A NOTE ON SATURATION AND BEST APPROXIMATION
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(Received May 6,1963)

Let f(x) be an integrable function with period 27 and let its Fourier series
be

= 4 Z (a,cos vx + b,sinvx) = Z ASx).

v=0

We write W* = W®* (1 =< p= o) for the set of f(x) for which
M) ~ Z v A (x)
represents respectively

the Fourier series of a function of L=(0,27) (p= o0)
the Fourier series of a function of L?(0,2) A< p< o)
the Fourier-Stieltjes series of a bounded measure on (0, 27) (p = 1).

We prove the following

THEOREM. Let A >0 and let T = (T,) be a linear approximation process
with

(1) 1T = MIf]

(2) | z) = Tu() ) = Myn* || f]| for f e W

Then, E,(f) = EP(f) being the best approximation,
E(f)=O0m(n)  implies |flx) — Tf)(x)l = O(n~* ¥(n)),

where 0 < a <N and Y(x) is a positive continuous function and that ¥(x)/x
is non-increasing for large x and

f " "’—i‘”—) dzx = O(W().

If Y(x) = 2° (0 < B =1) the theorem is equivalent to that of Sunouchi

[1], who used the moving average: our proof is based on a slightly generalized
form of Bernstein’s inequality.
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LEMMA 1. Let P,(x) be a trigonometric polynomial of degree n.
Then

1PF ()| = Aan®|| Pu()l,
where a >0 and A, is a constant depending on a only.

This is essentially known : we give a proof only for the sake of comple-
teness. Cf. [4, chap. 3. Lemma (13. 16)].

PROOF. Let D,(t) be the Dirichlet kernel of order n. Then

27
P(z) = 1 f P(x + t)D{(t) dt
0

ko

o n n-1
= %f P(x +t) { D vecosvt + p_ v¥cos(2n — v)t } dt
0 v=1 v=1

2 n—-1 N
= _;11__ f P(x + t) { D 2v°cos nt cos(n — v)t + n°cos nt } dt
0

v=1

a 2 n—-1 a
2n" Pn(x-i-t)cosntZ(l——:;) cos vt dt

0 v=0

« 27
— ll——f P.(x + t) cosnt dt.
K 0
Thus (applying the generalized Minkowski inequality if necessary)

Z(l—%) cosvt

v=0

dt

. 2“ 27
IPF@) = =2 [ 1Pz + D)l

0

o« 2T
+ f IP(x + t)ldt.
™ 0

The result now follows upon observing that the norm of a function is translation

dt = M, (a > 0).

n-1

Z(l-— %) cos vt
»=0

27

invariant and f
0

LEMMA 2. Let a be a positive number and P, x) (n=1,2,...) be a
sequence of trigonometric polynomials of degree n such that

"f(x) - Pn(x)” é ¢(n)/na—l (7’[ = 19 2" ° ‘)9

where @(x) is a positive continuous function, non-increasing for large x.

Then

IPA@)I = A + Bug(n) + C [ () dz,
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A, B, and C being independent of n.

PROOF. (cf. [ 3,pp. 26—27]) Fix Such a natural number a that @(x) is
nonincreasing for x = 2[a — 1]. (We write 2[j] instead of 27, for the sake of
typographic convenience). We have, for j = a,

1Py — Pyl = 1Pysy — fIl + I[Py — £l
=@@jD2A— jla— D]+ @[— (j+1D2[— (G +1)(a —1)]
=1 + 2[1 — alp@[j D2[— ja — D]

Since Piyj;; — Pyjiq is a trigonometric polynomial of degree 2[ j + 1], Lemma

1 gives

1P} — Pl = AL2((7 + Dal 2[ — jla — De(2] 51)
= A2(1le(2[7 ]).

Summing over a=j=m — 1,

m—1

1Py — Pall = A Z 2l = Ae 3° (251 — 207 — 1DeLi])

Q

m-1 _2[j] 2im—1}

=A _Z /; p(x)dzx = A. o(x) dzx.

j= 2fa—1]

Given n = 2[a — 1], let m be so chosen that 2[m] = »n << 2[m + 1]. Then
1Py — Pymill = p(n)en=**' + @(2[m])2[ —m(a—1)]
implies (by Lemma 1)
1P — Pigh | = Aan®{@(m)n™*" + @(2[m])2] — m(a — 1]}
= A.{np(n) + 2lmlp(2lm])}

2[m]
= Aang(n) + @(x) dzx.
2(m—1]

Collecting these estimates, we obtain

1P < 1P — Pigall + 1P — Piall + 1Pl
2[m]

< Ay + Bang(n) + Ca f #(x) dz, q.e.d.
1

PROOF OF THE THEOREM. Let PJS(x) (n=1, 2,...) be trigometric
polynomials for which

| Ax) — P = Myn=y(n) = Myn=“"(n)/n.
Lemma 2, with @(x) = M, Y(x)/z, gives
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1PN = A+ By + C [ B2 dz = Moyt

and, by Lemma 1,

IPHN = IPEY=Hx)ll = M 2~ “Y(n).
The hypothesis (2) of our theorem now gives

1P:(z) — To(Po)( @) = Myn™* Myn*~*Y(n) = Myn~Y(n).
The proof is completed upon observing

Ifx) = TA(H)@N = 1| f — Pall + |1Pu — TuP)ll + 1 T(f — P

by (1).

REMARK 1. The hypothesis (2) is certainly satisfied if the process T is
saturated with order »™ and the class W*. (cf. for example [ 2]).

REMARK 2. If T,(f)(x) is a polynomial of degree #, the inverse implication
in the conclusion of our theorem is trivially true, and the conclusion may be
stated as follows:

E(f) = On~*¥(n) & |l flx) — Tu( S ) @) = On™*4(n)).

If we take Y(x) = 2°(log x)’ (0 <B <1, — oo <y < ) our theorem leads
to the following

COROLLARY. E.(f) = O(n *(log n)")
= [|f(x) — TW(f)(x)ll = O(n~*(logn)) (0 <a <N).
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