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Chapter 0. Introduction.

This work is mainly devoted to the study of differential geometry of
submanifolds in space forms, although most of the arguments and results in
Chapters I and II are intrinsic.

In 1952, Chern and Kuiper [ 2] introduced the notions of nullity and relative
nullity of submanifolds in Euclidean space; they showed that the nullity and
relative nullity distributions are of C*, involutive and totally geodesic on the open
sets where they are constant. Later in 1959, Hartman and Nirenberg [9]%**
proved that a complete hypersurface in (17 + 1)-dimensional Euclidean space with
the Gauss map of rank at most 1 is cylindrical, i.e., a Riemannian product of
(n — 1)-dimensional Euclidean space and a plane curve. This theorem gave the
first global determination of flat hypersurfaces in Euclidean space and led to
other, so called, cylinder theorems, under the assumption of constancy of relative
nullity and some restrictions on the sectional curvatures, by O’Neill [15] or
Hartman [8]. However, it should be remarked here that without the restrictions
of sectional curvature, it has not yet been known whether or not the above
cylinder theorems have further generalizations, even under the assumption of
constancy of relative nullity. For these theorems, completeness of the leaves of
the relative nullity distribution is crucial, as easily seen in their proofs. Thus a
natural question araose as to whether the leaves of the minimum relative nullity
distribution are complete or not under more general situations.

Meanwhile, Maltz [11] stated that the leaves of the minimum nullity
distribution in the sense of [ 2] are complete if the considered manifold is complete.
As a further extension of the notion, A. Gray [7] recently studied the nullity
distributions of curvature-like tensors and showed completeness of the leaves of
the minimum nullity distribution under the conditions that the curvature-like tensors

( *) This paper is a portion of the author’s doctoral dissertation at Brown University under the
direction of Professor K. Nomizu; during its preparation, he held National Science
Foundation Assistantships.

(**) The author has the complex version of this theorem, see [1].
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are recurrent and the considered manifold is complete. In this case, also, the
problem about completeness of the leaves of the minimum nullity distribution
remains open for more general situations.

It is the purpose of this work to establish the completeness in the above two
cases and to give some applications to submanifolds in space forms.

In Chapter I, we shall define a certain curvature-like tensor D relative to a
real number £ on a Riemannian manifold M, and shall call it the relative curvature
tensor with constant .. Especially, if £=0, then D will be the curvature tensor
of M as in [2] and [11]. Also if M is a submanifold of a space form M with
constant sectional curvature ¢, then the difference of the curvature operators on
M and M considered as a tensor on M will give us a typical example of D with
constant c.

With D, we shall prove our first main result, THEOREM 1.4.1, describing
completeness of the leaves induced from the minimum nullity distribution of D,
when M is complete. As an application of THEOREM 1.4.1. we shall prove
THEOREM 1. 6. 2, which, incidentally, gives a partial answer to Gray’s conjecture
in [7].

Now let M" be a complete Riemannian submanifold of a space form M(c) of
constant sectional curvature ¢. Then applying to the second fundamental form
quite similar arguments to those in the proof of THEOREM 1.4.1, we shall get
THEOREM 1.8.1, which tells us completeness of the leaves of the minimum
relative nullity distribution.

In Chapter II, we shall treat the complex analogues of the results in Chapter
I under a slightly different definition of complex relative curvature tensors on a
Kihlerian manifold. Our main results in this chapter are described as THEOREMS
2.2.1 and 2.3.1. '

Chapters III and IV will be devoted to an application of the results obtained
in Chapters I and II to submanifolds in space forms.

We shall genralize a theorem by Nomizu [13] on a characterization of totally
geodesic Kihlerian hypersurfaces in the complex projective space of constant
holomorphic sectional curvature 1. Here his proof, although elegant, heavily depends
on algebraic geometrical results such as Chow’s theorem and is applicable only to
compact imbedded hypersurfaces. In Chapters III and IV, we shall develop a
more differential geometric method, which therefore will be applicable not only
to the complex case but also to the real case under more general situations. Our
main results in Chapters III and IV will be stated in THEOREMS 3.2.1, 3.2.2,
4.2.1, 4.2.2, and 4.2.3. The author would like to express his sincere gratitude
to his advisor, Professor K. Nomizu, for his help and encouragement during
the preparation of this work. The author also thanks those people who gave
encouragement during his stay at Téhoku University.
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Chapter 1. Completeness of the leaves of the nullity and relative nullity
distributions.

This chapter will be devoted to the Riemannian case. However, some
notations and definitions to be introduced here will be used, throughout this
paper, in the Kihlerian case which will be treated later as well. We shall follow
Kobayashi-Nomizu [10] for most of the fundamental notations, to which we shall
refer as K-N in the following chapters.

1.1. Curvature-like tensor fields and their indexes of nullity. Let M
be a Riemannian manifold with the metric tensor g and let V, TM and TM, be
the Riemannian connection, the tangent bundle and the tangent space at
respectively.

DEFINITION 1.1.1. A tensor field T of type (1,3) is curvature-like if it
has the following properties :

(1.1.1) T(X,Y) is skew symmetric endomorphism of TM ;
(112 T(XY)=-T(Y,X);
(1.1.3) The first Bianchi identity, i, e.,Xg T(X,Y)Z=0;
Y, Z
(1.1.4) The second Bianchi identity, i.e., C;é (VsD)Y,Z)=0;
XY,Z
(1.1.5) g(T(X,Y)Z,W)=g(T(Z,W)X,Y).

Here X,Y,Z and W are in TM andxg?”Z means the cyclic sum over X,Y
and Z. o

DEFINITION 1.1.2. For any point x in M, the subspace defined by TN (x)
={XeTM,: T(X,Y)=0 for all Y in TM,} is called the nullity space of T
at x, and its dimension is defined to be the nullity of T at z, say p(x).

Under Definition 1.1.2., p(x) becomes an integer-valued function and is upper
semi-continuous. Thus the subset of M, say G, where u(x) assumes the minimum
is open.

DEFINITION 1.1.3. The minimum of u(x) in M is called the index
of nullity of T and is denoted by p=p(T, M).

1.2. The nullity distributions of the curvature-like tensors. In Section
1.1, we defined the index of nullity g and an open set G where u(x)=p, ie,
the nullity is minimum,

DEFINITION 1.2.1. Let TN be the distribution on G which assigns TN(x)
to x. TN is called the nullity distribution of T on M.
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The following propositions are known, for example, see A. Gray [6] or
K-N [10].

PROPOSITION 1.2, 1, The nullity distrition TN is of C* and involutive.

By Proposition 1.2.1, we can speak of the integral manifolds of TN on G.
The leaves of this foliation will be called the leaves of nullity.

PROPOSITION 1.2.2. The leaves of nullity are totally geodesic submani-
folds of M.

1.3. Relative curvature tensor field with constant K as an example of
curvature-like tensors. In Section 1.1, we introduced the notion of curvature-
like tensor. The most typical example is the curvature tensor field of M itself,
from which the notion comes. Another interesting example will be given in the
following definition, which we shall mainly investigate in Chapter I and Chapter
II1.

