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1. Let f(x) be integrable m the sense of Lebesgue over the interval
(—7r, TΓ) and be periodic out side with period 2τr. Let the Fourier series of

f(x) be

(1. 1) ~ττ~αo + ΣXtf« c o s n x ~*~ bn sin nx).

Then the conjugate series of (1. 1) is

(1. 2) ΣX^n c o s n x ~ an sin nx) =
n=i

Let

(1.3) ψ(t) = f(x + t)-f(x-t)-D,

Szasz [2] gave the following theorem for the determination of the jump
of a function by its Fourier coefficients:

THEOREM A. If there exists a number D = D(x) such that

(1.4) fψ(t)dt = o(t) and f \ψ(t)\dt = O(t)

as t -* 0, then

lim \Sln{x) - Slix)} - -ί-log 2-EKx),

where Sn(x) is the sequence of arithmetic means of the partial sums of the

conjugate series.

Theorem A was further generalized by Chow [1] in the following form :

THEOREM B. Under the same hypothesis as in Theorem A

lim {5?»Gr) ~ SSfcc)} = — l o g 2 ZX*)
n->« 77-

for a. > 0, where St is the nth Cesaro mean of order a of the conjugate
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series.

Again Shin-ichi Izumi proved the following theorem.

THEOREM C. If

(1. 5) ff(t)dt = o(t) and Γ W ' + */»)-*(*) I dt = O ( l o g n)$

then

lim \S*lx) - Έn(x)\ = —log 2 iXx).

The object of the present paper is to prove the following theorems.

THEOREM l. / /

(1. 61) Ψ(ί) = fψ(t)dt = o(t*) and
Jo

(1. 62) Ψ*(t) = lim lim f A±(L±Λ^MLdt = O(log 1/t)

lim ( S W - 5S(ar)} = — log 2 iXx\

/or every a > 0.

Theorem 1 may further be generalizad to the following theorem.

THEOREM 2. Under the same hypothesis as in Theorem 1, if

m > n and n -» °

lim |5S(Λ) - &(^) | = - 1 - log 2 DGr).

2. We shall make use of the following Lemmas.

LEMMA 1. (The following Lemma is due to Kogbetliantz) If a > —1$

and Tn(x) denote the nth Cesaro mean of order a of the sequence nBn(x),

then

TΓXx) = (α + 1) {«(*) - 5-+1U)l =—log 2 DCr).
n-l 7r

LEMMA 2. ([CΛot*;, 1]) 7/* g%t) denote the nth Cesaro mean of order
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a of the sequence gn(t) = cos nt (n^>l), go(t) = ,

we have for a > 0, 0 < t <

(k £0)

(k > a - 2).

LEMMA 3. ([Chow, 1]) / /

wω = Σ —

then for a>0, 0<t<ir, k= 1,2,3,

tdt

By Lemma 1, with gn(x) in place of Sn(x) we easily show that

(ct + ϊ)—gi(t) =(a + l)—gt+ι(t) + g%+\t) - gZt\(t).

Hence

(α + D

and the result follows from Lemma 2.

LEMMA 4. hϊ ft + —j = — K(t).

PROOF. We have

by definition and

so

therefore

9n(t) = + cos nt

9u(t + — ) = ~ cos nt = - gn(t)

n
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Consequently

V w / ,fr+i ^ V n / κ χ i i;

which proves the Lemma.

LEMMA 5. If ψ(t) satisfies (1. 61) then

PROOF. We have

V n ) \ΊΓ)

= R2,i — i?2,2 say.

If β = min (α, 2) then

If /3' = min (α, 3) then
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kn

Thus Rt = o(l).

LEMMA 6. If ψ(t) satisfies (1.62) then

R> = f
J /* wτΛl

PROOF.

rβdt

= i?2,i + i?2,2 say.

Now

Now we can make kn -> °°, in a such a way, that the right hand side above
tends to zero, i. e.

J?,,, = 0(1).

And
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as in i?2,i Therefore R2 = o(l).

3. PROOF OF THE THEOREM.
We have

(3.1) nBn(x) = — f \f(x + t) -f(x - t)\ sin nt dt
ΊΓ Jo

= - — Γ {f{x + t)-f(x- t)\ -4-cos nt dt.
7Γ J o dt

If follows that

£U) = - J - Γ j/Gr + ί) -/TΛ: - /)} -j~ g«n(t)dt,
7Γ J o dt

and hence that

= - — Γ \f(x + t) - Ax - t)} -4- ht(x)dι.
ΊΓ J o dt

Let nn = - — Γ-4~h%(t)dt.
ΊΓ Jo dt

Then

(3.2) = - Γ fK" + f + Π ψ{t) 4 - K(t)dt
VΓήJ

= /j + 72 + 73 say.

Now

An*V

fwωl
+ Λ5n?

ί
Suppose /S = min {a, 2) and /3' = min (a, 3).

Then
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(3.3)
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Λ n ^ f A V ^ + O(ny->' sup
kn I V n / Ay

sup

Q0

Also

(3.4) W)-~hl{t)dt.

Changing the variable to (^ + -^- ) we get
\ n /

(3. 5) 72 = -
n ' at

= + Γ8

\-n)

From (3. 4) and (3. 5) we get

2 J /*Λίγ

\ n )

Hence

(3.6) / 2 ^ 4 -
2

And

/. = f ψ(t)-j-h"n(t)dt
Jδ at

at
dt

dt

From (3. 2), (3. 5), (3. 6) and (3. 7) we get I = o(l) i. e.
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lim

Now

Ω n = - - ^ -
7Γ

where
' T V t i i\

1 \n + Λ + 1 )
Since the sequence (— l)n — 1 converges (C, α) to — 1 as «
a > 0, it follows that

1

oo for every

Where ^ —> 0 as v —> °o and hence that

_ __ jOg 2 as w
7Γ

Therefore
w->oo Tj-

which completes the proof.

4. Theorem 1 may further be generalized to Theorem 2, for which we
require the following Lemma.

LEMMA 7. If

for a>0, 0 <t <τr, and k = 1, 2,3,.

Tdt
^ Aή2r ( 0 < A < α - l )

(jfe > α - 1).

PROOF. From Lemma 3, we have

(at + 1)—9an(t) == (α + l ) ^ -
n

Hence
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(α -j-) hl,n(t)
at

+ + gtt)

and the result follows from Lemma 2.

The analogues of Lemmas 4, 5 and 6 can be proved similarly.

PROOF OF THEOREM 2. As in Theorem 1

Tl(x) = - — Γ ί/C* + 0 -jfa: - t)\ -j-g«n(t)dt.
7τ Jo at

Therefore

S£θr) - Sa

n(x) =

Let

Then

•πίΆix

-JΓ
= /'

d
dt

say.

1 Γ*— _£-_ I ί fT~ 4. A — ff-r — A -
7Γ J o

^τπ,n ~ ~ I —Γ- hm,n(t)dt.
7Γ J o " ^

/' can be shown to be o(ΐ) on similar lines as in Theorem 1, i. e.

lim [Stix) ~ ~St(z) - ΩminDGr)] = 0.

Now

1 rue, /_\ j-a fr\\Ί

1

7Γ

And the expression within the squared bracket has been shown to be
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in Theorem 1.

= - — l o g ( — ) 4- o(l) asw-^oo,

Consequently lim [Sϊ(x) - SS(ΛΓ)] = — l o g J ZX̂ :)

which proves the theorem.

I am much indebted to Prof. M. L. Misra for his kind advice and encou-

ragement in the preparation of this paper.
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