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1. Introduction. Let X be a Banach space and let [T(ξ) ξ ^ 0} be a
family of (nonlinear) operators from X into itself satisfying the following
conditions :

( i ) T(0) - /(the identity) and T(ξ + η) = T(ξ) T(η) for ξ, η ^ 0.
(ii) For each x € X, T(ξ)x is strongly continuous in ξ g: 0.
We call such a family [T(ξ); ξ Ξg 0} simply a nonlinear semi-group. If

there is a non-negative constant c such that
(iii) \\T(ξ)x - T(ξ)y\\ ^ ecξ \\x-y\\ for x, y € X and f ^ 0,

then a nonlinear semi-group {T(f) ^ ^ 0} is said to be of local type. (In
particular, if c — 0, it is called a nonlinear contraction semi-groups We
define the infinitesimal generator Ao of a nonlinear semi-group [T(ξ) ^ ^ 0}
by

(1.1) Aox = lim δ-^TCδ) - I)x

and the -weak infinitesimal generator A' by

(1.2) A'x = w-lim δ-
δo

if the right sides exist. (The notation "lim" ("w-lim") means the strong
limit (the weak limit) in X.)

REMARK. In case of linear semi-groups, it is well known that the weak
infinitesimal generator coincides with the infinitesimal generator.

H. F. Trotter [9] proved the following convergence theorem of linear
semi-groups.

THEOREM. Let [Tn(ξ); ξ i^0}n=li2t3i... be a sequence of semi-groups {of
linear operators) of class (Co) satisfying the stability condition

\\Tn(ξ)\\ ̂  MO* for ξ ^ 0, n - 1,2,3, ,

where M and ω are independent of n and ξ. Let An be the infinitesimal
generator of [Tn{ξ) ξ ^ 0} and define Ax = lim Anx.
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Suppose that

(a) D(A) (the domain of A) is dense in X,

(b) for some λ > ω, R(X - A) = X (or R(X ~ A) = X)

Then A (or the closure of A) generates a semi-group {T(ξ) ξ ^ 0} of class

(Co); and for each x^X

\imTn(ξ)x = T(ξ)x
n

for ξ §: 0 and the convergence is uniform zυith respect to ξ in every finite
interval.

In this paper we shall study the convergence of nonlinear semi-groups

[Tn(ξ) ξ ^ 0} (n = 1, 2,3, .) of local type with the stability condition

(1.3) \\Tn(ξ)x - Tn(ξ)y\\ ^ e°* \\x-y\\

and we can prove the following (see Theorem 2.1):

"Let An be the infinitesimal generator of {Tn(ξ): ξ^O], and let A be

the weak infinitesimal generator of a semi-group {T(ξ) ξ ^ 0} of local type.

If there exists a dense set Do such that for each x € Do, lim Anx = Ax and

lim AnT(ξ)x = AT(ξ) x for a.a.ξ (with additional conditions Tn(ξ)xe D(An)
n

for a.a. ξ), then for each x £ X,

T(ξ)x=\iτnTn(ξ)x
n

uniformly on every finite interval."

(We note here that we may take \J {T(ξ)x; lim AnT(ξ) x = AT(ξ) x] as

a set D in Theorem 2.1.) In particular if X* (the adjoint space of X) is

uniformly convex, then the Trotter theorem holds good for our nonlinear

case (see Theorem 2.3).

For linear semi-group {T(ξ) ξ ^ 0} of class (Co), it is well known that

T(ξ) x = lim Tδ(ξ) x for x € X, ξ^O,
80+

where A8 = h~\T(S) - I) and {Tδ(ξ) ξ ^ 0} is the semi-group generated by

As. And, in this case, Tδ(ξ)( — exp(ξAδ)) is continuous in ξ Ξ̂  0 with respect

to the uniform operator topology (see [3]). In §4 we shall give similar

results for nonlinear semi-groups of local type.

