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Introduction. On a normal contact metric space (=Sasakian space), we
studied in a former paper [4] C-harmonic forms which are in certain sense
an extension of harmonic forms. There we defined two operators I' and D
which correspond to the exterior differential operator d and the co-differential
operator § in a Riemann space. In this paper we get in the first place an
integral formula for T' and D.

On the other hand it is well known that for any harmonic form in a
compact Riemann space, the Lie derivative with respect to a Killing form
always vanishes. In order to obtain its analogy for C-harmonic forms in a
compact Sasakian space, we introduce the notion of C-Killing forms. Then
we shall show as an application of the integral formula for I" and D that for
any C-harmonic form in a compact Sasakian space its Lie derivative with
respect to a C-Killing form must be zero. Lastly we treat with the case of
a compact regular Sasakian space.

We suppose that manifolds are connected and the differentiable structures
are of class C~.

I should like to express my hearty thanks to Professor S.Tachibana for
his kind suggestions and many valuable criticisms.

1. Preliminaries. An #n-dimensional Riemannian space M" is called a
Sasakian space if it admits a unit Killing vector field o* © satisfying

(1. 1) V;\V,ﬂ?u = npglu /i glp

where ¢i, is the metric tensor of M". It is well known that M" is orientable
and 7 is odd. We put @i, =Van, i*=@,¢". Then there exist some well-
known identities, as follows (see Tachibana [2])

(1. 2) VMP;W = ")ug A MgAp
(1- 3) R)»uvw"lw =M~ MuGrv »
(1- 4) vl¢lﬂ =—(n— 1)"}/» WARM =(7Z - 1)7711’

1) The Greek indices A, u,», ...run from 1 to n.
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1.5 R,pf=—Rupf, Rlip)=R)pl

We denote by e(n) and L (resp. i(y) and A) the exterior product (resp.
inner product) of 1-form 7 and 2-form d7, then we have [4]

(1. 6) L = e(n)d + de(n),
1. 7 A = i(n)d + 8i(n).

We take an arbitrary 1-form £ Then the inner product A,=i(d§) for any
p-form u=(u,..,) can be written by

(Agu)h...;tp:fo"upga,...xp (p=2)
and Au=0 if pis 0 or 1. We can easily obtain
(1. 8 Ay = 3i(§) + 1(E)S.

The operators @, V,,T" and D for any pform u=(ua,...,) are defined by

1 9 (e, = é‘q){, Unprdo, s (p=1)
(1.10) (Voo =1 Voo, (»=0)
(1.11) Tuhyn, = i (=)@ Vothay. oo, (p=0)
(1.12) (Dte)agecn, =P olhpryer,s (=1

where u;,...,ﬁ,...ln means the subscript o appears at the i#-th position and
Un,..-4-1, Means the a-th subscript A, is omitted.

We denote by 6(£) the Lie derivative with respect to a vector field &
For a 1-form £&=(§)), identifying the covariant vector field with a contravar-
iant vector field by the metric tensor, we also denote by 6(¢) the Lie deri-
vative of the vector field £ =¢M¢,.

Let the space M" be compact. Then the global inner product of any
pforms # and v is given by

(u,v):f u/\*v
e

where the notations * and A represent the dual operator and exterior
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product respectively. The dual operator * satisfies
(1.13) *x =identity.
A pform u on a Sasakian space is called to be C-harmonic if it satisfies
(1.14) du=0, du=e(np)Au.

Then clearly C-harmonic 1-forms are harmonic, and the converse is true.
On C-harmonic forms, the following results are known [3], [4].

" PROPOSITION 1.1. In a compact Sasakian space, any C-harmonic p-form
u (p =(n—1)/2) satisfies i(n)u=0.

PROPOSITION 1.2. In a compact Sasakian space, for any C-harmonic
p-form u (p= (n—1)/2) Au is also C-harmonic.

PROPOSITION 1.3. In a compact Sasakian space, a p-form u (p=(n—1)/2)
is C-harmonic if and only if it satisfies i(p)u=0 and Awu=LAu, where N
is the Laplacian.

