/:”n[—n.ﬂIJA(x) dr = ‘/;"n[—ﬂ,vt]dxf—ﬂ ltl)\ﬂ dt

§Z/ { dx fA _a ‘)}\+1d

n CPnl-m] W=t

where the prime has the same meaning as in the proof of Lemma 1.
Then

-L'nl—n u}JA(z) dz = L f ?'(0) dtf [“‘

éA)‘§ fA ?'(2) dtj;(')
- 4.2 |8, = 4lQl,

+1
.’L'}‘
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since |z —t| = |A,| = @(¢) for x € P’ and ¢ € A,. This implies that
HdWx) > st N P = (4:/9)]Q].
Now, since {J\(x) > s} is contained in the union of {J\(z)> s} N P and
Q’, and |Q'| < 3|Q]|, we get (2).
The following decomposition of an integrable function is due to Zyg-
mund [19], except the explicit statement of the property (5). However, he

proved this lemma in the non-periodic case, and for the proof in the present
form, a slight modification is needed.

LEMMA 2. Let f(x) =0 be an integrable function periodic with period

2w, F@)=[ ) ar,

(2.3) M(x;f) = sup %fo flx + u) du,

1t|==

P=P,= {M(x;f) =<y} (y >0). Also let the set Q and the distance func-
tion D(x) have the same meanings as in the beginning of this section. Then
(1) P is closed and

k(4

1
Q== [ @ a=

If P is not empty, there exists a decomposition of F(x):

(2.4) Fz) = G(x) + H(x),
and that of fx):
(2.5) Azx) = g(z) + h(z),

where ¢(x) and h(x) are periodic and integrable, G (x) and H<(x) are inde-
finite integrals of 9 (x) and h(x), respectively, and they have the following
properties :

(2) 9(x) = flx) almost everywhere in P, and 0 < 9(x) < vy almost every-
where.

(38) H(x) =0 for x € P,and in particular, ’. Wzx) dx = 0 for every con-
Ja,

tiguous interval A, of P.

(4) [_ i 9(z) dz = f_ ﬂ”f(x) dz.

(5) | H(z)| = 2yD(z) Sor any z.

PROOF. It is easy to see that M(x) = M(x;f) is periodic and lower semi-
continuous, so that the set P is periodic and closed. The property (1) is a
consequence of the lemma of F. Riesz or the maximal theorem of Hardy and
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Littlewood ; see for example, [21;pp. 241-246].
Let us suppose that P is not empty. If x € P, then

Flx + ¢t) — Flx)

(2.6) ; =y o<t|=m),

hence f(x) < v almost everywhere in P.
Now, define the continuous function G(x) by

G(zx) = F(x) on P
= linear in A, n=1,2,......... ,
and decompose F(x):
Flz) = G(x) + H(x).

Then it is easy to see that G(x) satisfies the Lipschitz condition of order 1,
and its derivative ¢(x) = G'(x) has the property (2)(see Zygmund [19; § 6]).
Hence H(x) is also an indefinite integral of an integrable A (x). Since, for
any ¢, F{x + t) — F(x) is periodic with respect to the variable x, so is G(x
+ #) — G(z) and hence ¢(x) is periodic. Differentiating (2. 4), we get (2.5).

Since H(x) = 0 for x € P by definition, A(x) = 0 almost everywhere in
P. If A, = (a,,b,) is an contiguous interval of P, then a,, b, € P, so that

[ #a) dz = ) — Ha) = 0,

hence (3) is proved.
The property (4) follows from (3) and the periodicity of the set P.
Finally, we shall prove (5). For x € P, (5) is obvious, since H(x) = D(x)
=0. Let x € A, = (a,,b,) and suppose that = lies to the left of the middle
point of this interval. Then, by (3),

| H(z)| = | H(z) — H(a,)|
= |F(z) — Fla,)| + |G(x) — Gla,)|.
Since a, € P, we get by (2.6)

| F(z) — F(a,)| = y(x — a,) =yDz).
According to the property (2)

6@ ~ G| = [ o) dt = sta — a,) = yD(a)
In the case where z lies on the right half of A,, the same estimation can be
obtained, and the proof of Lemma 2 is completed.

REMARK. The conclusion (5) of Lemma 2, of course, can be replaced by
) | H(z)| = 2 yp(z),
where @(x) is the function of Marcinkiewicz, and this form of Lemma 2
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combined with Lemma 1’, can be used to prove the theorems in the sequel,
except for Paley’s theorem for decomiposition of Walsh-Fourier series, for
which Lemma 2 in term of the function D(x) is needed.

