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SAMUEL I. GOLDBERG*) AND KENTARO YANO*")

(Received August 11, 1969)

1. Introduction. Consider an m-dimensional differentiable manifold of
class C* on which there is given a framed f-structure [6]. This structure is
said to be normal if a particular almost complex structure of a certain subbundle
of the tangent bundle of M is integrable [3]. In a previous paper, the authors
showed that if m is even an almost complex structure may be defined on M in
terms of the structure tensors of the framed f-structure, and if 7 is odd, an
almost contact structure may similarly be defined [2]. In sections 3 and 4 it
is shown, if the framed structure on M is normal, that in the former case,
the induced almost complex structure is integrable, and in the latter case, the
induced almost contact structure is normal. Thus, the product manifold of any
two normal globally framed manifolds whose dimensions have the same parity
has a complex structure. Sufficient conditions for the normality of the framed
structure in terms of the integrability (normality) of the induced almost complex
(almost contact) structure are also given.

It is well known that the group of automorphisms of a compact complex
manifold is a Lie group [1]. Using this fact, it is easily shown that the
group of automorphisms of a compact normal framed f-structure is a Lie group

[5].

2. Globally framed f-manifolds. Let M be an 7-dimensional differentiable
manifold of class C* on which there is given a linear transformation field f of
class C= satisfying the algebraic condition

2.1) 4+ f=0.

Such a structure on M is called an f-structure of rank r if the rank r of f is
constant on M, and in this case, M is called an f-manifold [6].
If M is an f~manifold we put
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s=—f4 t=f+1,

where I is the identity transformation field. Then,

s+et=1,
st=s, t?=1¢, st=ts=0,
fis=—s, ft=0.

Thus, the operators s and ¢ acting in the tangent space at each point of M
are complementary projection operators defining distributions S and 7" in M
corresponding to s and ¢, respectively. The distribution S is 7-dimensional and
dim T’=m—r. The set of all tangent vectors belonging to the distribution 7°
has a bundle structure, denoted by V (M), which is a subbundle of the tangent
bundle of M of dimension 2m—7. If there are m—r vector fields E, spanning
the distribution 7" at each point of M, and if in addition, there are m—r
linear differential forms 7* satisfying

2.2) n(E,) = &,
(2‘3) f2:_I+7]a®Ea7

where a and b range over the set {l,--:-.,m—7}, the summation convention
being employed here and in the sequel, M is said to be globally framed or
have a framed f-structure and M is then called a globally framed f-manifold
or a framed f-manifold. From (2.2) and (2. 3), one easily obtains

(2. 4) FE.=0, 1n°cf=0.

LEMMA 1. Let M(f, E,,n*) be a globally framed f-manifold. Then,

(a) X (¥) = L )Y) + n*(X, YD),
(b) dn*(Ey, X) = (Le,n")(X) ,
(©) dn*(fX,Y) = (Lyxn)(Y),

where Ly is the operator of Lie derivation with respect to the vector field
X and [X,Y] is the Lie bracket of the vector fields X and Y.

When the subbundle V(M) is endowed with an affine connection v, it
admits a natural almost complex structure. If this almost complex structure is
integrable the framed f-structure on M is said to be normal with respect to
the affine connection v [3].
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For any linear transformation field 2 let [k, h] denote the tensor field of
type (1,2) given by

(2.5) [h,R)(X,Y) = [RX,hY] — h[RX,Y] — B[X, hY] + A*[X,Y].

Since the f-structure is framed, there exists a connection ¥ of zero
curvature in V(M), that is, a connection whose components all vanish with respect
to a local coordinate system in V(M). Following [3], a framed f-structure is
normal if the tensor field S of type (1, 2) given by

(2.6 S=[ffl+d"QE,
vanishes.

LEMMA 2. Let M(f, E,,n*) be a normal globally framed f-manifold.
Then,

(i) Lgn*=0.

(ii) [E, E)) =0,

(iii) Lef=0,

(iv) dn*(fX,Y) + dn*(X, fY) =0

for any vector fields X and Y and a,b=1,+++,m—r.

PROOF. Since the structure (f; E,, %) is normal
@7 LAHSIXY) + dn*(X,Y)E, = 0.
Putting Y=E, in (2.7), we find

—fUf X El+ X, E) + dn*(X, E)E, = 0,

that is,
2.8 SLe )X+ dn*(X,E)E, =0.
Taking the interior product of both sides of (2.8) by 7°, we obtain d7°(X, E,)
=0 which is equivalent to formula (i) by (b) of Lemma 1.

Substituting X=EFE, and Y=E, in (2.7), we have

f2[Eu’ Eb] + dﬂc(Ea’ Eb)Ec = O >
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so by (i), fUE. E]]=0. Applying (2.1), we obtain f[E,, E;] =0. Thus,
[E,, E;] = M E, for some functions Ay on M. From (2.2), we get 9°(E,, E;))
=2\, 50 by (i), the A, vanish.

From (2.8), fLif =0, so (Lpf)X = pi(X)E, for some functions wui(X).
Consequently, 7n°((Lr f)X) = pi(X). Thus, since

0= (L o fNX=(Le"NX + n"(Le./)X),

the p4(X) vanish by (i), that is Ly f=0, a=1,---,m—r.