2. Integral formulas. In the following we consider a compact Sasakian
space M". As for the operators I' and D, we know the following relations.

LEMMA 21. [4] In a Sasakian space, we have for any p-form u
@ 1 Du=38 yu— N Su+(n— pi(n)u,
2. 2 Tu=d< u— < ,du— pe(n)u.

LEMMA 2.2. In a Sasakian space, we have for any p-form u and gq-
form v

2. 3 TuAv)=TuAv+(—1)*u/\Tv,
2. 4 ¥Ixv=(—1)"Du.

PROOF. Since it holds good for forms u=(u,..1,) and v=(0vs,...,)

1
pq!

(AN rre= L U0 Voeoy (K =ptk, k1, - - - q),

p+a
we have

» ]
(I‘(u/\v));\u...;tw =¢;\"’,Vp(u A 'U)l,...;\m— Z ¢1‘:Vp(u/\ 'U)M---io---lph'---la’
i=1
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q
j/
— Z (p;f:/v‘,(u/\ ‘Z));Ll...h,h,'...’;‘\o...hf
j=1
R S o pieriens %
= p'q' {pLE! V‘,(u,l o, Uaiteray D)= Z PrE AR 7
q- i=1

1
P‘ ] ¢a A,,hl ”::,:VP(um 0, Va, ---aq’)-

On the other hand we have

1 Y % 3td
(Tu N\ Vg Apea = (p+D!q! SRR {¢dovpuzr. 05 Uai%en0”
2 i
= D PEV g, by Voo r)

i=1

1
= P‘ q ] gi., 7\(¢o’nv‘)u¢n- . ~o‘,'v01’- Y ol

In the same way, we get

(FU/\u)Ao...A,,, 87{., k,:: ‘pa.vpva: walhogue “Oaip*

1
Pl

Therefore we have

*0q0q+1°** T qs, P.
1 glro lula:l 104:¢Pou0'qfl‘ **Opia vPvO'l' .0y

(N I“U)A,...AN =(—1)rCe+D 5 1

=(—1)rta+D+ap gl &g m; M,(;;,ou,,l w, V pUay7een

—( 1)p IL,,A, A’*q P,ua.-"o',vpvm""m’

Thus we can obtain

1 e
P‘ q| gw ¢0'0

TuN\ Oy, + (= DP@AT O, =
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X (Voo yoeoVsienae F Uy, gV i)

= F(u /\ v)M"'lr»a'

Next we calculate (2.4). We write g=det(gx,) and &,...a,=& "4, Then we
have for any pform =

1 - g
(*P*u)lr' A’p: m '\/g gﬂol-lo .o .glfﬂ-p”’"" (z (— 1)“¢,‘;VP(*u).,o...,;a...,,,,_p)sm...,,,‘_,x,...n,
* a=0

1 at+a— P 7 <
= (n-j;)! (_ 1) 1/\/9 g 0o o o o g "'9"""%,': V,,(*u),,...””_pE#a#,...f,,...,,"_pl,...x,

Tk, vu 1 @1B1, o o %Py plP
i} 9P N g, cyoreeaa Ettoreetinphanody
td

= - p)'p' 9

1
T @-p'p

(m~=p)(p—1) @B1-+*Byi1*+*fin-
] (=1)tn-r R Are e Appeeeiin, P Vgl

— _?;_ ( 1)n(p+1>8/31 /3, ’(Puop quB, 8,
___(_ 1)"”""“(Du)1, e

Since n is odd, we have (—1)"?*"*!=(—1)?, hence (2.4) is obtained.