In the proofs of some of the theorems, we need the interpolation theorem
of Marcinkiewicz and Zygmund. Since we use it only for very special cases,
we restrict ourselves to the case which is needed.

Let T be an operator whose domain and range are functions in (— m, 7).
Suppose that T satisfies the following two conditions :
(2.4) A T(f) is defined for every f(x) € L(— m, ).
(2.5) | T(f + )l = [T + [ T(R)].

For p = 1, an operator T is said to be of weak type (p,p), if

(2.6) T >t = 5 [ 1) as

for all y > 0 and for f(x) € L’(— m,m) and for A, independent of y and f.
Also an operator T said to be strong type (p,p) if

2.7) [irr az=a,| 117 aa

It is obvious that if 7" is strong type (p,p), then it is also of weak

type (o, p)-
Now, the interpolation theorem of Marcinkiewicz and Zygmund [19] can

be stated as follows:

LEMMA 3. Let T be an operator which satisfies the condition (2.4) and
(2.5). Then
(1) If T is simultaneously of weak type (Pv,P1) and (Ps, 1), 1 < Py < po

< oo, then T is of strong type (p,p) for p,p, < p < p,.
(2) If T is simultaneously of weak type (1,1) and (p,p), 1 < p < oo,
then

[imslaz < af 17 tog*1f@)] dz + 4.

Finally, we state one more lemma which concerns with the integrability
property of an operator of weak type (1.1):

LEMMA 4. Let T be an operator which satisfies (2.4) and (2.5) and of
weak type (1, 1), then

(f [Tl d:v)wé 4 [ 7@l az,
Sor any r, 0 <r < 1.
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This is known, for example, see Calderon and Zygmund [1;Theorem 4].

3. The integral of Marcinkiewicz. Marcinkiewicz [7] introduced the
function (3.1) u(x) = u(z;f):

(3.1 wx) = ( f_ Kz + )+ F<; — ) — 2F(2)|* dt)l/z

where F(x) = fo () dt, and proved the following result :

LEMMA 5. (Al = AllAl,

He also conjectured and Zygmund proved that
(3.2) Alfll = 16O = ALl s 1< p< oo,

where in the left side we suppose that that f Ax) dx = 0.

<

The proof of Zygmund for (3.2) depends on “complex method”. In the
present section we treat the problem by real method for the case 1 < p << 2.

THEOREM 1. (1) Let flx) € LN— m,m), then, for any y>0,

A T
[ {ulz;f) > yi] éTfﬂ IAz)| dz.

@) If fz) € L'(—m,m), 1 < p =2, then |w(ll» = Al fllo
(3) If |[fx)| log"|f(x)| € L'(— =, m), then

1ol = 4 IA@) log" )] da + A
@) If flx) € L'(— m,m), then

f_, |W(AI'*dr = A(f_ﬂ f(2)] dxy_e’ 0<é&<1.

PROOF. It is sufficient to prove (1), then (2) and (3) follow from Lem-
mas 3 and 5; (4) follows from Lemma 4.

Without loss of generality, we can restrict ourselves to a non-negative
Azx).

Given y > 0, let us suppose the set P given in Lemma 2 is not empty,
and let F(x) = G(z) + H(zx) be the decomposition guaranteed by Lemma 2
and we shall retain the notations there. If we write

AFx) = Flx + t) + Flx — t) — 2F(x),
then
AF(x) = AG(z) + A,H(x),

so that we have
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Wzx; f) = wx; 9) + wlz; h).
Since 0 =< ¢g(x) <y almost everywhere by (2) of Lemma 2, g(z) € L.
Hence

T

(3.3) f_ Mgy dz= A [ ooy dx

by Lemma 5, and thus

f_ng(x)2 dx§y£lg(x)dx=y£ﬂf(x) dx.
This, together with (3. 3), implies that

A (4
(3.4) s> w2t == [ fa) ax.
We next turn to u(x; h).
Since H(x) =0 for x € P by Lemma 2, if = € P, then
" |Hx + ¢t) + Hax — t) — 2H(x)|? 12
w(z; k) =<j; o dt)
" |H(x + t)|? 1
= (f_, # ds ) ’
Since |H(x)|  2yD(z) by Lemma 2,

i oo [ 265 ).