DEFINITION 1.3.1. Let R be the curvature tensor of M. Define a new
tensor field D of type (1,3) by

(L.3.1) DIX,Y) = R(X,Y) —kXA\Y,

where (XNY)Z=g(Y,Z)X — g(X,Z)Y and k is a real number. Call D the
relative curvature tensor of M with constant k. Especially, R is the relative
curvature tensor of M with constant 0,

It is just a matter of verification to check the following proposition,
PROPOSITION 1.3.1. D is a curvature-like tensor on M.

REMARK 1.3.1. Let M be a Riemannian space form of constant sectional
curvature ¢ with k(X, Y)=cXAY as its curvature tensor. Let M be a Riemannian
submanifold of M with R as its curvature tensor. Then D(X,Y)=R(X,Y)
—R(X,Y)=R(X,Y)—cXAY for X and Y in TM is a natural and significant

example of the relative curvature tensor of M with constant c.

1.4. Completeness of the leaves of nullity for the relative curvature
tensors. Now we shall state our first main theorem. Let DN be the nullity
distribution of D which assigns DN(x), the nullity space at x, to x. Also, we
denote by p the index of nullity for D.
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THEOREM 1.4.1* Under the notations mentioned in the previous sections,
if M is complete, then the leaves of nullity for the relative curvature tensors
are complete.

In the case £=0, i.e, D= R, R. Maltz stated completeness of the leaves
of nullity, see [11]. A. Gray [7] has a similar theorem when D is recurrent,
i.e., there exists a l-form ® on M such that V,D=o(X)D for all X in TM.

The fundamental idea in our proof is similar to that of Maltz [11]. However,
in our case, the following lemmas, which are not mentioned in [11], are essential.

We begin our proof with some preparations.

Let L be a leaf in G and p be a point in L. Consider a unit speed geodesic,
say Y(t), in L. Since L is totally geodesic in M, ¥(t) can be regarded as a geodesic
of M and can be extended infinitely in M.

Define py = ¥(sy) to be the point in M such that for any s, 0 =s <Csy, ¥([0, s])
is contained in L but py itself is not. If py is in G, then by continuity of D
and by the argument similar to that in the proof of Lemma 2., p.86, K-N [10],
Py is actually in L. Thus we can assume that py is not in G. Under this
assumption, our aim is to show a contradiction.

REMARK 1.4.1. We may assume that there exists a point in L and a
geodesic starting at that point in L such that there is a point in the geodesic
which corresponds to the above py and satisfies the above conditions characterizing
P« Because, if not, then every geodesic in L is extendable infinitely in L, ie.,
L is complete.

Let B(py, €) be an E-ball with py as its center such that for any x in
B(py &), Exp,: TM,— M gives a diffeomorphism of the 2&-ball in TM, with its
image that is contained in a normal convex neighborhood of x. It is possible to
choose such an &€ by well known arguments in Riemannian geometry.

Notice that the exponential maps at points in B(py, &) restricted to the
leaves are nothing but the exponential maps with respect to the leaves on the
neighborhood, since leaves are totally geodesic.

For convenience, let us take another fixed point, say ¢, in ¥(¢) N\ LN B(py, &)
and reparametrize ¥ to get a new unit speed geodesic 7Y(¢) such that Y(0) =g and
Y(ty) = py for some Zy.

LEMMA 1.4.1. There exists a Frobenius coordinate system on a neigh-

(*) After the author completed this work, his attention was called to the following paper : The
K-Nullity Spaces of the Curvature Operator, by Yeaton H. Clifton and Robert Maltz,
Mich. Math. Jour. Vol. 17(1970), pp. 85-89. Its main result is the same as Theorem
1. 4. 1. However, the author would like to point out that their definition of [X., X35] on
p. 88 is not clear, and that there is also the same lack of details in [11] by Maltz.
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borhood U of q, say (U; x,+++,2"; &), such that &(q)=(0,---,0) in R",
o/oxt,++,0/0x™ are orthonormal at q and finally, its first p coordinates are
those of slices by the leaves of nullity, where p is the index of nullity, i.e.,
the dimension of the leaves.

PROOF. A routine construction by Gram-Schmidt orthonormalization process
which starts with a Frobenius coordinate system around g. Q.E.D.

From now on, we assume that U which is constructed in Lemma 1.4.1. is
contained in GN B(py, €), for convenience.

Let 3 be the transversal slice determined by x'=.::+=x2*=0, where
U,z -+ +,x2™E) is the local coordinate system in Lemma 1. 4. 1.

Let E,,-++, E. be p orthonormal vector fields in DN on 3 such that E,(q)
=Y(q), 1. e., the velocity vector of 7Y at q.

Denote by ¢ the restriction of { to 2. Then ¢ gives a diffeomorphism of =

n—u

with a neighborhood W of the origin (0,+++,0) in R*™* Define a C*-mapping
F: R*xW-—M by

(1. 4, 1) F((tla M) tu)’ (x)) = EXP¢"(I) (étiEi(¢"l(x)))’

where ()= (z**,+++,2") is a point in R""* such thnt {o¢p*(x)=(0,«++,0,2**%,+++, 2"
in the coordinate system constructed in Lemma 1. 4. 1.

REMARK 1.4.2, We can prove that F' is of C* as in Nomizu [11].
The following lemma is most crucial in the proof of Theorem 1.4. 1.

Kk EFr
LEMMA 1.4.2. Let H be the subset {(t',0,+++,0,0,++-,0) in R*xW:0
=t'<ty} of R*XW. Then F is regular on H except possibly at finitely

many points.

PROOF. Let Nj,---,N, be the natural rectangular vector fields in R* x W
as a subset of R* x R**=R",

First of all, we recall that the exponential map of M at g restricted to the
tangent subspace to L at ¢ is nothing but the exponential map of L at g, since
L is totally geodesic.

By the definition of the mapping F' and the fact mentioned above, the first p
natural vectors Ni(A), -+, N,(h) at A in H are mapped upon linearly independent
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vectors Fy(h)(Ny(h)), «  «, Fy(h)(N,(h)) which are tangent to L on the fixed geodesic
.

Now in order to prove regularity of F' on H, it is sufficient to show that
the normal components to L of Fy(h)(Nyi(h)),« -+, Fyg(h)(N,(h)) are linearly
independent at A in H except possibly at finitely many points.

—

Let H,a=p+1,++-,n be the subset of R*x W given by {(¢!,0,--+,0,

71:/1»
0,+««,2%0,---,0) in R* x W}, where £* occurs in the a-th component in R*
x WCR" Let Vo,a=pup+1,--+,n, be the restriction of F to H.. Then for
each a, V,(t, x) defines a geodesic variation along the geodesic Y(¢) = V.(£,0). By
well known arguments in variation theory, such variations induce Jacobi fields
along 7. Now let us denote by X.(f) the associated Jacobi field for each a. A
well known theorem tells us, see [10],

(1.4.2) Vo Xalt) + R X ¥(8)7(t) =0, a=p+1,++,n.

Notice that if £=0, then X.(0) = velocity vector of the a-th coordinate curve,
i.e., 9/0x%(q). Thus from this, we know that one of the initial conditions of
(1.4.2) for X. is X.(0) =29/2z%(q).