2. Theorems. The main theorems are as follows.
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THEOREM 2.1. Let {Tn(ξ); |^0}n = 1 2 i 3 >... be a sequence of nonlinear
semi-groups of local type satisfying the stability condition

(2.1) \\Tn(ξ)x - Tn{ξ)y\\^^\\x-y\\

for £ §: 0, n = 1, 2, 3, and x,y £ X, zuhere ω is a non-negative constant
independent of n,x,y, and ξ. Let An be the infinitesimal generator of

{Tn{ξ) ξ ^ 0} and let lim An x = Ax on a set D c f^\D(An).
n n = l

Suppose that
(a) A(defined on D) is a restriction of the weak infinitesimal generator

of some nonlinear semi-group [T(ξ) ξ^0} such that for any β>0, {T(ξ)
0 ^ ξ ^ β] is equi-Lipschitz continuous on every bounded set,

(b) there exists a set D0(zD such that for each x £ Do

(bθ for each n, Ί\{ξ) x € D(An) for a.a. ξ ^ 0,

(b2) T(ξ)x^D for a.a. ξ^O.

Then for each x £ Do (the strong closure of Do) we have

(2. 2) T(ξ) x = lim Tn(ξ) x for each ξ ^ 0,
n

and the convergence is uniform with respect to ξ in every finite interval.

REMARKS 1. If for any bounded set B there is a positive constant MB

such that \\T(ξ)x- T(ξ)y\\^MB\\x-y\\ for£s[0,/9] and x,yzB, then the
family [T(ξ) 0 ^ ξ ^ β} is said to be equi-Lipschitz continuous on every
bounded set.

2. The above theorem remains true even if the conditions "D c f~\ D(An)"
71 = 1

and (bθ are replaced by u O c Q / ^ D ( A n ) " and the following (b[\
k=l n=k

respectively.
(b;) For sufficiently large n, Tn(ξ) x € D(An) for a. a. ξ ^ 0.

The proof is given in §3.

In the above theorem, if X is a reflexive Banach space and DΌD(A0),

where Ao is the infinitesimal generator of {T(ξ) ξ §: 0} in the assumption
(a), then the assumption (b) is automatically satisfied by taking D0 = D.
In fact, if x € D, then x € D(A') and x € D(An), where A is the weak
infinitesimal generator of [T(ξ) £Ξ>0} and hence T(ξ)x and Tn(ξ)x are
strongly absolutely continuous on every finite interval (see the proof of
Lemma 3.3). Thus the reflexivility of X shows that T(ξ) x and Tn(ξ) x are



224 I.MIYADERA

strongly differentiable at a.a. ξ ^ 0 (for example, see Y. Kόmura [5]), so that
the semi-group property (i) (in §1) implies

Tn{ξ)xzD{An) for a. a. ξ^O

and

T(ξ) x € D(A0) c D for a. a. f ^ 0.

Thus we have the following

THEOREM 2.2. Let {Tn(ξ) £ ̂  0}n=li2i3i... fe <z sequence of nonlinear
semi-groups in Theorem 2.1 defined on a reflexive Banach space X, and let
An be the infinitesimal generator of {Tn(ξ);ξ^0} and assume lim Anx — Ax

n

on a set D.

If the condition (a) in Theorem 2.1 is satisfied and D^D(A0) (i.e.,

Q), then for each x £ D ° we have

T(ξ) x = lim Tn(ξ) x for all ξ^O,
n

and the convergence is uniform zvith respect to ξ in every finite interval.

T.Kato proved a generation theorem of nonlinear contraction semi-groups
defined on a Banach space such that the adjoint space is uniformly convex
(see T.Kato [4] and F. E. Browder [1]), and his result has been extended to
some class of nonlinear semi-groups (which contains semi-groups of local
type) by S.Oharu [8]. Using Oharu's result, we can prove the following

THEOREM 2.3. Let the adjoint space X* of X be a uniformly convex
Banach space. Let [Tn(ξ) ξ^iθ}n=lt2t3t... be a sequence of nonlinear semi-groups
in Theorem 2.1, and let An be the infinitesimal generator of [Tn(ξ) ξ ^ 0}
and define Ax — lim Anx.

n

Suppose that
(a') D(A) (the domain of A) is dense in X,
(V) for some h0 * (0,1/ω), R(l-h0A) = X.

