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M. Obata has precisely studied (M. Obata, [1], [2], [3]) the manifolds admit-
ting so-called quaternion structures and some remarkable affine connections
in such manifolds leaving invariant the quaternion structures. The restricted
homogeneous holonomy group of such an affinely connected manifold is
the real representation of quaternion linear group CL(n, Q) or one of its
subgroups. If the affinely connected manifold is Riemannian and if the
quaternion structures are hermitian with respect to the Riemannian metric,
then the restricted homogeneous holonomy group of the Riemannian manifold
is the real representation of unitary symplectic group Spin) or one of its
subgroups (M. Berger, [4]; H. Wakakuwa, [5]).

The purpose of this paper is to study the 4/z-dimensional affinely con-
nected manifold whose restricted homogeneous holonomy group is the real
representation of CL(n> Q) ® T1, where CL(n, Q) is the quaternion linear
group operating on a 2?z-dimensional complex linear space and T 1 is the one
parameter torus group operating on a complex line.

1. The group CL(n, Q) 0 T1 and its real representation. Let Q be
the quaternion algebra with bases 1, i,j,k (i2 = j 2 = k2 = — 1; ij = — ji =
k, jk = — kj = i, ki = — ik = j) and let LQ be the //-dimensional quaternic
linear space composed of all vectors whose n components are elements of Q.

A linear endomorphism of LQ from the left is given by

q = Fq,

where q is a vector in LQ and JF is an (#, #)-matrix with elements in Q. If
we put

q = z + jw, q = z + jw', F =Pn + jQn,

then we get the complex representation of the above endomorphism whose
representative matrix is of the form:

fPn -

where Pn and Qκ are complex (n, ^)-rratrices ard the bar denotes the complex
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conjugate.

CL(n, Q) is the subgroup of GL(2n, C) composed of all non-singular linear

homogeneous transformations whose matrices are of the form (1.1).

Next, T 1 is the one dimensional torus group on a complex line, its

transformations being of the form

z = σz,

where z9z and σ are complex numbers and |σ | = 1. Then the Kroneckerian

product CL(n, Q) ® T1 is also a subgroup of GL(2n> C) and it is easily seen

that the matrix M2n of transformation of CL(n9 Q) ® T 1 has the form

(1. 2) M2n =

Now, if we put

(1.3) J2n = ( J (En: unit matrix of degree n)9

V - En 0 /
then we have

-i -j

— M2n J2n = -^- Jn2 M2n>
σ σ

that is

(1.4) M2nJ2n = ρJ2nM2n

where p = σ3.

Conversely, if M2n satisfies (1. 4) for J2n of (1. 3), then we see that M2n

must be of the form (1.2), that is, it gives a transformation of CL(n9Q)

Now, let z be a vector in a 2n-dimensional complex linear space and

consider a linear transformaton

' z — M2n z

where M2n is given by (1.2), the matrix 9Jί of the above transformation

being

(1-5)

If we put

z = x -f iy> z = x + iyf9 M2n = H2n + iK2n>

then we get the real representation of CL(n, Q) ® T1 operating on the An-

dimensional real linear space Rίn, where x, yy x and y> are real vectors and

H2n and K2n are real matrices of degree 2«. For the sake of brevity we
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denote this real group by G.

The matrix SER of (1. 5) gives the matrix of a transformation of G = real

representation of CL(n, Q) ® T1 with respect to complex bases.

A simple computation gives us

/ - ιE2n 0 \ _2 / - ιE2n 0 \ ^ ^ u ώ t m a t r i χ o { ^

V 0 i £ 2 n / \ 0 iE2n /

and further by (1.4) we have

, 0 J..N , 0 J..N

V 0 0 / ^V 0 0 /

J..N

0 /

or

o>"-'(o o"
and similarly

0 0 \ - / 0 0

j f n o / ^W1B o

/— iE2n 0 \
These tell us that G leaves invariant the matrix of rank 4rc ) and

\ 0 iEj

/0 J2n\ / 0 0\
transforms the matrices of rank 2w ) and ) into the matrices

\0 0 / VίJ,n 0/

proportional to them, the proportional factors being p and /> (|/>j = 1) respe-

ctively.

