CONVEXITY THEOREMS FOR ALLIED FOURIER SERIES
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Recently we proved a number of convexity theorems for Fourier series
[2], and they were slightly generalized in [3]. The present paper is a con-
tinuation of [2, 3]. Indeed, we shall treat the allied Fourier series analogues.

With respect to Theorems 1,2 and 6 in [2], the results for allied series
will be different a little, while with respect to Theorems 3,4 and 5in [ 2], the
results will be almost similar. For the sake of contrast, we shall number the
theorems of this paper with the order of theorems in [2].

1. Notations. Let y(¢) be an odd function integrable in Lebesgue sense
in (0, ), and periodic of period 2, and let

V(L) ~ i b,sin nt,

n=1

sh=2 ALb, (— o0 < r < ),

v=1

U = T ALwb) (= oo <r<oo)
an =_s§/:11,’., r>—1),
where A7 = (“};”) n=0,1,2... We write
Wo(t) = \Po(t) = ¥(t),
Va(t) = F(,B) f (t — WP~ (W) du (8 > 0),

Vu(t) = (B + 1)e#¥4(2) (8> 0).

Similarly, from the function
_ 2 [ ¥@w
o) = = f 2 du
we define 64(¢) for 8 = 0. For the negative value of B, let

Os(t) = ¢t~ 5—] & — w)Pb(u) du (—1<B<0).
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Further, we understand

1) ¢t— 0 means that £t >0 and ¢ —0,

2) () — 0(C) means that yrs(t) >0 as t > 0 for some B.
These notations will be used throughout this paper.
2. Theorems 1, 2 and 6.

THEOREM 1. Let 0=8, —1=c¢c,0<B—b=v —c and —1<c—b<2,
(except the case 8 —v=b —c = 0).
(I) If Ys(t) = o(t"), or more generally

@1 fz [We(w)|du = o(t"**) as t — 0,
Jo

and if
2. 2) sp — Aps = O(n®) as n— o
holds for some constant s, then we have
2. 3) sn— A = o(n%), g=b+ @ —c)B—0b)/y—o),
as n— oo, for c <r<v', where
2. 4 ¥ =inf (%, [(6 + 2y — (B + 2))/(y —c + b — B)).

an) If 2. 1) holds, and
2. 2y s — ASs = O"(n?) as n— oo,

then we have (2. 3) for ¢ + 1 =r <y, provided that ¢ + 1 <7

(N.B.1) In (I) of this theorem, the range of 7, i.e. ¢ <r <7  denotes the
common range of ¢ <r <y and r — ¢ < 2.

REMARK 1. In Theorem 1 (and also in Theorem 2 below), if 8 = v (except
the case 8 — v = b — ¢ = 0) then we have steadily ¢ — >0 and so in view
of (2. 3) s may be quite arbitrary. In particular, we then may put s=0. On
the contrary, if 8 <vy then ¢ — 7 < 0 occurs in the range ¢ <r <y, and for
such r there exists

lim 6,(¢) [ = lim 64(¢) ] ,
t—>0 t—>0
which should be equal to the constant s. For details, see the proof of Theorem 1.
Concerning Theorem 6 below it is slightly different. If 8 = v then s cannot
be arbitrary.
(N.B.2) In the exceptional case 8 —v =b — ¢ =0, Theorem 1 (and also
Theorem 2 below) is true if and only if &) — s(C), in addition to the assump-
tions. Also cf. the proof of Theorem 1.

THEOREM 2. Let 0=b,0<B—-b=yv—cand —1<c—b <2, (except
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the case B—vy=b—c=0). If (2.1) holds, and if V,t) = O(t°), or more
generally

(2. 5) f: (¥ (w)| — ¥y(w)) du = O@°*") as t —0,

then we have the conclusion in (1) of Theorem 1, s havingthe same meaning
as in Remark 1.