Then A is the weak infinitesimal generator of a nonlinear semi-group [T(ξ);
ξ Ξg 0} of local type and for each x^X

( * ) T(ξ) x = lim Tn(ξ) x for all ξ g: 0,
n

and the convergence is uniform zvith respect to ξ in every finite interval.

1) It is easy to see that D =
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REMARK. If we omit the condition (a'), then A is the weak infinitesimal

generator of a nonlinear semi-group {T(ξ) ξ g: 0} of local type denned on

D(Λ) and the convergence (#) holds on ~D(A).

PROOF. If we can prove the following

Γ the limit operator A is the weak infinitesimal generator of a
( 2 3 ) nonlinear semi-group' [T(ξ) ξ ^ 0} such that for any β > 0, {Γ(£)

I 0 = £ = β} is equi-Lipschitz continuous on every bounded set,

then the convergence (*) follows from Theorem 2.2 by taking D=D(A)
because X is reflexive with X*9 and the convergence implies

for ξ^0,x,yzX.
We shall now prove (2.3). Let x and y be elements in D(A). By Lemma

3.1, for each n, we have

Re(Anx — Any,f) < ω\\x — vll2

for f=F(x—y), where F denotes the duality map from X into X*. Letting
n —> oo

(2. 4) Re(Ax - Ay,f) ^ ω\\x - y\\>

This means that B = A — ω is a dissipative ( i . e . , R e ( ϋ r — By,f) :g 0).
And the assumption (b') implies

R(l - Ao(l ~ hoω)-ιB) = X,

so that R(l - 8B) = X for all ^ > 0 (see S. Oharu [7], Y. Kόmura [5],
T.Kato [4]). This leads

(2. 5) RίX -hA) = X for all h € (0,1/ω).

Let h ̂  (0,1/ω). Since ||x - 3 ; - h(Ax - Ay)\\\\x -y\\ ^Re(^r -y - h{Ax - Ay),
f) - \\x-y\V - h Re{Ax - Ay9f)Ml - hω)\\x -y\\\x9y* D(A),f=F(x-y))
by (2.4), we obtain

\x-y- KAx - Ay)\\ ̂ ( 1 - hω)\\x -y\\
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for each x,y € D(A). Consequently

(2. 6) for each h £ (0, 1/ω), (1 - hA)~ι exists on X.

Now (2.3) follows from Oharu's results ([8; Theorems 4.1 and 4. 2]).2> Q.E.D.

3. Proof of Theorem 2.1. We start from the following

LEMMA 3.1 If [T(ξ) ξ ^ 0} is a nonlinear semi-group of local type

with \\T(ξ)x-T(ξ)y\\^eωξ\\x-y\\(ξ^O,x,yzX), and if A is its weak

infinitesimal generator, then for each x,y £ D(A') we have

for any f e F(x — y), where F is the duality map from X into X*.

PROOF. Let x,y<ί D(A'), and let /e F(x - y).

Re (ξ-1[T(ξ)x - x \ - ξ-1[T(ξ)y -y ],/)

= ξ->Re(T(ξ)x - T(ξ)y,f) --f-ReC* - y,f)

^ξ-1\\T(ξ)x-T(ξ)y\\\\x-y\\-ξ-t\\x-yΓ

^ξ-Ke°t-l)\\x-yr.

Letting ξ —• 0 + , we get

Re(A\r - A'y,f) ^ ω\\x - y\\2.

Q. E .D.

LEMMA 3.2 (T.Kato [4]). Let x(ξ) be an X-valued function on an

interval of real numbers. Suppose x(ξ) has a weak derivative x'(η) £ X at

ξ = η and ||^(^)|| is differentiate at ξ = η. Then

for any f z F(x(η)).