LEMMA 2.3. In a Sasakian space, we have for any forms u and v

2. 5) Vi uAv)=VuAv+u\,v,
2. 6) *V =\

PROOF. We take u=(us,...1,), v=(v1,...,)- Then

(VB AV setyua =1V R i, V)

E‘i’l a”q(npvp ud’: U,‘vo;’ Up'+u71 a'wnpvp'vn’ ’q)

=(V 24 A0y T @AV 0,00

and

1 _
(*vﬂ*u)hl"'lp= m '\/gg"lﬂl. ° .gcnh'un-pnpvp(*u)o'r..O'n-’el-"l"‘#n-yll"'l!
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— 9 a_phin-
= G:—P‘)—'P—'g"”“' o egTrrlt ’g“‘ﬁ" . -g“vﬁvn"vpu,g,...,gpea,...a,,,...,,"_ps,,,...M,_,A,...a,

I
(n—p'p!

=(= 1P (T ey,

eﬂl.uﬁpmmﬂn'”em---un.phv--hﬁpvpuﬁv--ﬂ,,

As 7 is odd, (—1)»-» =1 for any p, thus we get (2.6).
Since 5 is a Killing form, the Lie derivative 6(3) with respect to g5
satisfies the following relations [4].

@27 6(n)=—Be(n)—e(n)3,
#6(m)e =0(r).
The operator ® satisfies for any «
@ 8 Du=0(n)u— 7.

Therefore by virtue of Lemma 2.3 and the fact that 6(y) is a derivation, we
have

LEMMA 2.4. [6] In a Sasakian space, we have for any forms u and v

29 D(uA\v)=Pu\v+u\Dv,
*Dru =Du.

Using these Lemmas, we study some integral formulas in compact case.

THEOREM 2.5. In a compact Sasakian space, we have for any p-forms
u and v

(2.10) (V i, v)=—(u, V,0),
(211) (6(77)”’ ‘U) = (u’ 9(’7)'0),
(2.12) (Pu,v) = —(u,Dv).

PROOF. From (2.5) and (2.6) we have

VauA*v=\ (u\*v)—u % .

As uA+v is an n- form, there exists a function f on M" such that uA=xv is
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equal to fw, where o is the volume element of M". It is known that o is
written as cgA(dy)™(m=(n—1)/2), ¢ is a constant [5]. Since the relations

V=0, ,dn=0
hold good, we have
Vi uA#0)=V,fo=—3fne.

Hence we get

f V., (uA\*v)=0,
i

which means (2.10) is true. (2.11) is the result of (2.7) and

6(n) =di(n)+i(n)d.
(2.12) follows from (2.10), (2.11) and (2.8).

THEOREM 2.6. In a compact n-dimensional Sasakian space, we have
for any p-form u and (p+1)-form v

(213) (L', v)=(u, Dv)—(n—1)(e(n)u, v).
PROOF. By virtue of Lemma 2.1 and Theorem 2.5, we see

Tu, v)=(V u, 8v)—(V,du, v)— p(u, i(ng)v)
=(u,— V30 +8V,v— pi(n)v)
=(u, Dv—(n— p—1)i(n)v— pi(y)v)
=(u, Dv)— (n—1)(u, i(9)v).

This is the required result.

3. C-Killing forms. Let M" be an n-dimensional Sasakian space. We call
a 1-form £ of M" to be C-Killing if it satisfies

G 1) $E=0,

@G 2 0(E)(gru—mn,) =0.
Clearly the 1-form 7 is C-Killing. The vector space of all vector fields identified
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with C-Killing forms is a Lie algebra. Especially we call a C-Killing form £
such that

(3. 3) & = i(n)€ =const.

to be special C-Killing. 7 is a special C-Killing form. A Killing form which
is at the same time a special C-Killing form is of the type £, £ =const.

LEMMA 3.1. In a Sasakian space, we have for a C-Killing form
(3. 4 V.E =0,
(3. 5) 6 = 0.

