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1. The purpose of the present note is to prove the central limit theorem
of trigonometric series. In [1] R. Salem and A. Zygmund have proved this
theorem for lacunary trigonometric series. From now on let us put

N I N \ l / 2

(1. 1) 5X0 = Σ ** cos 27Γ*(* + Λ*) and BN - (~ ]Γ a\1 .

In §§ 2—5 we prove the following

THEOREM. Let SN(f) be the N-th partial sum (1. 1) of a trigonometric
series for which

(1. 2) BN t + oo, as 2V-> + oo,

and let {nk} be a sequence of positive integers such that

(1. 3) nk+ί/nk >q>l.

We set

(1. 4) R,(t) = 5 (̂0 and Rk(t) - 5nt(0 - 5ΛM(0, /or jfe > 1,

and suppose that

(1. 5) jBi, - ^L: = o(βSλ as k -> + oo,

(1- 6) sup I £fc(012 = O(β2

nfc - B;M ), α5 ^ -̂  + oo,

ατz<ί, /or 5om^ function g(f)

(1. 7) lim Γ
A->°° J0

TΛ^w g(t) is bounded and non-negative and we have, for any set E c [0,1]
of positive measure and any real number ω Φ 0,

(L8)

where ω/0 denotes + °° or — oo according as ω > 0 or ω < 0.

Λ 1

(1. 6) implies that 0(0 is bounded and g(t) dt = 1. (1. 7) and (1. 8) show
Λ)
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that the "interrelations" of Rk(f) and Rn(t) have no "influence" on the limit
distribution of SN(t) whenever \n— k g:2. However, we can construct an SN(t)

1 *
such that lirn -5̂ - ̂  Rm(f) Rm+ι(t) exists and does not vanish identically.

Especially, if Sjyζf) is lacunary, then we can take a sequence [nk}9 satisfying
(1. 3), such that R^-^t) — 0 and R2k(t) contains only one term for k > kQ. In
this case under the conditions (1. 2) and (1. 5), (1. 6) and (1. 7) always hold for
g(f) = 1. Therefore (SN(t)} obeys the ordinary central limit theorem.

Salem and Zygmund have also proved that if SN(t) is lacunary, then (1. 2)
and (1. 5) are necessary for (1. 8) (c. f. [1]).

Let F(ω) be the distribution function on the right hand side of (1. 8), then
we have, for any real number λ

j e^dF(ω) = --L J exp - g(ί) dt.

F(ω) is called "pseudo Gaussian" owing to the form of its characteristic
function. F(ω) is continuous except zero and is discontinuous at zero if and
only if the set {£; t € E, g(t) = 0} is a set of positive measure.

In the same way we can prove the central limit theorem for the remainder
terms of the Fourier series of a square integrable function (c. f. § 6).

In §§ 2—5 we prove that for any fixed real λ, we have

which is equivalent to (1. 8).

2. Hereafter let us assume that the conditions of the theorem are
satisfied. From (1. 3) there exists a positive integer r such that

(2. 1) qr(l - g-1) > 6.

Using this r, let us put

ίr

(2. 2) Ai(0 - £ ΛΛ(ί) - Snir(i) - S^ (f),

(2. 3) D! = Bllr-Bl(l_ιy)

(2. 4) A, = ί

and

(2. 5) 0N= Σ Df=£*»,,
Z « l

Then by the conditions of the theorem, we have
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(2. 6) CN t + oo and DN = o(CN\

lr ( ir

(2. 7) A, ί£ Σ, -> SUP I **(*)1 =i ^l/2 Σ -
k«α-l)r+l ' lί:.(i_l)r

= O(A),

and, for any n such that n(Λr_1)r < n ̂  n^,

(2. 8) Γ
Λ

5n(ί) - Δ,(ί) ^D*N = o(C?N\

LEMMA 1. We have

gr Σ

PROOF. We have

+

and

where

(2. 9) X,(,

(2.9') y,(ί

By (1. 6) we have

(2.10)

l+1(ί) = Rlr(ί)Rlr+l(f)

as N-+ +
\ l / 2

as N

= 0.

_ a s / — » + oo,

and

(2.10') |Yt(ί)| = Ό(AA+ι)> as /-> + oo.

Let wz (or wί) denotes the maximum (or minimum) frequency of a trigometric
polynomial Xt(t)9 then we have, by (1. 4) and (2.9),

and

wΊ > Min ίwfi fc-n + 1 — Wί*-2^1^ w(

From (2.1), we can see that
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gr+2(l - g-1)2'1 > 3.