THEOREM 6. Let0=b,0<B—-b=vy—cand —1<c—b<2,[by+1)

<(c+ D18l If
sh— ALs = o(nP) as n— oo,

Jor some constant s, and if Vy(t) = O(t°), or more generally (2. 5) holds, then
we have (2. 3) for ¢ <r <w.

(N.B.3) In this theorem, the restriction r — ¢ < 2 is superfluous. When
b =0 and ¢ = — 1, Theorem 1 can be slightly modified as follows.

THEOREM 1°. If 0 < B <v + 1, and Vet) = O(t") or more generally

2. 1y [ W) du = O™,

then we have
g; — Als = O(n(r+1>ﬂ/(7+1))
for
—1=r<inf (v,[2(y + 1) + Bl/(vy + 1 — B)),
where s = 0 when B =:v, and s = limbg(t) when 8 <.

From Theorem 2 follows the following

THEOREM 2°. If 0=8, —1<y<B+2, B+, and if Vu) = o(t"), or
more generally

13
@ 1) [ 1¥sldu = oz,
0
then we have
it — Axtis = o(nPm), n >0,
where s =0 when B>, and 5 = lim 64(t) when B <.

(N.B. 4) This theorem is not true when 8 =v. Cf. Lemma 7 in the next
article.
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Similarly as in the paper [ 2], making » = ¢ = a (c < @ < v) we have the
following summability theorems from the above theorems respectively.

COROLLARY 1. Let 0<B<rvy and 0<8<1. If (2. 1) holds, and if
either of the two conditions
by = O(n=0-9),
bn = OL(n—(l—S))) B g ,Y(]- - 8),
is satisfied, then there exists s = lim 6.(t), and

gz — s, a=@B —v+vd)/(y—B+23I.

The existence of lim 6.(¢) will be shown later in §4.
COROLLARY 2. Let 0 <B <y and 0 <8< 1. If (2. 1) holds, and
Y(2) = Ot~%),
then there exists s = lim 0.(t), and
ai—s, a=@8/(y—B+?9).
COROLLARY 6. Let 0 <B <vyand 0<8<1.If
sn— Als = o(n?) and Y(t) = O(t™),
then we have actually s = lim 6,(t), and
on—5, a=B5/(y— B+ 9.
(N.B.5) In Corollaries 2 and 6, we could show that more generally

ify —B<BS then s=1lmb.(), 0<a' =a—B—-a)/B<a,
and if v — B= B8 then s = lim 6,(t) = lim 6(2), in place of s = lim 64(2).

COROLLARY 1°. If 0 < B <y, and (2. 1) holds, then there exists
s = lim 6,(¢), and
an—s, a=pR8/(y—8+1).
When 8 = 0, clearly this corollary is true. Similarly, Corollaries 1 and 2
are true when B = 0.

3. Preliminary lemmas. In order to prove the theorems we need a
number of lemmas.

LEMMA 1. Let 08, — 1=, 0<B—-b=y—cand —1<c—b<2.
(I) If 2. 1) holds, ie.

t

3. 1) f W) | du = o(£7*),
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and t,°*' = O(n®*"), then we have

3. 2 £, = o(n®"), g=b+ @ —0o)B—->b)/(y—oc)
Sor ¢ <r<v, where
3.3 v = inf (v,[(6 + 2}y — (B + 2)cl/(v —c + b — B)).
n) If 3. 1) holds, and t,°*' = Op(n**"), then we have (3. 2) for c¢+1
=r <y, provided that c +1<Yv.

LEMMA 2. Let 0=b,0<B—-b=y—cand —1<c—b<2 If 3.1)
holds, and if W,(t) = O(t°), or more generally

3. 4) I (10| — Wuw) du = O,

then we have (3. 2) for ¢ <r <v, v being defined by (3. 3).

LEMMA 3. Let 0=b,0<B—-b=y—c and —1<c—-b<2. If f}*
= o(nf*"), and if V,(t) = O@°), or more generally (3. 4) holds, then we have
B.2) forc<r<m.