Making use of a complex matrix
E2n E2n\

Λ/2 V— iE2niE2n

we have

(1.8) Af^/ 4 n 3R/5ί

where /ί2n and K2n are real matrices of degree 2n, and M gives a trans-

formation of G with respect to real bases. By the transformation (1.8), the

matrix

' - iE2n 0 \ τ _ / 0 £ 2 r

0 iE2J
 4n V— E 2 n 0

is left invariant and

0 Ji»\ T_r 1_ / ^27* — ί'Λw

2 V— f j 2 n — J2n
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•and

( 0 °\ Γ-l_ 1 f iJ*« ~ J*n\
\ιJ2n 0/ 2 \ - J 2 n - ιJ2nJ

are transformed into themselves up to complex factors p and p (| p | = 1 )
respectively. That is to say, if we put

(2) 1 / iJin — «ΛτΛ (3) / 0 Eon\

then we have
(1) (1) (2) (2)

M S M" 1 = p 5 (|/°l = 1)
(3) (3)

(1.9)

(1.10)

(1) (2) (3)

where 3* and 5 are of rank 2n and 3* are of rank 4n.
(1) (2) (3)

Conversely, a matrix M which transforms 5, 3 and 3 of (1. 9) by (1.10)
.gives a transformation of G, which is easily seen by a consideration with
respect to the complex bases.

If we put

(1.11)

d )

(3) (2)

(0 (2) (3)

then we find the quaternic relations among F, F and F:

(1. 12)

( ) ( ( ) ( ) (3) (2)(3) (3)(2) (1) (3)(1) (1)(3) (2)

FF = - FF= F9 FF= - FF = F, FF = - FF = F
(1)

2

From (1. 11), we get

(1.13)

(2) (3)

= F2 = i^2 = -

(1) 1 (2) (1) (2)

5 = - ~ (F - iF\ 3 =
(2) (1) (3) (3)

(1) (2) (3)

and putting these 31, ^ and 5 into (1. 10), we have
(1) (l) (2) (2) (1) (2) (3) (3)

(1.14) MFM-1 = aF - bF, MFM'1 - bF + aF9 MFM'1 =F,

where p = a + ib {a2 + b2 = 1).
(1) (2) (3)

That is to say, G transforms F, F and F of (1. 12) by (1.14) and converse-
(1) (2) (3)

ly, a transformation which transforms F9 F and F by (1. 14) belongs to G.
Summing up the above considerations we have the following two Lemmas
LEMMA I. 1. With respect to α suitable complex bases the necessary
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and sufficient condition that a complex matrix %R gives a transformation
of G = real representation of CL (n, Q) @ T1 is that it leaves invariant the

/ — iE2n 0 \
matrix ( m ) (E2n : unit matrix of degree 2ή) and transforms the

\ 0 iE2n'
/ 0 J2n\ / 0 0\ / / 0 F w \\

matrices ί ) αrcc? ( ) , ( Λ n = ( I), fry (1.6) ΛΛJ (1. 7)

p Z5 ίfe complex number giving rise the transformation of T1.
If G is the real representation of CL(n, Q\ then p — 1 and vice versa.

LEMMA 1. 2. With respect to a suitable real bases, the necessary and
sufficient condition that a matrix M gives a transformation of G = real

representation of CL(ny Q) ® T 1 is that it transform the matrices 3*, 3* and
(3) (1) (2) (3)

3; o/ (1. 9) fry (1.10) or it transforms he matrices F, F and F of (1.11) fry
(1.14). Tjf G is ίΛtf raz/ representation of CL(n> Q)y then a = 1, έ = 0 <z#d
ffc^ versa.

(1) (2) (3)

It is remarked that the above FyF and F necessarily satisfy (1. 12).
We shall prove furthermore the following Lemma of normalization.

(1) (1) (2) (2) (3) (3)

LEMMA 1. 3. Let F = (F^ ), F = (F*,-), F = (F*, ) fo? ίAra matrices
satisfying (1.12), £&α£ is

( ) ( ) ) ( ) (3) (2)(3) (3)(2) (1) (1)(3) (3)(1) (2)

(A) FF - - FF = F, F F = - F F = F, F F - - F F = F,
(1) (2) (3)

(B) F2 = F2 = F2= - Ein.