LEMMA 3.3. Let [T(ξ); ξ §Ξ 0} be a nonlinear semi-group with the

2) We note that (2. 4) implies the condition (S) in his theorem.
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weak infinitesimal generator A\ and let for any β > 0 the family {T(ξ)
0 ^ ξ ̂  β} be equi-Lipschitz continuous on every bounded set. If xz D(A')
and T(ξ) x € D(A') for a.a. ξ ̂  0, then AT(ξ) x is strongly measurable and
essentially bounded (and hence, Bochner integrable) on every finite interval,
and

T(ξ) x - x = [ A'T(η)xdη for all ξ^O.
Jo

Consequently T(ξ) x is strongly differentiable at a.a. ξ and

(d/dξ) T(ξ) x = A'T(ξ) x for a. a. ξ §: 0.

PROOF. Let β > 0 be an arbitrary given. If we put

B= {T(ξ)x;0^ξ^l} aαd K = supi'ι\\T(β)x - x\\9

δ

then ΰ i s a bounded set and K is finite. Since the family {T(ξ) 0 ̂  ξ^ β}
is equi-Lipschitz continuous on B, there exists a constant MB such that

\\T(ξ)y-T(ξ)z\\^Ms\\y-z\\

for all y, z <= B and ξ e [0, β]. Therefore, for 0 ̂  ξ ̂  β and O ^ ί ^ l , we have

(3.1)

This shows that T(ξ) x is strongly absolutely continuous on [0, β\. Since
T{ξ) x e D(A') for a. a. ξ ̂  0,

K ' \ =w-\imZ-KT(ξ+ δ)x-T(ξ)x)
I δ->0+

for a.a. ξ ̂  0 hence A'T(ξ) x is strongly measurable (for example, see [3,
Theorem 3. 5. 4]). By (3.1) and (3. 2)

II A'T(ξ) x\\ ̂ MBK for a.a. fζ [0, £],

so that A'T(ξ)x is essentially bounded on [0, β]. Consequently A'T(ξ)x is
Bochner integrable on [0, β].

Let / Ξ X * Since (T(ξ)x,f) (=f(T(ξ)x)) is absolutely continuous on
[0,/β], (T(ξ)x,f) is differentiable at a.a. ̂ [0,/3] and
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OXξ) X,f) -(.*,/) = f 4-Jβ dη

for any ξ <= [0, β\. Moreover it follows from (3. 2) that

d
dξ

for a. a. f <Ξ [0,/S]. Thus the above equalities and the Bochner integrability of
A'T(ξ) x on [0, β] show that

,/) - (*,/) = Γ (AT( )̂ α:,

e'T(η)x dηj)

for all ξ € [0,/S]. Hence we get

Ί\ξ) x - x = ί A'Ί\η) x dη for all ξ € [0, β]
Jo

and (d/dξ)T(ξ) x=A'ΊXξ) x for a.a. ξ € [0, £].

Q.E.D.

LEMMA 3.4. Under the assumptions of Theorem 2.1, for each xzDQ

-we have the following :

,o o\ I AT(ξ)x is strongly measurable and essentially bounded on every
I finite interval.

(3.4) Ί\ξ)x- x = J AT(η)xdv for all ξ ^ 0
0

and (d/dξ)T(ξ) x=AT(ξ) x for a.a.ξ ^ 0.

(3.5) Tn(ξ) x - x = I AnTn(η) xdη for all ξ ^ 0
Jo

and {did ξ)Tn(g) x = AnTn(ξ) x for a.a. ξ ^ 0.

PROOF. If we denote the weak infinitesimal generator of {T(ξ) ξ ^ 0}
by A\ then the condition (a) is as follows
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(3. 6) ΰ c D(A') and Ax=Ax for xzD.