Let & denote the set {I,(x) < 1/4}, where I,(z) is defined by (2. 1), then
forz € PN G,

Wz h) < y/2.
Hence the set {u(x;h) > y/2} is contained in the complement of the set
P N §, which is contained in the union of Q and the set € = {I,(x) >1/4}.
Since

0= A am, € < alQ]

by Lemma 2 and Lemma 1, it follows that

[ {ux;h)> y/2} | é%f:f(x) dx.

This, together with (3.4), implies (1).
If the set P is empty, (1) is trivial for such y by virtue of (1) of Lem-
ma 2, and the proof of Theorem 1 is completed.

More generally, the same reasoning gives the following theorem :

THEOREM 2. Let
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pdx;f) = (j: P+ 8+ ng: ) = 2F(z)|* dt)liq 2<g< oo,

where F(x) = j; xf(t) dt. Then

A, ™ ’
e N>yl = [ 1) e
The analogous inequality (3.2) for the function u,(x;f) is known, see
Marcinkiewicz [7] and G. Sunouchi [13].
Another extention to non-periodic case of the integral of Marcinkiewicz
will be discussed in §5.

4. Strong summability of Fourier series. Let f(x) be an integrable
function, and s,(x) be the n-th partial sum of its Fourier series. We say
that the Fourier series of f(x) is strongly summable in order » or summable
H, at a point x if

n
lim S ) — )7 =0
Marcinkiewicz [8] proved by the use of Lemma 1’, that the Fourier
series of an integrable function is summable H, almost everywhere, and
refining his method, Zygmund [17] extended the result of Marcinkiewicz for
any r > 0.
Let us write

1 n . 1/r
5-1) Teif) = The) = { sup A T 1s@)l'}
then it is known that, for any » > 0
(5.2) [ 107 ar=a,| 1717 da, 1<p< o,
and

6.9 [ TP dr=af 1f@leg + 1AD) dx + A2
Now, we shall prove that T'(z;f)is essentially majorized by the maximal
function M(x;f).

THEOREM 3. Let f(x) be integrable and T/ x;f) be defined by (5.1).
Then for any r > 0,

(1) HT Az f) >yt = A | {M(xs ) > Ayl

7) See Sunouchi-Yano [14].
8) See Marcinkiewicz [10].
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@2) If flx) e L?, 1 < p < oo, thenf_n T x)Y dx < A,, _ﬂ Ax)|” dx.
(3) If |fx)|log*|Ax)| € L', then

[ T(z) de< A, [ Z A(z)|log" | f(z)|dz + A,

@) If fz) € L, then [ T(aydz = A [ (@) dx>1, 0<e<l.

PROOF. We can restrict ourselves to f(x)=0 and for r > 2, since
T, (x;f) is increasing with . Then the theorem is a consequence of the
following two lemmas. Given y > 0, the set P, Q are those given in Lemma 2
and the functions @(x) and IDx) and I\(x) and Jy(z) ars those defined cor-
respondingly to them. .

LEMMA 6. If f(x) is integrable, 1 <p <2,1/p + 1/q =1, then for
z € P

6.4 Tensady +yo [ FETAEED g g MG,

This is due to Zygmund [17]. We can replace @(x) by IDXx) in (5. 4).
Indeed, the function @ (x) in (5.4) was introduced by the use of a lemma
of Hardy and Littlewood [3]: Let flx) = 0 be integrable and f(p, x) be its
Poisson integral. Then for x € P

le]
(5.5) f(p,x+t)§Ay<1+ 1—P)'
It is easy to see that (5.5) may be stated as follows:
+ £) N\
(5.6) flpz+8)= Ay<l + “%g“')
P
or
Dz + ¢
(5.7) flp,z+ )= Ay(l + %,,)*)

If we use (5.7) instead of (5.6) in the proof in [17], we can replace @(x) by
D(x) in (5. 4).

We can prove the theorem by either form of lemma 6. However it is
convienient here to use it in the present form (5. 4).

LEMMA 7. Let us write §, = {J(x) < 1}. Then for almost all x € &,_,
N&, NP,

T(x;f)=f_i 7z ﬁttl)f(ﬂt) dt < Ayy.
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PROOF. Since Ax) =0 and @{x) =0 in P and we can suppose that, for
any contiguous interval A, of P, |A,] < 2w, it follows that, for z €
[— 7],

e < E [ EOID i,

¢’
where the prime indicates that the summation ranges over those n for which
A, are contained in the interval [— 3w, 37]. Let flzx) = 9(x) + A (x) be the
decomposition given by Lemma 2, then

m(z; ) = 1i(x; 9) + T(z; b).
Since 0 < g{x) < y almost everywhere

7(x; g)<ny lz— gtl?v dt
<yf S pyf gt D 4

_3e |x—¢|" dt = [2]”
= Ay Jp- ().
Hence for x € §,-, N P,
(5.8) (z; 9) = Apy.