Then we can choose their components in normal forms (1.11), that is

« _ / 0 J..N « /J,, Ox m / o £„•

δy performing a suitable change of bases.

PROOF. Let L47Z be a 4/2-dimensional real linear space with coordinate:
system (w1, , uin) and introduce in L4 n an Euclidean metric G = (Gij)
denned by

(1) (1) (2) (2) (3) (3)

Gi3 = StJ + ί * ^ + F^,Ffc

;. + F\Fkj.

Then, it is easily verified that G is positive definite and satisfy
(1) (1) (2) (2) (3) (3) (1) (1)

(D) ιFGF = G, ΨGF = G, <FGF - G QF = transpose of F, etc.)
(1) (2) (3)

that is, G is hermitian with respect to F, F and F.
(1) (2) (3)

It is already known that three matrices F9 F and F satisfying (A), (B)
and (D) for a positive definite metric G can be turned into their normal
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forms (C) by a suitable change of bases (H. Wakakuwa, [5], Theorem 1) but
we will sketch the outline of the proof.

At first if we put
(1) (1) (2) (2) (3) (3)

GikF
kj = Ftj, GikF^j = Fίj} GikF^j — Fi5,

(1) (2) (3)

then Ftj9 Ftj, Ftj are anti-symmetric in i and j by virtue of (B) and (D).
(1) (2) (3)

Let u = (V) be an arbitrary non-zero vector in Lin, then u, Fu, Fu and Fn
(1) (2)

are mutually orthogonal by virtue of (A) and the anti-symmetricity of Fij9 Ftί
(3)

and Ftj. And furthermore, let v — (V) be an arbitrary non-zero vector
(1) (2) . (3)

orthogonal to the above four vectors u, Fu, Fu and Fu, then the 8 vectors
(1) (3)

u, Fu, ,Fv are all mutually orthogonal, and so on.
Now, we choose the bases eί9 , ein as follows. Choose an arbitrary

vector as e1 and since the three vectors obtained from e1 by performing the
(1) (2) (3)

collineations given by F, F and F are mutually orthogonal, we choose the
three vectors as — e3n+1, — en+ι and — e2n+i. Then, with respect to such
system of bases, we see that

(I) (2) (3)

p***^ = F^\ =F2n+\ = -1,
0 ) . (2). (3)#

and the other F\, F\ and F\ are all zero. In the next place, choose an
arbitrary vector orthogonal to el9 en+1, e2n+ι and e3n+1 as e2. Since the three

(1) (2) (3)

vectors obtained from e2 by performing the collineations given by F, F and F
are mutually orthogonal and orthogonal to el9en+l9e2n+1 and e3n+l9 we choose
the three vectors as — e3n+2* — en+2 and — e2n+2. Then with respect to such
system of bases we see that

0) (2) (3)

2 — & 2 — & 2 — — -Lj

(1). CO. (3)_

and the other F\, Fι

2 and F\ are all zero. Repeating the similar processes
we get a system of orthogonal bases and with respect to such system of

0) (2) (3)

bases, F, F and F take the following form :

( 0 0 0 En\ I 0 En 0 0\ / 0 0 En 0\

0 \ (2) / _ IT I (3) / 0 i

Λ* )•'-[% - H - r )•
We can find the elements of the parts of *,** and *** by means of (A) and

(1) (2) (3)

(B) and the verification shows that the forms of F, F and F are no other
than the required normal forms. q. e. d.

Now, we consider the infinitesimal transformations of the group G = real



370 H WAKAKUWA

representation of CL{n, Q) ® T1, which are the real representations of infini-

tesimal transformations of CL(n, Q) ® T 1.

Let cr( |σ | = 1) be a complex number which gives an infinitesimal trans-

formation of T1: z = <rzx then

σ = 1 + dσ,

where dσ is a complex number infinitely near to 0 and since | σ = 1, it

must be necessarily purely imaginary : dσ = ia. That is,

(1. 15) σ = 1 + ia (a: infinitesimal real number).

Since the p in (1. 10) is given by p = σ2 from (1. 4), we have

p = σ2 = 1 + 2ia (a : inf. real).

