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0. Introduction. Let M be a compact regular Sasakian space, π\ M-*B
the fibering of M. Recently S. Tanno [10] discussed relations between the
Betti numbers of M and B by making use of the exact sequence of Gysin.
On the other hand it is well known that any harmonic p-ίorm (p ^ m +1)
in a compact Kahlerian space M 2 m is written in terms of effective harmonic
forms and the fundamental 2-form of M2m. The work by Tanno suggests
that an analogous theorem is expected in a compact Sasakian space.

In this paper, first we fix our notations in §1 and introduce a notion of
a C-harmonic form in a compact Sasakian space in §4. The decomposition
theorem for C-harmonic form will be given in the last section. We shall give
only outline of proofs by the following two reasons: (1) the discussions in § 2
and § 5 are similar to that of an almost Hermitian space and a Kahlerian space,
(2) the results in §4 are based on straightforward computations though they
are rather complicated and it is expected to have a reformulation by Y. Ogawa
in a forthcoming paper [4].

1. Preliminaries.1} Consider an n dimensional Riemannian space Mn and
let {xλ}, λ = 1, , n, be its local coordinates. Denoting the positive definite
Riemannian metric by gχμ, the Riemannian curvature tensor and the Ricci
tensor are given by

E> r> ε

where \ v \ means the Christ off el symbol and d\ = d/dxλ.

Components of a skew-symmetric tensor uλι...χp are considered as coefficients
of a differential form:

1) As to notations we follow S. Tachibana [8].
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u = — Γ Uλι...λp dxλl Λ Λ dxλp,
p\

so we shall represent this fact by

u : (u)λl...λp = uλι...λp.

The exterior differential du and codifferential Su are given by the
following formulas:

{du)μλι...λp = \/μuλi...λp — ]Γ) VA^.-.A^A^.-.A,,, 2)

or

(du)λl...λp+ι = Σ ( - l ) t + 1 V A ^ . .AV.A™,

(du)λ=Vχu, p=0,

where λέ means that \t is omitted,

δ w = o, p = 0.

About the Laplacian operator Δ=<ίδ + δJ, we know the following formulas:

(Δu)λl...λp = -V α Vα^ λ l . . . λ p + ^UAr^.-.A^.-.A, + Σi?λ,λΓΓ^λ1...λ,_1p...λi.1σ...λp,

(ΔW)A = - V α V« WA + Rλ

α uα9 ρ=l,

Δu = - V α V α W , ρ=0.

A ^-form w is called to be harmonic, if it satisfies du = 0 and Su — 0.
Thus Δu = 0 holds good for a harmonic form u.

The inner product of ^-forms u and t; is given by

, v> = - ί - wλl...λp tΛ-λ*,

where tΛ1*"^ are contravariant components of v.

2) V means the operator of covariant derivation.
3) We remark that Bu has the opposite sign of that in [8].
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Especially the norm \u\ of u is given by

u\2 = <u,u>, \u\ ^ 0 .

Let η = ηλdxλ be a 1-form and we identify η with the vector field
ηλ=gλaηa. The operator ί(η) is defined by

(Kv) u)λ2...xp = ηa uaλ2...λp, p ^ 1,

Let φ = (l/2)φλμdxλ Λ dxμ be a 2-form and we define an operator i(φ) by

(i(φ) w)x....λ, = (1/2) ̂  ^λ,.. . λ ,, / > ^ 2 ,

The exterior product of η or ψ and a ^-form u are given explicitly by
the following formulas:

) a λ ί . . . λ p = ηaUλι...λp —

or

λ = Uηλ, p=

(φ f\u)aβλι...\p = φaβUλι...λp —

.λj_lβ...λp + Σ <PλJλtuλι...λj_ιa...\i_lβ...λp,

or

(φAu)λι...λM = Σ (-i)*+ j +VλA t^,..^.4...λP + 2, ί ^ l ,

(<pAu)λμ = uφλμ, p=0.

Now suppose that Λfw is compact orientable. Then the global inner
product of ^>-forms u and v is defined by

0u9 v) = I <u, v> dV,
JM
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where dV maens the volume element of Mn. We shall denote the global
norm of u by ||w||, i.e., \\u\\2 = (u,u), \\u\\ Ξ^O.

Let u,v,w,φ and η be any p, p— 1, p—2, 2 and 1 form respectively,
then the following integral formulas are well known:

(du, v) = (μ, Sv)

(i(η) U, V) = (u,ηAv), (i(φ) U, w) = (uyφ\w),

(1.1) (Au,u)= | | ^ | | 2 + ||δw||2.