Since ¥(¢) is in DN(Y(2)) for 0=12 <ty,

D(Xcu fY)'Y = R(Xa) 'Y)'y - k(Xa /\ 'Y)'Y =0 .

Thus the equation (1.4.2) can be rewritten as

(1.4.3) ViXe+ MX A7 =0,
e,
(1.4.4) Vi X, + k{g(h )X, — g(Xo¥)¥} = 0.

For convenience, let us introduce a parallel orthonormal adapted frame field
on Y(t), say e;(t),  « «,eut), euia(t), -« + , e,(t), defined as follows : The first p vectors
e’s are given by displacing E,’s parallelly along () and e.s are given by displacing
0/0x°(q) parallelly along Y(¢). Then, of course, e,(¢) = ¥(£). Also note that the
parallel transformation sends an adapted frame to an adapted frame in this case,
because L is totally geodesic.

By the frame obtained as above, let X.(£) be expressed as follows:

*3
=3
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(L. 4.5) X.(6) = ixﬁ(t)ei(t).

Then (1.4. 4) is
Gae  viof 3 i) + H Sattes) - e 0] = 0.
So by performing covariant differentiation,
(1.4.7) SO0 - e) + k{ > al(tet) - xi(t)el(t)} ~0.

Thus we have the following system of differential equations for each a=p+1,++,7:
(1.4.8) ()" @)=0
(1.4.9) (22)'(2) + kxi(t) =0 for 2=i=n.

Since we are only interested in linear independence of the normal components
of X,’s to L, it is sufficient to take care of (1.4.9) for p+1=i=n.

By elementary theory for linear differential equations, (1. 4. 9) has the following

general solutions for the cases >0, =0 and k<0, respectively :
For £>0

(1.4.10) 2At) = alfcosA/ Et+bisina/ Rkt p+1=a,B=n,

where a.f’s and b.%’s are independent of £, but depend on the initial conditions.
Now one of our initial conditions is x.*(0) = 8.%, where 8.? is Kronecker’s delta.
Hence (1.4.10) has more simplified form as follows :

(1.4.11) xf(t) =8 cosa/ kt+bEsina/kt, p+tl=a,f=n.

Similarly, for £=0,
(1.4.12) ZL(t) =8P+ b, p+l=a,B=n.

For £<0,

(1.4.13) zf(t) = 8.°sinha/ —kt+bLcosha/ —kt, p+l=a,B=n.
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Note that these solutions have only finitely many zeroes on [0, Z].

From now on to the end of this proof, we shall study the case 2>0. The
cases k=0 and k£ <0 can be proved in the same fashion.

Since X.*’s, p+1=a,8=n, are the normal components of X.’s, p+ 1=a, B
=mn, to L, it is sufficient to show that the following (7 — u) X (7 — p) matrix, say
B(t), has non-zero determinent on H except possibly at finitely many points :

cosA/kt+bitisina/ktee--- bi'sina/ kt
(1.4.14) B(t) =
by sina/ Bt e cosA/ Et+brsina/kt

As we see easily, the determinant of B(¢) is a real-valued analytic function of
t. Since the determinant of B(0) =130, we have only finitely many zeroes of
B(t) on [0,¢4]. This fact shows that the normal components of X.s, p+ 1=a=mn,
to L are linearly independent except at finitely many points possibly.

To conclude the proof of Lemma 1.4.2, we recall that we showed that
FyN,,«--,FyN, are linearly independent on H and are tangent to L. By the
definition of X.'s, we know that X,(Y(2)) = Fy(t)(N2)), p+ 1=a=n, so together
with the above fact, we have shown that Fy(h)(N,(h)),-- -, Fx(h)(N,(h)) are
linearly independent on H except possibly at finitely many points. Q.E D.

Coming back to the proof of Theorem (1.4.1), in Lemma (1. 4. 2), we showed
that only finitely many singular points possibly exist on H. Let hy be the greatest
of the first coordinate in R* X W among such singular points in H. Then there
exists an open neighborhood N of the set {(£,0,--,0) in H: hy <t <ty}, say
H’, where the rank of Fy is 7 constantly by Lemma 1. 4. 2 and lower semi-continuity
of the rank of Fy, namely, F restricted to N gives an immersion from N to M.

By the inverse function theorem, at any point x in H', we have a neighborhood
N, where F' becomes a diffeomorphism,.

Since R* X W has the canonical coordinate frame N,, -+ -, N, which are induced
from those in R* X R** = R", we can introduce a frame field, say 9/9z%, - - -, 9/0z™,
on F(N,.) by (F*|N_)(N,)=79/2xy, -+ ,(Fyx|N,XN,)=9/0x™ such that the first
p vector fields 9/0x!, - +,9/0x" are tangent to leaves in N,NG.

Note here that by taking N, small enough, we can assume N,NG=N,, so
from now on, we shall always consider such N, at each .

Let X be any parallel vector field along 7(¢). We extend X to a vector field
on a neighborhood of the set Y([hy,£4]) and denote it by the same letter X for
convenience.

Our next aim is to show V;u {D(Xe X)X} =0, i.e. D(X., X5)X is parallel
along Y((hy,ty)) for a,B=p+1,---,n
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Since X., Xp X and D(X., Xs)X are all defined on Y([Ay £y]) and since
D(X,, Xz)X is a tensor field along v, it does not depend on a local extension of
the considered vector fields.

Expecially, for each N,, X.(V(2)) = Fy(N.|N,)=2/2x*("(t)) on HNN, for
a=p+1,-++,n, so to prove that D(X., Xg)X is parallel along Y((hy,2y)), it
suffices to show that D(9/0x., 9/2xs)X is parallel along ¥ on each F(N,).

By the second Bianchi identity (1.1.4), we have

(14.15) s (VopDX0/ 02, O/025) = 0,

3/0%,,3/03,,/25

ie,

Vossa( D(8)32% 3/025) X) — D(V3/3uid/ 025 3)229)X — (/325 Vopraid/ 32X
— D(9/2x%,0/0xP)N 15 X + Vs (D(2/02", 3 /021) X)
— D(Vaj0s20/0x8,9/22)X — D(9/228, /33,2 0/0x*) X
— D(3/3x", 3/32" ) syt X + Vopsuf(D(3/32", 3/327) X)
— D(VVa:89/0x", 0/027)X — D(0/2x', VajauB80/02%)X
— D(9/2x',0/0x )Wt X = 0.
Since 9/3x! is in DN in F(N,), we have D(9/2x"3/0x')=0 for 0=i=n.
Also the choice of X gives that V;»X = 0 on Y(¢). Finally, by the facts thatD(X,Y)

= — D(Y, X) and that Va/axta/axj — Va/axya/axi = [a/axi, a/axj] = F*([Ni, Nj])
=0 for 1=14,7=n, on F(N,), we can reduce the above equation to

VB/azx(D(a/axq, a/axﬂ)X) =0 on 'Y((h*, t*)) mF(N;,;) >
lLe,
(1.4.16) Vi D(Xw Xg)X) = 0 for p+1=a,8=n,

ie, D(X. Xg)X is parallel on Y((hy, ty)) for p+1=a,B=n

Let ¢ be a fixed point chosen from (hy,2y) and let Y be any vector field
parallel along 7.