If we therefore denote an infinitesimal transformation of G by I + dl (I:

identity), then we get
(1) 0) (2) (2) (3)

(1. 16) dffi) = i6 5, dΆS) = - « & rfΛδ) = 0
(θ = 2a: inf. real number),

by virtue of (1. 10), or
0) (2) (2) (I) (3)

(1. 17) dI(F) - - 6F, dI(F) = SF9 dI(F) = 0,

by virtue of (1. 14).

Conversely, an infinitesimal transformation satisfying (1. 16) or (1.17) is

an infinitesimal transformation of G.

LEMMA 1.4. The necessary and sufficίnt condition that an infinitesimal

transformation I + dl (/: identity) belongs to the group G which is the real
(1) (2) (3)

rep. of CL(n Q) (g) T 1 is that dl transforms & % and % by (1. 16); or what
(1) (2) (3)

is the same, dl transforms F, F and F given by (1.11) by (1.17) with

respect to a suitable system of bases. Especially, the infinitesimal transforma-

tion in consideration belongs to the group which is the real representation

of CL(n, Q) if and only if S = 0.

From (1.2), (1.5) and (1.8), we get easily the following Lemma.

LEMMA 1. 5. With respect to a suitable system of bases, the necessary

and sufficient condition that an infinitesimal transformation belongs to G =

CL(n, Q) (x) T 1 is that it is given by a matrix of the form:

. A - B ~C-aE -D
B A -D C~aE]

(1.18) \
\C + aE D A -B
χ D -C + aE ) B A

where A — E, B,C and D are real matrices of degree n whose elements are
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infinitesimal real numbers and a is an infinitesimal real number.

2. Fundamental characterizations. In the following, the indices run
over 1,2,3 4/z, if othewise stated.

THEOREM 2. 1. Let Ain be a 4n-dimensional affinely connected manifold
{with torsion or without torsion). If the restricted homogeneous holonomy
group H of Ain be the real representation of G = CL(n, Q) & T1 or one of

(1). (2) (3)

its subgroups, then Ain admits three almost complex structures Fι

j:> F
ι

ό and Fι

5,
satisfying quaternic relations :

(1) (2) (2) (1) (3) (2) (3) (3) (?) (1)

(2.1) F\ Fk

5 = - F\ Fk

5 = Fl

j} F\ Fkj = - F\ Fk

5 = ί%
(3) (1) (1) (3) (2)

F\ Fk, = - F\ Fk

} = F!

Ί

and
O) (2) (2) (1) (3)

(2. 2) F\lk = - φ^h Fι

slk = φkF
ι

}, Fι

ilk = 0,
where / denotes covariant differentiation with respect to the affine connection
of Ain and φk is a covariant vector field.

Conversely\ if Ain admits three almost complex structures satisfying
(2. 1) and (2. 2), then the restricted homogeneous holonomy group of Ain is
the real representation of CL(n, Q) §£) T 1 or one of its subgroups.

PROOF. At first assume that Ain be simply connected. If we attach a
suitable frame Ro at a point O of Ain, then the restricted homogeneous
holonomy group H(O) which is a real representation of CL(n, Q) (g) T1 or

(1) (2) (3)

one of its subgroups transforms the three matrices F, F and F satisfying
(1) (2) (3)

(2.1) and F2 = F2 = F2 = — Ein according to (1. 14), taking account of
Lemma 1. 2. And we attach to each point of P of Ain a frame obtained
from Ro by parallel translation along an arbitrary but fixed curve joining O

(1> (2)

to P. Then at each P there are uniquely determined three tensors F, F and
(3)

F which are transformed according to (1. 14) by the restricted homogeneous,
holonomy group H(P) at P. The connection of the tangent spaces at infinitely
near two points P and P' is given by an infinitesimal transformation of H(P\
which is easily verified by considering the above fixed curve OP and OP
and a closed curve POP P. Hence (2. 2) holds true. When Ain is not simply
connected, we consider the universal covering manifold AAn of Ain admit-
ting the afline connection introduced naturally from that of Ain, then the

conclusion for the A4n induces naturally the same conclusion for A4n.
The sufficiency follows from Lemma 1.3 and 1.4. q. e. d^
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COROLLARY 2.1. The affinely connected manifold Ain in the Theorem
(1) (2). (3)

admits three complex tensor fields 3^, %x

5 and 3^ satisfying
(1) (1) (2) (2) (3)

SV = iφ&t, Ψm = - iφ&i, %ι

ilk = 0,

xvhere
(1) 1 (2) (1) (2) -. (2) (1) (3) (3)

The proof is almost evident from (1.13), (1.16) and (1. 17).