Here we state the following lemmas which are useful for the later
discussions.

LEMMA 1.1. For a skew-symmetric tensor uλμv we have

Rχβvωuλμv = 0.

LEMMA 1.2. For a skew-symmetric tensor uλμ we have

Rχμ«βU«β= -2Rλaβμu
aβ.

2. Almost contact metric space. An n dimensional Riemannian space is
called an almost contact metric space, if it admits a 1-form η = ηχdo^ and a
2-form φ — (l/2)φλμdxλ/\dxμ satisfying

(2.1)

(2.2)

(2.3)

where we have put

M
i(n) Φ

= 1 :

• = 0 :

?>/ =

It is known that an almost contact metric space is orientable and its
dimension n is necessarily odd: n = 2m + l .

In this section we shall concern ourselves with an w(=2m + l) dimensional
almost contact metric space Mn.

We introduce an operator L by

Lu = <pf\u
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for any form u.
It is evident that if a p-ίoτvs\ u satisfies i(η)u = 0 then we have i(ij)Lu=0

and i(η)i(2φ)u=0.
First we can get

LEMMA 2.1.4) If a p-form up satisfies i(η)up=0, then we have

i(2φ)Lkup = Lki(2φ)up + k(n + l-2p-2k) Lk~λup,

where k is any non-negative integer and L~1=0.

We shall call a p-form u to be effective if i(η)u = 0 and i(2φ)u = 0 hold
good. A 0-form is always effective. From Lemma 2.1 we can get

LEMMA 2.2. For an effective p-form up we have

i(2φ)kLk+sup = (5+*)(* + *-1) . . . (s + 1)

x (w + l-2/>-25-2) (n + l-2p-2s-2k) LsuP9

where k is any positive integer and s non-negative integer.

Especially we have

LEMMA 2.3. For an effective p-form up we have

i(2φ)kLkup = k\(n + l-2p-2) (n + l-2p-2k)up,

where k is any positive integer.

From this lemma for a large k we get

THEOREM 2.1. In a 2m + l dimensional almost contact metric space,
there does not exist an effective p-form other than 0 for p> m.

By virtue of Lemma 2.2 and the mathematical induction, we obtain the
following

LEMMA 2.4. // φp-2k, £ = 0,1, — , r, are effective (p—2k)-forms and
satisfy

4) Proofs of lemmas in this section are analogous to that of an almost Hermitian space, see,
for example, S. I. Goldberg, [2], p. 179-180.



ON A DECOMPOSITION OF C-HARMONIC FORMS 203

then we have φp-2k = 0 for p^m + 1.

From these lemmas we have the following theorem which corresponds to
Hodge-Lepage theorem in an almost Hermitian space.

THEOREM 2.2. In a 2m + 1 dimensional almost contact metric space, if
a p-form up (p^m + 1) satisfies i(η)up=0, then it is written uniquely in the
form

r = [~rr\>

where φp-21c are effective (p—2k)-forms.

PROOF. The cases p = 0 and p = 1 are trivial. Assuming its validity
for p such that 2t=k p^m <m, we shall prove that for p+2. Let up be a
p-ίorm such that

then there exists a />-form ^ uniquely such that

(2.1) i{2ψ) Lvp = Wp, z'fo) T;,, = 0 .

In fact, by the assumption of the induction there exist uniquely effective forms
ψp-2k such that

up =

By Lemma 2.1 we know that

is the unique solution of (2.1), where

m-p+k)

5) [α] means the integer part of a.
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Now let Up+2 be a (^>+2)-form such that i(η)up+2 = 0 and put

i(2φ)up+2 = up,

then we have that i(η) up = 0. For this up we consider the vp of (2. 1) and

put

Φp+2 = ^p+2 — Lvp.

Then φp+2 is effective and we have the form

Up+2 = Φp+2 + Σ L k + l ΦP-M

The uniqueness follows from Lemma 2.4. Q.E.D.

Let AP(M) be the vector space of p-forms on Mn satisfying i(rj)up = 0.

Then we can get the following two theorems.

THEOREM 2.3. i{2φ)L is an automorphism of AP{M) for p^m-1.

THEOREM 2.4. L: AP~2(M)-+AP(M) is an into isomorphism for

2<ς p^m + 1.

The following lemmas are necessary for the discussion in the later sections.