We' next estimate 7,(x; 2). Let A, = (a,, b,), then

7(x; h) = Z f " (pp RULO dt.

—t|?
Since @(¢) = |4,| on A,

b p-1 b
"@" ! (2)h(2) oy [ R(2)
wm |x—t]” = 14| lf |z— tl"dt
Now, by integration by parts, if £ € P coincides neither a, nor &,, then
o h(t) ! o H()
‘/; |z t]pdt {f — |7+ dt‘

where H(¢) is an indefinite integral of h(x) having the property (3) and (5)
of Lemma 2. Thus

(x; h)éz,lAnl”“f lngtl)pL dt
—Zf <p” ‘(t)lH(t)l

A t|17+1

])
13
<2y (I)pndt

n A,,I-r

since |H (¢)| < 2yD(¢) and D()<@(z). Therefore, if x € &, N P and is not
an end point of any 4,, then
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(5.9) T(x; h) = pyf 2 I(fl pi_x ) dt = ApJp(J?)y = Ap.

From (5.8) and (5.9), it follows that, for = € &,-, N &, N P, which is not
an end point of any A,, (x; f) =< A,y. This completes the proof of Lemma
7.

Now, we return to the proof of the theorem. According to Lemmas 6
and 7, it follows that, for almost all x € §,., N &, N P,

Tz; )= Ay + AM(x; f).
Hence, if we denote €, = {J,(x) > 1}, then

Tq(x§f) > Aqy} c C‘gp—1 U @p U o,
so that

|{Tq(x§f)>AayH = |@p—1! + IGZJI + IQI

Since |€,_,| < A,]|Q], |€,] < A,|Q| by Lemma 1’, we obtain the conclusion
(1) of Theorem 3.

The conclusions (2)-(4) are the easy consequences of (1). Indeed, it is
easy to see that, for any measurable g(x) = 0,

[ oaraz = gy > ylldy=5[ 119@) > ylly*ay  (>0)
Hence, according to (1)
f_# T{x) dx =]; HTHx) > yt1y"" dy
=Ap | [ Mx) >}y dy

k4

=A4, | M) dzx.

Then, from the maximal theorem of Hardy and Littlewood (see, for example,
[21; p. 246]), the desired conclusions follow.

5. Cesaro summability of power series. Let
5.1) D(2) =D 2"
n=0
be a function of class H*, A > 0, that is, ®(z) is regular for |z| < 1 and

[ 1aGen) 1 az = oy

as r— 1.
Let o{(x) be the n-th Cesaro mean of order a of the series
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(5.2) D '™
n=0
and set
(5.3) o(z) = sup |o(x)|.
I=sn<co

Zygmund [17] proved that if ®(z) € H*, 0 < A < 1, then the series (5. 2)
is (C,1/X — 1) summable to ® (¢*) almost everywhere, and also he conject-
ured that

~

(5.4) f oW (z)dx < A* |

and

(5.5) j:: cWAD( YA o < A)\,<f

-

Zygmund himself [20] and Sunouchi [15] have proved (5.4) and (5.5)

for 0 < A< 1/2.
We shall here give the proof of (5.4) and (5.5)for 0 < A< 1 by an ap-
plication of Lemma 1’and Lemma 2.

THEOREM 4. Let ®(2) € H, 0 < A < 1, and o (x) is defined by (5. 3).
Then for any y > 0,

1) H{e"P () > Ayt | = Ax| {M(z; | D) [Y) >yt .

(2) We have (5.4) and (5.5) for 0 < A < 1.

PROOF. It is sufficient to prove (1), then (2) follows from the same
argument as in the last part of the proof of Theorem 3.

Let us write f(z) = | ®(e*")|*, then f(x) € L'. We apply Lemma 2 for
f(x) and retain the notations there and in the proof of Theorem 3. The
conclusion (1) for the case 1/2 <A <1 is a consequence of Lemma 7 and
the following lemma.

LEMMA 8%. If ®(z) € H*, 1/2 < A < 1, then for x € P

e ) N _1_ n ¢a(x+t)l¢(ei(z+t))]x
(5.6) 1@ (x®)*< Ayll+ . f_, A ar |

| (™) [*log™ | (™) | dx + Ai,

T

| D) [ dx)r, 0<r<1.

where a = 1/ — 1.
This is due to Zygmund [17].