COROLLARY 2. 2. If a An-dimensional affinely connected manifold A4n

(1) (2)

admits two almost complex structures Fιj and Fι

ό satisfying
(1) (2) (2) (1) (1) (2) (2) (1)

*V*, = - n * % F'Jlk = - ψJP,, F'Jlk = <pkF>p

then the restricted homogeneous holonomy group is the real representation of

CL(n, Q) ® T1 or one of its subgroups.

PROOF. Put

(1) (2) (2) (1) (3)

Fι

kF
k

) = - n n = n,
(3)

then Fιj is also an almost complex structure and there are relations (2.1)
(1). (2) (3)

among Fl

j9 F^ and Flj. Further, we see that
(3) (1) (2) (1) (2) (1) (2)

Fl

}lk = (nί*j)ί* = *VF A , + F\Fh

m = φk8
ι

} - Ψkl\ = 0,
(1) (2) (1) (1) (2) (2)

by virtue of the assumptions for Fι

ό and Fi

i and F^F^ = F\Fk

ό = - 8). The

Theorem completes the proof.

THEOREM 2. 2. In Theorem 2.1, the necessary and sufficient condition

that the restricted homogeneous holonomy group H be contained in the real

representation of CL{n9 Q) is that the vector <pk be a gradient vector.

PROOF. If H does not contain the real representation of T1, then from

Lemma 1. 1 we see that p2 = 1, which shows that H leaves invariant all
(1) (2) (3)

F, F and F. In this case, φk — 0 and of course gradient. We will prove the
(1) (2)

sufficiency. Assume that A±n admit three almost complex structures F, F and
(3)

F satisfying (2. 1) and (2. 2) and assume furthermore that the φk in (2. 2) is

gradient, i. e. there exist a scalar function φ such that

(2. 3) φk = 3φ/3xk.

Then we can find three almost complex structures satisfying the same rela-

tions as (2 .1) and all invariant by H, that is, covariant constant. In fact, put
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(1). (1) (2)

Glj = cos φ F*j + sin φ Fι

j9

(2) (1) (2) (3) (3)

Gι

ό = - sin φ F^ + cos ̂  F^ G', = Fι

h

0) (2) (3)

by using the scalar function ψ of (2.3). Then G^, Gι

ό and G^ are all
almost complex structures i. e.

(1) (1) (2) (2) (3) (3)

G^Cj = G^Cj = G\G\ = - δj,

and satisfy the quaternic relations
(1). (2) ( 2 ) i ( 1 ) f c ( 3 ) ( 2 ) > ( 3 ) ( 3 > ( ^ ( 1 )

Gl]cG j = G A G j = G l j , G1ΊCG j = — GιjcG j — G j ,

(3) (1) (1) t (3) (2)

G icG j = — G lfcG j = G j ,

(1) (2) _ (3)

which are easily verified by (2. 1) and by the fact that F ^ , F ^ and F ^ are

almost complex structures. And lastly, we see that
(1) (2) (3)

GV = 0, GV = 0, GVfc = 0,

which completes the proof.
3. Some identities. In this section we introduce some identities obtained

(1) . (2) (3)

from the Ricci's identities for Fι

ό, F
t

j and F%
We have already known that

(3.1)

(1) (1) (2) (2) (3) (3)

FJ*, = i V , = Fι

kF
k

} = - Sΐ,
(1) (2) (2) (1) (3) (2) (3) (3) (2) (1)

F\Fk

5 = - F\Fk , = F*59 F
l

kF
k

5 = - F^F^ = F
(3) (1) (1) (3) (2)

and
(1) (2) (2) (1) (3)

(3. 2) F\lk = - ^ F ^ , FV, = ^ F 4 , , F^/fc = 0.

Differentiating covariantly the first relation of (3. 2) and making use of the
second, we have

0 ) (2). (1).