Now let Y(7(¢4)) be in DN{(z,). Then we claim that D{(V,W)Y(¢) =0 for
all Vand W in TM,q, i.e, Y(£) is in DN(£). This last assertion follows from
(1.1.5) directly if we know D(V,W)Y(¢)=0 for any V and W in TM.

Let V=V'+ > VX, and W=W" + i W#eX,, where V' and W’ are DN

a=p+1 B=p+1
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components of V and W, respectively. Then
DV, W)Y (¢) = DV',W')Y(t) + D(V', ZWBXB)Y(Z) + D(Z VeXa, W )Y(Z)
+ D(ZV“X,, > W5X3>Y(Z) .

Here the first three terms vanish. On the other hand, if one of D(X., X,)Y (¢)
%0, then by (1.4.16) and continuity of D, we would have D(X.(ty), Xa(t4))Y (£x)
%0, Thus we have a contradiction that Y(z,) is in DN(ty). Thus we have
shown that D(V, W)Y (¢) =0 for any V and W in TM.

This fact tells us that every Y(zy) in DN(zy) is the image of a vector Y(¢)
in DN(t) by the parallel displacement along 7.

Since the parallel displacement is an isomorphism between the two tangent
spaces, the dimension of DN(ty) is less than or equal to the dimension of DN(¢).
However, the dimension of DN(¢) = u, the index of nullty of D, is supposed to be
the minimum among the nullity wu(x) corresponding to every x in M. Consequently,
the dimension of DN(¢y) must be equal to that of DN(¢). Thus Y(ty) =py is in
G by its definition. Then by the argument described just below the statement of
Theorem 1. 4.1, we can show that py is in L and can extend 7 in an eighborhood
of py.

It is a contradiction to the choice of ¥ and py. Q.E.D.

1.5. Riemannian submanifolds in Riemannian manifolds. Let M” be
an N-dimensional Riemannian manifold with ¢,/ and R as its Riemannian metric,
Riemannian connection and Riemannian curvature, respectively. Let M™ be an
n-dimensional Riemannian submanifold of M?" isometrically immersed by f with g,
V and R as its Riemannian metric, Riemannian connection and Riemannian
curvature, respectively.

Denote by &, -,y » a normal frame to M" orthonormal to each other in
M?. Then we have the following basic formulas, see K-N [10] :

N—-n

(1.5.1) T = V¥ + S (X Y)E = VY +alX,Y);
i=1

(1.5.2) ok = — AX + Vst 1<i=N-n;

/\ .
where X and Y are vector fields tangent to M, ¥/ is the normal connection, and
o is the second fundamental form.
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It is just a simple verification to see that A;s are symmetric bilinear forms
and A,’s are tensor fields of type (1,1). Moreover, we have that 2;(X,Y)=g(A:X,Y),
1=i{=N-n

Finally, under the notations introduced here, we have Gauss equation :

N-n

(1.5.3) R(X,Y)Z = tangential component of R(X,Y)Z + > (AXAAY)Z,

i=1

where X,Y and Z are vector fields tangent to M and AX A A)Y, for
1=<:=N-—n, means the linear operator of TM defined by (A:X A AY)(Z)=
gAY, Z)AX— g(AX, Z)AY for Z in TM.

1.6, Some direct results of Theorem 1.4.1. Let L be a leaf of nullity
of D in Section 1.4. Consider I. as a Riemannian submanifold of M with the
induced Riemannian structure, say ¢, V; and R;, respectively, by those of M.
Then we have

THEOREM 1.6.1. L has constant sectional curvature k. Especially, if
k>0, then L has the standard sphere of radius :/17 as its universal covering
manifold. Conequently, L is compact.

PROOF. The first half is trivial by Gauss equation (1.5.3.) in Section 1.5,

For the rest of the proof, since L is complete by Theorem 1.4.1 and is of

constant sectional curvature &, it is well known that L has a complete universal
covering manifold of constant curvature k. Especially, if 2> 0, then such universal

coverings are isometric to the standard p-dimensional sphere with radius JE and

L is compact. Q.E.D.
T. Frankel proved the following in [5]:

LEMMA 1.6.1 (T. Frankel). Let M"™ be a complete connected manifold
with positive sectional curvature and let V' and W™ be compact totally
geodesic submanifolds of M with dimensions | and m, respectively, Then if
l+m=n, then V' and W™ have non-empty intersection.

Thus Lemma 1 6.1 leads us to
THEOREM 1.6.2. Let M™ be a complete connected Riemannian manifold

with positive sectional curvature. If the index of nullity p of the relative
curvature with constant k satisfies 2u=n, then M"™ has constant sectional



TOTALLY GEODESIC SUBMANIFOLDS IN S¥ AND CPN 231

curvature k and also has the n-dimensional standard sphere S™(k) of radius

1 . . . .
JE its universal covering manifold.

PROOF. Let 2u=mn, but p3n Then there exist two leaves different from
each other, but Lemma 1.6.1 tells us that any such leaves must intersect each
other. This is a contradiction.

So only one possible case is that w=7 Since we know that L is complete
and M is connected, so L =M. Using the same argument as in the proof of
Theorem 1. 6.1, we have the desired result. Q.E. D.

COROLLARY 1.6.1. Under the assumption in Theorem 1.6, 2, if, in add:-
tion, n is even, then M" = S" or RP", where S" is the n-dimensional sphere of
radius «/1—? and RP" is the projeétz've space given by identifying antipodal

points in S™ above, which also has constant sectional curvature k.
PROOF. See p.294 in [10] combined with Theorem 1. 6. 2.

1.7. The relative nullity and the index of relative nullity. Chern and
Kuiper in [ 2] introduced these notions to study differential geometry of submanifolds
imbedded in Euclidean spaces,

The following definitions are extensions of those given in [ 2] to more general
cases.

As in Section 1.5, let M™ be a Riemannian submanifold of a Riemannian
space form of constant sectional curvature ¢. Then we have the bilinear form
a,: TM,xTM,—TM: at each x in M and symmetric tensors A; for any £ in
TM%, for more details, see K-N [10].

DEFINITION 1.7.1. The relative nullity space at x is defined to be the
subspace {XeTM,: a(X,Y)=0 for all Y in TM,}. Denote it by RN(x).

It is easy to check the following proposition.

PROPOSITION 1.7.1. The following three subspaces of TM, are same :
(1.7.1) RN(z) = {Xe TM: a(X,Y) =0 for all YeTDM,};
(1.7.2) {XeTM,: A(X) =0 for all EeTM;};

(1.7.3) {(XeTM,: A, (X) =0, where &’s, L=<=i=N —n, form
an orthonormal base of TMZ} .
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DEFINITION 1.7.2. »(x) is defined to be dim RN(x) and is called the
relative nullity at x. The minimum among v(x) over M is called the index
of relative nullity of the submanifold M.

REMARK 1.7.1. Gauss equation (1.5.3) shows some relation between the
nullity space and the relative nullity space in the followiug sense.

Let M be a space form of sectional curvature ¢ and let M be a Riemannian
submanifold of M. Then as in Section 1.3, we can define a relative nullity
curvature tensor with constant ¢ by D(X,Y)=R(X,Y) —R(X,Y) for X and Y
in TM.