From (2.7), we find

7 fXfY]) + dn(X,Y) =0,
so that
0 =7*{fX, f?Y) + dn*(X, fY)
= —"((fX YD + fX(n*(Y)) + dn(X, fY) .

On the other hand, fX#*(Y))—-Y(»n*(f X)) —n*(fX, Y])=dn*(fX,Y). This proves
(iv).

Formula (iv) says that the d»*, a=1,:+.,m—r are of bidegree (1, 1) with

respect to f.

3. Even dimensional globally framed manifolds. In a recent paper [2]
it was shown that by putting

3.1 F=f+" Q@Ey — 0 ' QEy, i=1+--, [’”i}

~

an almost complex structure tensor f is defined on M if m =2n and an almost
contact structure (f, Eyn—r—1, 7?"""7') is given if m=2n—1. In this section we
show that if m=2n and the framed f-structure (f, E,,n*) on M is normal, then

f is integrable.

THEOREM 1. Let M(f, E,,n*) be a 2n-dimensional normal globally
framed f-manifold of rank r, a=1,:--,2n—r. Then the induced almost

complex structure fz S+ Q@ Ey_1—n* ' Q Ey on M is integrable.

PROOF. We evaluate the torsion [f, f] of the induced almost complex
structure fin terms of the tensors f, E,, 7* of the f-structure on M. First,

X, fY1 = [fX fY]+ (Lyx YY) + 0 ( X, YD) Esicy + 22 (V)X Enici)
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= (Lxn™ ™ )Y) + 7" fX YD) By — 0" ' Y fX, Eail
+ (X)) {{Esi1s fY] + (Lp, ")X) + 0* ([ Egier, Y)) Egiy
= (L™ DX+ 0" (Eiy, Y1) Egi — 777 (Y)[ Egi-s, Eal}
— {(Lpr™)XX) + 2" (LfY, XD + 7" (V) (L, 7*NXD) + 0¥ ([ Eaiy, X1))
= " V(L ™)X + 9*'((Eei, XD} Esiy
= "N {Eei, fY] + (Len*)(Y) + 97 ([Egis Y)) Eiy
+ 7Y Esi, Egici] — (Lgy 0™ D)+ 0" [ Eas, Y1) Eai}
+ {Lpp ™)X + 7' AfY, XD + 0 (V) (Lpr, 0D + 027 ([ By, XD)
— T YN L™ X)) + 7° 7 (B, XD)} B
= [fXfY 1+ L™ )X) Egie s+ 0" fX Y DEgis — 0" (V)(f [ Esi-1, X1+ (Lt )X)
= LX) Eyi— " (fX, YD Eos + 9" (V)(f(Eai, X1 + (Lp, ) X)
+ (X {fEyi-1, Y] + (Lo /)Y + (Lrn )X+ 0" ([Egimr, YD) Eniy
— (Lr, N + 0¥ ([ Egimy, YD) Egi+ 0" (V) Easy By, 1}
— ALy )X + 7 fY, X]) + 0" (YD) (Lps, )X
+ P (Eyi-1, X1) — ¥ (V)(Lr, n*NX) + 07 (Eyi, X))} Esiy
= O Ew YT + L Y + (L™ )X) + 0" ([ Eyi, YD) Eyi-y
+ (V) Esiy Egi1] — (Lp, 7™ )(Y) + 077 ((Ey, Y1) Eoi}
+ {Lpe X + 7Y, XD + (O Lopa ™)X
+ 7 (Egiey, XD) — 0¥ X)(Lp, 0" )XD) + 9* My, XD} B

Expressing the second and third terms on the right hand side of (2.5) in a
similar manner, we see that

[AFIXY) = [f FIX Y] + dy*(X,Y)E,
+ (Lyxn™)Y) = (Lyr ) X)) Eyicy

— (L™= )Y) = (Lyrn* (X)) Ens

— (V)L )X — (X (Lr, )Y
+ (X)L, /)Y + 22 'Y ) Lo f) X
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+ (PO L )Y — 2 YV) (L, 1)} B
— (O (L X)) = 2V ) (Lg% )X} Eos
+ X)L 1Y) = 72 LX)} By
— P (X)L ™)X — 22 )L 1) (X)} Eaic
+ X (YY) — (X)) Eags Eaica)
= A IXY) + dr'(X,Y)E,
+ @r(fX,Y) + dn'(X, fY) Eai
— @7 NfX, Y) + dn¥ (X, fY)) Ex
+ (X)L /)Y — 7P V) L )X
— P X)L )Y + (Y )(Ls )X
+ 20 A (X, Y[ Eaiy Eaii].-
Theorem 1 is now a consequence of Lemma 2.

We state the following converse of Theorem 1.

THEOREM 2. Let M(f, E,, n*) be an even dimensional framed f-structure
of rank r, a=1,-+-,m—r, whose induced almost complex structure
7= f+ 7" QEy . — "' ® E,, i=1,--- ’{m—r
(a) the dn® are of bidegree (1,1) with respect to f, (b) the wvector fields E,
are holomorphic and (c) [Eyi_1, Ey1=0, the f-structure is normal.