This shows that Xt(t) and Xk(t) are orthogonal if | k — / 1 ^ 2, and we have

dtI Σ
JO U-l

Σ,
/0 Ui + l^JV

By (2. 10) and (2. 6), we have

(2.11) f 1 Σ XL(t}dt = O as

In the same way YL(t) and YΛ(ί) are orthogonal if | Z — ̂  | ^ 2 and we have,
by (2. 10') and (2. 6),

1 / JV

(2.HO I Σ
Jo Iz-i

On the other hand we have

- o Σ A2 D>Mi-ι

as

2Δl(ί)Δl+1(t)} = Σ TO) + 2Y,(ί)}

Hence by (1. 7), (2. 11) and (2. 11'), we can prove the lemma.

3. From (2. 6) and (2. 7) there exists a sequence of integers [φ(N)} such
that

(3. 1)

Putting Mk =

> 1, + oo and φ(N) Max AL = o(C )̂, as

> we can choose a sequence of integers [Nk] satisfying the

following conditions;

(3. 2)

Γ

0 = 1, and for k 2:

•k-i ̂  (£(£))" Σ A2 and M«.

Since JV*_, <M2ft_1 < Nk < Mkt < Nk+l, we have
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(3. 3) £
fc-1 A =

If we put

(3. 4)

then we have, by (3. 3)

»k-ι ̂  Σ {Φ (*)} " Σ as m

(3. 5) f '
Jθ

- £ Δ,(ί) , as m

and, by (3. 1) and (3. 2)

(3. 6) |Tfc(ί)| ^ |Δ,(ί)l ^ (̂  ~ Mt-OMax A,

From (2. 8), (3. 5) and (3. 6) we have, for any n satisfying nrNm^ < n< nrNmy

f ' l ^
Jo I n *=ι

and

Bl = C|rm(l + 0(1)), as m -> 4- oo.

Hence for the proof of the theorem it is sufficient to show that for any fixed
real number λ, we have (c. f. (1. 9))

1 ί *Λ m 1 1 ί " \ 2 )

(3. 7) lim rfr f exp ̂  Σ Tt(t)\dt = γ~ f exp ̂  g(f)\dt.
««— 1^1 JjS (C^ A .l J 1^1 J* I ^ J

LEMMA 2. T^e have

lim f

REMARK. From this lemma it is seen that g(t) ^ 0.

PROOF. We have

Nk-2

(3. 8) Ti(ί) = Σ fΔKί) + 2Δi(£)Δm(ί)} - 2ΔΛ_2(ί)Δ^_,(ί) + Zt(ί),

(2^ - l)ψ(l) > (2Λ - 1):
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where

JVfc-2 l-

If w/k (or «i) denotes the maximum (or minimum) frequency of terms of Zk(t),
then uk < 2nr(Nk-v and uk ̂  Min{τz(ί-1)r + 1 — w( l_2>r JV*-ι + 2 ̂  / ^Ξ N* — 2}.
Hence we have, by (2. 1)

. 9)

This implies that {ZA;(ί)} is orthogonal and we have, by (3. 8')

1 I m \ 2 m 1 m i / j^-2 i-2

f Σ Zt(t)\ dt = E / ί̂(ί)Λ = 4L / Σ Δf(ί) E ΔX
Λ l*-l J A = l i/O A = l »/0 lz-Λ jt-i + 2 J=N'k—i

I i-2 N I .-2 Λ

In the same way j Δz(ί) Σ Δ/ί)h andjΔs(ί)^ Δ/ί)[ is orthogonal if
I ^"JV*-ι ) 1 J-^*-ι )

I ί ~~ s \ = 2. Therefore we have

1 / m p m ^-2 1 tl-2

[ Σ^*W ώ^sΣΣ f Δf(ί) Σ
•Ό U=l J Λ-l Z=^*-ι-r2 Λ U = -̂ *-ι

By (3. 6), we obtain

/ Σ
•A) U=l

JV f r-2 1̂

Σ /
ί-JVjt-ι + 2 «/0

as ra

On the other hand we have, by (3. 8)

Σ
fc-1

2Δ£(ί) Δl+1(ί) + Σ ^*(ί) - Δ .̂

From (3. 3) it is seen that

r1 m Γ
/ Σ Δk-ι(ί) + 2Δ^

Λ fc=ι L

m m / 1

^ Σ ̂ -! + 2 Σ 1 f ΔV
fc=l k=l [Jo

1/2 / 1

Ί
(̂ί)} J

f I Δ,.-,(ί) + Δ,.(ί) I
Jo

1/2
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1/2 / m \ 1/2

and

as

m as

Therefore we obtain

Λl. „„

/ Σ Ώ(<) - Σ
t/0 A=l U = l

2Δ,(ί)Δl+1(ί)} as m—>+oo.

By the above relation and Lemma 1, we can prove this lemma.

