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1. Let f(x) be integrable in the sense of Lebesgue over the interval
(— or,m) and be periodic out side with period 27. Let the Fourier series of
flx) be
1 -
(1. 1) 5 a0t > (a, cos nx + b, sin nx).
n=1

Then the conjugate series of (1.1) is

(1. 2) i(bn COs nx — a, Sin nx) = iBn(x).
Let
(1.3) VvY)=fx+t)— fle —t)— D, D = D(x).

Szasz [2] gave the following theorem for the determination of the jump
of a function by its Fourier coefficients :

THEOREM A. If there exists a number D= D(x) such that

(1. 4) [ Wit = o) and [ )| de = 0@

as t —> 0, then

lim {Sin(z) — Si(x)} = L-log 2-I(),
Vg

N-—>co

where S,(z) is the sequence of arithmetic means of the partial sums of the
conjugate series.

Theorem A was further generalized by Chow [1] in the following form:
THEOREM B. Under the same hypothesis as in Theorem A

lim {Sk(z) — S%z)} = %log 2D z)

N—>co

for a >0, where S% is the nth Cesaro mean of order a of the conjugate
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series.

Again Shin-ichi Izumi proved the following theorem.

THEOREM C. If

1.5) ft#f(t)dt = o(2) andfﬂ [ ¥z + vr/tn) — Y@ dt = O(log n),

then

lim {Sw(z) — Sh(x)} = %log 2:D(x).

The object of the present paper is to prove the following theorems.
THEOREM 1. If
t
(1.61) V() = f V)t = o(t*) and
0

)

(1.62)  WX@) = lim lim RAGES Et) ~ YOl 4 — O(1og 1/¢)

—co0 L0 *t)/A
for some A =1, then

lim (S%(z) — Si2)} = —L-log 2-D),
N>eo T

for every a > 0.

Theorem 1 may further be generalizad to the following theorem.

THEOREM 2. Under the same hypothesis as in Theorem 1, if ﬂ»d,
n

m>n and n— o then
lim {S%(z) — Si(z)} = 1 log 2-D(x).
m

Nn—>co

2. We shall make use of the following Lemmas.

LEMMA 1. (The following Lemma is due to Kogbetliantz) If a > — 1,
and T x) denote the nth Cesaro mean of order a of the sequence nB,(x),
then

THx) = n{S¥x) — Si(2)},
T5v(2) = (a + 1) {Si(a) = $7@)} = ——log 2-D(a).

LEMMA 2. ([(Chow, 1)) If §u(t) denote the nth Cesaro mean of order
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a of the sequence §,(t) = cos nt (n=1), 94t =—;—,
we have for a >0, 0 <t<m
. =< 4% (k z0)
!(%) g:(t)1 < A7 t<a-2)
= ALt E>a—2).
LEMMA 3. ([Chow, 1)) If
' moq
hae) = 2. —95@®)
v=n+l
then for ¢ >0, 0<t<a, k=1,2,3, ......
< An (k=0)
Ci k /7 -2, =k—-2 —
— ) h%(?) < Az EZa-—1)
dt
< Ayeiet (B>a—1).
By Lemma 1, with ¢,(z) in place of S,(z) we easily show that
(a+ D—gi(e) = (@ + D= g2"(0) + g570) — g3k,

Hence

(a+ 1)‘(%)khz(t)lg(a F 3 %’(%)"ggn(t)

v=n+l

+ ‘(%—)kg?n“(t)’ + j(%)kyﬁ“‘(t)J

and the result follows from Lemma 2.

LEMMA 4. he (t + 1) = — h3(2).
n
PROOF. We have
n 2

by definition and
9.(t) = + cos nt

SO g,,(t + —7r—> = — cos nt = — g,(¢)
n

therefore g%(t + —3) = — ga(®).
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Consequently
(pr ™) 5o Lga BRI
hn<t+ n ) y§+1 S (t ) V;ﬂ g,(t) ha(2)

which proves the Lemma.

LEMMA 5. If ¥(t) satisfies (1.61) then

(Ic,,n)l/A T

(k,,n 1/A . \l’(t) h’”(t)dt = 0(1).
PROOF. We have
kn"')l/A 2 (’ﬁ'ﬂ)l a, x

{‘I’(t) B J ) Y ROk

K l/A (K%W)UA dt2

h’”(t)dt

= R2,1 - Rz,z say.
If 8= min (a, 2) then

(Cm)ia s 2
n n

(E’ﬂ 1/A

R, = O(n)-ﬂ[o(‘t)At_ﬁ_l]

< O(n) [ {(BY*n ™ & + ar) B-1+auy=BupB+1-a}
+ BSATIHAA,BH-0)A, -]

= [(%)Eil_“l.nlﬂ(%) + ( p )—"(A —1) Ba-ay "A‘ ]

= 0o(1) " ’
Rea=O[(L)5 (b (L )hubems. (Ba) )
— o,

If 8 = min (a, 3) then

(k"')llA +z/n

|Rual 0Gy* [0 ppigy
(%)
- ~+l 14 B

1 -
= O[{k, Tn A +'n‘}—B+A'7lB"A+k TS R

—+1 2 SR O Y

= O[(kn) + kﬂ A en A ]
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=0 [(73:)5_“" e
= o(1)

Thus R, = o(1).