The proof of the theorem is now immediate. According to Lemmas 7 and
8, we get
1a(a)(x) i A = A)\y’ (a = l/x - 1)’

9) We can also replace #(z) by D(x) in this lemma.
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for almost almost all £ € &, N .+ N P and hence
{”(w)(x))‘ > AAy} c€, U @uﬂ U Q.
This implies (1).

If &(z) € H*, 1/4 < A < 1/2, we can suppose ®(z)==0 for (2| < 1 and
set ®(2) = P*(2), V() € H*, and thus

L R
5P (x; D) =ZS?(“ (2 )5 2 (23 W),

v=0

where s (x;®) is the n-th Cesiro sum of the power series of ®(2) at
z = ¢'”. Hence

|6 (z; ®)| < loT@D (z; ) |2,
Now, since 1/2 < 2 < 1, we have by the preceding case

e D@ o > ) 1 =1 e 0P > g1 |
= A Mz [P ) >yt
= A {M(z; | @) > yi ],

and this implies (1) for 1/4 <\ < 1/2.

The same argument can be applied to the case 1/8 < X\ < 1/4, and so
on, and the proof of Theorem 4 is completed.

6. Real analogues of the functions of Littlewood and Paley, and
of Lusin. Let f(x) be an integrable function periodic with period 2, and
@(re'”) be the function regular for |z| < 1 and whose real part is the Pois-
son integral of f(z). Littlewood and Paley [4] introduced the functions ¢
and ¢*:

1/2

6.1 0@ = gas ) = [ @ = nlpee)? art,

1: 172

6.2  r@=g@n={[ a=nar [ g Py dl,

where P(r,t) =1 — 7*)/2(1 + 2rcos ¢ + 7?) is the Poisson kernel. Their
main results are

(6.3) lg (Ol = ALl Al 1<p <oo,
(6.4) lg*(lls = AN Al 1<p < oo,
where (6.4) was first proved for the case p = 2,4,6, ...... by th:m and later

Zygmund completed for the general case 1 < p < . Moreover, Zygmund
has recently proved that, if @(z) € H, then

6.5) @) = A Igle™)llog" I gleldz + 4,
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6.6) [ i@ dz=a(] 1pedlaz)=,  o<e<t
Also, N. Lusin [5] introduced the function
, 12
6.7) Sz) = Stz @) = ([ [ 19/Ge) da)
Qy(x)

where @(2) is regular for |z| < 1, Q/(x)is the part of the unit circle limited
o™
by the two chords through ¢ at angle vy (0 <y<4 ‘)to the radius and the
parpendiculdrs upon them from the origin, and de is the Euclidean area
element.
Marcinkiewicz and Zygmund [9] proved that

(6.8) ”S(¢)”p = Apv”?’”p, 0<p< oo,

from which it follows, by a theorem of M. Riesz, that
6.9) ”S(¢)”p = Am”f”p: 1<p < ool

Moreover, it is known [18] that ¢*(@) is a majorant of S(@), so that
the relation (6.9) is a consequence of (6. 4).

In the present section we shall consider the real analogues of these
functions.

The real analogue of the function ¢ was first considered by Zygmund
[18]. Let f(r, x) be the Poisson integral of f(z), and define

(6. 10) Kasf) =1

0

1 1/2

r1 — )| fole, x) | ”dr},

1 1/2

610  BaH={[ - a [ 1fee 0 Peodl

0

It is easily seen that k(x:f) < 2Fk*(x: f) <29*(x; ).
Zygmund proved that
(6.12) k(z; f) = Az; f),
where u(x;f)is the function of Marcinkiewicz, so that, according to Theorem
1, we have the following theorem.

THEOREM 5. (1) For any y > 0,
|tz /) >y < ‘f_%y"j: | Ax)| dx.
@) If Rx) € L?, 1 < p=2, then [[k(Nll, = Al Sl

We could not succeed in proving by real method the analoguous inequa-
lity for the function %*(f), but we can treat the real analogue of the
function of Lusin by the preceding method.
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Let

6.13) UG =([ [r* st 01 arar).

Qy(z)
Then we have:

THEOREM 6. (1) For any y > 0,

H{U(z; f) > y} | S_‘ilf_ | Alz)| dz.