PROOF. The equation (3.2) can be expressed as
3. 6) Viut Vubr =28(@an,+ @) + VaE '+ V. m.
Transvecting (3.6) with ¢*, we obtain
B=—V.£,

hence (3.4) follows by virtue of (3.1). Next transvecting (3.6) with 2", we
have

WAVAEP + ¢plfk = (VUE’)'”;) =0

which means 6(n)& =0.
Let £ be a special C-Killing form. Then by virtue of (3.3) and (3.6) it
satisfies

3.7 Vau+ V. E =28 P+ @oum) -
Conversely, we show that (3.7) is a suofficient condition for a 1-form £ to be

special C-Killing, in a compact case. Evidently (3.1) follows from (3.7). Differ-
entiating (3.7) by V*, we have :

3. 8 VINEu+ RiE, = —2DEn,+ 20 n,— 28,4201 £

LEMMA 3.2. In a compact Sasakian space, for a l-form § satisfying
(38.7) the scalar £ =i(n)E is a constant function,
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PROOF. Calculating the Laplacian of &, we have by virtue of (3.8)

VAAE =V VaE, +2DE—(n—1)E
=—(n—1)§ — 2DE +2nE — 28 +2Dg — (n—1)§’
=0.

Therefore if M™ is compact, £ must be constant.

From this Lemma 3.2, we see that the form & having the property (3.7)
also satisfies (3.6), and therefore it is a C-Killing form. Again from Lemma
3.2 it must be special C-Killing. Thus we proved the following

THEOREM 3.3. A 1-form & on a compact Sasakian space is stecial
C-Killing if and only if it satisfies the relation (3.7).

Next we consider the relation between C-Killing and special C-Killing
forms. Then

THEOREM 3.4. For a C-Killing form & on a Sasakian space, a 1-form
¢ defined by ¢=E—E7 (' =i(n)€) is special C-Killing. Conversely for a special
C-Killing form ¢ and a scalar function f, a 1-form & defined by E={+fy
is C-Killing if and only if Vqf=0.

PROOF. The first half. Since ¢ =i(9)¢=0, (3.6) coincides with (3.7) for ¢,
hence we have only to show that { satisfies (3.7). Calculating directly, we
get

Vi, + Viubr = Vb + ViEr— Vi~V Em—Epn—Epa
= pr(¢pl"h+7’pu7h)
= 2§P(¢P7"7u+‘p9;1"77t)-

For the latter half, we look for the condition that the 1-form f7 to be C-
Killing, and get

3(fm)=—V.f,
0(fn)(gru—mn.) =0.

Therefore if the 1-form £ is C-Killing, then V,f=0, and the converse is
true.

4. Special C-Killing forms. In this section, we show that a C-harmonic
plorm (p= (n—1)/2) is invariant by a C-Killing form in a compact Sasakian
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space. Let £ be a special C-Killing form. Then we have from (3.8) and (3.5)
4. 1) VAIVAEL + RyEP=—2(DE—(n + 1)E )n.—4E,,

where we put £ =i(n)£. Differentiating (3.7) by V, and adding cyclicly with
respect to the subscript A, g, », we have

(4 2) VAV;LEU ZR;wlege + nk(vugp¢pu — vvgpg}t)ﬂ) + 77#( VA£p¢pv - VV‘EP¢PA)
+9,(Va§ Do+ V. E p‘Ppl) +2¢ P(%ﬁ‘f’#v + ¢pﬂ¢7w)

+2¢ ’!/Mt"?v + 2("]”7#5 v "h%‘f A "'lh"?vf M) >

which will be used in the proof of Lemma 4.2.
By virtue of (2.8) and (3.5) we obtain

Then making use of (3.7), we have
(dg)lﬂ = VA(¢1IPEP)_ vu(?’lp‘fp)

= (nhgﬂ_nﬂgl)_l_((;'ﬁvpgy——¢ﬁ,v‘;€h)
= (e +TE) .

Thus we can get
4. 3) dE = e(n)E+TE.

LEMMA 4.1. In a compact Sasakian space, for any l-form satisfying
E'=i(n)f= constant we have

49 TE, e(n§) = — (e(E, e(n)) .

PROOF. In a Sasakian space, for any p-form u the following

(4. 5) Ti(pu + i(Tu = — pu + e(pi(nu

holds good. In fact, owing to (2.2) we have

Vi(nu + ilu = di(n)V u—V,di(n)u—(p—1L)e(n)i(n)u
+ i(d N u— N i(n)du— pi(n)e(n)u
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= 0(n)V u—,0(nu—pu + e(n)i(n)u
=— pu + e(n)i(nu,

since Vv, commutes with #(s) and 6(). Hence it follows for a 1-form £

ek, I'y) = (&, i(nT'§)
= (§, —Ti(n§ —&+e(n)i(né)
= (&, —Ti(n)§ —i(n)e(n)€)
= (£, TE") —(en)E, e(n)é).