], is integrable. Then, if

If M(f, E,,n*) is an even dimensional normal globally framed manifold,
then the dn® are of bidegree (1, 1) with respect to the induced almost complex

structuref.For, dn(fX, Y)=d77“(f~X,Y)—n”(X)dn“(Eﬂ_l,Y)+17”“1(X)d77“(E2i,Y).
But, by Lemma 2,

dn(Ey, Y) = Ey(n*(Y)) — n*(LEs Y))
= E,(n"(Y)) —7*(LsY)
= Ey(n"(Y)) — Le(n°(Y))
=0.

4. Odd dimensional globally framed manifolds. An almost contact
manifold M(¢, E, n) is said to be normal if the almost complex structure J on

M xR given by J(X, g%>=<¢>X—gE, n(X)%), where ¢ is a C™ real valued
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function and X is a vector field on M, gives rise to a complex structure on M.
In this case, the tensor field [¢, ¢p]+dn R E vanishes. Conversely, if this tensor
field vanishes, M is normal. In this section, we show that if m=2n-—1 and

the framed f-structure (f, E,, 7*) on M is normal, then £ is also normal.

THEOREM 3. Let M(f, E,, 1% be a (2n—1)-dimensional normal globally
framed f-manifold of rank r, a=1,-+-,2n—r—1. Then, the induced almost

contact structure fz F+ 972 Q Eyy — 9* ' ® E,; on M is normal.

PROOF. We evaluate the torsion S of the induced almost contact structure

7 given by (3.1) in terms of the tensors £, E,, n® of the f-structure on M. An
examination of the computation of the previous section then yields

4.1) 8X,Y) = [fX, fY] - FIFX. Y] - FIX, fY] - [X,Y]
+ dp" (X, Y) Eguerey + 77X, YD) Egneyey
= [FX. Y] — fLFX. Y] - fIX, fY] - [X,Y)
+ (X, Y + dn*(X, Y) E, — (7P ([X, Y))
+d7 N XY)) Eaneres + (07 (XY D +dn™ (XY ) Eaper
= [fX fY] = fIfX, Y] — fIX, fY1 + FUX, Y] + dn*(X, Y) E,
= [AIXY) + dn*(X, Y) E,
=0 s

that is, (£ Egn-ro1, 7*"~""1) is normal.

We also have the following converse.

THEOREM 4. Let M(f, E,, n*) be an odd dimensional framed f-structure
of rank r whose induced almost contact structure f =+ QEy_ —n* ' 'QE,,
is normal. Then, if (a) the dn® are of bidegree (1,1) with respect to f,

(b) LEJ( vanishes and (c) [Eyi_y, ;] =0, i=1,++-, { ﬂ;l J, the f-structure is

normal.

REMARK. It is known that the product manifold of two (normal) almost
contact manifolds has an (integrable) almost complex structure [4]. It then
follows easily from the paragraph preceding Theorem 1 that the product
manifold of any two odd dimensional globally framed f-manifolds has an almost
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complex structure. Applying Theorems 1 and 3, we obtain the following
generalization of Proposition 2.4 of [5].

THEOREM 5. The direct product of any two normal globally framed
manifolds whose dimensions have the same parity has a complex structure.

5. Automorphisms. Let M(f, E,, n*) and M'(f’, E;, 7'*) be globally framed
f-structures of the same rank on the C* manifolds M and M, respectively. A
diffeomorphism p of M onto M’ is called an isomorphism of M onto M’ if

®.1) pxof=f"opx
and
5.2) pe E, = Eq,

where gy denotes the induced map on tangent spaces. If M’ = M and f = f,
E,=E,, n*=7% a=1,-++,m—r, then p is said to be an automorphism of M.
The set of all automorphisms of M clearly forms a group which we denote by
A(S, Eo, 1%).

LEMMA 3. Let pec A(f, Eo,n%). Then,
pEnt =",
where p* is the induced map on forms.

LEMMA 4. Let pe A(fi Eyyn®). Then pe A(ﬁ, that is

pof=fop
where

]?‘: " QEyu, — ' QE,;.

Thus, if m=2n an automorphism of M(f, E,,n%) is also an automorphism
of the induced almost complex structure and if m=2n—1, an automorphism of
M(f, E,,n") is also an automorphism of the induced almost contact structure.

It is well known that the group of automorphisms of a compact complex
manifold is a Lie group [1]. If M(f, E,,n*) is normal and m=2n, the induced
almost complex structure f is integrable. Hence, if M is compact, A(f) is a
Lie group. The group A(f, E,, 7% is a closed subgroup of A(f), hence a Lie
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group with the induced topology ; for, (f; E,,n%) is a fixed point of A(f, Eq, n%)
C A(f). The case m = 2n—1 is a consequence of Theorem 3 and the fact that
the group of automorphisms of a compact normal almost contact manifold is a
Lie group [4].

THEOREM 6. The group of automorphisms of a compact normal globally
framed f-structure is a Lie group.
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