@ Iffl@)e L", 1 < p =2, then U = Al Al

PROOF. Following the method of Zygmiund [18], we can argue as fol-
lows.

We can suppose that f{x) = 0.

If flx) = g(x) + A(x) is the decomposition given by Lemma 2, then
(6. 14) Uz f) = Ulz; 9) + Ula; h).
It is easily seen by a direct computation that

U@ 9l = Ayllgil. = Awll AL,
from which it follows as before that

tl'y i
(6.15) U@ 9>yl =0 [ Ao da

k4

We now turn to Ul(x; A). Sincef h(x) dx =0 by (4) of Lemma 2, we

have by integration by parts

a T
hir,x +¢t) = Sz f Muw)P(r,x + t — u) du

i o
:f_ﬂh(u) oy Pz +t—u) du

2

" (o)
:f H(x + w) YR P{r,t—u) du.
Now

(1 — r)Z{Zr sin®? u + 2 (1 4+ 7%) sin"'lzL -1 - r)”}

{(l —7)? + 4r sin"'—zzl'—}3

82
PG

<a 78(8% + u?) B Ard
== {82 + u2}3 - {82 + u?}?

where we set 8 =1 — . Hence
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U(z; ) < Affr"lht(r,t)l’dr dt < Affr""]hx(r,x + £)|? dr dt

Qy(X) Qy(0)

! ™ du 2
J— 2 -
= AYLS drfmgasdt{f—n H(x + ) (8 + (¢ — n)*} } P
since 0 =< |¢] =< ad(a = a,) for the point re' in the domain Q,(0). Then by
Schwarz’ inequality,

. ! * H¥(x + u) " du
van s af o ar]  al [ G S al ] eies ]
=Af18 drfﬁHz(x-i—u)duf S —
Y 0 - Itl§a8{82+(t_u)2}s'
We shall estimate the inner double integral. For this purpose, we divide
the rectanagle 0= |u| <, 0= |¢] < ad into four parts: 0 < =y <, 0
< = ¢ =< ab. Since the arguments are similar for any parts, we consider the
integral for 0 < u ==, 0 =< ¢ = ad. Then

- ®_o_dr
LH(x%—u) duj; (S — )
2 a8 du
(6. 16) éj; H*(x + u) duj; T (—arp

" 5 dt
2 2
+me(x+u)dufo =

FO<u=<2ad 0=<t=ad, then (u — £ < A,8, so that the first term in
the right side of (6.16) is less than

208
6.17) A78_5‘[0 H*x + u) du.

1 1
Also, if 2a0 S u=<m, 0= < o % then # — ¢t = —u = ad, hence the

second term (6.16) is less than
" +u dt * H¥(x + u)
2 2 =7 Mt S AL
(6.18) Ayme (x + w) duj; o~ < A, fm e du.

Therefore, combining (6.17) and (6. 18), it follows that

1 n ad dt
fOSdeO Hz + ) d“fo (8 + (¢ — w)P}®
1 208 1 " Hz(x-l- u)
-4 2, - 5
gij;S d'e;f0 H(:chu)alirAny??ﬂlewa u* du

T 1 _ 4 HZ(.’L"*‘ u) /2
= ij; H*x + u) dufuﬂms t dé + ij; o~ duj; $ds
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* H¥x + )

u

from which we conclude that

v =, TET 4

This implies that
* Dx — u)
Uz(x:f)é Ayyz . ]ulg du,
since |H(x)| =< 2yD(x) by Lemma 2.
The remaining part of the proof is quite similar as the preceding one,
and we shall omit it here.

7. Some extensions of the integral of Marcinkiewicz. An extension
of the lemma of Marcinkiewlcz has been given by Ostrow and Stein [11] as
follows : Let v be a positive measure on the real axis such that v(E + 2m)

1 ¢ :
= v(E) for any Borel set E and e f dv(x) < A0 < ¢t < 27) and the set P,
0

Q and the funcrion D(x) be those which are defined at the beginning of §2,
and I(x; v) be defined by

I(x; v) = _7; %dv. A > 0.
Axy
Then [ { I(zx; v) > s} ﬂPIgT\QI.

Combining this and the decomposition lemma (Lemma 2), and arguing as
in the preceding sections, we have an extention of Theorem 1.

THEOREM 7. Let v be a measure described above, and let f(x) € L'(—,
), and p(x;f,v) be defined by

L . . 2 1/2
fo [F(x + ¢) + F(; t) — 2F(x)] dv(t)},

Wz; f,v) = {

where F(x) = f . (&) dt. Then
(1) For any y > 0,

v

) ax

(2) The conclusions (2)-(4) of Theorem 1 hold for wuw(x;f,v) instead of
wlx;f), and for A,, instead of A,.

