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1. Introduction. S.Koto [1] proved that in a compact K-space, if a skew-
symmetric pure tensor 7Tj_ . ; " is almost-analytic, then it is harmonic. This is
an extension of Tachibana’s result” on an almost-analytic vector in a compact
K-space to an almost-analytic tensor. The main purpose of this paper is to try
an extension of the same Tachibana’s result* on an almost-analytic vector in a
compact almost-Kihlerian space to the case of a tensor.

In §2 we shall give some preliminary facts for later use. In §3 we shall
prove some lemmas on almost-analytic tensors. Most part of the last section
will be devoted to the proof of the main theorem.

2. Almost-Kahlerian spaces.® Let X,, be a 2n-dimensional almost-complex
space® with local coordinates {x'} and @;* its almost-complex structure, then
by definition we have

2.1 /e =— 38
We define two linear operators

1 3 m. 1 m
W= 5 @ — @i"@yt), *OR = ‘2_(8 B + @i"@nh)®
and say a tensor is pure (hybrid) in two indices if it is annihilated by transvection
of *O(0O) on these indices and if a tensor is pure in every pair of indices, then
it is called a pure tensor. For instance @; is pure in j,:Z. In this place, the
following properties can be easily verified.

If Ty, is pure (hybrid) in j,i, then we have
/T = @ T, (@ Ty =— @/ T).

If Ty, is pure in j,i and S” is hybrid in j,i, then

we have
T;S"=0.

If Ty, is pure in ji and at the same time hybrid in ji, then it vanishes.

If Ty, is pure in ji and Si* is pure (hybrid) in ji, then T;S; is pure
(hybrid) in j,1.

1) As to the notations we follow S.Sawaki [2]. Indices run over 1,2, -, 2n.
2) S.Tachibana [4].

3) S.Tachibana [3].

4),5),6) For example, see K.Yano [6].



336 S.SAWAK!

For an arbitrary tensor Ty, T + @9 Ty is hybrid in j,i, and T}y
— @@ Ty is pure in j,i.

Throughout this paper, in every calculation concerning with purity and
hybridity, these properties will be used.

Now, an almost-complex space with the structure (@, g;) satisfying the
following relations is called an almost-Kihlerian space:

2. 2) JaPi P = s,
@ 3 Vipin + Vipns + Vapy =0
where @; = g, and V; denotes the operator of Riemannian derivation.
It is easily verified that v,p,, is pure in 7,2 and therefore V,p,* is hybrid
in Z, h, that is,

@. 4 *ORVpw = 0, OFV.p = 0.
From (2.2), we have
(2. 5) Pi = — Py

And in an almost-Kghlerian space, we know that V,p;, is a pure tensor and
therefore v;p;* is hybrid in j, A, that is,

2. 6) *ORVapu = 0, OFVap,” =07
from which it follows
(2‘ 7) VT¢1‘,T = 0.

Let R.;* and R =R,;” be Riemannian curvature tensor and Ricci
tensor respectively, then by the Ricci’s identity and (2.7), we have

1 )
(2 8) VTVJ‘PT" = 7 ¢Tersji + RJT‘PT’

where V" = ¢""V, and @" = ¢'"p,’.

3. Almost-analytic tensors. We say that a covariant pure tensor T3 .,

in an almost-complex space is almost-analytic if it satisfies
p
@015, — T4y s+ O (Our) Ty, =0
r=1

where T, 4, = @, Tu,..1, and 0,=9/0x".
This equation can be written in the tensor form

—~ D
3.1 @'V, — VT s, + > (Vi@ )y t00, = 0

7) For example, see S.Sawaki [2].
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For almost-analytic tensors, the following lemma can be easily verified too
by a straightforward calculation.

LEMMA 3.1. (S.Tachibana [5)) In an almost-complex space, if Ty . i, 1is
a skew-symmetric pure tensor then 7‘1,,,,,, is also a skew-symmetric pure tensor
and if Ty, . ., is almost-analytic, then so is ﬁ,_.,i,.
Moreover, since
Vil@i'Ti...t..1,) = (Vi,?’kt)Til...t...i, + @'V, Tyt s,
we have

D » ~ »
z (Va2 ) sz, = Z Vol ke, — Z ¢ktVt,Til...t...i,,-

r=1 r=1 r=1

But, if T}, 4, is skew-symmetric, then by the above lemma, so is i,,_‘i,,and
hence (3.1) is equivalent to

3. 2 @' VT, .1 —athl...i,] = 0.
Thus we have the following

LEMMA 3.2. (SKot6[1]) In an almost-complex space, if skew-symmetric
pure tensors T,.., and Ty, ., are both closed, then they are almost-analytic.

Now we assume we are in an almost-Kéhlerian space and let 7', ; be an
almost-analytic tensor.