Let x € Do. By (3. 6) and (b2)

x € DCA'), T(f) x ^ D(A) and A'7\f) x = AT(ξ) x

for a .a .£^0. Therefore it follows from Lemma 3.3 that AT(ξ)x (=A'T(ξ)x

a.a.) is strongly measurable and essentially bounded on every finite interval,

and

Γξ

T(ξ)x- x = AT(η)x dη for all ξ ^ 0,

(έί/έ/ f)T(|) x = AT(ξ) x for a.a. ξ^O.

We remark that for any β > 0, {Tn(f) 0 ̂  f ^ θ} is equi-Lipschitz
continuous on X, because it is of local type. Since x e D(An) and Tn(ξ)x
€ D(An) for a.a. ξ ^ 0 (see M(&0), (3. 5) also follows from Lemma 3. 3.

Q.E.D.

PROOF OF T H E O R E 2.1. Let xz DQ and put

(3.7) zn(ξ) = Tn(ξ)x-T(ξ)x.

By Lemma 3.4

Zn{ξ) = (AnTn(η) X - AT(η) X) dη,

and each zn(ξ) has the strong derivative

zn(ξ) = AnTn(ξ) x - AT(ξ) x for a.a. ξ g: 0;

moreover each ||2:n(f)|| is differentiable at a.a. ξ ^ 0 since ||2W(£)II is absolutely
continuous in ξ ^ 0. Therefore it follows from Lemma 3.2 that for a.a. ξ ^ 0

l{d/dξ)\\zn{ξ)\\] = Re(zn(ξ),f()
=Re(AnTn(ξ)x-AT(ξ)x,fs)

for every / f 6 F(zn(ξ)). And
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(3 9) \\zn(ξψ = f {d/dη)\\zn(ηψdη = 2 / \\Zn(v)\\ l(d/dη)\\zn(η)\\] dη
JQ 0

for all ξ^O.
Let /3 > 0 be arbitrarily given. We shall show that the sequence

{hn(ξ)\\ Kd/dξ)\\zn(ξ)\\]} is uniformly (essentially) bounded on [0,5]. Put

2^ = ess sup \\AΊ\ξ)x\\ « cχ>)

(see(3.3)). Since \\AnTn(ξ)x\\ = lim\\Z'\Tn(ξ+ h)x -Tn(ξ)x)\\ fZ β-*lim8->||T.(8)x

— x\\ = efύξ\\Anx\\(μ.ai. ξ) and since \ΊmAnχ — Ax, there is a constant K2

n

independent of n such that

ess sup \\AnTn(ξ)x\\^K2.

Consequently, for all n, we get

ess sup \\zn{ξ)\\ - ess sup \\AnTn{ξ)x - AT^xW^K, + K

and

(3.10) \\zn(ξ)\\ ^ f \\AnTn(η) x - AT(n)x\\dn =g {K, + Kt) β

for every ξ e [0, β\. Hence by (3. 8)

,

for a*. £ 6 [0,0]; so that {||«.(f)|| [(<*/<* £)||*.(f)||]} is uniformly (essentially)
bounded on [0,0]. Thus by the Lebegue convergence theorem

lim sup ||zn(f)||2 = lim sup 2 I ||«»(»?) || [{d/dη)\\zn{η)\\] dη
(3.11) J — — Λ

^ 2 1 lim sup \\zn(η)\\ [(d/dη)\\zn(fj)\\]dη

for all ξ €[0,/9].
Since 1\ξ)x e D c D(An) and T n ( f)χ€D(A n ) for a.a.f, it follows from
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Lemma 3.1 that for a.a. ξ §: 0

(3.12) R<AnTn{ξ)x - AnT{ξ) x, f() ^ ω\\zn{ξ)V

for every f( e F(zn(ξ)). Combining this with (3. 8), for a.a. ξ <£ [0, β]