LEMMA 4 If0<B<wv+1, and (2. 1) holds, i.e.
t
3. 1y f | Wa(ae) | du = O@'*Y),
0

then we have
= o™, g =+ DB/ + 1)
for
—l=r<inf(y, [20 + 1) + B/ (v + 1 — B)).
PROOFS OF LEMMAS 1 and 2. We sketch the proofs. They run quite
analogously as those of Theorems 1 and 2 in the paper [2], the common

principal part of which is essentially based on Lemma 1 in there, in particular
on the use of the kernel

3. 5) W) =~ 3 5 o+ 3 Davens . +u(0)

q 13
M=t ve=1

where

n
Dyt) = é— A+ > An_,cos t,
ve=l
and m = m(n) < (2k)~'n, k£ being a sufficiently large integer.
From the definition for %,"*' in §1 we have
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3. 6) Bl = — % [ W) % i) dt.

In order to prove the present Lemmas 1,2, as a matter of fact, it is sufficient
to employ the identity _

fnn-l 1 mm m .
ar1 LIS Z Z °cc Z Lntvtrgt... +ve

vy =1vy=1 V=1

1 m m m
— g 2o 2t 2 Bt o — B2,

V=1 vy=1 V=1l

n

and its analogue in which n + v, + v, + ... + v, is replaced by n —w»,
— vy — «++ — v,. The second term of the right hand side can be treated quite
similarly as in [2]. The first term is

-z [ VO i) d,

where xr(¢) denotes, by (3. 6), the same expression as in (3. 5).
Thus, the only difference between the method of the proofs of Lemmas
1, 2 and that of Theorems 1, 2 in [2] exists in using the kernel

d .

& i)
in place of xj(t). Here, we do not reproduce the argument since these kernels
have almost all the same properties.

The difference between these two kernels, which is analogous to that
between the Fejér kernel and its conjugate, well interprets the reason why we
may restrict to be » — ¢ < 2, cf. (N.B.1), in the present lemmas, in place of
the restriction 7 — ¢ <1 in Theorems 1,2 in [2]. Concerning the latter differ-
ence, see e. g. the paper [4,(1. 9) and (1.10)].

The proofs of Lemmas 3 and 4 are similar.

LEMMA 5. If a> — 1, then a necessary and sufficient condition for
0.(t) — 5 is that ¥, .(t) >0 and 6(t) — s(C).
See Bosanquet [1, Lemma 3].

LEMMA 6. A necessary and sufficient condition that the allied series of
Y(t) should be summable (C) for t =0 to the sum s is that 6(t)— s(C).

See Bosanquet [1, Lemma 5].

LEMMA 7. If a=0 and ¥.(t) = O(1), then the allied series is either
summable (C,a + 8), 8 >0, or not summable (A). A necessary and sufficient
condition for summability to s is 6g(t) > s for B>a — 1.

See Bosanquet [1, Theorem 6].
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LEMMA 8. Let ¢ >0 and V()= 0" as t—>0. If q<<r, then there
exists the limit

s = lim 6,-,(2),
and
Oq—s(2) — 5 = o(t™).

In the case q = r it is ambiguous.
PROOF. If ¢ > 0, then we have

Yo(t) = (m/2) q(0u(t) — 64-(2)),
by Bosanquet [1, (2. 14)], and

d
dr (2704(2)) = qt"'04(2),
by the definition for 8,(¢) in §1, provided that 6,_,(¢) is defined. Hence, observ-

ing that 6,(¢) is defined for every ¢z >0 if g > 0, the assumption W,(¢) = o(¢"),
i.e. Yo(2) = o(t™?) implies the existence of 6,—,(¢),# >0, and

3.7 Oq—i(t) — 0,() = o(t™?) as t — 0.
Multiplying both sides of (3. 7) by ¢t*~' we have
(10,0 — qr10,0) = o7,

and then

d
¢ 04t) = ot™™),

which is

% 04) = o) as t — 0.