By (1.5.3), we have DN(x) DRN(x). However, the equality may not hold.
For example, let M be R® and let M be the cylinder {(z,y,2)e R*: y*+ 2?=1}.
Then, as we know, R(X,Y)=0 and R(X,Y) =0, therefore DN=TM, but RN

are generators.

1.8. Completeness of the relative nullity distribution. Denote by G the
set {xe M: v(x)=w»}. Then by upper semicontinuity of v, G is open. Define the
relative nullity distribution RN by assigning RN(x) to « in G and call it the
relative nullity distribution of M.

PROPOSITION 1.8.1. The relative nullity distribution RN is of C=,
involutive and each leaf, say L, of the foliation is totally geodesic in M
and M.

PROOF. This proposition is well known, One can refer to [ 2] for the proof.
Q.E.D.

THEOREM 1.8.1*% If M is complete, then the leaves of the foliation
defined by RN are complete and have the same constant sectional curvature
as the ambient space form under the induced Riemannian structure from that

of M.

[ 8] showed Theorem 1.8.1 when M™ is a submanifold in the Euclidean space
with an arbitrary codimension. For non-zero ¢, O’Neill and Stiel [16] have this
theorem under the restriction that M™ also has the same constant sectional
curvature as that of the ambient space form.

PROOF. Let 7(¢) be the geodesic in a leaf L as in the proof of Theorem
1.4.1, where 7([0,2y)) is in G, but Y(£y) = py is not.

(*) After submitting this paper, the author was informed that R. Maltz has the same result as
Theorem 1.8.1
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Define (U, x',« «+, 2% x2°*%, + « +, 2" £) be a Frobenius coordinate system around
Y(0)=p as in Lemma 1.4.1 with respect to the relative nullity distribution,
Again as in Lemma 1, 4.2, define F: R* Xx W—M" by

F((z' -+, 2% (3) = Equsﬂw)(;x‘ei(f‘(y))),

v

—— ——

where W is the transversal slice defined by ¢ (W)= {xe M: {(x)=(0,---,0,
e oo, 2"} and ¢ is the restriction of ¢ to {7 ({(0,+-+,0, 2" -+, z")}), and
e’s, 1 =i=w, are vector fields on & }(W) such that e,(p) ="7(0) and e)s, L =7 =,
form orthonormal base of RN at each point on {™}(W).

By Gauss equation (1.5.3), for any X in RN and Y in TM,

~ N-n
RXY)=RXY)+ S AXNAY.

Since X is in RN and M is a space form of sectional curvature c,
R(X,Y) =c(XNY).

Thus let X, v+ 1=a=mn, be the variation vector field along ¥(¢) as in the
proof of Lemma 1. 4.2, Then we have

V?,(c) Xa(t) +o(X. A\ 'Y(t))'Y(t) =0.

By the same arguments as in the proof of Lemma 1. 4. 2, we have a parameter
value, say hy, of ¥ such that F is regular on the set H= {(£,0,---,0)e R
X W hy <t <tyl.

Let Nj,+++,N,,N,,,++-,N, be the canonical rectangular coordinate fields of
R* x WC R" such that X.(7(2)) = Fe(Nu(2,0,+++,0)), v+ 1=a=n. Moreover, we
have a neighborhood N, of z in H such that 9/0x' = Fy(N,), * + «, 9/0z" = Fy(N,)
form coordinate fields on F(N,), i.e., 9/2x',+++,0/0x" are linearly independent
on F(N,) and [0/0x',9/927] =0 for all 1=14,j=n.

For the proof of Theorem 1.8.1, we claim that ViolaXsY) =0, v+1
=a=n for all parallel vector fields Y along ¥(¢) with respect to ¥/, hence with
respect to V.

Let Z be any tangent vector field to M. Then

I Viola(XaY)), Z) + gla(Xa Y), VinZ) = Vingd(@XeY), Z) = 0.
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On the other hand, because ¥(¢) is in RN(7(¢)),

%&(I)Z = ViwZ +a(¥(t), Z) = ViwZ .
So
9(V5(@Xa X)), Z) = — 9(a(X Y), V3 Z) = — gla(Xa Y), V; Z),=0.

Thus the tangential component of V/;(a(X., Y)) =0 along Y(z), hy <t <ty.
To show that the normal component of V;(a(XsY)) =0 as well, on each N,
we have

c(a/ox! \ 9/ox")Y = R(3/ax', 0/2x%)Y
= VopaVopatY — VonatNopuY — V ajam,apzerY
= Vopsa( VoY + a(3/02%,Y)) — Ve VopuY + a(9/221,Y))
— Vopmapa9Y — a([0/0x', 9/0x%], Y)
= VopaVoparY + a(3/3x, VoY) + Vopswl(8/02% Y) — VospatVappmY
— a(0/3x%, VajpmY) — Vojaar(3/3x', Y) — NV pajsa,070:4 Y
—a([o/ox', 9/2x),Y).

Since F is a diffeomorphism on N, [9/0x", 9/0x/1=F4[N,, N;]=0,1=1i,j=n. Also
9/9x' is in RN in the neighborhood N, so the normal component of R(0/2z1, 0/ ox)Y
is equal to the normal component of \/,ma(d/02%,Y) — a(3/0x% VaopmY).

However, R(3/2z',3/0x°)Y = c(3/0x* \ 9/2z")Y is tangent to M, therefore
the normal component of Vim(a(9/02%Y)) — a(9/0x% VY ) =0. Since VapuY
restricted on Y(¢) is V;,Y =0 on F(N,), we have the normal component of
Voaua(9/32% Y) = a(3/0x% VasmY) = 0 on Y(t)NF(N,). Since a(3/22%Y) is well
defiend on Y((Ay £4))s Vel X Y))=0,v+ 1=a=mn, together with the fact that
the tangential component of Vs (a@(X., Y))=0.

Let Y(£y) =0 be in RN(ty,). If Y(Z) were not in RN(Y(¢)), where £ is a fixed
value in (hy,£y), then for some X, we would have to conclude that a(X.(Z),Y(Z))
% 0. By continuity of @ and by the fact that a(X.(¢),Y(¢)) is parallel along ¥(2),
hy =t =ty, we conclude that a(X(ty),Y(tx)) 0. This is a contradiction. Thus
Y(Z) must be in RN(Y(¢)). Therefore the parallel displacement along ¥(¢) from
Y(Z) to Y(¢yx) sends RN(Y(Z)) onto a subspace in TM,, containing RN(Y(ts)). So
v(Y(Z)) = v=w(Y(ty)), but v is the minimum among »(x) for = in M. Thus 7Y(t)
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is in G. Now by the argument in the proof of Theorem 1.4.1, we see that py
="(¢y) is in L. This contradicts the choice of 7(¢) and py. Q.E.D.

COROLLARY 1.8.1. Under the notations and conditions in Theorem 1.8. 1,
if M has constant sectional curvature and if v=2, then it must have the same

sectional curvature as M, i.e., c.
PROOF. Obvious by Gauss equation (1.5. 3). Q.E.D.