Transvecting (3.1) with @,*, we have

b4
VT, + u"Viley' Tu,..1,) — Z <Pnk(Vt,¢kt)Tt,...t...t, =0

r=1
from which it follows

P
3. 3) VaTli..s, + @i ViTly .0, — Z @ (Vo2 ) Ty,

r=2
= @, (Vupi) T u,..1, — P (Vipi)) Ty, pe
In this equation, V, 7T, .i, + @,*@,'Vi Ty, .1, is hybrid in A, 7. And @,4(v,9.")
T,..1.4(r =2) is also hybrid in A, 7,, because, by (2. 4), @,*V,,@,' is hybrid in &,
t and T3, .. is pure in 7, ¢ Hence the left-hand side of (3.3) is hybrid in 4,
i;. Similarly, by (2.6) the right-hand side of (3. 3) is pure in 4, 7,.
Consequently, from (3. 3) we have

»
(3.4 VT, + 9 @iV Tuy 0, — 2 2. (Vi@ )T t, = 0
2=2
and
2" (Viprt — Viph )T u,..5, = 0
or by (2.1) and (2.3), the latter is equivalent to
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3. 5) (V'ou, )Th,..4, = 0.
Thus we have the following

LEMMA 3.3.% In an almost-Kihlerian space, a pure tensor Ty, ., is
almost-analytic if and only if

y/
@) Vil i, + P!V T w1, — @it Z Vi )Ty,.1..0, = 0,
=2

(2) (Vt¢hi,)Tti,...i, = 0.

Again we consider an almost-analytic skew-symmetric tensor T, ;.
Since T =g reeeg""T, . is pure in i,, 7, (r # s) and by (2. 6), (V@)1 .05,
is hybrid in Z,, 7,, we have

»

(3. 6) Toeto S (V@) Tty = .

=1
Multiplying (3.1) by Tt and making use of (3.6), we find
¢Icl;fi""t’Vth,...i,, _Th“'iPVki‘...ip = 0.
Operating V* to this equation and using (2.7), we have
(3. 7) @AV ), T, s, + @ T oo, T
— (VT W, Ty, — T w49, Ty s, = O,

On the other hand, multiplying (3.1) by V"Ti""i’, we have

(3. 8) ¢klvk(fi,...i,,)VlTilmiﬂ _ (kai,,..ip)vkﬁ‘mip + P(Vz‘#’kt)Tu,..,i,,VkTi""i” -0
Forming the difference (3.7)—(3.8), we have
3.9 ‘Plei""i"VkVLTi....f,, - Til”.iﬂkakY";i,...i,,

- P(Vz’-‘Pkt)Tti,...i,VkT“"‘i” = 0.
For the first term of the left-hand side of (3.9), by virtue of the Ricci’s
identity, we have

@i Tk, T,

I

1 ~
o ¢lei""i’(VlcVzT1,...i,, — ViVily..4,)

1 D
R
—_ ¢“T‘ ? E :Rku, 871;‘.....9...1,,
r=1

2
1 kl~i,...i s
= — —2— pp T ”Rku,Tsi,...ip-

Hence (3.9) can be written in the form

8) S.Sawaki [2].
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(3.10) —é— ppkl?il”.iﬂRkli,sTsig.‘.1,, + ?il.“iﬂkakﬁ,...i,,

+P(Vi.‘?’/cl)Tu‘g...z‘,,Vk‘Tl""i" = 0.
But, since ’Z"";,._,i, is also almost-analytic, from (2) of Lemma 3.3, we have
(Vi"?kt);fi,...i,, =0 or (Vi@")T™ =0
and then operating V* to the last equation, we get
(Vkvilq)kc)i’*z,...i, + (Vil(pkt)vk’fi,,..i,, -0
or making use of (2.8)
(311) % @Rt + RIIS¢SC)T]1...% + (Vi‘q)kz)kai....i,, - 0.
Accordingly, forming the difference (3.10) — pTy;, 4, X (3.11), we get
T“"'i”Vkaﬁ,...ip _ PTJ’L..ipRils¢stTn2“_in =0

that is,
(312) (VkaTil*--in - PRixsTsi,...ip)ﬁ""i" = 0.
Thus if we use the relation 7T, .; =— i...‘t,, then by Lemma 3.1 we have

the following

LEMMA 34. In an almost-Kihlerian space, if Ty,.., is a skew-symmetric
almost-analytic tensor, then we have

(VlVlTi..‘.i,, - PRi,sTnz,_.iﬂ)Ti"“i” = 0.
4. Main theorem.

THEOREM 4.1. In a compact almost-Kéhlerian space, if a skew-symmetric
pure tensor T, . is almost-analytic, then it is harmonic.

1y

PROOF. From Lemma 3.3, we have

P
4.1 ViTli..s, ¥ @' o'V T, 0, — @i Z (Vz‘r‘plt)Ti,...t...i, =0,
r=2
4. 2) (V'eu)Tu,..., = 0.
Operating v* to (4.2), we find
(4. 3) (Vi’VQPM:)Tn,...i,, + (Vt¢hi.)vi2Tti,...i,, = 0.