Hulzs f ) >y} =

The case p = 2 of (2) was proved by Ostrow and Stein [11].
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Also, we can extend Theorem 1 to non-periodic case. Let f(z) be a
function integrable on the real axis. Let u(x;f) be defined by

s f) = {j:" [F(x + ) + F(x— t) — 2F(x)]? dt}.ﬂ

t
Then we have

THEOREM 8. (1)For any y > 0,

A -
| {ulz;f) >yt = Tf_wlf(x)l dz.

(2) If flx) € L'(— o0,00), 1 < p =2, then

[ W@ paz<a,| 1f)° ax.

This theorem can be proved in a completely similar manner as in § 1,
combining the non-periodic analogues of Lemmas 1 and 2. Since, however, our
main object is not in this extention, we do not enter the details.'®

8. The theorem of Paley on Walsh-Fourier series. In this section,
we consider only functions and sets periodic with period 1, and Lemma 1
and Lemma 2 should be transferred to this case.

Let f(x) be integrable in the interval [0, 1], and its Walsh-Fourier series
be

6.1 f@) ~Z et
Define :
(5.2 8@) = 8aif) = an @ =@ N = 5 @ (1)
and -
(8.3) ¥a2) = 8es £) = | T8 w5 D).

n=0
Then the fundamental theorem in the theory of Walsh-Fourier series
which is due to R.E. A. C. Paley [12] reads as follows:

THEOREM 9. (1) For p > 1,
(8.4) Alf Nl = 18(HN = ALl £l
(2) For any sequence \&,} of unit factors and for any p > 1,

8.5) Alfl =] S edin)|” = Alfl,

10) For the extension of the integral of Marcinkiewicz to higher dimensions, see Stein

[22].
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The crucial part of the theorem is the right side of (8. 4)for 1 < p < 2
or 2 < p < oo, and the remaining parts are deduced from this case. For the
detailed argument for this fact, we refer the reader to Paley’s paper [12].

We shall here give an alternative proof of this theorem by the method
developed in the preceding sections.

From the fact above mentioned, it is sufficient to prove the right side
inequality for 1 < p < 2, and this is a consequence of the following
theorem.

THEOREM 10. For any y > 0,

A 1
.6) 1830 > 31| =25 [ 1@ da

PROOF. We can restrict ourselves to f(x) = 0. We shall first require the
explicit formula for §,(x;f). From the property of Walsh functions

Yanis(x) = Vol (), 0=;=2"
hence
b(®) = 3 e¥ie) = T ¥ [ fienko) a
=97 j=2n
= Vol [ fOPO) T V) at.
=0
Let

ax)=p2"<x<(p+1) 27" = B(z)
for every x € [0, 1], then it is known that

2n—-1

>V e) = 27, for a(z) <t < B.(x),

J=0
= 0, elsewhere.
Thus

Bn(®)

bun(@) = 2" ¥ul) | (o) .

Since Y,(z) = 1 on the left half and = — 1 on the right half of the interval
[a.(x), B.(x)), respectively, it follows that, if we denote the middle point of
this interval by v,(x), then

Va@) 8a(2)
8nii(@) = 2 ‘h"(x){ j;n(z) fwyde = -/;n(m r® dt}
= 2"¥p(2) {2F (7:(2)) — Fla(x)) — F(Bx)},
where F(x) = j‘; @) dt,
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Hence
1/2

(5.8) 8w f)=[FOY + 2" F@@) + F@(a) — 2K )]

n=0
Let F(zx) = G(z) + H(z) and f(x) = g(x) + h(x) be the decomposition
given by Lemma 2 (for the interval [0, 1]), then
(8.9) &x; f) = 8x; 9) + &x; h).
It is known [12] that

”8(9)”2 = ”9”2
which implies that

1 1 1
¥ ¥z;9) >y} = fo 9(x) dxéyfog(x) dx =y‘[} Az) dx
by (2) and (3) of Lemma 2, hence

5.10) 183 9) > 311 = [ A) e

We turn to 8(x;h). Let P be the set in Lemma 2 and integrate 8%(x;h)
over P, = P ([0, 1], then, since H(1) = 0 by (4) of Lemma 2,

@.11) [ #wsh) de =X 2" [ | Hla(e) + HE.) — 2He @) dz

Nw=(

=3z ([ IH@ @) ds + [ 1HE. ) dz

+af |Ho@) dal.