Chapter 2. Completeness of the nullity and relative nullity of complex
submanifolds in Kahlerian manifolds.

2.1. Relative curvature tensors of Kahlerian manifolds. In Section 1.1,
we defined curvature-like tensors on Riemannian manifolds. The definition of such
tensors on Kéhlerian manifold M is the same. Thus the rest of Definitions and
Propositions in Sections 1.1 and 1.2 are valid for the Kihlerian case. Especially,
as an example of curvature-like tensor, we introduced the relative curvature tensor
on Riemannian manifolds in Section 1.3. Now we shall define the Kéhlerian
analogue in this section,

DEFINITION 2.1.1. The relative curvature tensor field D relative to a
real number k on a Kihlerian manifold M is defined to be

(2.1.1) D(X,Y)=R(X,Y) - k/AXANY + JX AJY +29(X, JY)J},

where R, J and g are the curvature tensor, the complex structure and the
metric tensor of M, respectively. We call D the relative curvature tensor
with constant k on M,

PROPOSITION 2.1.1. D in Definition 2.1.1 is a curvature-like tensor on
M and the nullity space DN(x) at x in M is invariant under the complex
structure J,

PROOF. Verify (1.1.1.),-++,(1.1.5.) for the first half, and for the last half,
check J(DN)c DN. Q.E.D.

Proposition 2.1.1 tells us that the nullity space is a complex space. Thus the
nullity w(x) is an even number. From now on, we define the nullity at x for
DN to be the complex dimension of DN(x) and denote it by u(x). Automatically,
the index of nullity is to be the minimum complex dimension among p(x) and is
denoted by p as well.
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2.2. Completeness of the nullity distribution of the relative curvature
tensor on a Kihlerian manifold.

THEOREM 2.2.1. Under the notations in Section 2.1, if M is complete,
then all leaves in G are also complete,

PROOF. The proof of this theorem is quite similar to that of Theorem 1.4. 1.

By the same reason as in proof of Lemma 1.4.2, we are only interested in
the normal components X.’s, say Z.51=I=n—2p,2u+1=a=n.

Thus for £> 0,

(2.2.7) ZMt) = a.' cos N/Z—kt—l-bu’ sm%t,2y+1§a§n

and 1=I=n—-2pu.

Considering the initial condition of X,’s at g,

(2.2.8 AL =5 eos YR bisin YRt out 1=a=n
2 2 ek

and 1=1/=n—2p.
Similarly for £ =0,
(2.2.9) ZMt) =8 + bt 2u+ 1=a=nand 1=]=n—2p,

and for k<0,

(2.2.10)  Zd(¢) = swnsinh“/; k t+b¢‘cosh'\/; R outrl=a=n

and 1=1=n-—2pu.

Here all coefficients appearing in the above differential equations do not depend on
the variable z.

By analyticity of the solutions, we have a parameter value Ay such that F is
regular on the set H= {(¢,0,-+,0)e R* x W: hy <<t <ty} as in the proof of
Lemma 1. 4.2,

Applying the method used in the proof of Theorem 1.4.1 to this case, we
can conclude the desired result in Theorem 2.2. 1. Q.E.D.

THEOREM 2.2.2, Under the same assumption as Theorem 2.2.1, if M
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has positive sectional curvature and if 2u=n, then for k>0, M has constant
sectional curvature k and also has the complex projective space of constant
holomorphic sectional curvature k as its universal covering manifold. Especially,
M is compact.

PROOF. Use Lemma 1.6.1 and imitate the proof of Theorem 1.6. 2.
Q.E.D.

Recently, Goldberg and Kobayashi [ 6] showed the following result which is
a slight generalization of the complex version of Lemma 1.6.1 by Frankel [ 5].

LEMMA 2. 2.1 [Goldberg and Kobayashi]. Let M™ be a complete connected
Kihlerian manifold with positive holomorphic bisectional curvature and let
Ve and W' be compact complex submanifolds with dimensions k and I,
respectively. If k+1=n, then V and W have non-empty intersection.

About holomorphic bisectional curvature, see [ 6] or [10].
Thus, we have the following additional theorem.

THEOREM 2.2.3. Let M™ be a connected complete Kdihlerian manifold
with positive holomorphic bisectional curvature. If 2p=n and k>0, then
M™ has constant holomorphic sectional curvature k and also has the projective
n-space of constant holomorphic sectional curvature k as its universal covering
manifold. Especially, M™ is compact.

In [7], A. Gray made a conjecture that if M is an zn-dimensional manifold
with the relative curvature with positive constant %, then its index of relative
nullity is either 0 or =,

Our Theorems 1.6. 2, 2.2.2 and 2. 2.3 are partial answers to this conjecture
under the conditions mentioned in each theorem.

2.3. Completeness of the relative nullity distributions on Kahlerian
manifolds. In Section 1.7, we introduced the notion of relative nullity for
submanifolds and in Section 1.8, we proved completeness of the relative nullity
submanifolds.

Here we shall take care of the Kihlerian analogue of Section 1. 8.

Let M be a Kihlerian submanifold of a Kihlerian manifold M. Then as in
Section 1.7, we have the relative nullity space, the index of relative nullity and
the relative nullity distribution. Denote them by RN(x), » and RN, respectively.

PROPOSITION 2.3.1. RN(x) at x in M is invariant under the complex
structure J, i.e., the leaves of relative nullity distribution are complex
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submanifolds of M and M, as well.

PROOF. Let X be in RN, i.e, a(X,Y)=0 for all Y in",TM. Then we have
a well known equation, a(JX,Y)=a(X,JY)=J(a(X,Y)) so a(JX,Y)=0. Thus
JX is in RN, Q. E.D.

PROPOSITION 2.3.2. If M" is a Kihlerian submanifold in a complex
space form M(c) with constant holomorphic sectional curvature c, then the
relative nullity distribution RN is the same as the nullity distribution defined

by the relative curvature D(X,Y)=R(X,Y)—R(X,Y)=R(X,Y)—c/A{XNY
+ JXAJY +29(X,JY)J}, where R and R are the curvature tenmsors of M
and M, respectively.

PrROOF. The following proof was given by Professor K. Nomizu in his
lecture. By Gauss equation, for the complex case,

RX,Y)-R(X,Y)=SAXNAY + > JAX NJAY,
i i

we have RN(x)C DN(x) for each x in M.
On the other hand, if X is in DN(x),i.e, D(X,Y)=3 AXANAY + > JAX
i i

ANJAY =0 for all Y in TM,, then clearly 2> JA,X A A;X =0 by replacing JX

for Y. Thus g((ZJAiX NAX)Y,J Y) =0.
On the other hand, the left-hand side of this equation is equal to >_{g(Y, A;X)?
i

+ g(JY, A, X)?}, therefore, A, X=0 for all 2, So X is in RN(x) by Proposition
1.7.2 Q.E.D.

THEOREM 2.3.1. Under the notation mentioned above, in addition, if M
is complete, then the leaves of the relative uullity distribution are complete.
Also the leaves are Kahlerian submanifolds of M and M under the induced

Kihlerian structure and have the same constant holomorphic sectional curvature
as the ambient space form.