If £ is constant, then we have I't’=0. This proves the lemma.

LEMMA 4.2. In a compact Sasakian space, we have for a special C-
Killing form &

(4' 6) (FE’ I’f) = (e("?)‘f, 6(77)5) .

PROOF. Calculating DI'é for a special C-Killing form £, we first see
from (4.2)

1 Ve Vebr =— E+Em,
PV Ve = (P Ror + (n + 2)pp)E".
Then making use of these relations and (4.1) we have
(Dré), = 9PV (@s"Vcbr—Pi" Vo)
=— VPV + 'V, Vokr— DEm + @1V o= @iy ko
=— VPV, E2—Ry,E*—DEm—(n + 2)Ex + 2n + 1)Em
= Dém—Em—(n—2)é.

On the other hand, since T'¢' =0 for a special C-Killing form &, we have by
virtue of (2.13)

) (DE, £)—(n—1)(¢, £)=0.

Integrating #(§)(DT§) on M", we have
(¢, Dre) = (&, DE)— (&, E)—(n—2)&, §)
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= —(n—2)(e(n&, e(n)§) .

Taking account of (2.13) again and considering Lemma 4.1, it follows that

(TE, TE)=(€, DI'E)—(n—1)(e(n)§, ')
= —(n—2)(e(), e(nk) + (n—1)(e(n)&, e(n§)
=(e(n)t, e(n)§) ,

and the lemma is proved.

THEOREM 4.3. In a compact Sasakian space, £ =DE is a closed 1-form
for any C-Killing form &.

PROOF. By virtue of Theorem 3.4, a 1-form {=§£—£'y is a special C-Killing
form for a C-Killing form £ Moreover the relation

DE = D

holds good. Therefore it is sufficient to prove the theorem for a special C-
Killing form £ From (4.3), (4.4) and (4.6), we have

(dE, dE)=(T¢,T§) + 2T, e(n)§) + (e(n, e(n))
=(e(né, e(n)€) —2(e(nk, e(m¥) + (e(n&, e(n)€)
=0,

which shows dg =0.

From this Theorem 4.3 and (4.3), we have for a special C-Killing form §
(4. 8) VAE,=V.Ex,
4 8) TE= —e(n)t -

Making use of (4.8), (4.2) becomes a simpler form as follows.

COROLLARY 4.4. In a compact Sasakian space, we have for a special
C-Killing form &

(4.10) VaV o =Ryun®E,—2N0E iy + 28 @or P + Ppuprs)-

COROLLARY 45. In a compact Sasakian space, dt is hybrid for a
special C-Killing form §, that is, d§ satisfies the relations
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7(@dHn=0, PP (dE)pe=(dE

PROOF. Since i(n)d& =60(n)E—di(n)E=0, the first relation is evident. Next,
(4.9) is written explicitely as follows

PN b u— @l Er=—mE, + nka .

Transvecting it with @}, we have

<P7LP<P;LUVGE p= (vnf r— Vi€ u)/ 2.

Exchanging the indices N and p in this relation, and subtracting them, we
get

¢7tp¢ua(vd§p - foo) =V, b1— Vi€,

This is equivalent to

¢;f¢,f(d§ )pa :(d‘f M+
LEMMA 4.6. In a Sasakian space, we have for a 1-form &
(4.11) i(E)L—Li(§)=—2e%), E=PE,
(412) i(EA=AL(E), i(nAs=NAg(n).