LEMMA 2.5. If u satisfies i(η)u = 0, then we have \η/\u\ = \u\.

As a special case of Lemma 2.1 we have

LEMMA 2.6. For any (p— 2)-form v such that i(η)v = 0, we have

i(2φ)Lv = Li(2φ)v + (n-2p+3)v.

Now we introduce an operator Φ by

*
u = Φu :

= 0, p=0,

then u is again a >̂-form for a >̂-form u.

LEMMA 2.7. For any p-form u such that i(η)u = 0, we have
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i(2φ)Φu = Φi(2φ)u.

3. Identities in a Sasakian space. An n dimensional Sasakian space is
a Riemannian space which admits a unit Killing vector field ηλ such that

(3. 1) Vλ VμVv = Vμgλv — Vv9λμ

In the following we shall consider an n dimensional Sasakian space Mn.
If we put <pμ

v = Vμη
v, then φμv = <p"gav, ηx and gλμ give an almost contact

metric structure to Mn and hence Mn is orientable and n is odd: n = 2m-hi.
As (3.1) becomes

(3. 2) S/λψμv =

we can get

Vλφxv = -(n-ΐ)ηV9

Applying the Ricci's identity to ηλ we have

Vi> Vμ V^ — Vμ Vy ^λ = — Ryμλ" V^

from which it follows that

Rv

εηε = (n-ΐ)ηv.

Next, applying the Ricci's identity to φ" we have

from which we can get the following formulas:

~ φP"gσχ - φσχ%P

a + φ<?gPx,

LEMMA 3.1. For any skew-symmetric tensors uaβ and zvλμ we have
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Now we define two differential forms φ and η by

φ = (1/2) <pλμ dxλ /\dθf, η = ηλ dxλ ,

then we have

About harmonic tensors in a compact Sasakian space the following
theorems are known [8].

THEOREM A. In an n(=2m+l) dimensional compact Sasakian space,
a harmonic p-form u is orthogonal to η, i.e., i(η)u = 0, if p^m.

THEOREM B. In an n dimensional compact Sasakian space, if u is
a harmonic p-form (p^m), then so is Φu.

THEOREM C6 ). The (2p + l)-th Betti number of an n dimensional com-
pact Sasakian space is even, if 0 < 2p + l ^ m.

From Theorem A we have

LEMMA 3.2. Any harmonic p-form (p^m) in a compact Mn is
effective.

4. C-harmonic form in a compact Sasakian space. Let Mn be an n
( = 2m + l) dimensional compact Sasakian space. We shall call a ^>-form u in
Mn to be C-harmonic, if it satisfies

( i ) i(η)u = 09

(ii) du = 0,

(iii) Bu = η Λ i(2p) u . 7>

By definition, a C-harmonic form of degree 0 or 1 is nothing but harmonic.
It is easily seen that the form ψ itself is a C-harmonic 2-form.

By virtue of Theorem A and Lemma 3.2, we have

6) S. Tachibana and Y. Ogawa, [9]. S. Tanno [101.
7) Y. Ogawa [4] proved that if p^m then (i) is a consequence of (ii) and (iii) i
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THEOREM 4.1. In a 2mΛ-\ dimensional compact Sasakian space, a
p-form (0 5g p^m) is harmonic if and only if it is effective C-harmonίc.

Next we have

LEMMA 4.1. If u is a C-harmonic p-form, then v = i(2φ) u is a C-
harmonic (p—2)-form, (p^2).

PROOF. i(η)v=0 is trivial. Putting

w = i(2φ) v : wH...λp = φ"ί3vaβλ6...λp,

we can get

Sv = η /\ w = η Λ i(2φ)v

by a straightforward computation.

Next we shall prove that dv = 0. At first we have

λι...λp = A, + A2

where

= 2φλιλ*Rλι

σuσλ2...λp

λ l λ r upλ2...σ...λp

λΓ^2...λ p + 2(n-2)vλy..λv} - 2(/>-
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Thus we can get

(4.1) i(2φ) Au = Av + 2(n-2£-h3) v .

On the other hand, operating d to Bu = η/\v we have

from which it follows that

(4. 2) i(2φ) Au = 2i(2φ) Lv - i(2φ)(η/\ dv)

= 2(w-2^>+3) v + 2φ A i(2φ)v - η Λ i

Comparing (4.1) and (4. 2) we have

Δz; = 2φ Λ *̂(2̂ >) v — η A i(2φ) dv.