From the last relation, if ¢ <<r then we have
[6.@®)]ee, = o(ti™) — o(ti~") — 0 (¢, — 0, t, —0),
which implies the existence of l%rr(} 0,8) (=35, say), and 6,(t) — s = o(t™?).

Consequently, (3. 7) yields s=lim 6,—,(¢), and 6,_,(z) — s = o(z™™%).
In the case g =7, s=1limf,,(¢) exists if and only if &¢)— 5(C), i.e.
5. — 5(C), by Lemmas 5 and 6. Thus, we get the lemma.

LEMMA 9. Let 0=8, —1=<c¢, 0<B—-b=y—c and —1<c—b<2
(except the case B—vy=b—c=0). If
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3. 1) fo 1Wa(w) | du = o7,
and if
3. 8) 5. — A5 = Oyn?)

holds for some s, then we have t,°*' = Oy n’*").
This lemma holds, a fortiori, when L in O; is omitted.

PROOF. (I) The case —1<y<B+ 2. If B+#v, then Ws.(t) = o2"*)
which follows from (3. 1) yields, by a modified theorem of M. N. Obrechkoff,

i.e. by Theorem 2°,
(3 9) E;Y‘+1+q — Az+l+q} — O(nﬂ+1+7,)’ 7 > 0’
where 5 =0 when 8 <1, and 5 = limfs(z) when 8 <. (3. 8) and (3. 9) with
=1 imply
Enc+1 _ Anc+1§ — O(no+(B+2—b)l(Y+2_»c)),
by a L.S.Bosanquet’s convexity theorem of Tauberian type. See, e.g. the paper
[2, Lemma 2]. Hence, we have
(3.10) 5.5 — A0Ts = o(ndtY),
since 0 <B —b=wv—c
On the other hand, from the definitions for #,°*! and s,° in §1 we have
the identity
£, = s, — (c + Dsit,
which is written as
5 = n(s, — As) — (¢ + 1) (535 — Ashs),
independent of 5. Substituting (3. 8) and (3.10) into the last relation we get
Intt = Oy(n**"), which is the required.
Next, if 8 = v then we have ¢ <b and 0 <8 — b <7 — ¢ since the case
B —1v=>b—c=0 is excepted. Taking the number vy, such as 8 —b=1v, —¢
we see that
—1<v<B+2 B#y and v, <,

by the assumptions. Thus, Wg,:(2) = o(":*') gives the same conclusion as above.

(II) The case Y= 8 + 2. This may be reduced to the case (I). Indeed,
taking a number v, such as v, =8 + ¢ — b + d for egd=—(c—b+1)/2 wecan
make

1<y, <B+2 and y,<yw,
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under the assumptions.
Hence, we get the lemma.

4. Proofs of Theorem 1 and Corollaries 1, 2.
PROOF OF THEOREM 1. By Lemma 9, s, — Ajs = Og(n®) implies
i:‘+1 — OL(nb+l)’

under the rest conditions in the theorem. And, this holds of course without L
in O;. Hence, after Lemma 1, the assumptions in (I) of Theorem 1 conclude
that

(4. 1) tat! = o(n™), gq=b+ -0 B-b/v—o,

for c <r <v, v being defined by (2. 4)
On the other hand, we have the well known identities

it = nAn(on — oit
= nAy" (ot — o).
Thus, (3. 2) is written as, in two different ways,
4. 2) on — ontl = o(n"),
4. 3) ant! — ot = o(n"7),

since Af =n"/T(r + 1), r> —1, as n— oo.

If ¢ — >0, then adding both sides of (4. 3) from n =1 to n we get
ont! = o(n®"), and then from (4. 2) of = o(n®"), which is the same thing as
4. 4) 5w — Ans = o(n%,
where 5 = 0.