4. LEMMA 3. We have, for any real number λ,

Jt < λ*κ
Ml/ -=: V j1 +

I i

where K is a constant.

PROOF. By (2.7), we have

2Δ«(ί)ΔI+ ,(ί) -

:g3£ Δ?(ί)5ΞKΣ

Hence we have, by (3. 8)

for some constant

m l - r-p / ,\ \ 2 m Jt

id 1") TT ' 1 -i- fc^ ' -̂  TT i _ι_v ^ 11 i J- + /^ι f -̂  11 1 +
Jt=l I ^Jf, J 4=1

If we put

( i*''1

(4. 2) Π 1 + ̂ 2 5 D! + X2Z*(ί)
XX : -L T^ t=^fc_l

Λ = l 1 ,̂2

V Λ 2. M -1- Λ Z,ΛW

- 1 + Ψm(f),

then Ψm(ί) is a sum of terms in the following form;

s

(constant) X Π cos 2πvm.(t + βmj),
.7=1

I^nii <m2 < <ms^ m and
^ vmj ̂
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where Uj (or u'j) denotes the maximum (or minimum) frequency of terms of
Z/ί). Further we have

s -. s-l

(4. 3) Π cos 2τrv (t + βm) = ~-rr Σ cos 2ττ {vm,(t + βj + £ SΛvm.(t + /8m )}
J-i Z .7=1 ' J

where 8j denotes + 1 or — 1 and Σ denotes the summation over all combina-

tions of (8,_!, δβ_2, Ά). From (3.9) it is seen that

S-l S-l S-l

Vms + Σ δ^m.^ Vm. - Σ ^m ^ Wm, - Σ Um*
J

Since t^^/s are integers, (4. 3) and the above relation imply
1 S

/ Π cos 2πvm.(t + βm ) dt = 0,
Λ ;=1 ' ^

-1

and this implies I Ψm(ί) Jί = 0. Therefore we obtain, from (4. 1) and (4. 2)
Λ

I

f
Λ

Π
l~-Nk-1

LEMMA 4. W^ have, for any measurable set E and any real number λ

771

l i m Γ Π
m-»°°JEk=ι

PROOF. Let/OT(ί) (or hm(t)} be the real (or imaginary) parts of

m

Π

Further let e(t) denotes the indicator of the set E, that is, e(t) = 1 if t £ E
and e(t) = 0 if t $ E and let us put

ΛtGO
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hm(t) — d0jm + Σ dic,mcos 2ττk(t + 8Λ>m),

and

e(ί) ~- £0 + Σ ek cos 2ττ^(ί + £Λ).

Since /m(ί), Am(ί) and (̂ί) belong to L2(0,1), we have by ParsevaΓs relation

m Λ

/,5ί14

, 1 f, r

+ -^ 2^ ^ί^.m
^ A-l

Hence we have

(4.4) I f π l l + ^-lΛ-

On the other hand it is easily seen that

i , foT*(*) I _ Ί , fλT^) f fλΓfc(Q lΐL
1 + —^ - 1 + —7S + 2_, ~p II 1

°̂ m J °̂ m λ: = 2 °̂ « J-l I

If ^(or 2;i) denotes the maximum (or minimum) frequency of terms of Tk(t\
then we have zk ̂  nr(N k-z) and ZΛ g: nr(jZvrλ. ^D + 1. Hence we have, by (1. 3) and
(2.1),

(4. 5) zί+l/zk >qr>6.

If z'j ^ vό ̂  Zj, then we have, for any (ml9 m2, ,ms) such that 1 ±g m j < m2

<• •< ms < &,
A A /2

^Λ + ^m.H h tV ̂  Σ *J = ** Σ βj~* = ~ξ~~ *̂
Jf=l ^-0 °

and

k-l k-l .

vk - vms vmι ̂  zk — Σ ^ ̂  *ί —
J-l

Therefore the frequencies of terms of

lie in the interval -̂ - z'k, -=- zk and by (4.5) these intervals are disjoint.
[_ o o J
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62*75

and

(4. 6)

Let us put

= Σ ί^.mcos 2ττn(t 4- 7n,m)
π = 42*'/5

c0 j m — 1 and d0jm = 0

2ττn(t 4- 8W|Wl)},

for all m.

where Σ denotes the summation over all p such that 7z ( Z_1 ) r_1 < ̂ > :g τzί7., that is,
p

the double summation runs over all ^> such that ap cos 2ττp(t 4- Λp), a term of
Sjy(t), belongs to Tk(t). Then we have

(A Π\(4.7)

For each m let us define m as follows

~TT J 1

11 1 +
Γ i i i , n

t k n . m l + l α n . m l } -

(4. 9) p(m) - Max6^/5 Σ
I l-l

Since C^m — > + CXD as m — > oo? Max j ^ Σ ^«
I i-i

a s m — > + oo. Therefore we have

(4. 9) p(m)-+ +oo?