LEMMA 6. If ¥(¢) satisfies (1.62) then
8

R=| i «p(t + %) - \P(t)i ;lt Rt = o(1).
PROOF.
5 e+ )— Y(2)
R, = f i 1 (t "t> : ‘ t jt h(e)de

L e ) vl
(h._nn)lm t

oo o) rowrf e

|R,| < O(n)~* tBdt

= R,, + R, , say.

Now

|R,,.| = [(%)‘% nf(%") O<10g k:” )m]

n

= [ (5 )% 0w ]

n

= 0(1){(—;}:)5 O(log n)}%r

Now we can make k, — oo, in a such a way, that the right hand side above
tends to zero, i.e.

RQ,I = 0(1)-
And

|Ros| = 0()#-0(log s f P

2T knm\1/A
n

= K%)’B/A.nﬁ( fs“).o(]og k:r )M]

n
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= o(1)
as in R,,;. Therefore R, = o(1).

3. PROOF OF THE THEOREM.
We have

(3.1) nBy(z) = - f “(fz + &) — flx — 1)} sin nt de

—_ 17  Ap— 2
= - j; Az + ¢) f(.r 1)} 7 cos nt dt.
If follows that
Ti@) = =L [ 1fle + 0 = fle - 0} -L e,

and hence that

Fo(n) — Sa) = 3 L~ Toa)

v=n+l

d

—_17r P .
=—— f Wz +2) = fle = o)} - i,
Let 0, = — ~;lr— Zd? hi(t)dt.
Then
W[@n(x) - .S_';f(x) —QnD(x)]
G e . d .
(3.2) = — { fo + f (%f)uj fa }‘I’(t)zhn(t)dt
=1, + I, + I; say.
Now
B d . (k,:z l’)l A (klnn)l 1A dz .
L==[vo mol "+ [ vo-Lomoar

Suppose B8 = min (a, 2) and 8 = min (a, 3).
Then

-B-1
Y

+1 knn\l/A
n

I, = O(n)““(le"—:L) + O(n) % f ¢ o(¢)*t*'dt
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3.3) =0 {(kin>% n E (é"—)i:_ + O(n)’""’t'é?‘u%’?)”A
= o(1) Téfkin%mo[nﬂ’(% —])<k%.>%}kn
= o(1).
Also
G4 L=~ ' ¥O-L e e,
oy

Changing the variable to (t + l) we get
n

(3.5) I,= —f;%[m«p(t + %) jt n(z + %—)dt

= + f ;7” l/A«[r(t + %) jt h(E)dt.

From (3.4) and (3.5) we get

I, = % ' {\Ir(t + %) \[f(t)} d_pa)ds.

()
Hence
< - +.7 ) -
(3 6) 12 f(k,,n 1/A (t n )
= o(1).
And

I d ;a
= fs () 7 ha(t)de

3.7) lmgflwn} ihz(t)‘dt
=06y [0l a < oy-m
= o(1).

From (3. 2), (3.5), (3.6) and (3.7) we get I = o(1) i.e.

(%




DETERMINATION OF THE JUMP OF A FUNCTION 127

lim [Sta(z) — Si(z) — Q.D(x)] = o(1).

Now
Q, = — L [Aw) — h2(0)]
T
Ly s asmi--
™ v=n+1 VA: ,‘=1 o ’
where Af = I'(n + 1) Ia + 1) .

T(n+a+1)

Since the sequence (— 1)" — 1 converges (C,a) to — 1 as n— oo for every
a > 0, it follows that
1 &
ST ATH(- 1 1) = — 1+

LI

Where 7, — 0 as » — oo and hence that

o

Therefore ,l‘im [Sz(z) — Sia)] = e log 2:D(x)
e T

which completes the proof.

4. Theorem 1 may further be generalized to Theorem 2, for which we
require the following Lemma.

2m 1
LEMMA 7. If hon(t) = D

v=n+1

then for a >0, 0 <t <m, and k=1,2,3,......

HON

14

we have

< A% (=0)

= A7 O<Ek<a-1)
S AVt (B> a — 1)
PROOF. From Lemma 3, we have

1 (%)k R, n(2) ’

(a + 1)—i—g‘:<t> = (@+ D-g2(0) + g1 — g

Hence
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> (L) s0

v=n+1

(2‘—1—) g, n(t)I ’ )gz(t)

128

(a + 1)1(_;7)k h;’:,,n(o} <(a+1)

+

and the result follows from Lemma 2.

The analogues of Lemmas 4,5 and 6 can be proved similarly.

PROOF OF THEOREM 2. As in Theorem 1

Ti@) = =+ [fz + ) - At 4 ga(s)dt.

Therefore

Sa(x) — Su(z) = i M
14

v=Nn+

a1 4
= - fo {f(x + 1) _f(l‘ t)} = hm,n(t)dl.

Then
[ Si(x) — Sulzx) — QD x)]
= f \I'(t) )

= I say.

I’ can be shown to be o(1) on similar lines as in Theorem 1,1i.e.

lim [Silz) — Si(2) — Q,nD()] = 0.

Now
Quw = — %[h::.,m — h%.(0)]
=-L s [sanie- o).

—1+7,
And the expression within the squared bracket has been shown to be——7ﬂ—
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in Theorem 1.

1 & —1+79,
So Q. -
, K v-Zn;-l n
- Llog(ﬂ) + o(1) as 71— co.
™ n
Consequently lim [Si(z) — S%(z)] = Llog d-IXx)
U m

which proves the theorem.

129
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