If ¢g—r=0, then (4. 2), i.e. 6 — a7 = 0o(1), and its analogues in which
r and 7 are replaced by r +1, n —1; r+ 2, n — 2; + - », conclude that 2 b, is

summable (C,7) if and only if it is summable (C).
If ¢ — <0, then (4. 3) implies

ot — a it = o(n®) Sfor p=1,2,e..,
and then the existence of lim o5 (=5, say), and 3" — 5 = o(n*~"). Hence, from
(4. 2) we have
(4. 5) s = lim o7,

N—>co

and
of — s = o(n®™"),

which is the same thing as (4. 4).
In order to complete the proof it is sufficient to show that there exists
lim 6,(¢) whenever ¢ — » < 0, and that this limit should be equal to the constant s
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in (4. 5). Now, since
q=b+(T—C)P, PI(B—b)/('Y—C),
by (4. 1), we have 0 <p =1, and
(4. 6) g—r=@-=v+—n1-p),
which conclude that in the interval ¢ <r <<v/,
1° if B =v (except the case 2° below), then steadily g —7» >0,
2° if (and only if) 8 —v =56 — ¢ = 0, then identically ¢ — =0,
3° if B <v, then there exists an r such that qg—r<O0.
In the case 1°, clearly 5 in (4. 4) may be arbitrary. In the case 2°, the
theorem is true if and only if 6(¢) — s(C) by Lemma 6, as it is noticed in (N.B.2).
In the case 3°, taking an r such that ¢ —» <0 we have (4. 5), which
implies
4. 7 6(t) — s(C) as t — 0,
by Lemma 6. Since (4. 5) holds when 7 is, as we may, replaced by a slightly
smaller one, we get

(4. 8) Yo (t) > 0as t —0,

by a well known theorem due to L.S.Bosanquet. Cf. e.g. Theorem 4° with
B = v in the last article. (4. 7) and (4. 8) imply s = lim 6,¢) by Lemma 5.
On the other hand, by Lemma 8 the condition

4. 9) Ve () = o), B <w,
which follows from (2. 1) implies the existence of lim 6g(¢). So, we have
s= ltl_gl 6.t) = ltLr(I]‘l Gs(2).
Thus, we get (I) of Theorem 1.

The proof of (IT) of Theorem 1 is quite similar.

Similarly, Theorems 2,6 and 1° follow from Lemmas 2, 3,4 and 9.

PROOF OF COROLLARY 1. It is sufficient to show the existence of
(4.10) s = 1zmol 0.(2).

Applying Corollary 5 which will appear in the next article, and is independent
of Theorem 1, to (4. 9) and b, = Ox(n—""), one obtains

V. (t) = o(t*), a’ =y + 1)3/(y — B + 9d).

And, (4. 9) implies the existence of lim 6,(¢). So, there exists lim 6., 4(2) (= s,
say), by Lemma 5. Observing that o’ — 1 = a, we get (4.10).

PROOF OF COROLLARY 2. (4. 9) and ¥(¢) = Oz(¢~ ) imply
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V(@) =0@"), r=—8+@+1+8g/(B+1)
for 1 =q <B + 1, by a M.Riesz’s theorem. See, e.g. the paper [2, Lemma 5].
Here, we may put
g=a+1 (a=88/(y — B+ 9)),
since 1 <a + 1<<B+1 is easily verified. We then have
r—q¢q=—8+@+1+8Ha+1)/B+1)—(a@+1)=>w—-8/(B+1)>0.

Hence, one obtains Wa..:(¢) = o(¢**'), which together with (4. 9) assures the
existence of the limit (4.10).
Quite analogously we can prove the rest of the corollaries.

5. Theorems 3, 4 and 5. The proofs of the following Theorems 3, 4 and
5 do not differ in principle from those of Theorems 3,4 and 5 in the papers
[2, 3] respectively.

THEOREM 3. Let —1=8,0=cand0<y+1—c=B+1-0,
[(B+ D(c—1)<byl (1) If 55 — ASs = o(n”), or more generally

(5. 1) > |58 — ABs| = o(n"*), as n — oo,

v=1

holds for some constant s, and if

(5. 2) V()= O@*) ast — 0,
then we have
6. 3) W(2) = o(t?), g=b+@r—oB+1-08)/x+1~-o0),

as t—0, for c<r<<y+ 1
aD) If (5. 1) holds for some constant s, and

5. 2y Y (t) = Oxt’) as t >0,
then we have (5. 3) for c + 1 =r <y + 1, provided that ¢ <v.