PROOF. For any p-form u=(u,.a,), we have

i
——12'- (Z(E)Lu)xoap =§"(¢mul,...1ﬁ-— Z g),htull...;‘,...x,— z PrrUhn,ceeed,

. _ _ P
+ Z ¢7L,A,uk1.--5-~-%q---7t,) = _(EAouAl...Ap - Z Ex‘u;h...i,,...lp)

i<j i

J J
+ (P E oy r, — > P Uory R rer, — > P E Uarg R,

j=2 iz

+3 P Uty ien,) = — (€E) W, + %(Li(g)u)ﬁo”‘hf

2<i<j

(4.12) is evident.

LEMMA 4.7. In a Sasakian space, we have for a 1-form §
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(4.13) AiE)—iE) A =dAs—Ad + 86(£)—6(5)3 -

This is easily obtained from (1.8).

LEMMA 4.8. In a compact Sasakian space, we have for a special C-
Killing form & and for any p-form u,

(4.14) (36(8) —0(E)d)u=2e(E) \u + 2i(E)i(n)du—2di(E)u’

+ 48V +2(DE—(n—1)EN
where we put —E_=¢f, g =i(nk, v =i(pu,

PROOF. (4.14) is a result of a little complicated but straightforward
calculation. We sketch the outline. For a p-form u=(uy,...1,), we have

(BG(E)u);L,...A, =— V"(E"V,u,,l,...%-i- NV oEUgny. i, + Z Vl'f"u,,lz,,.z...lp)

i=2

=A+B+C+ D,

where we put

A=—(VPE + VE)V tory.n,s

B=— vapfvuﬂ,...x,, C=— Z V"V;\jf”up;h...é...;\,,

jz2

D= -8V tup,.r, — > ij«favpvpux,...i..A,-

Jj=2
Taking account of (3.7), we have
A= =25 (@l + @)V thorya,
= Z(i(g—)vﬂu)hr"ln + 2?ﬂpvcruphg. . .Ap
=2(Z(E_) Vﬂu);\,...;\, + Z?Vpu;,...;\, + Zf'u'h...;\p - ZEUZJVA, A

Ly .}

and from (4.1) we obtain

B =R‘;§"u,z,...1, + Z(DE —(n+ 1)5')u Aeed, T 4&”1101,...1“.

By virtue of Corollary 4.4 and (4.8), C can be calculated as
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— J
C= - Z {RA}UPEEE - 2 Vpgl,no + 257(¢Tp¢h,a' + ¢Tl)¢pu)} u"i,...;...A,

jzz

7 _ .
= Z R’i‘;e feupl,-ua---l,, +2 Z flj¢wu9h...¢i..]{y

jz2 iz2

iz

=3 RO bty b, + 2N, 2, + 2diE)d )1y,

=2

+ 2 (E)i()du)y..a, — 26 E)V W)y, + 207 PV gl

Lastly applying the Ricci’s identity, we get

D= —f"(V.,V"u,,M...;\,+R§ud,...ﬂ,,— Z R"gnfuph...é...;\”)-i- Z VA,E”(Su);\,...?,j...A,

Jj=i Jj=2

= (e(E)St)n,nnr, —E Rtern,— 3 ER®\ Tty B, -

j=2

Adding these four relations, we can obtain (4.14).

Let u be a C-harmonic pform (p=(n—1)/2), and £ be a special C-Killing
form. Suppose that our Sasakian space is compact. Then by virtue of Prop-
osition 1.1 and (4.14) we have

(86(8)—0(E)8)u = 2e(¥)Au.
Taking account of Proposition 1.3 and Lemma 4.6, we get
i) Au = i(E)LAu = Li(§)Au—2e(§)Au
= LAi(§)u—2e(E)Au.