Consequently we obtain

<Av, v> = <2φ A i(2φ) vy v> .

Integrating the last equation we have

(4.3) {Lv, v) = (2φΛ i{2ψ) v, v) = ||i(2φ) v\\2.

On the other hand we have

(4.4) II&ΊI* = ll*'(2pH|f

by taking account of Lemma 2.5. Thus by (4.3), (4.4) and (1.1), we have

\\dv\\2 = 0. Q.E.D.

LEMMA 4.2. If u is a C-harmonic p-for?n, then so is Φu.

PROOF. Put u = Φu. t(rj) u = 0 is evident. We put v = i(2φ) u and

calculate δw, then we have
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where

Bt = - VV* "««*,-*, = 0, (••• i(η)« = 0),

Bί = -φλι

a Vλ uaλί...λt = 0, (••• dv = 0),

i=2

P

Hence we get

* * *
U = η/\V = η/\ Φv = η A i{2φ) U .

To prove that u is closed, we calculate <Δw, u>. At first we have

from which we can get

As w is C-harmonic, we have

Au = d(η/\v) = 2φ f\v — η f\ dv

and hence

— S7Oί\7cίu\x...σ...λp = — ̂ 2Rλ}

puλl...p...σ...λp — Rσ

puλι...p...λp

— Z2 RσλfβU\v..a:.β. λv — /. Rλ*σaβUχ,...a...β...χn

+ (2φ/\v-η/\dv\...σ...λv.

Thus complicated computations show that we can have
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On the other hand, we have |δw|2 = \v\2, because of hu — η/\v. Hence

it follows that \\duψ = Q by (1.1), from which u is closed. Q.E.D.

LEMMA 4.3. If v is a C-harmonic (p — 2)-form, then u = Lv is a C-

harmonίc p-form.

PROOF. It is evident that i(η)u = 0 and du = d(φf\v) = 0 hold good.

As we have

\7auaβλι...χp_2 is the sum of the following eight terms Cl9 , C8

d = S7"φaβVλι...λp_2 = -{n-l)ηβvλι...λp_2,

C2 = <p*βVavλι...λp_2 = - Σ V λ ( f e ^ A , . . α . . . J

C 3 = -

Q = -Σφ*λiV*Vλι...β...λp_2 = Σψλ? VaVλί...β...λp_2

*
= - Σ , ίVλ^λ1.../Q...λP_2 - Vj(φβ

avλι...a...λp_2)}

= (v/\v)βλl...λp_2 + (/>

C 7 =
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Thus we can get

lu = (n-2p+3) ί Λ ^ + ^ Λ f o

= η Λ {(n-2p+3)v + p Λ i(2p)t;}

= 9; Λ i(2p) u. Q.E.D.

5. Main theorems.

THEOREM 5.1. In an n ( = 2ra + l) dimensional compact Sasakian space,
any C-harmonic p-form up, 0^ p-^rn + 1, can be written uniquely in the
following form:

v- rfcJL Γ PΛ

where φp-2k are harmonic (p — 2k)-forms.

PROOF. We use the notations in the proof of Theorem 2.2. Assuming
its validity for p, 2^p^m < m, we shall prove it for p + 2. Let up+2 be
C-harmonic, then

ί(2φ)up+2 = up

is C-harmonic (••• Lemma 4.1). By the assumption of the induction, up is
written uniquely in the form:

where ψp-2k are harmonic. The equation

i(2φ) Lvp = MP , i(η) vp = 0

admits unique solution

^ = ΣL/CΦP-™>

where

are harmonic, so t̂ p is C-harmonic by virtue of Lemma 4.3. By putting
ΦP+2 = up+2—Lvp, the proof is completed. Q.E.D.
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AP(M) is the vector space of p-ίorms such that i(η) u = 0. Let CP(M)
and HP(M) be the vector space of C-harmonic ^-forms and harmonic ^>-forms
respectively. Then we have

AP(M) D Cp(M) D i

The />-th Betti number bp is dim HP{M). Now we introduce ^ by

^ = dim CP(M), p^m.

Then we can obtain the following theorem by the analogous way as that of
Kahlerain spaces.

THEOREM 5.2. In an n ( = 2ra + l) dimensional compact Sasakian space,
we have

b0 = c0 = 1, b! = cl9

= cP — Cp-2 ^ 0, 2 ^ ^ > ^

bv + έp_2 + + bp-tr, 2^p^m, r = [-|-
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