REMARK 2. In Theorem 3 (and also in Theorem 4 below), we have the
following three cases concerning the constant s.

1° If B <v, then s may be arbitrary in view of (5. 1), and so we may
put s =0.

2° If B>, then g > r occurs in the interval ¢ <<r <<v + 1, and by Lemma
8, for such (5. 3) implies the existence of lim #,-,(¢), and then that of lim
64(t) since v > r — 1. Hence, observing that o5*! — s by (5. 1), we conclude that
s should be equal to lim 6,(t) by Lemma 6.

3° If B =1, then by a modified S.Jzumi’s theorem (cf. Theorem 4° below),
(5. 1) implies Yrys14,(6) >0 (> 0), and then 6y,,(¢) >s by Lemmas 6 and 5.
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In particular, s = lim 6y,(2).
Concerning Theorem 5 below it is slightly different. If 8 = v, then we may
put s = 0.

THEOREM 4. Let —1=8,0=cand0<y+1—-—c=B+1-0b, )
[(B +1)(c — 1) < byl. If (5. 1) holds for some constant s, and if 5 — An's =
O (n°~"), or more generally

n
(B.4) (= A5 — (82— A3S) = O(nf) as n— oo,

v=n

then we have the conclusion in (1) of Theorem 3.
THEOREM 5. Let 0=cand 0<y—c=RB —b, [(c—1B<bly— 1] If
Wy(t) = o(t?) as t — 0,

and if si7' — A5 = O(n™), or more generally (5. 4) holds for some constant
s, then we have

V() = ot?), c=b+(—NB— B/ — o)
as t—0, for c<r<w.

When & =0 and ¢ = 1, Theorem 3 can be slightly modified as follows.
THEOREM 3°. If0<y<B+ 1, and si — ASs = O(n"), or more generally
6. 1) 2 |s8 = Afs| = O

v=1

holds for some s, then we have
W, (2) = o(z V@), l=r<vy+1

From Theorem 4 we have the following

THEOREM 4°. If —1=8, —1<y<pB+1 and s& — ABs= o(n"), or
more generally (5. 1) holds for some s, then we have

Wy 414,(2) = o(£*+17), 5 > 0.

In this theorem, the case y=8 + 1 is trivial.
Theorems 3,4 and 5 give the following corollaries respectively.

COROLLARY 3. Let 0<8 and —1<vy<RB, [&y<B+ 1l If

. 1) S 158 — AB5| = o(n*)

v=1
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holds for some s, and if either of the two conditions
¥(t) = O™,
Y(t) = O:t™), B —v =,

is satisfied, then we have s = lim 6.(t), and

Y (8) = ot*), a = &y + 1)/(B — v + 9).

Here, we prove the existence of the limit s. Indeed, (5. 1) together with
— 1<y < QB implies 65"’ — 5, and then by Lemma 6 &(¢) — 5 (C). Hence, V,.(2)
= o(t*), @ >0, assures that 5 = lim 6.(z) by Lemma 5.

COROLLARY 4. Let 0<y<1 and —(1 -8 <y<B. If (. 1) holds
for some s, and b, = Oy(n="2), then we have s = lim 6,(t), and

Va(t) = ot"), a = &B + 1)/(8 — v + 9).

COROLLARY 5. Let 0<3<1 and 8§ <y <B. Then
Wy(t) = o(t?) and b, = Oy(n—0-9)
imply
V(6) = o(t"), a=pR/(B—v+d),

and the existence of 5 = lim Ga_i(t).

COROLLARY 3°. If 0 <y <R, and (5. 1Y holds for some s, then we have
s = lim 6u_i(2), and

Vo(t) = o), a = (B +1)/B —v+ 1)
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