By (4. 4), (4. 6) and the fact that e0 = |£|, we have

increases to 4-

as +00.

Γ π
J^A: = 1

P(m) 1/2 ( I \ l /2

Y" cl/__f ^k,n+ |rf*.ml I" + Σ ^

By Lemma 3 the last term of the above formula is less than

1
* .

*) Since L| -* Γ Ίl(t)dt, (Σ^j'^Σ Ll ̂  Σ f
•'O ^fc=l / Λ = l Λ = l ^0

Therefore we can always define ρ(m) for m > mϋ.
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_

*/ 2 Σ,
k>p(m)

/2

as ra—» +00.

By (4.8) we have, for k(m) = Max \k Σ
I «=ι

Σ k*. J +
fc(m)

Π(l + -i7^a-) = o(l), asm-

LEMMA 5. For any f(f) € L2(0, 1), ze;̂  have

lim f Γ Π
m^oo ;0 L A.el

l + = f'y(ί)Λ.
J0

PROOF. If f(t) is a simple function, that is, f(t) assumes only finite number
of values, then the lemma follows from Lemma 4. If f(f) z L2(0, 1), we can
take a simple function /e(ί) such that

ί'
By Lemma 3, we have

/'[ft
JQ Lk = ι

1/2

for any given £ > 0.

fc=l

Therefore we have

if(t)-m}dt
i1/2 / Λ

'*] ί
/2

f 1 Γft ( i + -̂ ^ j 1 /εω - f /eJ0

 LJt=ι I °̂ m j -i Λ
£,

+

5. LEMMA 6. We Λατ e, for any fixed real λ,

lim -jη- f exp {̂  E Tfc(ί)l dt = -r^- [ exp j
™^- I Λ I Jtf I c^ A=ι ) \tL\ JE (

for

PROOF. Let us put

TKt)-g(£) <1 .
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Then Lemma 2 implies that |£^|->0, as m —>oo.*> Hence we have

(5. 1) Γ
JEΓ

By (3. 6) we have for k^πi

sup|TΛ(ί)| = o(Cjrm\ for k^m,

as w—>oo.

as

By (2. 7) and (2. 6) it follows that for some constant K

., N Q N + l -rr JV + l

and by Lemma 1 this implies 1 g(t) \ :g K. Therefore if t £ Emy we have

= 0(1), for all ί, as m

By the above relations and the fact that e* = (1 + s:)exp{— + O([2;|3)},
Zι

as # — » 0, we have, for ί £ 2£OT,

m m

Σ Tk(t) = Πexp

Since

m

Π

it is seen that for t (

•Λ m \
— T T (m - Π ] i^r / . ^ fcW I ~~ JLJ. 1 -1

exp , as m->oo.

eχp + 0(1), as

Further for t £ Eπ

-^-σ(ίM-l

*) Fc is the complement of a set F with respect to the interval [0, 1].



CENTRAL LIMIT THEOREM OF TRIGONOMETRIC SERIES 13

Π(ί) - 9(t)

Hence we have, by (5.1) and Lemma 2,

-κ L

for some constant K'.

eχp

as

Since (̂ί) ̂  0, by LemmaS and Lemma 5 it is seen that

i '\ m ^ Λ m ί "Λ T"1 ^ •/•̂  ^

exp -^-Σ^(ί) Λ = / Π 1 + ̂ W exp - --
I c^« Λ-ι ) «/ j&*- i ( UΛΓ- )

as

By Lemma 6 and (3. 7) we can prove the theorem.

6. In this paragraph let f(t) z L2(0, 1) and

f(t)

ak and ί?̂  = I — al
l/2

On the remainder f ( t ) — SN(t) we can prove the following

THEOREM 2. Let [ n k ] be a sequence of positive integers satisfying the
Hadamard gap condition nk+l / nk > q > 1. We put

Uk(f) = SnM(t) - SJί) and El = Rn*fί - RIM

and suppose that

sup |C7fc(ί)| = O(EIC\ E= o(R\\ as

and, for some function g(t)

limim f
— J0

{Ul(t) + 2Um(t)Um+l(t)} - g(t)

Then g(f) is bounded and non-negative and τve have, for any set E c [0, 1)
of positive measure and any real number ω φ 0,

lim \{t',t*E, (f(t) -
1 ω/

L- γ ώ Γ
7r|£;| J^ J,^
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where ω/0 denotes + oo or — oo according as ω>0 or ω < 0.
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