\\zn(ξ)\\ [(d/dξ)\\zn(ξ)\\] ^ Re(AnT(ξ) x - AT(ξ) x,f() + ω\\zn{ξ)\\2

^ \\AnT(ξ)x - AT(ξ)x\\ \\zn(ξ)\\ + ω\\zn(ξ)V

^ (X, + ^2)/9|| AnT{ξ) x- AT(ξ)x\\ + ω\\zn(ξψ (see (3.10))

and hence

(3.13) lira sup ||*n(f)|| l(d/dξ)\\zn(ξ)U ^ « ϋm sup ||zn(

for a.a. ξ £ [0, £]. If we put

for ξe[0,β}9

then 0 ^ g(ξ) ^ (K, + K2)
2β2 on [0, β] (see (3.10)), and from (3.11) and (3.13)

we obtain

0

for every ξz[O,β]. It is easy to see that the above inequality implies g(ξ) = 0
for ξ € [0, $]. Thus we get

lim \\Tn(ξ)x- T(ξ)x\\(= lim \\zn(ξ)\\) - 0
n n

for all f̂  [0, β]. We shall show that the above convergence is uniform. Since

= J o

(see (3. 8) and (3.9)),

sup ||2;w(|)||2 ^ 2 1 II2 n(^)|| ||2nθ7)|| dη-*0
j 0

as w-> oo, because the integrand converges boundedly to zero. Thus the
theorem holds for x € Do.
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Finally let xzD0. There is a sequence {xk} (xk^D0) such that li

Now

\\Tn{ξ)x- T{ξ)x\\ ^ \\Tn{g)x - Tn(ξ)xk\\

+ \\Tn(g)xk - T(ξ)xk\\ + ]\T(ξ)xk - Ί\ξ)x\\

rg **\\x - xk\\ + ||ΓΛ(f) xk - T{ξ) xk\\ + MB\\xk - x\\

for ξz[O,β]. (Note there is a constant M* such that \\T(ξ)xk - T(ξ)x\\
ĝ MB\\xk — x|| for ξ £ [0, /3] and k, since the set β = [x , ̂ ! , x2 , — } is

bounded and the family {T(ξ) 0 ̂  f ^ β] is equi-Lipschitz continuous on
bounded set.) Hence we get

\\m\\Tn{ξ)x-T{ξ)x\\=0
n

uniformly on [0, β\.

Q. E. D.

4. Approximation of semi-groups. Let [T(ξ) ξ ^ 0} be a nonlinear
semi-group of local type with \\T(ξ)x — T(ξ)y\\ ^eωξ\\x — y\\, and let Ao be
its infinitesimal generator, and put

Aδ = S-^TCδ) - /) for δ > 0.

THEOREM 4.1. I. Each Aδ is the infinitesimal generator of a semi-group
[Tδ(ξ) ξ g: 0} q/* /oĉ Z ί y ^ satisfying the following conditions :

(a ) For each x z X, Tβ(f) x € C([0, oo) X)3> and

{did ξ)Tδ(£) x = AδTδ(ξ) x for all ξ^0.

(b) For each ξ^0

sup\\Tδ(ξ + h)x-Tδ(ξ + h)y-(Tδ(ξ)x-Ί\(ξ)y)\\/\\x-y\\^0 as λ-0.

II. Suppose that

(A V) ί there exists a set Do such that Do c D(AQ) and for any x £ Do,
^ ' ; L T(ξ) x € D(AQ) for a.a. ξ^0.

3) (^([O, oo);X) denotes the set of all strongly continuously differentiable X-valued functions
defined on [0, oo).



ON THE CONVERGENCE OF NONLINEAR SEMI-GROUPS 233

Then for each x £ Do we have

(4. 2) T(ξ) x = lim Tδ(ξ) x for all £ g: 0,

and the convergence is uniform with respect to ξ in every finite interval.

REMARK. In case of nonlinear contraction semi-groups, the theorem
has been proved by the author [6] (see also J. R. Dorroh [2]).