PROOF. Combine Theorem 2. 2.1, Proposition 2. 3.1 and Proposition 2, 3. 2.
Q.ED

COROLLARY 2.3.1. Under the same assumption as Theorem 2.3.1, if M
has constant holomorphic sectional curvature and if v=1, then M has the



TOTALLY GEODESIC SUBMANIFOLDS IN S¥ AND CP¥ 239

same holomorphic sectional curvature as the ambient space form.
PROOF. Obvious by Gauss equation, Q.E.D.

Chapter 3. A characterization of totally geodesic submanifolds in S?(¢)
by an inequality.

3.1. Preliminary lemmas. Let M™ be an n-dimensional complete connected
Riemannian submanifold of S"(c), ie., the standard N-dimensional sphere with
radius j—?— with constant sectional curvature ¢>0. Let M™ be immersed into S¥(c)
by f isometrically.

LEMMA 3.1.1. Let f be a continuous mapping of a locally compact
metric space M into a locally compact metric space M'. Assume

(8.1.1) f is a local homeomorphism,
(3.1.2) f is one-to-one on a compact subset L of M.
Then f is one-to-one on a neighborhood of L.

PROOF. First of all, we notice that we can prove the same conclusion under
weaker conditions, but Lemma 3.1.1 is good enough for our purpose here.

Assume that there exists no neighborhood of L where f gives-a homeomorphism.
Then there exist two sequences of points, say {a;} and {6;},i=1,2,+--, such that

(3.1.3) {a} and {6} converge to points, say a and b, in L, respectively.
(3.1.4) For each 7, a, + b, but fla) =f1b,).

It is just a simple matter to construct such sequences as above.

For {a} and {$},i=1,2,---, we can show that a= ligg{ai} X ltijg{bi} =b,
because if @ = b, then by (3.1.1), we have a neighborhood of a where f is one-to-
one, and for sufficient large i, both a; and b, must be in the neighborhood. This
is a contradiction to (3.1.1) and (3.1.4). Thus fla)=f(b) by (3.1.2). However,
continuity of f assures that f(a)= %im fla) = }ng f16:;) =f(b), again a contradiction.

Q.E.D.

Let v be the index of relative nullity of M™ We follow the notations in
Chapter L
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LEMMA 3.1.2. Let L be a leaf in M with respect to the relative nullity
distribution as in Sections 1.7 and 1.8.

If v>1, then L is imbedded isomorphically by f restricted to L as some
great sphere of dimension v in S¥(c), where L has the Riemannian structure
induced by that of M.

If v=1, then f restricted to L is an isometric covering projection with L
as the covering manifold and with some great circle as its base space.

PROOF. Let x, be a fixed point in the leaf L. Then by Proposition 1.8.1,
a neighborhood of x, in L is isometrically imbedded by f|L as an open sebset in a
great sphere of dimension », say S*(c). If ¥ is any geodesic starting at x, in L,
then f(v) must stay in S¥(c). We know that f|L is an isometric immersion of L
into S*(c) by completeness of L. Theorem 4.6 in K-N [10], for example, tells us
that f|L is a covering map. As we know, S* is simply connected if »>1, thus
f1L must be an isometry. Q.E.D.

LEMMA 3.1.3. Let x be a point in a leaf L. Then there exists a Frobenius
coordinate system around x which contains at most one slice of each leaf. This
is nothing but regularity of the distribution in the sense of Palais [17).

PrROOF. If S™(c) is any great sphere of S¥(c), then for any two points x
and y in S™(c), the distance between x and y in S™ is equal to the distance in S¥.

Let (U,zt, -, 2% 2%, -+ -,2%8) be a Frobenius coordinate neighborhood
around = in L such that Uc B(x, 27/+/ ¢ ), an open ball with radius 27/+/ ¢ and
with x as its center, where any two points are joined by a unique geodesic segment
whose length gives the distance between them.

Define U;,2=1,2,- -+, to be a sequence of neighborhoods of x as follows:

U, = 18xt, oo, 22 oo, 2™)) e Ut |2y <%,1§j§n 2 =1,2,---

where (z!,- -+, x") is the coordinate system and ¢ is the coordinate mapping.
Assume that for any 7, U; contains two slices belonging to a leaf, say L.
Take points x; and vy, from each of two such slices, respectively. Then limx;

T—o00

=x=limy;, and the distance d;(x;;y;) in L; is greater than a constant ¢ for

large 7’s.

LEMMA 3.1.2 tells us that f|L; is a local isometry, thus combining it with
the above fact, we have d”(f(x:),f(:)), i e., the distance in S” is equal to d;(x;, y;)
which is greater or equal to ¢ for large i. Since limz;=x=limy; limf(x;)

— fla) = lim f1) -
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So d¥(f(x), fly)) = d¥(flz,) flx)) +d¥(f(x), f (i) <c¢/2 for sufficiently large
i. Now we have a contradiction. Q.E.D.

LEMMA 3.1.4. If L is a leaf of RN in M, then for any neighborhood
of L, say U, there exists a leaf L' in U different from L for v<n.

PROOF. Actually, we could prove much stronger result, but this lemma is
enough for our purpose here.

Professor Nomizu pointed out that R. Palais had proved the stronger version
of Lemma 3. 1.4 in a fashion quite similar to that of ours in his thesis at Harvard.
So we refer to it for the proof of Lemma 3.1.4. See Theorem VI, p.16, in
Palais [17].

3.2. The statements of Theorems and their proofs.

THEOREM 3.2.1, Let M™ be a complete Riemannian submanifold of S¥(c)
immersed by f isometrically. 1f 2v=N and if v>1, then M™ is isometric to

the standard n-dimensional sphere of radius % and is imbedded as a great
sphere S™(c) of S¥(c) by f.

PROOF. Theorem 3.2.1 will be proved by Lemmas 3.1.1,---,3.1.4 and
Frankel’s result, i.e. Lemma 1.6.1, since S¥(c) has positive curvature. However,
we shall here present a more elementary proof.

Let L be a leaf in G. By Lemma 3. 1.2, the immersion f restricted to L is
one-to-one. Applying Lemma 3.1.1, we have a neighborhood U of L where f is
one-to-one. Lemma 3.1.4 tells us that there exists a leaf L’ different from L in
U. We shall claim that under the condition 2v =N, f(L)Nf(L’) % ¢, i.e., f is not
one-to-one unless v =7,

It is well known that every %-dimensional great sphere in S¥(c) corresponds to
a (k+ 1)-dimensional real linear subspace in RY*! in the canonical fashion, and that
two such great spheres have a common point in S¥(¢) if and only if the corresponding
linear subspaces have an intersection whose dimension is greater or equal to 1.

By elementary linear algebra, we have the following formula:

(3.2.1) dim K +dim H = dim(K + H) +dim(HN K),,

where K and H are two linear subspaces in RY*!,

Since f(L) and f(L’) are v-dimensional great spheres, they correspond to
(v + 1)-dimensional subspaces, say L and L', respectively. By (3.2.1) and the given
condition 2v= N,
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(3.2.2) w+1)+@+1)=N+1+dim(InL),

because dim(L + L’) is at most N+ 1.
From 3.2.2, we have

(3.2.3) dm(LNL)=2v+2—-(N+1)=2»—N+1=1.