F
Consequently we see that

(2) (1) (1) (2)

(3. 3) - (φblh - φ^F'i = F\Rι

m - F\Rι

jk,
 i

by virtue of the Ricci's identity
(1). (1) (1) . (1) (1)

F' Fι FljR\kh — F\Rljkh — 2F/

where Rljkh is the curvature tensor obtained from the connection parameter

Tji of Ain and Sk

ι

h is the torsion tensor, i. e.
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7~)ϊ _ O»- fk C7A jfi . τ"i I -pi I -pi I -pi I rΎ ϊ J- /TΓ̂  ' T^ I \
Λ jfc/j — — — "t" i- jkL ιJι i- jh*- Ik} &kh V- - kit - 1 Λλv

dxh dxk 2

Multiplying Fj

m to the both sides of (3. 3) and contracting with respect to }
and making use of (3. 1), we have

(3) (1) (1) (3)

\<Pk,K — <Pfijk)r m — — K mkh - Γ (Γ mK j k h — ΔΓ mψi^khy

or renewing some indices
(3) (1) (1)

(3. 4) [\<Pkih — ψh\k) + 2φLSkh\ Flj + Rljkh + F LF jR mkh = 0.

And similarly from
(1) (2) (2) (1)

(3. 5) (φklh - φhlk)F*, = Fjl'to - F\Rl

m - 2*VΛ*-

we have
(3). > (2) (2)

Vo. b ; LV^/Λ ~ ψh\k) "Γ ^ ^ i O tftJ r j -T K jkh -T Γ ιΓ jK mkh — v/

(3)

For the covariant constant Fι

j9 it is known that
(3) (3)

(3. 7) FljR ιkh — Fl

tR
ljkh = 0,

or
(3) (3)

(3. 8) R^kh + F \ F V ^ » = 0,

which is proved by Fι

Jlk = 0 and the Ricci's identity.
(3).

Multiplying Fι

5 to (3. 4) and contracting in / and i, we get
(3) (3)

or
1 (3)

\o. \3) φkih — ψh\k T Δφ^ich — r ιJ\ mich*

2n
by virtue of (3. 1).

If especially Ain is without torsion, then (3. 3), (3. 4), (3. 5), (3. 6)
become the following forms :

(2) (1) m (1).

(3.10) \ψk\n — ψh\k)Fιj -f- F jR1 ikh — F\R jkh = 0,

(3) _ (1). (1)
/ ry -j -j \ (m *τ» ^ 77*̂  i Z?^ _1_ ΊT^ 7 7 ' ^ 7?^ O

( ) (2) (2)

(3. 12) (φklh - φwW, ~ FljR\kh + F,i?U = 0,
(3) (2) (2)

1 ( 3 ) m
(3. 14) φicih — ψh\k = — — F m

2/2
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A covariant vector φk is gradient if and only if

ψkih — ψh\-k + 2φιSΊch = 0.

Therefore, from (3. 9) and the results in §2, we see that, the necessary and
sufficient condition that the restricted homogeneons holonomy group H of
Ain (with torsion or without torsion) in consideration be contained in the
real representation of CL(n9 Q) is that

( 3 ) m

F iR mkh = O

REMARK. It is known that, if A4n is a metric connection without torsion,
then H can not be the real representation of Sp(n) ® T1, for n > 1, which is
the unitary restriction of CL(n, Q) (g) T^M. Berger, [9]). This is also proved
from metric conditions and the above identities (the proof is omitted). For
n = 1, however, there exist actually 4-dimensional Riemannian manifolds
whose restricted homogeneous holonomy groups are real representations of
Sρ(n) (§) T 1 or one of its subgroups, whose examples have been already
shown by T. Otsuki, [10]. The fundamental form ds2 of such a Riemannian
manifold is given by

ds2 = a2\dul + dul + (« + b\ + bί)(du\ + dul)
-r- 2b1(du1du3 + du2duA) — 2b2(duιdui — du2du3)},

where a = a(u), bγ = bx(u\ b2 = b2(u) and b3 = bz(u) are arbitrary functions
of us.

We shall study in the following paper, the converse problem, that is, in
a manifold with quaternion structure to introduce affine connections whose
restricted homogeneous holonomy groups are real representations of CL(n9

Q) ®τ\
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