Since the arguments are similar for any of sums in the right side of
(8.11), we consider the sum

s=x2 [ | Ha () da.

n=0
Let I, denote the interval 2" <z < (r + 1)27", 0 < r < 27, then a,(z)
=7 27" for x € I,,, so that

2n-1

8.12) S=>2"> f H(a,(z)) dx
n=0 r=g o ny

271

= 2™ HG2" | Py N L.

n=0
Since H7z2™) =0 if 727" € P,, in the inner sum of the last side of

(8.12) there remain only terms for which 727" € A; for some j, where A;
denotes the contiguous interval of P. Now, for each 7, we divide these
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indices j into two classes A, and B,: j€ A, if [4,/< 2", and j € B, if
’Aj [< 2" Then

S=X>2"S Y Hr2-"Y|P, N I,

n=0 Jedpr2—"eAy
+22"> ¥ HG2YIPNL=T+U,
n=0 JeBMr2—"eAy

say.

Since, for each 7, if [A;] < 27" then there exists at most one index r

such that 727"€ A, and D(»2™") < |A,| < 27" for such 7 and j, it follows by
(5) of Lemma 2 that

(8.13) T < 4y Zzwz > D2(r2’“)2—"<4yZ|A 2 2

n=0 Jed, 127 TeA; T 2> Al
S 43 (A< 40,
i

where the prime. indicates that the summation ranges over the indices for
which A, is contained in the interval [— 1, 2].

Next, we turn to U. If I,, A, then P, and I,, have no common point,
so that

U=32"35 > " He2 " | Py 0 L, |,
n=0 JeBy T
*
where 2_ denote the sum over those » for which I,, intersect with some

A,, j € B,, but are not included in it.

Then, for each » and j, there exist at most two such indices 7, and
| H#F2™") | < 29yD(r27") < 227" for such 7, so that we get

U4y omy >ia™ 2™

n=0 JeBp T
< 497> 27" 2
(8.14) Y nz=o IA;IZ:%Z—”

=yZ 2 2™

2="sS/A)
= Ay*Y7 1A, = Ay’ [ Q],
]

where the prime has the same meaning as above.
Combining (8.13) and (8. 14), and similar ones for other sums in (8. 11),
we obtain
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L 8(x; h) de < Ay* Q|
and the proof is completed by the argument as in precedings.

ADDED IN FEBRUARY 12, 1959. After the preperation of this paper, a
paper of E. M. Stein, “A maximal function with applications to Fourier
series,” appeared in Annales of Mathematics, Vol. 68(1958), where he treats
the problems analogous to ours. Especially, the results for Cesaro summability
of power series of functions of H?” class are quite same as ours. The results
of Stein for strong summability of Fourier series are incomplete, as he says,
since he treats only the case of “index” 2. By the method in our paper, we
can complete the results as follows :

THEOREM. Let f(z) € L*( — m,m) and o (x;f) = o (x) be the n-th
Cesaro mean of the Fouries of f(x), and define T (x) by

n 1/q
@) = {swp 1 ¥ [o2) — fl2) 1}
with1<p<2 a=1/p—1,0< qg< p/(p — 1), then
M 1T, < Ay A, if @) € L and 7> 1,

T

@) Tl = Apa| |f(@)]log* [f(2)| dz + By if f(z) € L’ log*L,
(3) NTeN7 < Ay ol A1l if flx) € L’ and 0 < r <p.

PROOF. Since p/(p — 1) > 2, we can suppose that ¢ > 2. Let P be the
set of points where
1 t
. _— » <
\5up folf(x +w)|?du < y,

and Q be the complement of P, then it is proved by Sunouchi® that for
x € P,

>

q’(u+l)-1(x + t) If(x + l‘) ‘D 1/g’
U d }
2]
where @(x) is the function of Marcinkiewicz corresponding to the set P and

1/¢ + 1/¢' =1 and g > 2. Hence applying Lemmas 7 and 1 we can conclude
that

1 "o
(@), @ i
T (z) < Agy “{14— y f_,,

I {Tf(la)(x) > Ap,ay} \ _S_Ap,ql{M(x, lflp)>yp} I’
from which the conclusions of the theorem follow as in the proof of Theo-
rem 3.

*)  G. Sunouchi, On the strong summability of power series and Fourier series, Tohoku
Math. J. 6(1954), 220-225.
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