Since

(4.15) Si(E)u = Aju — 1(§)e(n)Au
= Au—EAu + e(n)i(E)Au

is valid and £ is constant, we have
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G, dAu) = Bi(E)u, Awu)
=(Agtt, Astd) —E (Aut, A,
Hence it follows from (4.13) that
@&, AiE) = ((Eyu, i(E) Aw) + (Eu, dAu) + ((E)u, 2e(E)Au)
= (Ai(B)u, () + (Mgty Agre) — E (Aat, M) .
On the other hand, Au is also C-harmonic from Proposition 1.2 and therefore
dAu =0, i(pAu=0
hold good. Hence we have
(Au, M) = (Au, 8i(E)u + i(§)e(n)Aw)
= (Au, £ Au—e(n)i(E)An) = E (Au, Au).
Using this relation and (4.15), it follows that
(Bi(E)u, 8i(E)u) = (Agu, Age) + E*(Au, Au)+ (Ai(E)u, Ni(E)u) —2E (Au, Agu)
=(Ag, Ar) +(Ai(E)u, Ai(E)u)—E (Au, Awu) .

Therefore we can obtain

@[(©u, Ai(E)u)=®i(E)u, di(E)u),

which shows that di(§)u=0. Hence we have 6(£&)u=0.
For an arbitrary scalar function f, the Lie derivative of any C-harmonic
pform u (p= (n—1)/2) with respect to f7 vanishes. In fact, we have

O(fmu=10(m)u + e(df )i(pu=0,

if p= (n—1)/2. Taking account of Theorem 3.4, we decompose a C-Killing
form £ as the sum of a special C-Killing form ¢ and £% Then we have

6(E)u=0()u + 6§ nu=0
for any C-harmonic p-form u. Consequently we attained to the following

THEOREM 4.9. In a compact n-dimensional Sasakian space, let u be a
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C-harmonic p form (p= (n—1)/2) and & be a C-Killing form, then we have

6()u = 0.

Especially, a harmonic p-form (p=(n—1)/2) is C-harmonic in compact
case. Further the fundamental 2-form d# is C-harmonic. Thus we have the
following corollaries.

COROLLARY 4.10. Let u be a harmonic p-form (p= (n—1)/2) and & be
a C-Killing form. Then we have

0Eu =0.
COROLLARY 4.11. Let & be a C-Killing form. Then it satisfies
6(&)dy = 0.

5. Regular Sasakian structure. We consider the meaning of C-Killing
forms on a compact Sasakian space which has regular structure. Let (M", p,
B""') be a fibration of Boothby-Wang, where B""'=M"/(5) is the base space
and p: M"— B*! is the projection. We denote by W,V the covariant
differentiations with respect to the Riemann metric ¢a, on M" and ¢',," on
B*! defined naturally by ¢i,. We fix a point x € M" and set y=p(x). Taking

Jocal coordinates systems (x*) and (y®) arround = and y, we represent the
projection mapping as

yu. :_Pa(xl’...’xn).

We put p=0p"/0x", and u=pru=(u,.a,) for a p-form u=(u,,...,) on B*~*.
Then we know that the following relation

(5. 1) Vot = Piie + P20V harea,— 2 (PP A+ AL b,
7

is valid [4]. Applying (5.1) to a 1-form u,, we have
6. 2) V= pap'uN sita—(@fm + ¢;€7;,,)z7,,.

Now suppose that the 1-form #, is a Killing form on B"~'. Then (5.2)
shows

1) The Latin indices a,b,..., run from 1 to n-1.
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Vwtia+ Vs, = p20°u(V sty + V stta) — 2@t + @ m)

=2u(Por1)u+ Pputn) -

Thus the form w=p*u satisfies (3.7) and as the space is compact, u is
a special C-Killing form.

.Conversely we consider a C-Killing form & which satisfies i(n)£=0. Since
6(n)Er=0 from Lemma 3.1, there exists a 1-form z on B"~! such that £=p*u.
Then we have by virtue of (3.7) and (5.2)

buPah(vt’Lub + vgua) = vufh + Vi — 2?(?’47”7# + %;»m)
=0.

Therefore we see
Vit + Vouy =0,

which shows that u, is a Killing form on B*~!. Thus we have the following

THEOREM 5.1. Let M" be a compact regular Sasakian space, and B
be the base space of the fibration of Boothby-Wang. Then the vector space
of Killing 1-forms on B"™ is isomorphic to the vectcr space of C-Killing
forms on M"* which are orthogonal to 1.
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