Thus fIL)Nf(L)>0. This is a contradiction unless v =7, i.e. M™ = S*(c).
‘ Q.E.D.

LEMMA 3.1.2 and LEMMA 1.6.1 give us the following :

THEOREM 3.2.2. Let M™ be a complete connected Riemannian submanifold
of S¥(c) immersed by f isometrically. I1f M™ has positive sectional curvature
and if 2v=n and n>1, then M™ is isomorphic to the standard sphere of

radius % and of dimension n, and is imbedded by f as an n-dimensional

great sphere S™(c) of S¥(c).

Chapter 4. a characterization of totally geodesic submanifolds in CP”(c)
by an inequality.

In this chapter, we shall study the complex analogue of Theorems in Chapter
III. Naturally, most of the proofs of lemmas and theorems in Chapter IV will
be quite similar to those in Chapter III. Here we shall present only those which
are not obvious from the real case.

4.1. Preliminary lemmas. Let M™ be a complex #n-dimensional complete,
connected K#hlerian submanifold of CP¥(c), i. e., the N-dimensional complex projective
space with Fubini-Study metric of constant holomorphic sectional curvature c.

Let M™ be immersed into CP¥(c) by f isometrically and holomorphically. As
in Chapter II, we denote by v the index of relative nullity in the complex sense.

LEMMA 4.1.1. Let L be a leaf of the relative nullity distribution. Then
L is isometric to the v-dimensional complex projective space with constant
holomorphic sectional curvature ¢ and is imbedded by f|L as a v-dimensional
projective subspace of CP"(c), where L is given the Kihlerian structure induced
by that of M™.

PROOF. Using the fact that L is complete and totally geodesic in CP¥(c),
we can prove Lemma 4, 1.1, as in the proof of Lemma 3.1.2. Notice here that
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every complex projective space is simply connected, so we do not have an additional
restriction as in Lemma 3. 1. 2. Q.E.D.

LEMMA 4.1.2. Let x be a point in a leaf L. Then there exists a Frobenius
coordinate neighborhood around x which contains at most ome slice of each

leaf in M.

PROOF. One can apply the same argument as the real case. The proof is
left to the reader. Q.E.D.

4.2 Statements of Theorems and their proofs.

THEOREM 4.2.1. Let M™ be a complex n-dimensional complete connected
Kihlerian submanifold of CP¥(c). Let M™ be immersed by f into CP¥|(c)
isometrically and holomorphically. 1f 2v=N, then M™ is isometric to the
complex projective space of dimension n and of constant holomorphic sectional
curvature c, and is imbedded by f as an n-dimensional complex projective
subspace CP™(c) in CP"(c).

K. Nomizu [13] proved that if M™ is a compact Kéhlerian hypersurface
imbedded to CP**!(c) and if 2v=n + 1, then M" = CP"(c).

Thus Theorem 4.2.1 is an extension of his theorem. Nomizu’s proof uses
Chow’s theorem, but our proof is more differential geometric as we saw in the
real case,

PROOF. The same argument as the real case can be applied to this case. Of
course, every dimension here should be read as complex dimension. The details are
left to the reader. Q.E.D.

THEOREM 4.2.2. If M" has positive sectional curvature and if 2v=n then
M™ is isometric to the complex projective space of constant holomorphic sectional
curvature ¢ and is imbedded as a complex projective subspace CP™(c) in CP"(c).

PROOF. Use Lemma 1.6.1 and Lemma 4.1. 1.

COROLLARY 4.2.1. If M" is a complete Kdihlerian hypersurface of
CP"™c) immersed by f into CP"**(c) isometrically and holomorphically and
if the sectional curvature is =c/4, then under n=3, M" is imbedded as a
projective hyperplane CP™(c) in CP™*(c).

PROOF. This is a generalization of Theorem 2 in [13].
To get v=»n—1, we can refer to the proof of Theorem 2 of [13]. Then apply
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Theorem 4. 2. 2. Q.E.D.

THEOREM 4.2.3. Let M™ be as in Theorem 4.2.1. If M™ has positive
holomorphic bisectional curvature and if 2v=n, then M™ is isometric to the
n-dimentional complex projective space of constant holomorphic sectional curv-
ature ¢ and is imbedded as a complex projective subspace CP"(c) in CP"(c).

PROOF. Combine Lemma 2. 2.1 with Lemma 4.1. 1, Q. E.D.

BIBLIOGRAPHY

1 K.ABE, The complex version of Hartman-Nirenverg Cylinder theorem, to appear.
] S.S.CHERN AND N. KUIPER, Some theorems on the isometric imbedding of compact
Riemannian manifolds in Euclidean space, Ann. of Math., 56(1952), 422-430.
31 C.CHEVALLEY, Theory of Lie groups, Princeton Univ. Press, 1946.
] E.CODDINGTON AND N. LEVINSON, Theory of ordinary differential equations, McGraw-
Hill, New York, 1955.

[5] T.FRANKEL, Manifoids with positive curvature, Pacific J. Math. 11(1961), 165-174.

[6]1 S.I. GOLDBERG AND S. KOBAYASHI, On holomorphic bisectional curvature, J. Differential
Geometry, 1 (1967), 225-233.

[7]1 A.GRAY, Spaces of constancy of curvature operators, Proc. Amer. Math. Soc., 17(1966),
897-902.

[8] P.HARTMAN, On isometric immersions in Euclidean space of manifolds with non-negative
sectional curvature, Trans. Amer. Math. Soc., 115(1965), 94-109.

[9] P.HARTMAN AND L. NIRENBERG, On spherical image maps whose Jacobians do not change
sign, Amer. J. Math., 8(1959), 901-920.

[10] S.KoBAYAsSHI AND K.Nowmizu, Foundations of differential geometry, Vol. I and II,
Wiley-Interscience, New York, 1963 and 1969.

[11] R.MALTZ, The nullity spaces of the curvature operator, Cahiers de Topologie et Géometrie
Différentielle VIII (1966), 1-20.

[12] K.NoMizU, On the group of affine transformations of an affinely connected manifold, Proc.
Amer. Math. Soc, 4(1953), 816-823.

[13] K.NoMmizu, On the rank anl curvature of n n-singular complex hypersurfaces in a complex
projective space, J. Math. Soc. Japan, (1969), 266-269.

[14] K.Nomizu AND B. SMITH, Differential geometry of complex hypersurfaces II, J. Math.
Soc. Japan, (1968), 498-521.

[15] B. O’NEILL, Isometric immersi.n of flat Riemannian manifolds in Euclidean space, Michigan
Math. J., 9(1962), 199-205.

[16] B. O’NEILL AND E. STIEL, Isome:ric immersizns of constant curvature manifoids, Michigan
Math. J., 10(1963), 335-339.

[17] R.PALAIS, A global formulaion of the Lie theory of transformaticn groups, Mem. Amer.

Math. Soc., No. 22, 1957.

BROWN UNIVERSITY

PROVIDENCE, RHODE ISLAND 02912
AND

THE JOHNS HOPKINS UNIVERSITY
BALTIMORE, MARYLAND 21218
U.S. A