If X is a reflexive Banach space, then the assumption (4. 1) is satisfied
by taking D0 = D(A0). (For, if x € D(A0), then T(ξ)x is strongly absolutely
continuous on every finite interval. It follows from the reflexivility of X that
T(ξ)x is strongly differentiate at a.a. ξ and a fortiori T(ξ)x <= D(A0) for
a.a. ζ ^ 0.) Thus we have the following

COROLLARY 4.2. // {T(ξ) ξ Ξg 0} is a nonlinear semi-group of local

type defined on a reflexive Banach space, then for each x <Ξ D(A0)

T(ξ) x = lim Tδ(ξ) for all ξ^O,
δ-*0+

and the convergence is uniform with respect to ξ in every finite interval.

We shall now prove Theorem 4.1.

PROOF. I. Fix δ > 0. Since the map x—>Aδx is Lipschitz continuous,
uniformly i n x e X (in fact, \\A*x - Aδy\\ ^ 8"1(e^+ 1)||Λ; — y\\ for x,y z X),
the equation

(d/dξ)u(ξ; x) - Aδu(ξ; x) for ξ ^ 0

u(0 x) = x

has a unique solution u(ξ x) € O([0, oo) X) for any x £ X. If we define Tδ(ξ)
by

Tδ(£) x = u(ξ x) for ξ ^ 0, x z X,

then [Tδ(ξ) ξ ^ 0} is a nonlinear semi-group satisfying the condition (a) and
its infinitesimal generator is Aδ.

We shall now prove that [Tδ{ξ) ξ ^ 0} is of local type. Fix x, y € X
and put
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Clearly z(ξ) e C'([0, oo) X) and

Since \\z(ξ)\\ is absolutely continuous, \\z(ξ)\\ is differentiable at a.a.
By Lemma 3. 2, for a.a. ξ g: 0

for every / { € i^2(f)). Note that for each u, v & X

Re(Asu - Aδv, f) ^ 8-(e-»-l) ||« - f||2

for all / e 2̂ w — v). Hence

||2(|OII [{d/dξ) \\z{ξ)\\] ^ cs\\z(ξW for a.a. ξ ^ 0,

where cs = δ" '(e ω δ - 1) and

Ό

Ϊl(d/dη) \\z{η)\n dη

= \\z(pW + 2 f \\z(η)\\ {{did η) \\z(η)\\]

\\z(ηψdη

for any ξ S 0. This leads the following inequality

\ + [(2C,) +VΛ!]

for all w and £ ^ 0 . Letting « ^ o o , W e get ||2(f)l|2 =g eCδf||2(0)||2, i.e.,

(4.3) | | Γ δ ( ^ - T 8 ( ^ | | ^ e ή | x - 3 / | | for all ^ ^ 0,

so that {Tδ(ξ) ξ^0} is of local type.
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We shall show (b). Since \A*c - Asy\\ ^ 8"1(e r f+ 1) l|x - y\ for all

\\Ts{ξ + h)x- Tδ(ξ + h)y - (T3(ξ)x - Ts(ξ)y)\\

- || J x -

rξ+h

ίSδ-(e»8+ 1) I f UTa^x - Ts(η)y\\ dη\

^S-χ<~s+ΐ)eCs(ί+W)\\x-y\\ \h\.

Hence we obtain (b).

II. Since cδ = δ " 1 ^ 8 — 1) —> ω as δ —> 0 +, there is a constant c > 0 such
that cδ rg c for 0 < δ ̂  1. Hence by (4. 3) we obtain

(4.4)

for every xyy e X, ξ Ξ> 0 and δ € (0,1].

Let {δn} be a sequence such that δn —> 0 +. Put

TJtξ) = TSπ(ξ) and An = Λ . ( = K\T{K) - I)).

Since lim Aδnx = Aox on D(A0) and D(An) — X, the assumptions in Theorem 2.1
n

are satisfied by taking A = Ao and D = D(A0). Therefore for each x z Do

we have

T(£) x = lim Tδn(ξ) x for each ξ ^ 0,

and the convergence is uniform with respect to ξ in every finite interval.
Q.E.D.
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