On the other hand, by the Ricci’s identity

1
(Vavb¢hil)Tabi,...i,, = (VaVb¢hi. - vaa¢hil)Tmbi.. iy
2
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1
= 7 (Rabht(i’ti. + Rabilt¢ht)Tam,...i,

and therefore (4.3) turns to
4. 4) (Rath‘Pth + Rabif?’ht)Tabz‘s...i, + Z(Vt@n.)vi’Tn,,..i,, = 0.
Transvecting (4. 4) with @/, we get
(R, — -¢ht¢cilRabti1)Tabi,...i, + 2¢ci’(Vt<Pm,)Vi2Tti,...i,, =0
ie.
(4- 5) - (Rabhc + ¢ht¢ci1Rabtil>Ta,bi,...i, + ZRubthabi;...i,
+ 2¢c"(V2¢ni.)V12T¢i,...i, =0.
But, we have
(Rubnc + ¢ht¢cilRabti, )Tabi;...i,,Thcismiﬂ =0
because R%,, + @,'@.,*R*;, is hybrid in A,c and 7% is pure in h,c.
Hence, multiplying (4.5) by T % we find
(4. 6) [Rabthlzbigu.i, + ¢ci'(Vt¢hil)Vi’an.,.i,,] T = Q.
In this place, since by (2.6) V,pn, is pure in ¢, Z;, we have
PV Pri, = PV P
and consequently (4.6) can be written in the form
4.7 [Rw T apy..1, + Ve, @ne)V* T, 1, T > = 0.

In the next place, transvecting (4.1) with ¢"* and taking account of skew-
symmetricity of 73, ;, we get

@' 9"V, Ty, iy = ¢hl(Vil¢lt)Ti1Li,. iy
and again transvecting the last equation with @.*, we have

(4. 8) " ViTu,..s, = (V@) iy, i,
Since, by (4.2) the right-hand side of (4.8) vanishes, we have
4.9 <P”’Vang...i, = 0.

On the other hand, ¢"7Ty, i, = 0 because @ is hybrid in 2, 7, and Ty, ;,is
pure in ¢, Z,. Operating Vv, to the last equation, we get

" ViTy, 1, + (Vip"™) Ty, 5, =0
from which and (4.9), it follows

(4.10) (Vi) Ty,..s, = 0.
Accordingly from (4.7), we have
(4.11) R Tapy,..i, T = 0.

Hence, if in an almost-Kihlerian space a skew-symmetric tensor T3, ;, is
almost-analytic, then by Lemma 3.4 and (4.11) we find
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(412) (AT i) T

? P
= (VhV’LT’r--fp - Z RirtTil...t...i,, - Z Rabm,Ti,,_,a,__bmip)Ti"“i"

r=1 t<s

= (V" T4, — PR, T, s, — P_(PZ—_D R4, Tavsy,..1,) T = 0
where AT}, 4, is the Laplacian of T3, .
Thus, from the well known integral formula

(4.13) f [ (AT,...,) T + (p + LT VinrT .. 11

Xan
+ p(v,T4%) VT, ,)do = 0%,

we can deduce V15,4, =0 and V'Ty, i, =0, that is, T}, 4, is a
harmonic tensor. qg.ed.

Moreover, according to this theorem, Lemma 3.1 and Lemma 3.2, we have
the following

THEOREM 4.2.'” In a compact almost-Kahlerian space, a necessary and
sufficient condition that a skew-symmetric pure tensor T}, i, be almost-analytic

is that T, i, and T, ., are both harmonic.
‘We conclude this section with the following two theorems.

THEOREM 4. 3. In an almost-Kéhlerian space, if a skew-symmetric almost-

analytic tensor T, ., is closed, then T}, ;, and ’E are both harmonic.

1eendp

PROOF. Transvecting (4.1) with ¢", we get

D
(4.14) 29" hi,..1, = Z ¢M(V1,¢lt)Thig...t...i,
r=2

but since Vi@, is pure in Z,, [, we have @"V, @' = @;'V.@p" and therefore
(4.14) turns to

»
(4.15) 2V Tty = 2 @' (V" )iyt e
r=2

From (4.15), we have
VhTm....z, =0

because by virtue of (4.10), the right-hand side of (4.15) vanishes. Hence for

T, also, we have

9) K.Yano and S.Bochner [7].
10) For a vector, see S. Tachibana [3].
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Vh'fhi,...i,, =0

and if T, , is closed, then by (3.2) Ti,,,,i,, is also closed. q.e.d.
By this theorem and Lemma 3.2, we have

THEOREM 44. In an almost-Kdihlerian space, if skew-symmetric pure
tensors T3,.:, and T, ;, are both closed, then they are both harmonic.
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